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1 Preliminaries
Generating function wGF / coeflicient extraction

weight : w = (wo, w1, ws,...), wo =1, w, #0.

" "
= Zanw— = ap= [] ay(t), Va=(ag,a1,as,...),

n>0 n n
Va= (ao,al,ag,...), Vb= (bo,bl,b27...),
. Cn ag bn—k
convolution c:=axb=bxa, c=(cp,c1,C2,...), <— — — ,
n Wk Wn—k
n>k>0
and eolt) = au@bu() or | ] asbu) = 3 [ ) [2] )

n>k>0

Self-convolution A sequence of the k-th order self-convolution
a@(t) = au(t) xaut), a®(t) = a* V() xay(t), k>2,

aM () =a,(t) D) =1=1¢ eay(t)=au(t)e =ay(t), identity

(a(o)(f%a(l)(t%a(z)(t%---) (€, au(t), aZ (1), ...).

Reciprocal (convolution inverse)

-1 by — b 1
a,(t)by,(t) =€, ap # 0= b, = —(ﬂLl + 4 ali), n>0; bp=—.
ag Wi Wnp—1 Wn Wo ap

1

b (t)aw (t) = €, bu(t) =t a5 (t) =

Composition

Va= ((10,(11,(12,...), Vb= (b(),bl,bg,...),

composition c¢:=aob, ¢ = (cg,c1,C2,...), <

Cn . Z akb}z, - |:tn:| bk( ). <= cu(t) = au(by(t)).

% n

Compositional inverse

a = (ag,a1,az,...), such asag = 0,a; # 0,
ay(by (1)) = bu(aw(t)) =t : by(t) =:al (t).

Compositional identity in generating function is independent of w.



Formal power series
F: a field of characteristic 0,
F[t]: the ring of power series in the indeterminate ¢ with coefficients in F,

[t"/wp] : F — F: linear functionals, “coefficient extraction”.

n k
|:t:| L = 5%,167

Wn

n

2] (0t + sty =a [ &

Wn

n

Jauto+8] 2|00

n ’I’L

convolution, compositon, inversion; shift, differentiation.  All results are w-dependnt.

“ordinary (standard) GF”: w, =1, a(t) =3, 5 ant™.
Comtet(1974), Riordan(1958)

2 Riordan arrays

Definition and basic properties [Shapiro, et al. 1991.]
Ao ={(n,k) eN3; n >k >0}, No=NuU{0},
gw(t)afw(t) € f[t]7 go #0; fo=0, f1 #0;
R= (Rn,k)(n.k)GNgv R, =0, if (TL, k) ¢ Ag.

o kt" L(1)F

g Ruat” = gw(t)u, k=0,1,2,... wGF of the k-th column.
Wn Wk

n>k

R=R, =:(gu(t), fu(t)): “w-Riordan array” (wRA).

tn

Wn

k
|t e

Rn,k = |:
Wk

b=Rxa: by= Y Rugan g, <= bu(t)=gut)au(fut), Vau(t)e Flt,

n>k>0

A linear transform of a to b.
[Shapiro, Getu, Woan and Woodson (1991), Wang and Wang (2008)]
Riordan group

Ry = (9u(1), fu (1), Ra = (Gu(t), Fu(t)),
Ry x Ry = (90(1)Gu(fu (1), Fu(fu(t)))-
(90 (1), fu(8)) * (1,8) = (1,4) % (90 (), fu () = (90 (t), fu(t))
Ry = (gu(t), fu ()" = (1/9u(f5 (1)), £ (1))
(90 (), fu (1)) = (90 (t), 1) * (1, fu(t))

Proof of (2) wGF of the k-th column of Ry:
G ()= g =0,1,2,...

Apply (1) to each k-th column, that is, regard this as a,,, to get

k
00(0) G (1) Tl fe )T

Wk



and this is the wGF of the k-th column of Ry * Ry. O

Riordan group structure (2) — (5) is independent of w.

Riordan subgroup
1. Associated subgroup (Bell polynomials) (1, f,(¢)) = (1, F,(¢)) = (1, F,(f. (1)),
2. Appell subgroup (g, (t),t) * (G, (t),t) = (9, (t)Gu (1), 1),
3. Bell subgroup

(9 (), 190 (1)) * (Gu(t), tGu(t)) = (9u(t)Gu(tgw(t)), tgw () Gu(tgu(t))),
(fu(®)/t, fu(t)) % (FL(t)/t, Fu(t) = (Fu(fu(t)/t, Fu(fu(t))),

4. Chckerboard subgroup (g (t), fu(t)): gw is odd, and f,, is even.

5. Hitting time subgroup

(15 (8)/ fu (B), Lo (8)) % (LFL (8)/ Fuo (1), Fuo (1)) = (Lf5 (O FL (fu (1), Fuo(fu (1)))-

3 Ordinary and exponential Riordan arrays

Generating functions

w, wGF, wRA,
wp =1, oGF, “ordinary,” a(t) := Z ant”™, oRA,
n>0
tTL
wp, =nl, eGF, “exponential,” a(t) := Z n s eRA.
n>0

(pn.i; (n, k) € Ag):  a double triangular sequence,

p(t,u) = Z pn’kt"uk, oGF, “ordinary”,

n>k>0
truk
plt,u) = Z P tGF, “triangular”,
n>k>0

Ordinary and exponential Riordan arrays, Definition

9=(90,91,---); g0 # 0, oGF g(t), eGF j(t).
f=(fi.far- ), fo=0,f1 #0, oGF f(t), eGF f(t).
oGF: R(t,u) = 1_95% (GF: R(t,u) = §(t) exp(uf (1)),
. ¢ k
W IR(t0) = ) (FO)F, & € N i1t = 50 L ke,

The elements of the array are determined by as follows, and the array is denoted by the pair of GF’s.

n, k n F k
oRA Ry = [t"uF|R(t,u) = [t"]g(t)(f(1))*, eRA R, = {t }R(t,u) = [t} g(t) (f(,;) )
(B k) (niyen, =2 (9(t), f(1)). (Rt myeny =: (0(1), (1))




The generating function of the n-th row (n > 0), Sheffer sequence, is

[t"|R(t, u) = [tn]l_gs}(t) =: 5, (u). {” R(t,u) = {m G(t) exp(uf(t)) =

Remarks
1. The Sheffer sequence is a polynomial on u of degree n.
2. R(t,1) (or R(t,1)) is the oGF (or eGF) of the row-sums s, (u)(or 8, (u)).

3. Scale parametrization.

[t"u”|R(act, bu/c) = a"b*c"*R(t, u). [t"uF| R(act, bu/c) = a™b " R(t, ).

Relationship between ordinary and exponential Riordan arrays

Table 1: Riordan arrays, ordinary and exponential.

oRA
n\m [0 1 2 3 4
0 lgo O 0 0 0
I | g1 figo 0 0 0
2 |92 figr+ fag0 fg0 0 0
3 |93 fig2+ fa01 + f390 fig1 +2f1 /290 fao 0
4 | ga frgs+ faga + fagr + fago  fPg2 +2f1fag1 + 2f1f390 + f390  fPor +3fEfa00  figo
eRA
n\m |0 1 2 3 4
0 go O 0 0 0
L g1 figo 0 0 0
2 | g2 2f191 + fago ft90 0 0
3 | g3 3fi92+3f201+ f3g0 391 + 3f1f290 fPao 0
4 | gs 4f193+6f2g0 +4f391 + fago  6f2g2 + 12f1f201 +4f1f390 +3fe90 Afg1 +6f2fa00  figo

Put g9 =1, g1 = g2 = --- = 0, to obtain partial Bell Polynomials.

Relation 1 For a pair of sequences (g, f), by definition, (g(t), f(t)) = (Rnx), and (4(0), ()

%

(Rnk), See Table 1

Relation 2 For a suitable array (pn k; (n, k) € Ag)

Pn,k = Rn,k = (g(t)’ f(t))n,kv and Pn,k = Rn,k = (g(t)7 f(t))n,ka

Example 1
o= (1) 00100 = ({277 and (@o) Fe) = (0

1 truk
k]l—t(1+u) B [ n! ]exp(t(l—i—u))

P = [t"u



Example 2

1
1-1¢

= [ﬂ;ﬁ‘k} exp(t + ule — 1)

pu = Ti(n. }) € Adl, <g<t>,f<t>>=( ,t), and  (3(0), F(1)) = (e ¢" — 1)

1
(1=t —tu

Pnk = [tnuk}

Relation 3 For a pair of formal power series, (¢(t), (1)),

Iy g
Rnk—]%Rnk; or Rnk) Rnk:
nl K
Example 3
el—1 't 1 u 1 (n+1
(¥(t), 0(t) = (t’ 1—t> v Rnp = m> and Rk = n—l—l( k >,
See Table 5 for other examples.
Table 2: Summary of the relationship beween oRA and eRA
(¥(t),¢(t)) oGF/tGE | pn
ORA | (400, f(0)  R(tw) | (Rup)
eRA | (9(8), /()  R(t,u) | (Rnk)
"] "/l
Notes on Table 2 o(t) ©n nlo, ’ nlR, k= kR, k.

¢(t) | on/nt ¢

4 Bell polynomials and compound distributions

ordinary and exponential Bell polynomials Partial ordinary and exponential Bell polynomials are

special cases of ordinary and exponential Riordan arrays, respectively.

(Rn,k)(n,k)el\o = (la f(t))7 ( ) k)€ho = (17 f(t))7
S or Rt u) = exp(uf(0).
or R(t7 ’I,L) - 1— Uf(t)’ ank _. ank(f% (n k) c A07

Rn k= Bn k(f)v (’I’L k) S AOv

= 2 ka

EISVEN I ES 1°

(Bnk) * (gx) = [t"]9(f(2),
[t"|R(t,u) = Z uF (f(1)* =: Yo, (u), n € No.
n>k>1

Yo(uto)= Y Yi(u)Y, x(v), Yo(u) = 1.
n>k>0

Bou(f= Y 'HS.(@)

s€Pn & =

(o) * 00) = | 5 870,
> WP (F()F = Vo(u), n € N.

n>k>1

{tn} R(t,u) =

n!

v o

Vo (u+v) = Z (Z) Vi(w) Y- (v), Yo(u) = 1.
n>k>0



e s denotes a partition of a number n into k£ terms.

Poi = {s;5 = (51,82,...,8n

), Y. si=k, Y dsj=n}

n>j>1 n>j>1

e Y, (u) is the oGF of the n-th row, and Y}, (u) is the eGF of the n-th row, and they are the “total

ordinary or exponential Bell polynomials”, and are Sheffer sequences.

e Y, (u) are “convolution polynomials”, and lv/n(u) are “binomial type polynomials”.

e See Comtet (1974) for the two types of Bell polynomials.

return to oRA: (g(t), f(¢)) and eRA: (§(t), f(t))

Rn,k: Z gn—an,k(f)a

n>k>0

v n v
Rn,k = Z <k>gn—an,k(f)'
n>k>0

5 Natural exponential family on lower triangle

NEF (power series) on Ay

R(t,u) = % k= [ R(E ) 2 0,
P{(Xv Y) = (n7k)} =Pnk =
wn k0" 7" > wast™”,

(n,k)EAo
pgf:  R(t0,un)/R(0,7),

P{X =n}=0" Y w.n®/R(6,n), n €N,
n>k>0

pgf:  R(t0,n)/R(0,7),

P{Y =k} =" w, k0" /R(0,n), k € Ny,
n>k

pef:  R(0,un)/R(0,n),

P{X Y =k} =C" > wa " " /R0, 1),
n>k

pef:  R(0,u/n)/R(0,¢/n),

In the last two lines ( = 0n and k € Nj.

. . tnuk
Rt u) = §(t) exp(uf (), Dok = [

P{(X7Y) = (’I”L,k‘)} = ﬁn,k =
y ennk 5 ank
S DI

(n,k)eAo
R(t0,un)/R(6,n).

Z L\Dn,knk/é(07n)7 ne NOa
n>k>0

R(t0,m)/R(0.n),

pef:
en

pet:

A

P{Y = ]{} = T]k Zwmk'/R(Q,n), ke NQ,

ok n!
pgf:  R(6,un)/R(0,n),

X wmkanfk
P{X-Y=k}=¢ ZT

n>k
pgf:  R(6,ul/n)/R(O,(/n).

JR(0,7),

Conditional distributions are similarly defined, for example

P{Y =k|X =n} = w, 10" /R(1,n), n >k >0,
pef:

R(1,un)/R(1,n),

P{Y = k|X =n} = 010" /R(1,n), n >k >0.
R(1,un)/R(1,7).



6 Generalized Stirling numbers

Definition Generalized three-parameter Stirling numbers (G3SN), Hsu and Shiue (1998), is defined
here based on the Relation 3, between oRA and eRA. The common pair of GF is

(L) ~1)) = S(a.n), B £0.

((0), 6(1)) = ((1 vy, 2

Let 8 — 0 and o« — 0, and we obtain
1
S(a,0,7) = ((1 +at)/® Zlog(1l+ at)) =S8(a,0,0) *S(0,0,7), a#0,Vy,
«o

&Q@w=<ﬁﬂ;@W—D>=&&&w*&&&®,ﬁ#&vm
§(0,0.9) = (7, 1), ¥y £0.

S(aaﬂav)il = S(ﬂ,O&, 77)3 vaaﬂaf}/'
Note that
n e\ o "
[t"]w(t) = ( N )a — g (a — 0),

rqwmzwmnewxwem

n!

o) = (7Y Lt > o) - CL g s 0, (5
[t M)(t)—( . ) 51[ > 0] S 1[n > 0], (5 —0),
|:1;L':| ¢(t) = (8- 0&|Oé)n,1 — (—Oé)n_l(n _ 1)!’ (ﬁ N O)

By convention (z)_; = 0.
Multiplication rules for the Bell polynomial case, v = 0.

S(a, ¢,0) * S(c, 5,0) = S(a, 8,0), Va,B,¢, (including ¢ = 0),
S(a,3,0)=1, if a=p+#0,
S(e,0,0) % S(0,¢,0) = I, if ¢ #0.
S(a,c1,0) % S(eq,¢2,0) % S(ea, 8,0) = S(a, 5,0), cree # 0,

Multiplication rules for the general case, v # 0.

S, e,m) *S(e, B,72) = S, B,71 +72), Vo, B, ¢,71, 72,
S(e,0,7) *S5(0,8,0) = S(a,0,0) * S0, 8,7) = S(e, 3,7),  af #0,
S(a,0,0) * S(0,0,7) *S(0,5,0) = S(o, B,7), «af #0.
S(a,¢,0)S(c, 8,7) = S(a, 8,7), Va,B,¢,7,
S(a,¢,v) *S(c,,0) = S(a, B,7), Va,pB,c,7.
S(a,0,m) *8(0,6,72) = S, B, +72), Ve, B,¢,71,72,
8(0,¢,7m) *S(c,0,72) = §(0,0,v1 +72), Ve, 7,72



eRA S'nak(av ﬂa 7)

Table 3: G3SN arrays (eRA)

n\k | 0 1 2 3 4
0 1 0 0 0 0
1 |~ 1 0 0 0
2 yy—a) 2y—a+p 1 0 0
3| (vla)s 3% —3v(2a = B) + (2a — B)(a - B) 3(y—a+p) 1 0
4| (vle)a (27 =3+ 0)(29* — 6ay + 287 + (2a = B)(a = B)) 67 —6y(3a—28) 4y —6a+65 1

—27(3a = B) + (2 — B)(a — B) +(1la = B)(a = 7P)
oRA:  Spi(a,B,7) = £ Snk(oé B,7)-
Table 4: Basic properties of Stirling arrays, S(«, 3,7).
Stirling pairs oRA Snk(a, B8,7) eRA S, 1(a, 3,7) note
S(aaﬁa’y) k' 77 k(Oé B 7) k!S’nﬂk(a?ﬁf}/) Va:ﬁa%
S(/B,Oé, _fY) ( )71 kS”lqk( 7/877) (_1)71*765’”(”{(0[7/677) inverse Of 8(057/6,’)/)
S(eayeB,ey) | & Snnla, B,7) S k(e 8,7)
S(e.f,7) = (1 +at)/*, L((1+ at)?/* = 1))
& n n—m m— l —
Sn,k(075:7) = Zanzlzk [m} (—a) (l)'Y ! {k} ﬂl k.
Table 5: A list of G3SN arrays.

(2, 8,7) (1), (1)) OoRA [Snk(e,B,7)] eRA [y (e, 8,7)] note

(1,-1,7) ((T+0)7, o) () (R)(y = K)n—r Ss: L7 D (—x)

(1,-1,1) (14t ) G20 k> 2,1

(1,-1,—7) (Wﬁ) nzwkl)( n"- k (:)(’Y-i-n— 1)p— xc(—l)nflC SS: L;’V*l)(x)

(1,-1,-1) (T 5) Gy (=nm* mG)EnnE

(=1,1,7) (=7 57 ) GOy +n—=1n SS: LG~V (—x)

(71»1’1) (ﬁ’ﬁ) (:) %‘(;)

(=1,1,—v) (=17 &) T (=nnh (M = k)n—r(—1)" " SS: L7 ()

(_1»1’_1) (l_tvﬁ) (2:22))7 kZZT

(1,1,7) ((T+1)7,t) () (0) (V-

(1,1,1) (1+t,¢) I[k=n]+1[k=n—1] %,'(I[k_n]%»l[k_nfl])

(1,1, =) (a7t (i TCR D i (2)(’v+n*k*1)n R(=1)" 7k

(1,1,-1) (37,0 (=pr* DT

(=1,-1,7) (a7t oD =t (DG — k= 1),

(-1,-1,1) (25,1 I[n > k] Z—,'I[n>k]

(=1, -1, =) | (1—=1)",1) ()(=nn*F () (v -nnr

(=1,-1,-1) | (1=t I[k=n]—I[k=n—1] ;—(I[k_n] I[k=n—1])

(o, 8,0) LI+ a)”* = 1) | Buw((B—ala);-1) B,k ((8 — afa)j—1) a# B,

(¢,¢,0) (1,1) Bk =n] I[k = n] Ve # 0, identity

(—c,c,0) (1, =) k:i)c"—k %(Z:i)cn_k Ve, Lah numbers

(,0,0) (1, £ log(1 + at)) B \:ZJ (—a)"F ZJ (—a)nF Stirling num. 1st kind.

(0,8,0) (1, %(em’ —1)) ke {Z} gk Z} grF Stirling num. 2nd kind.

(0,0,7) (e",1) (e R O vy

oRA:  (9(1), ¢(1) = (9(t), (1), eRA: ((¥(1),d(t)) = g(t), f(1))-
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