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On q-Euler numbers, q-Salié numbers and q-Carlitz numbersby
Hao Pan and Zhi-Wei Sun (Nanjing)

1. Introdution. The Euler numbers E0, E1, E2, . . . are de�ned by
∞∑

n=0

En
xn

n!
=

2ex

e2x + 1
=

(
ex + e−x

2

)−1

=

( ∞∑

n=0

x2n

(2n)!

)−1

;they are all integers beause of the reursion
n∑

k=0
2|k

(
n

k

)
En−k = δn,0 (n ∈ N = {0, 1, 2, . . .}),

where δn,m is the Kroneker symbol. It is easy to see that E2k+1 = 0 forevery k = 0, 1, 2, . . . . In 1871 Stern [St℄ obtained an interesting arithmetiproperty of the Euler numbers:
(1.1) E2n+2s ≡ E2n + 2s (mod2s+1) for any n, s ∈ N;equivalently we have
(1.1′) E2m ≡ E2n (mod2s+1) ⇔ m ≡ n (mod2s) for any m, n, s ∈ N.Later Frobenius ampli�ed Stern's proof in 1910, and several di�erent proofsof (1.1) or (1.1′) were given by Ernvall [E℄, Wagsta� [W℄ and Sun [Su℄. Our�rst goal is to provide a omplete q-analogue of the Stern ongruene.As usual we let (a; q)n =

∏
0≤k<n(1 − aqk) for every n ∈ N, where anempty produt is regarded to have value 1 and hene (a; q)0 = 1. For n ∈ Nwe set

[n]q =
1 − qn

1 − q
=

∑

0≤k<n

qk;
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42 H. Pan and Z. W. Sunthis is the usual q-analogue of n. For any n, k ∈ N, if k ≤ n then we all
[
n

k

]

q

=

∏
0<r≤n[r]q

(
∏

0<s≤k[s]q)(
∏

0<t≤n−k[t]q)
=

(q; q)n

(q; q)k(q; q)n−ka q-binomial oe�ient; if k > n then we let [
n
k

]
q

= 0. Obviously we have
limq→1

[
n
k

]
q

=
(
n
k

). It is easy to see that
[
n

k

]

q

= qk

[
n − 1

k

]

q

+

[
n − 1

k − 1

]

q

for all k, n = 1, 2, 3, . . . .By this reursion, eah q-binomial oe�ient is a polynomial in q with integeroe�ients.We de�ne the q-Euler numbers En(q) (n ∈ N) by
(1.2)

∞∑

n=0

En(q)
xn

(q; q)n
=

( ∞∑

n=0

q(
2n
2 )x2n

(q; q)2n

)−1

.

Multiplying both sides by ∑∞
n=0 q(

2n
2 )x2n/(q; q)2n, we obtain the reursion

n∑

k=0
2|k

[
n

k

]

q

q(
k
2)En−k(q) = δn,0 (n ∈ N),

whih implies that En(q) ∈ Z[q]. Observe that
∞∑

n=0

En(q)
xn

∏
0<k≤n[k]q

=
∞∑

n=0

En(q)
((1 − q)x)n

(q; q)n

=

( ∞∑

n=0

q(
2n
2 )((1 − q)x)2n

(q; q)2n

)−1

=

( ∞∑

n=0

q(
2n
2 )x2n

∏
0<k≤2n[k]q

)−1

and hene limq→1 En(q) = En.The usual way to de�ne a q-analogue of Euler numbers is as follows:
∞∑

n=0

Ẽn(q)
xn

(q; q)n
=

( ∞∑

n=0

x2n

(q; q)2n

)−1

.

(See, e.g., [GZ℄.) We assert that Ẽn(q) = q(
n
2)En(1/q). In fat,

∞∑

n=0

q(
n
2)En(q−1)

xn

∏
0<k≤n(1 − qk)

=

∞∑

n=0

En(q−1)
(−q−1x)n

∏
0<k≤n(1 − q−k)

=

( ∞∑

n=0

q−(2n
2 )(−q−1x)2n

∏
0<k≤2n(1 − q−k)

)−1

=

( ∞∑

n=0

x2n

∏
0<k≤2n(1 − qk)

)−1

.



q-Euler, q-Salié and q-Carlitz numbers 43Reently, with the help of ylotomi polynomials, Guo and Zeng [GZ℄proved that if m, n, s, t ∈ N, m − n = 2st and 2 ∤ t then
Ẽ2m(q) ≡ qm−nẼ2n(q)

(
mod

s∏

r=0

(1 + q2rt)
)
.This is a partial q-analogue of Stern's result.Using our q-analogue of Euler numbers, we are able to give below aomplete q-analogue of the lassial result of Stern.Theorem 1.1. Let n, s, t ∈ N and 2 ∤ t. Then

(1.3) E2n(q) − E2n+2st(q) ≡ [2s]qt (mod (1 + q)[2s]qt).The Salié numbers Sn (n ∈ N) are given by
∞∑

n=0

Sn
xn

n!
=

coshx

cosx
=

(ex + e−x)/2

(eix + e−ix)/2
=

( ∞∑

n=0

x2n

(2n)!

)/ ∞∑

n=0

(−1)n x2n

(2n)!
.Multiplying both sides by ∑∞

n=0(−1)nx2n/(2n)! we get the reursion
n∑

k=0
2|k

(
n

k

)
(−1)k/2Sn−k =

1 + (−1)n

2
(n ∈ N),

whih implies that all Salié numbers are integers and S2k+1 = 0 for all k ∈ N.By a sophistiated use of some deep properties of Bernoulli numbers, in1965 Carlitz [C2℄ proved that 2n |S2n for any n ∈ N (whih was �rst onje-tured by Gandhi [G℄). Reently Guo and Zeng [GZ℄ de�ned a q-analogue ofSalié numbers in the following way:
∞∑

n=0

S̃n(q)
xn

(q; q)n
=

∞∑

n=0

qn2

x2n

(q; q)2n

/ ∞∑

n=0

(−1)n x2n

(q; q)2nand hene
n∑

k=0

[
2n

2k

]

q

(−1)kS̃2n−2k(q) = qn2 for any n ∈ N.

They onjetured that (−q; q)n =
∏

0<k≤n(1 + qk) divides S̃2n(q) (in Z[q]).We de�ne the q-Salié numbers by
(1.4)

∞∑

n=0

Sn(q)
xn

(q; q)n
=

∞∑

n=0

qn(n−1)x2n

(q; q)2n

/ ∞∑

n=0

(−1)nq(
2n
2 )x2n

(q; q)2n
.

Multiplying both sides by ∑∞
n=0(−1)nq(

2n
2 )x2n/(q; q)2n one �nds

(1.5)
n∑

k=0

[
2n

2k

]

q

(−1)kq(
2k
2 )S2n−2k(q) = qn(n−1) (n ∈ N).



44 H. Pan and Z. W. SunIn this paper we are able to prove the following q-analogue of Carlitz's resultonerning Salié numbers.Theorem 1.2. Let n ∈ N. Then (−q; q)n =
∏

0<k≤n(1 + qk) divides
S2n(q) in the ring Z[q].Corollary 1.1. For any n ∈ N we have (−q; q)n | S̃2n(q) in the ring
Z[q] as onjetured by Guo and Zeng.Proof. By Theorem 1.2, S2n(q) = (−q; q)nPn(q) for some Pn(q) ∈ Z[q].Let m be a natural number not smaller than deg P . Then qmP (q−1) ∈ Z[q].Sine

q(
n+1

2 )
∏

0<k≤n

(1 + q−k) =
∏

0<k≤n

(1 + qk),

qm+(n+1

2 )S2n(q−1) is in Z[q] and divisible by (−q; q)n. If the equality
S̃2n(q) = q(

2n
2 )S2n(q−1)holds, then qmS̃2n(q) is divisible by (−q; q)n and hene so is S̃2n(q) sine qmis relatively prime to (−q; q)n.Now let us explain why S̃n(q) = q(
n
2)Sn(q−1) for any n ∈ N. In fat,

∞∑

n=0

q(
n
2)Sn(q−1)

xn

∏
0<k≤n(1 − qk)

=

∞∑

n=0

Sn(q−1)
(−q−1x)n

∏
0<k≤n(1 − q−k)

=
∞∑

n=0

q−n(n−1)(−q−1x)2n

∏
0<k≤2n(1 − q−k)

/ ∞∑

n=0

(−1)nq−(2n
2 )(−q−1x)2n

∏
0<k≤2n(1 − q−k)

=
∞∑

n=0

qn2

x2n

∏
0<k≤2n(1 − qk)

/ ∞∑

n=0

(−1)nx2n

∏
0<k≤2n(1 − qk)

=
∞∑

n=0

S̃n(q)
xn

(q; q)n
.This onludes our proof.In 1956 Carlitz [C1℄ investigated the oe�ients of

sinhx

sinx
=

∞∑

n=0

Cn
xn

n!
,where

sinhx =
ex − e−x

2
=

∞∑

n=0

x2n+1

(2n + 1)!
.We all those numbers Cn (n ∈ N) Carlitz numbers. In 1965 Carlitz [C2℄proved a onjeture of Gandhi [G℄ whih states that 2n divides the numeratorof C2n.



q-Euler, q-Salié and q-Carlitz numbers 45Now we de�ne q-Carlitz numbers Cn(q) (n ∈ N) by
(1.6)

∞∑

n=0

Cn(q)
xn

(q; q)n
=

∞∑

n=0

qn(n−1)x2n+1

(q; q)2n+1

/ ∞∑

n=0

(−1)nqn(2n+1)x2n+1

(q; q)2n+1
.Multiplying both sides by ∑∞

n=0(−1)nqn(2n+1)x2n+1/(q; q)2n+1 we get thereursion
(1.7)

n∑

k=0

[
2n + 1

2k + 1

]

q

(−1)kqk(2k+1)C2n−2k(q) = qn(n−1) (n ∈ N).By (1.7) and indution,
[1]q[3]q · · · [2n + 1]qC2n(q) ∈ Z[q];in partiular, (2n+1)!!C2n ∈ Z. If j, k ∈ N and qj = −1, then qj(2k+1) = −1and hene q2k+1 6= 1. Thus qj + 1 is relatively prime to 1 − q2k+1 for any

j, k ∈ N, and hene (−q; q)n =
∏

0<j≤n(1 + qj) is relatively prime to thedenominator of C2n(q). This basi property will be used later.Here is our q-analogue of Carlitz's divisibility result onerning Carlitznumbers.Theorem 1.3. For any n ∈ N, (−q; q)n divides the numerator of C2n(q).Note that E2k+1(q) = S2k+1(q) = C2k+1(q) = 0 for all k ∈ N beause
∞∑

n=0

En(q)
xn

(q; q)n
,

∞∑

n=0

Sn(q)
xn

(q; q)n
,

∞∑

n=0

Cn(q)
xn

(q; q)nare even funtions in x.Our approah to q-Euler numbers, q-Salié numbers and q-Carlitz numbersis quite di�erent from that of Guo and Zeng [GZ℄. The proofs of Theorems1.1�1.3 depend on new reursions for q-Euler numbers, q-Salié numbers and
q-Carlitz numbers. In the next setion we will prove Theorem 1.1. In Se-tion 3 we establish an auxiliary theorem whih implies that if l ∈ Z and n ∈ Nthen
(1.8)

∑

k∈Z

2k+l≥0

(−1)kqk(k−1)

[
2n

2k + l

]

q

≡ 0 (mod (−q; q)n).

(We an also substitute 2n + 1 for 2n in (1.8).) Setion 4 is devoted to theproofs of Theorems 1.2 and 1.3 on the basis of Setion 3.2. Proof of Theorem 1.1Lemma 2.1. For any n ∈ N we have
(2.1) E2n(q) = 1 −

∑

0<k≤n

(−q; q)2k−1

[
2n

2k

]

q

E2(n−k)(q).



46 H. Pan and Z. W. SunProof. Let us reall the following three known identities (f. Theo-rem 10.2.1 and Corollary 10.2.2 of [AAR℄):
∞∑

n=0

q(
n
2)(−x)n

(q; q)n
= (x; q)∞where (x; q)∞ =

∏∞
n=0(1 − xqn),

∞∑

n=0

xn

(q; q)n
=

1

(x; q)∞
and ∞∑

n=0

(−1; q)nxn

(q; q)n
=

(−x; q)∞
(x; q)∞

.Observe that
1

2

∞∑

n=0

En(q)
xn

(q; q)n
=

( ∞∑

n=0

q(
n
2)xn

(q; q)n
+

∞∑

n=0

q(
n
2)(−x)n

(q; q)n

)−1

=
1

(x; q)∞ + (−x; q)∞and hene
1

2

( ∞∑

n=0

En(q)
xn

(q; q)n

)(
1 +

∞∑

n=0

(−1; q)nxn

(q; q)n

)

=
1

(x; q)∞ + (−x; q)∞

(
1 +

(−x; q)∞
(x; q)∞

)
=

1

(x; q)∞
=

∞∑

n=0

xn

(q; q)n
.Comparing the oe�ients of xn we obtain

1

2
En(q) +

1

2

n∑

k=0

(−1; q)k

[
n

k

]

q

En−k(q) = 1,i.e.,
En(q) = 1 −

∑

0<k≤n

(−q; q)k−1

[
n

k

]

q

En−k(q).Substituting 2n for n in the last equality and realling that E2j+1(q) = 0 for
j ∈ N, we immediately obtain the desired equality (2.1).Corollary 2.1. For any n ∈ N we have
(2.2) E2n(q) ≡ 1 (mod1 + q).Proof. This follows from (2.1) beause 1+ q divides (−q; q)m for all m =
1, 2, 3, . . . .The following trik is simple but useful.
(2.3)

n∏

k=0

(1 + q2k

) = [2n+1]q for any n ∈ N.



q-Euler, q-Salié and q-Carlitz numbers 47In fat,
(1 − q)

n∏

k=0

(1 + q2k

) = (1 − q2)
∏

0<k≤n

(1 + q2k

)

= · · · = (1 − q2n

)(1 + q2n

) = 1 − q2n+1

.Lemma 2.2. Let m, n, s, t be positive integers with 2m ≥ n and 2 ∤ t.Then (−q; q)m

[
2st
n

]
q
is divisible by (1 + q)⌊(m−1)/2⌋[2s]qt , where we use ⌊α⌋to denote the greatest integer not exeeding a real number α.Proof. Write n = 2kl with k, l ∈ N and 2 ∤ l. Then

[n]q =
1 − qn

1 − q
=

1 − q2kl

1 − ql
·
1 − ql

1 − q
= [2k]ql [l]q.Obviously [2k]ql =

∏
0≤j<k(1 + q2j l) divides (−q; q)m =

∏m
j=1(1 + qj) sine

m ≥ n/2 = 2k−1l. Thus [2s]qt = [2st]q/[t]q divides
[l]q(−q; q)m

[
2st

n

]

q

=
(−q; q)m

[2k]ql

[2st]q

[
2st − 1

n − 1

]

q

.Note that [2s]qt =
∏s−1

r=0(1+ q2rt) is relatively prime to [l]q = (1− ql)/(1− q)sine l ≡ 1 (mod2). Therefore [2s]qt divides (−q; q)m

[
2st
n

]
q
.Clearly (1 + q)⌊(m+1)/2⌋ divides

⌊(m+1)/2⌋∏

j=1

(1 + q2j−1) ·

⌊m/2⌋∏

j=1

(1 + q2j) = (−q; q)m.Sine
[2s]qt =

1 − q2t

1 − qt
·
1 − q2st

1 − q2t
= (1 + q)

t−1∑

j=0

(−q)j
2s−1−1∑

r=0

q2rt

and the sum ∑
0≤j<t(−q)j

∑
0≤r<2s−1 q2rt takes value 2s−1t 6= 0 at q = −1,the polynomial [2s]qt is divisible by 1 + q but not by (1 + q)2. Therefore

(1 + q)⌊(m−1)/2⌋[2s]qt divides (−q; q)m

[2st
n

]
q
by the above.Proof of Theorem 1.1. The ase s = 0 is easy. In fat,

E2n(q) − E2n+20t(q) = E2n(q) ≡ 1 = [20]qt (mod (1 + q)[20]qt)by Corollary 2.1.To handle the ase s > 0, we use indution on n. Assume that
(∗) E2m(q) − E2m+2st(q) ≡ [2s]qt (mod (1 + q)[2s]qt) for 0 ≤ m < n.(This holds trivially in the ase n = 0.) In view of Lemma 2.1, we have
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E2n(q) − E2n+2st(q)

=
n+2s−1t∑

k=1

(−q; q)2k−1

([
2n + 2st

2k

]

q

E2n+2st−2k(q) −

[
2n

2k

]

q

E2n−2k(q)

)
,where we set El(q) = 0 for l < 0.Let 0 < k ≤ n + 2s−1t. Applying a q-analogue of the Chu�Vandermondeidentity (f. [AAR, Exerise 10.4(b)℄), we �nd that

[
2n + 2st

2k

]

q

E2n+2st−2k(q) −

[
2n

2k

]

q

E2n−2k(q)

= E2n+2st−2k(q)
2k∑

j=0

q(2n−j)(2k−j)

[
2n

j

]

q

[
2st

2k − j

]

q

−

[
2n

2k

]

q

E2n−2k(q)

= E2n+2st−2k(q)
2k−1∑

j=0

q(2n−j)(2k−j)

[
2n

j

]

q

[
2st

2k − j

]

q

+

[
2n

2k

]

q

(E2n+2st−2k(q) − E2n−2k(q)).In view of the hypothesis (∗),
(−q; q)2k−1

[
2n

2k

]

q

(E2n+2st−2k(q) − E2(n−k)(q)) ≡ 0 (mod (1 + q)[2s]qt).In view of Lemma 2.2, if 0 ≤ j < 2k then (−q; q)2k−1

[ 2st
2k−j

]
q
is divisible by

(1 + q)k−1[2s]qt . Therefore, if k > 1 then (1 + q)[2s]qt divides
(−q; q)2k−1

([
2n + 2st

2k

]

q

E2n+2st−2k(q) −

[
2n

2k

]

q

E2n−2k(q)

)

by the above. In the ase k = 1,
(−q; q)2k−1

[
2st

2k − 1

]

q

= (1 + q)[2st]q = (1 + q)[2s]qt [t]qand hene
(−q; q)1

([
2n + 2st

2

]

q

E2n+2st−2(q) −

[
2n

2

]

q

E2n−2(q)

)

≡ (1 + q)E2n+2st−2(q)q
(2n−0)(2−0)

[
2n

0

]

q

[
2st

2

]

q

(mod (1 + q)[2s]qt)

≡ E2n+2st−2(q)q
4n 1 + q

[2]q
[2st]q[2

st − 1]q (mod (1 + q)[2s]qt)

≡ E2n+2st−2(q)q
4n[2s]qt [t]q(1 + q[2st − 2]q) ≡ [2s]qt (mod (1 + q)[2s]qt);



q-Euler, q-Salié and q-Carlitz numbers 49in the last step we have noted that q4n − 1, [t]q − 1, [2st− 2]q are divisible by
1 + q, and E2n+2st−2(q) ≡ 1 (mod1 + q) by Corollary 2.1.Combining the above we obtain

E2n(q) − E2n+2st(q) ≡

n+2s−1t∑

k=1

δk,1[2
s]qt = [2s]qt (mod (1 + q)[2s]qt).This onludes the indution.The proof of Theorem 1.1 is now omplete.

Remark 2.1. With a bit more e�ort we an prove the following moregeneral result. For k = 1, 2, 3, . . . let
∞∑

n=0

E(k)
n (q)

xn

(q; q)n
=

( ∞∑

n=0

q(
kn
2 ) xkn

(q; q)kn

)−1

.Given positive integers k, s, t with 2 ∤ t, we have
E

(2k′)
2k′n (q) − E

(2k′)
2k′(n+2s−1t)

(q) ≡ (2k′ − 1)[2s]qk′t (mod (1 + qk′

)[2s]qk′t)for all n ∈ N, where k′ = 2k−1. This is a q-analogue of Conjeture 5.5 in[GZ℄.3. An auxiliary theoremTheorem 3.1. For all m, n ∈ N, both
(3.1) Sm

n :=
n∑

k=0

(−1)kqk(k−1)+2m(n−k)

[
2n

2k

]

qand
(3.2) Tm

n :=
∑

0≤k<n

(−1)kqk(k−1)+2m(n−1−k)

[
2n

2k + 1

]

qare divisible by (−q; q)n =
∏

0<k≤n(1 + qk) in the ring Z[q]. Also, for any
m, n ∈ N and δ ∈ {0, 1} we have the ongruene
(3.3)

n∑

k=0

(−1)kqk(k+2m−1)

[
2n

2k + δ

]

q

≡ 0 (mod (−q; q)n).

Proof. (i) We use indution on n to prove the �rst part.For any m ∈ N, learly both Sm
0 = 1 and Tm

0 = 0 are divisible by
(−q; q)0 = 1, also both Sm

1 = q2m − 1 and Tm
1 = [2]q = 1 + q are multiplesof (−q; q)1 = 1 + q.Now let n > 1 be an integer and assume that (−q; q)n−1 divides both

Sm
n−1 and Tm

n−1 for all m ∈ N.
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Sm

n =

n∑

l=0

(−1)n−lq(n−l)(n−l−1)+2ml

[
2n

2(n − l)

]

q

= (−1)nqn(n−1)
n∑

l=0

(−1)lql(l+1)−2ln+2lm

[
2n

2l

]

q

= (−1)nqn(n−1)−2n(n−1−m)Sn−1−m
n = (−1)nqn(2m−n+1)Sn−1−m

n .In partiular,
Sn

n = (−1)nqn(n+1)S−1
n and Sn−1

n = (−1)nqn(n−1)S0
n.Similarly, for every m ∈ Z we have

Tm
n =

n−1∑

l=0

(−1)n−1−lq(n−1−l)(n−l−2)+2ml

[
2n

2(n − 1 − l) + 1

]

q

= (−1)n−1q(n−1)(n−2)
n−1∑

l=0

(−1)lql(l+1)−2l(n−1)+2lm

[
2n

2l + 1

]

q

= (−1)n−1q(n−1)(2m−n+2)Tn−2−m
n .In partiular,

Tn−1
n = (−1)n−1qn(n−1)T−1

n and Tn−2
n = (−1)n−1q(n−1)(n−2)T 0

n .For any m ∈ N, learly
Sm+1

n − Sm
n =

n∑

k=0

(−1)kqk(k−1)+2m(n−k)(q2(n−k) − 1)

[
2n

2k

]

q

=
n∑

k=0

(−1)kqk(k−1)+2m(n−k)(q2n − 1)

[
2n − 1

2k

]

q

= (q2n − 1)
n−1∑

k=0

(−1)kqk(k−1)+2m(n−k)q2k

[
2n − 2

2k

]

q

+ (q2n − 1)
n−1∑

k=1

(−1)kqk(k−1)+2m(n−k)

[
2n − 2

2k − 1

]

q

= (q2n − 1)q2(m+n−1)Sm−1
n−1 − (q2n − 1)q2(m+n−2)Tm−1

n−1

= (q2n − 1)q2(m+n−2)(q2Sm−1
n−1 − Tm−1

n−1 )
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qTm+1

n − Tm
n =

n−1∑

k=0

(−1)kqk(k−1)+2m(n−1−k)(q2(n−1−k)+1 − 1)

[
2n

2k + 1

]

q

=
n−1∑

k=0

(−1)kqk(k−1)+2m(n−1−k)(q2n − 1)

[
2n − 1

2k + 1

]

q

= (q2n − 1)
n−2∑

k=0

(−1)kqk(k−1)+2m(n−1−k)q2k+1

[
2n − 2

2k + 1

]

q

+ (q2n − 1)
n−1∑

k=0

(−1)kqk(k−1)+2m(n−1−k)

[
2n − 2

2k

]

q

= (q2n − 1)q2m+2n−3Tm−1
n−1 + (q2n − 1)Sm

n−1,therefore by the indution hypothesis we have
Sm+1

n ≡ Sm
n (mod (−q; q)n) and qTm+1

n ≡ Tm
n (mod (−q; q)n).(Note that qn(n−1)S−1

n−1 = (−1)n−1Sn−1
n−1 and q(n−1)(n−2)T−1

n−1 = (−1)nTn−2
n−1are both divisible by (−q; q)n−1 by the indution hypothesis.) Thus, if

(−q; q)n divides both S0
n and T 0

n then it divides both Sm
n and Tm

n for ev-ery m = 0, 1, 2, . . . .Observe that
S0

n =
n∑

k=0

(−1)kqk(k−1)

[
2n

2n − 2k

]

q

=

n∑

k=1

(−1)kqk(k−1)+2n−2k

[
2n − 1

2n − 2k

]

q

+

n−1∑

k=0

(−1)kqk(k−1)

[
2n − 1

2n − 2k − 1

]

q

=
n∑

k=1

(−1)kqk(k−1)q2(2n−2k)

[
2n − 2

2n − 2k

]

q

+

n−1∑

k=1

(−1)kqk(k−1)(q2n−2k + q2n−2k−1)

[
2n − 2

2n − 2k − 1

]

q

+
n−1∑

k=0

(−1)kqk(k−1)

[
2n − 2

2n − 2k − 2

]

q

= − q2n−2S1
n−1 − q2n−3(1 + q)T 0

n−1 + S0
n−1and hene (−q; q)n−1 divides S0

n by the indution hypothesis. Similarly,
(−q; q)n−1 divides T 0

n = −q2n−2T 1
n−1 + (1 + q)S1

n−1 + T 0
n−1.
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(−1)nqn(n−1)S0

n = Sn−1
n ≡ S0

n (mod (−q; q)n)and
1 − (−1)nqn(n−1) ≡ 1 − (−1)n(−1)n−1 = 2 (mod1 + qn),we must have S0

n/(−q; q)n−1 ≡ 0 (mod1 + qn) and hene (−q; q)n |S
0
n. Sim-ilarly, as

qn−2(−1)n−1q(n−1)(n−2)T 0
n = qn−2Tn−2

n ≡ T 0
n (mod (−q; q)n)and 1 − (−1)n−1qn(n−2) ≡ 2 (mod1 + qn), we have T 0

n/(−q; q)n−1 ≡ 0
(mod1 + qn) and hene (−q; q)n |T

0
n . This onludes our indution step andproves the �rst part.(ii) Now �x m, n ∈ N and δ ∈ {0, 1}. We an verify (3.3) diretly if n < 2.Below we assume n ≥ 2. By a previous argument,

(−1)nSm+n−1
n = qn(2m+n−1)S−m

n = qn(n−1)
n∑

k=0

(−1)kqk(k+2m−1)

[
2n

2k

]

qand
(−1)n−1Tm+n−2

n = q(n−1)(2m+n−2)T−m
n

= q(n−1)(n−2)
n−1∑

k=0

(−1)kqk(k+2m−1)

[
2n

2k + 1

]

q

.

Thus, applying the �rst part we immediately get (3.3).The proof of Theorem 3.1 is now omplete.
Remark 3.1. Theorem 3.1 is somewhat di�ult and sophistiated, how-ever it is easy to evaluate the sums

n∑

k=0

(−1)k

(
2n

2k

)
=

2n∑

k=0

(
2n

k

)
ik + (−i)k

2and
∑

0≤k<n

(−1)k

(
2n

2k + 1

)
=

2n∑

k=0

(
2n

k

)
ik − (−i)k

2i
.

Now let us explain why (1.8) holds for any l ∈ Z and n ∈ N. Write
l = 2m + δ with m ∈ Z and δ ∈ {0, 1}. Then

∑

k∈Z

2k+l≥0

(−1)kqk(k−1)

[
2n

2k + l

]

q

=
∑

k+m∈N

(−1)kqk(k−1)

[
2n

2(k + m) + δ

]

q
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=

∑

k∈N

(−1)k−mq(k−m)(k−m−1)

[
2n

2k + δ

]

q

= (−1)m
n−δ∑

k=0

(−1)kqk(k−1)−2km+m(m+1)

[
2n

2k + δ

]

q

.

So (1.8) follows from Theorem 3.1. Note also that
∑

k∈Z

2k+l≥0

(−1)kqk(k−1)

[
2n + 1

2k + l

]

q

−
∑

k∈Z

2k+l−1≥0

(−1)kqk(k−1)

[
2n

2k + l − 1

]

q

=
∑

k∈Z

2k+l≥0

(−1)kqk(k−1)+2k+l

[
2n

2k + l

]

q

= ql
∑

k∈Z

2k+l−2≥0

(−1)k−1qk(k−1)

[
2n

2k + l − 2

]

qand thus
(3.4)

∑

k∈Z

2k+l≥0

(−1)kqk(k−1)

[
2n + 1

2k + l

]

q

≡ 0 (mod (−q; q)n).

4. Proofs of Theorems 1.2 and 1.3Lemma 4.1. We have
(4.1) 1 +

∞∑

n=1

(−q; q)2n−1
(−1)nx2n

(q; q)2n
=

∞∑

k=0

q(
2k
2 ) (−1)kx2k

(q; q)2k

∞∑

l=0

(−1)lx2l

(q; q)2land
(4.2)

∞∑

n=0

(−q; q)2n
(−1)nx2n+1

(q; q)2n+1
=

∞∑

k=0

q(
2k+1

2 ) (−1)kx2k+1

(q; q)2k+1

∞∑

l=0

(−1)lx2l

(q; q)2l
.

Proof. Let δ ∈ {0, 1}. Then
∞∑

k=0

(−1)kq(
2k+δ

2 )x2k+δ

(q; q)2k+δ

∞∑

l=0

(−1)lx2l

(q; q)2l
=

∞∑

n=0

(−1)nx2n+δ

(q; q)2n+δ

n∑

k=0

q(
2k+δ

2 )
[
2n + δ

2k + δ

]

q

.

By the q-binomial theorem (f. [AAR, Corollary 10.2.2()℄),
(x; q)m =

m∑

k=0

[
m

k

]

q

(−1)kq(
k
2)xk for any m ∈ N.
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2

n∑

k=0

q(
2k+δ

2 )
[
2n + δ

2k + δ

]

q

=
2n+δ∑

l=0

q(
l
2)

[
2n + δ

l

]

q

+
2n+δ∑

l=0

(−1)δ+lq(
l
2)

[
2n + δ

l

]

q

= (−1; q)2n+δ + (−1)δ(1; q)2n+δand hene
∞∑

k=0

(−1)kq(
2k+δ

2 )x2k+δ

(q; q)2k+δ

∞∑

l=0

(−1)lx2l

(q; q)2l

=
∞∑

n=0

(
(−1)nx2n+δ

(q; q)2n+δ
·
(−1; q)2n+δ + (−1)δ(1; q)2n+δ

2

)

=





1 +

∞∑

n=1

(−q; q)2n−1
(−1)nx2n

(q; q)2n
if δ = 0,

∞∑

n=0

(−q; q)2n
(−1)nx2n+1

(q; q)2n+1
if δ = 1.We are done.

Remark 4.1. (4.1) and (4.2) are q-analogues of the trigonometri iden-tities
1 + cos(2x)

2
= cos2 x and sin(2x)

2
= sinx cos xrespetively.Lemma 4.2. Let n ≥ k ≥ 1 be integers. Then both (−q; q)k

[
2n
2k

]
q
and

(−q; q)k

[2n+1
2k+1

]
q
are divisible by

(−qn−k+1; q)k =

k∏

j=1

(1 + qn−j+1).

Proof. Observe that
[
2n

2k

]

q

=
2k∏

j=1

1 − q2n−j+1

1 − qj
=

k∏

j=1

(1 − q2n−2j+1)(1 − q2n−(2j−1)+1)

(1 − q2j)(1 − q2j−1)

=
k∏

j=1

(1 − qn−j+1)(1 + qn−j+1)(1 − q2n−2j+1)

(1 − qj)(1 + qj)(1 − q2j−1)

=

[
n

k

]

q

∏k
j=1(1 + qn−j+1)

(−q; q)k

k∏

j=1

1 − q2n−2j+1

1 − q2j−1
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(−qn−k+1; q)k

∣∣∣∣ (−q; q)k

[
2n

2k

]

q

k∏

j=1

(1 − q2j−1).

Reall that the polynomial (−qn−k+1; q)k =
∏

n−k<l≤n(1 + ql) is relativelyprime to ∏k
j=1(1 − q2j−1). Therefore (−qn−k+1; q)k | (−q; q)k

[
2n
2k

]
q
.Sine [2k + 1]q is also relatively prime to (−qn−k+1; q)k, we have

(−q; q)k

[
2n + 1

2k + 1

]

q

= (−q; q)k
[2n + 1]q
[2k + 1]q

[
2n

2k

]

q

≡ 0 (mod (−qn−k+1; q)k).This onludes the proof.
Remark 4.2. Lemma 4.2 yields a trivial result as q → 1.Proof of Theorem 1.2. Clearly

f(x) :=

( ∞∑

n=0

S2n(q)
x2n

(q; q)2n

)(
1 +

∞∑

n=1

(−q; q)2n−1
(−1)nx2n

(q; q)2n

)

=
∞∑

n=0

S2n(q)
x2n

(q; q)2n
+

∞∑

n=1

x2n

(q; q)2n

n∑

k=1

(−1)k(−q; q)2k−1

[
2n

2k

]

q

S2n−2k(q).On the other hand, by (4.1) we have
f(x) =

∞∑

k=0

qk(k−1)x2k

(q; q)2k

∞∑

l=0

(−1)lx2l

(q; q)2l
=

∞∑

n=0

(−1)nx2n

(q; q)2n

n∑

k=0

(−1)kqk(k−1)

[
2n

2k

]

q

.

Therefore
S2n(q) +

∑

0<k≤n

(−1)k(−q; q)2k−1

[
2n

2k

]

q

S2n−2k(q)

= (−1)n
n∑

k=0

(−1)kqk(k−1)

[
2n

2k

]

q

≡ 0 (mod (−q; q)n)

with the help of (1.8) or Theorem 3.1. If (−q; q)l |S2l(q) for all 0 ≤ l < n,then
S2n(q) ≡ −

∑

0<k≤n

(−1)k(−q; q)2k−1

[
2n

2k

]

q

S2n−2k(q) ≡ 0 (mod (−q; q)n)

sine ∏
0<j≤n−k(1 + qj) divides S2n−2k(q) and ∏

n−k<j≤n(1 + qj) divides
(−q; q)2k−1

[
2n
2k

]
q
by Lemma 4.2. Thus we have the desired result by indu-tion.
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Remark 4.3. As q → 1 our new reursion for q-Salié numbers yields auseful reursion for Salié numbers:

S2n +
∑

0<k≤n

(−1)k22k−1

(
2n

2k

)
S2n−2k = (−1)n

n∑

k=0

(−1)k

(
2n

2k

)
,

from whih Carlitz's result 2n | S2n follows by indution.Proof of Theorem 1.3. It is apparent that
g(x) :=

( ∞∑

n=0

C2n(q)
x2n

(q; q)2n

)( ∞∑

n=0

(−q; q)2n
(−1)nx2n+1

(q; q)2n+1

)

=

∞∑

n=0

x2n+1

(q; q)2n+1

n∑

k=0

(−1)k(−q; q)2k

[
2n + 1

2k + 1

]

q

C2n−2k(q).On the other hand, (4.2) implies that
g(x) =

∞∑

k=0

qk(k−1)x2k+1

(q; q)2k+1

∞∑

l=0

(−1)lx2l

(q; q)2l

=
∞∑

n=0

x2n+1

(q; q)2n+1

n∑

k=0

(−1)n−kqk(k−1)

[
2n + 1

2k + 1

]

q

.

Therefore we have the reurrene relation
n∑

k=0

(−1)k(−q; q)2k

[
2n + 1

2k + 1

]

q

C2n−2k(q) =
n∑

k=0

(−1)n−kqk(k−1)

[
2n + 1

2k + 1

]

q

.

The right-hand side of the last equality is a multiple of (−q; q)n by (3.4). Sowe have
n∑

k=0

(−1)k(−q; q)2k

[
2n + 1

2k + 1

]

q

C2n−2k(q) ≡ 0 (mod (−q; q)n).

Assume that (−q; q)l divides the numerator of C2l(q) for eah 0 ≤ l < n.Then (−q; q)n divides the numerator of (−q; q)2k

[2n+1
2k+1

]
q
C2n−2k(q) for eah

0 < k ≤ n, beause ∏
0<j≤n−k(1 + qj) divides the numerator of C2n−2k(q)and ∏

n−k<j≤n(1+qj) divides (−q; q)2k

[
2n+1
2k+1

]
q
by Lemma 4.2. Thus (−q; q)nmust also divide the numerator of [2n+1

1

]
q
C2n(q) = [2n + 1]qC2n(q). Reallthat [2n + 1]q is relatively prime to (−q; q)n. So the numerator of C2n(q) isdivisible by (−q; q)n.In view of the above, the desired result follows by indution on n.
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Remark 4.4. As q → 1 our new reursion for q-Carlitz numbers yieldsthe following reurrene relation for Carlitz numbers:

n∑

k=0

(−1)k22k

(
2n + 1

2k + 1

)
C2n−2k = (−1)n

n∑

k=0

(−1)k

(
2n + 1

2k + 1

)
.From this one an easily dedue the Carlitz ongruene C2n ≡ 0 (mod2n).Aknowledgements. The seond author is indebted to Prof. JiangZeng at University of Lyon-I for showing Carlitz's paper [C2℄ and the preprint[GZ℄ during Z. W. Sun's visit to the Institute of Camille Jordan. This paperwas �nished during Z. W. Sun's visit to the University of California at Irvine;he would like to thank Prof. Daqing Wan for the invitation.
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