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Introduction

1)
2)
3)
4) A lifting from GSpom X GSpom to GSpam (of genus g = 4m)
5) Constructions of p-adic families of Siegel modular forms

L- functions of Siegel modular forms
Motivic L-functions for Sp,, and their analytic properties

Critical values and p-adic constructions for the spinor L-functions

Let I = Sp,(Z) C SLg(Z) be the Siegel modular group of genus g. Let p

be a prime, T(p) =T(1,---,1,p, -, p) the Hecke p-operator, and
S—— ——
g g
= plo, = T(p, -+, p) the scalar Hecke operator for Sp,.
[Plg = plog = T(p 2 p) P Pg
g
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The Fourier expansion of a Siegel modular form.

Let f = ) a(T)q” € M} be a Siegel modular form of weight k and of
TEBn
genus n on the Siegel upper-half plane H, = {z € M,(C) | Im(z) > 0}.

The formal Fourier expansion of f uses the symbol

q7 = exp(27i tr(Tz)) H q”” H q;

i<j

€ Claqu1,- - -, gnnllaij, q; ],d 1,--,m, Where g; = exp(27(v/—1z;;)), and T
is in the semi-group B, = {7 = t‘J’ > 0|7 half-integral }.
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Satake parameters of an eigenfunction of Hecke operators

Suppose that f € M} an eigenfunction of all Hecke operators f — f|T,
T € L, p for all primes p, hence f|T = A¢(T)f.
Then all the numbers \¢(T) € C define a homomorphism A¢ : L, , — C

given by a (n + 1)-tuple of complex numbers (ag, a1, -, ) = (C*)"H1
(the Satake parameters of f): \¢(T) = Satake( T) for

Xp '= Qp,...,Xp = Qp, Where Satake : L, , — Q[x ,xl s, xE]Wn s the
Satake isomorphism

Recall that

048061 ey = pkn—n(n+1)/2'
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L-functions, functional equation and motives for Sp, (see
[Pa94], [Yosh01])

One defines

n
° Qp(X)=(1-X)[] I 1 —ao0i--a;X),
r=11<p<---<i;<n
n

o Rep(X) = (1= X)[[(1 - a7 ™X)(1 - aiX) € Qlad, -+, af][X].
i=1
Then the spinor L-function L(Sp(f),s) and the standard L-function
L(St(f),s, x) of f (for s € C, and for all Dirichlet characters) y are
defined as the Euler products

o L(Sp(f Hof,,

o L(St(f) H Re p(x(p)
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Relations with L-functions and motives for Sp,,

Following [Pa94] and [Yosh01], these functions are conjectured to be motivic
for all k > n:

L(Sp(f), s, x) = LIM(Sp(f))(x), 5), L(St(f), s) = L(M(5t())(x), s), where
and the motives M(Sp(f)) and M(St(f)) are pure if f is a genuine cusp form
(not coming from a lifting of a smaller genus):

e M(Sp(f)) is a motive over Q with coefficients in Q(A¢(n))nen of rank 27,
of weight w = kn — n(n+1)/2, and of Hodge type &, HP9, with

p=(k—i)+(k—i)+-+(k—i), (3.1)
g=(k—p)+(k—jp)+ -+ (k—is), where r +s=n,
1<ip<php< - < p<nml<jag<p<---<Jjs<n,
{ila"' air}U{jla'” ,is} = {1727 an};

o M(St(f)) is a motive over Q with coefficients in Q(Af(n))pen of rank

2n + 1, of weight w = 0, and of Hodge type
H0,0 @7:1 (H—k+l,k—l D Hk—l,—k—i—l)_
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A functional equation

Following general Deligne’s conjecture [De79] on the motivic L-functions, the
L-function satisfy a functional equation determined by the Hodge structure of a
motive:

A(Sp(f), kn — n(n+1)/2 + 1 —s) = e(f)N(Sp(f), s), where
A(SP(f),s) = Tnk(s)L(SP(F),5), £(F) = (~1)F*" 7,
M i(s) =Tc(s) = 2(2m)°T(s), Tok(s) =Te(s)Te(s — k +2), and
Cnk(8) = lpeq Tels — p)ealg(s — (w/2)) Tr(s + 1 — (w/2))?- for some
non-negative integers a4 and a_, with a, +a_ = h,, /5,2, and

Mr(s) = 7%/2T(s/2), where hp 4 = dimgHP9.
In particular, for n =3 and k > 5, A(Sp(f),s) = A(Sp(f),3k —5—s),

A(Sp(f),s) =Tc(s)Fe(s — k +3)c(s — k +2)Tc(s — k + 1)L(Sp(f), s).
For k > 5 the critical values in the sense of Deligne [De79] are :

s=k,--- 2k 5.
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A study of the analytic properties of L(Sp(f), s)

(compare with [Vo]).
One could try to use a link between the eigenvalues A\¢(T) and the Fourier
coefficients a¢(T), where T € D(T, S) runs through the Hecke operators, and

J € B, runs over half-integral symmetric matrices.
o0

T(p")X° = oo

0= 2T g

where

E(X)
=1-p* (T2(p?) + (P> — p+ 1)(P* + p + Dlpls) X* + (p + 1)p* T(p)[p]s X>
—p'[pls (T2(P?) + (P> — P+ 1)(p° + p+ 1)[p]3) X* + p"°[p]3 X°® € Ly[X].
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Computing a formal Dirichlet series

Knowing E(X), one computes the following formal Dirichlet series

De(s) = i Te(h)h™* =[] Dep(p~®), where
h=1

p

De p(X) = ZZ:TE(pJ)X‘S = i"((;()) = F(1X) e D(T, S)[X].

Hence, L(Sp(f),s) = > poq Ar(Te)(h)h™
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Main identity

For all T one obtains the following identity

ar(T)L(Sp(),s) = > ar(T,E, h)h™°, where
h=1

FITe(h) = > ar(T,E, h)q”.
TeB,

Such an identity is an unavoidable step in the problem of analytic
continuation of L(Sp(f), s) and in the study of its arithmetical implications:
one obtains a mean of computing special values out of Fourier coefficients.
We hope also to use the Jacobi forms for the study of L-functions
L(Sp(f),s).

For the standard L(St(f),s), (see [Pa94], [CourPa], and [Boe-Schm]).
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Critical values, periods and p-adic L-functions for Sp;

A general conjecture by Coates, Perrin-Riou (see [Co-PeRi], [Co], [Pa94]), predicts
that for n = 3 and k > 5, the motivic function L(Sp(f), s), admits a p-adic
analogue.

@ The known conjectural condition for the existence of bounded p-adic
L-functions in this case takes the form ord,(ao(p)) = 0.
Recall : this condition says that for a motive M of rank d,
Newton p-Polygone at (d/2)=Hodge Polygone at (d/2)

e Otherwise, one obtains p-adic L-functions of logarithmic growth o(log”(-))
with h = [2ord,(ao(p))] + 1, 20rd,(c(p)) =the difference

Newton p-Polygone at (d/2)-Hodge Polygone at (d/2)

For the unitary groups, this condition for the existence of p-adic
L-functions was discussed in [Ha-Li-Sk].
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Motive of the Rankin product of genus n =2

Let f and g be two Siegel cusp eigenforms of weights k and /, k > I, and let
M(Sp(f)) and M(Sp(g)) be the spinor motives of f and g. Then M(Sp(f)) is
a motive over Q with coefficients in Q(Af(n))nen of rank 4, of weight

w = 2k — 3, and of Hodge type HO-2k=3 qy k=2k—1 gy pk—1.k=2 3y §2k=3.0 3nd
M(Sp(g)) is a motive over Q with coefficients in Q(Ag(n))nen of rank 4, of
weight w = 2/ — 3, and of Hodge type H?'=3 @ H!=2/=1 g HI=1.I=2 ¢y H2I=30,
The tensor product M(Sp(f)) ® M(Sp(g)) is a motive over Q with coefficients
in Q(Ar(n), Ag(n))nen of rank 16, of weight w = 2k + 2/ — 6, and of Hodge

type

H0,2k+2l—6 e Hl—2,2k+l—4 e Hl—1,2k+l—5 @ H2l—3,2k—3
k—2,k+2/—4 k+1—4,k+1-2 k+1-3,k+1-3 k+21—5 k—1

H sk+ o H +/—4,k+ e H+ o H +2/-5,

kal,k+2175 ® Hk+lf3,k+173 ® Hk+/72,k+/74 @ Hk+2/,4,k,2

2k—3,21-3 2k+1—5,1—1 2k+1—4,1-2 2k+21—6,0
H & H o H eH
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Motivic L-functions: analytic properties

Following Deligne’s conjecture [De79] on motivic L-functions, applied for a Siegel cusp
eigenform F for the Siegel modular group Sp,(Z) of genus n = 4 and of weight k > 5,
one has A(Sp(F),s) = A(Sp(F),4k — 9 — s), where

A(Sp(F),s) =Te(s)Te(s —k+M)e(s —k+3)Te(s —k+2)Te(s — k+1)
x Te(s — 2k +7)c(s — 2k + 6)Ic(s — 2k + 5)L(Sp(F), s),

(compare this functional equation with that given in [An74], p.115).

On the other hand, for m = 2 and for two cusp eigenforms f and g for Sp,(Z) of
weights k, 1, k > 1+ 1, A(Sp(f) ® Sp(g), s) = e(f, g)N(Sp(f) ® Sp(g),2k + 2/ — 5 —s),
le(f,g)| =1, where

A(Sp(f) @ Sp(g),s) =Tc(s)Fe(s — 1+ 2)Te(s =1+ D)le(s — k+2)
xTe(s—k+1Dlc(s—214+3)c(s—k—1+2)Tc(s—k—1+3)
x L(Sp(f) ® Sp(g), s)-

We used here the Gauss duplication formula I'c(s) = Mr(s)Ir(s + 1).

Notice that a; = a_ = 1 in this case, and the conjectural motive
M(Sp(f)) @ M(Sp(g)) does not admit critical values.
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A holomorphic lifting from GSps, X GSpam to GSpam: a
conjecture
Conjecture (on a lifting from GSpam X GSpam to GSpam)

Let f and g be two Siegel modular forms of genus 2m and of weights k > 2m and

I = k —2m. Then there exists a Siegel modular form F of genus 4m and of weight k with the
Satake parameters o = 0,71 = 1,72 = @2, ", V2m = 02m; V2m+1 = B1, - s Vam = Pom
for suitable choices ag, v, -+ ,om and Bo, b1, -+ , Bom of Satake's parameters of f and g.
One readily checks that the Hodge types of M(Sp(f)) ® M(Sp(g)) and M(Sp(F)) are the
same (of rank 2*™) (it follows from the above description (3.1), and from Kiinneth's-type
formulas).

An evidence for this version of the conjecture comes from lkeda-Miyawaki
constructions ([Ike01], [lke06], [Mur02]): let k be an even positive integer,
h € S (T'1) a normalized Hecke eigenform of weight 2k,

& = Fon(h) € Sk1n(T2n) the lkeda—Duke-Imamoglu lift of h of genus 2n
(we assume k = nmod 2, n € N).
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Next let f € Sk pir([r) be an arbitrary Siegel cusp eigenform of genus r and
weight k + n+ r, with n,r > 1.
Let us consider the lift Fopy2,(h) € Skinir(T2nt2r), and the integral

Fpr = / \ Fons2r(h) ((Z z)) f(2')(detIm(z') ™" dz’" € Sypnir(Tantr)
I \Hr

which defines the lkeda—Miyawaki lift, where z € Hpp,y,, 2 € H,.
Under the non-vanishing condition on JF}, ¢, one has the equality

2n
L(s,Fnr, St) = L(s, f,St) [[L(s + k+n+r—i,h)

i=1

If we take n = m,r =2m, k+ n+ r := k + 3m, then an example of the
validity of this version of the conjecture is given by

(f.8) = (f, Fam(h)) = Fn s € Ski3m(Tam),
(f,8) = (f, Fam(h)) € Sky3m(Tam) X Skim(Fam)-
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Another evidence comes from Siegel-Eiseinstein series
f = E,fm and g = E,f’_”zm
of even genus 2m and weights k and k — 2m: we have then

2m 1

k—
ytr,Qo2m =P 3

k—4 k—2m—1
50:1”31217 ma"'7ﬁ2m:p m 5

k—
ap=1l,ana=p

then we have that

1

4m k—
' 2m = P )

Yo =1,m = p~~

are the Satake parameters of the Siegel-Eisenstein series F = E/™.
Also, the compatibility of the conjecture with the formation of
Klingen-Eisenstein series was checked after a discussion with

Prof. Tetsushi ITO (Kyoto University) in Luminy in July 2007.
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Remark

If we compare the L-function of the conjecture (given by the Satake parameters

Y0 = aofo, V1 = 01,72 = 02, ,Y2m = ®2m, V2m+1 = 1, ,Yam = Pam for suitable
choices ag, v, - -+ ,aom and Bo, 1, -+, Bom of Satake’s parameters of f and g), we see
that it corresponds to the tensor product of spinor L-functions, and is not of the same
type as that of the Yoshida’s lifting [Yosh81], which is a certain product of Hecke's
L-functions. |

We would like to mention in this context Langlands's functoriality: The denominators of
our L-series belong to local Langlands L-factors (attached to representations of
L-groups). If we consider the homomorphisms

LGSpoym = GSpin(4m +1) — Glyem, “GSpam = GSpin(8m + 1) — GLyam,
we see that our conjecture is compatible with the homomorphism of L-groups
GL22m X GL22m — GL24m, (gl,gg) — g1 & &, GL,,((C) = LGL,,.

However, it is unclear to us if Langlands's functoriality predicts a
holomorphic Siegel modular form as a lift.
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Constructing p-adic L-functions

Together with complex parameter s it is possible to use certain p-adic
parameters in order to study the L-functions. We can use such parameters
as the twist with Dirichlet character on one hand, and the weight
parameter in the theory of families of modular forms on the other.

In several cases one can compute the values of the automorphic L-functions
L(s,m™® x,r) related to an automorphic representation 7 of an algebraic
group G over a number field, and the twists with Dirichlet character y.

A usual tool is to represent these special values as integrals giving both
complex-analytic and p-adic-analytic continuation.

In this way one can treat the cases G = GLy x GLy x GL;,

G = GLy x GSpy,,, and probably G = GSp,,, X GSp,,, using the
doubling method and its p-adic versions. Computations involve differential
operators acting on modular forms.
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A p-adic approach
Consider Tate's field C, = @p for prime number p. Let us fix the

embedding Q &, Cp and consider the algebraic numbers as numbers p-adic
over i,. For p-adic family k — fr = Y72 an(k)q" € Q[q] € C,[4q]
Fourier coefficients a,(k) of fx and one of Satake’s p-parameters

a(k) = af,l)(k) are given by the certain p-adic analytic functions

k — ap(k) for (n, p) = 1. A typical example of a p-adic family is given by
the Eisenstein series.

an(k)= Y d¥ o= B ol (k) = 1,0 (k) = pF L
d|n,(d,p)=1

The existence of the p-adic family of cusp forms of positive slope o > 0
was shown by Coleman. We define the slope o = ordp(af,l)(k)) (and ask it
to be constant in a p-adic neighborhood of weight k). An example for
p=7f=A k=12, a; =7(7) = —7-2392, 0 = 1 is given by

R. Coleman in [CoPB].
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Motivation for considering of p-adic families

comes from Birch and Swinnerton-Dyer's conjecture, see [Colm03]. For a
cusp eigenform f = f,, corresponding to an elliptic curve E by Wiles
[Wi95], we consider a family containing . One can try to approach

k =2,s =1 from the direction, taking k — 2, instead of s — 1, this leads
to a formula linking the derivative over s at s = 1 of the p-adic L-function
with the derivative over k at k = 2 of the p-adic analytic function a,(k),
see in [CSTO8]: | L, ¢(1) = Lp(f)Lp (1) | with Lp(F) = —2d0‘;l§k) |-
The validity of this formula needs the existence of our two variable
L-function!

In order to construct p-adic L-function of two variables (k,s), the theory of
p-adic integration is used. The H-admissible measures with integer H
related to o, which appear in this construction, are obtained from
H-admissible measures with values in various rings of modular forms, in
particular nearly holomorphic modular forms.
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Nearly holomorphic modular forms and the method of
canonical projection

Let A be a commutative field. There are several p-adic approaches for
studying special values of L-functions using the method of canonical
projection (see [PaTV]). In this method the special values and modular
symbols are considered as A-linear forms over spaces of modular forms
with coefficients in A. Nearly holomorphic ([ShiAr]) modular forms are
certain formal series

g =Y a(nR)q" € A[4l[R]
n=0

with the property for A = C, z = x + iy € H, R = (47y)~L, the series
converge to a C>°-modular form over H of given weight k and Dirichlet
character 1. The coefficients a(n; R) are polynomials in A[R] of bounded
degree.
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Triple products families

give a recent example of families on the algebraic group of higher rank. This aspect of the
project is studied by S. Bécherer and A. Panchishkin [Boe-Pa2006]. The triple product with
Dirichlet character y is defined as a complex L-function (Euler product of degree 8)

L(fi @ £5,5.%) = [ L((F © > © )p, x(p)p~), where

(1) (1) 1)
_ « 0 a 0 « 0
L(A®H®FH)p, X) " =det (18 -X ( S’l a(2)> ® ( S’z a(z)) ® ( S’S a(2)>> :
p,1 p,2 p3

We use the corresponding normalized L-function (see [De79], [Co], [Co-PeRi]) :
Nh®f®f,s,x) =Tc(s)lc(s — ks + 1)lc(s — ke + 1)lc(s — b + 1)L(A ® 2, @ f5,5,X),
where [¢c(s) = 2(2m)~°(s). The Gamma-factor determines the critical values

s=ki,..., ko + ks — 2 of A(s), which we explicitly evaluate (like in the classical formula
¢(2) = %2) A functional equation of A(s) has the form: s — ki + ko + ks —2 —s.

Let us consider the product of three eigenvalues:

A=Ak, ko, ks) = ol (ki)al)(k2)all) (ks) with the slope

0 = Vp(A(k1, ko, k3)) = o(ki, ko, k3) = 01 + 02 + 03 constant and positive

for all triplets (ki, ko, k3) in an appropriate p-adic neighbourhood of the

fixed triplet of weights (ki, ko, k3).
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The statement of the problem

for triple products is following: given three p-adic analytic families f; of
slope o; > 0, to construct a four-variable p-adic L-function attached to
Garrett’s triple product of these families. \We show that this function
interpolates the special values (s, ki, ko, ko) —— N(fi ik, @ ok, @ B3 45,55 X)
at critical points s = ky, ..., ko + ks — 2 for balanced weights

ki < ko + k3 — 2; we prove that these values are algebraic numbers after
dividing by certain “periods”. However the construction uses directly
modular forms, and not the L-values in question, and a comparison of
special values of two functions is done after the construction.
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Main result for triple products

1) The function Lg : (s, ki, ko, k3) — % depends p-adic analytically
on four variables Y
(X-y;;,kl,kz,kg) € X x By x By x Bg;

2) Comparison of complex and p-adic values: for all (ki, k, k3) in an affinoid
neighborhood
B = By x By x Bg C X3, satisfying ky < ka + k3 — 2: the values at
s = k2 =+ k3 —2—r
coincide with the normalized critical special values

L*(Aky @ bjo ® fpg ko + k3 —2—r,x) (r=0,....,kx+ ks — k1 —2),

for Dirichlet characters x mod Np¥,v > 1.

3) Dependence on x € X: let H = [2ord,(X)] + 1. For any fixed
(ki, k2, k3) € B and x = x - y; then the following linear form (representing
modular symbols for triple modular forms)

(f.e(=r0)

<f°,fo>,

extends to a p-adic analytic function of type o(IogH(~)) of the variable
x e X.
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A general program
We plan to extend this construction to other sutuations as follows :

1) Construction of modular distributions ®; with values in an infinite dimensional
modular tower M(v)).

2) Application of a canonical projector of type 7, onto a finite dimensional subspace
M (3) of M*(1)).

3) General admissibility criterium. The family of distributions 7, (®;) with value in
M (1) give a h-admissible measure ® with value in the moduli of finite rank.

4) Application of a linear form ¢ of type of a modular symbol produces distributions
pj = Uma(®})), and an admissible measure from congruences between modular
forms 7o (®;).

5) One shows that certain integrals y;(x) of the distributions 11; coincide with certain
L-values; however, these integrals are not necessary for the construction of measures
(already done at stage 4).

6) One shows a result of uniqueness for the constructed h-admissible measures : they
are determined by many of their integrals over Dirichlet characters (not all).

7) In most cases we can prove a functional equation for the constructed measure
(using the uniqueness in 6), and using a functional equation for the L-values (over
complex numbers, computed at stage 5).

This strategy is already applicable in various cases.
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