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For any positive integers m and α, we prove that

n−1∑
k=0

εk(2k + 1)A(α)
k (x)m ≡ 0 (mod n),

where ε ∈ {1,−1} and the generalized Apéry polynomial

A(α)
n (x) =

n∑
k=0

(n
k

)α(n + k

k

)α

xk.

The key to our proof is to use q-congruences.
© 2014 Published by Elsevier Inc.

1. Introduction

The Apéry number An is defined by

An =
n∑

k=0

(
n

k

)2(
n + k

k

)2

.
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Those numbers play an important role in Apéry’s ingredient proof [17] of the irrationality
of ζ(3) =

∑∞
n=1 1/n3. The Apéry numbers have some interesting arithmetic properties.

For example, Gessel [6] proved that

Apn ≡ An

(
mod p3)

for any positive integer n and prime p ≥ 5. In 2000, Ahlgren and Ono [1] solved a
conjecture of Beukers [4] and showed that for odd prime p,

A(p−1)/2 ≡ a(p)
(
mod p2),

where a(n) is the Fourier coefficient of qn in the modular form η(2z)4η(4z)4.
Recently, Sun [14] defined the Apéry polynomial as

An(x) =
n∑

k=0

(
n

k

)2(
n + k

k

)2

xk,

and proved several new congruences for the sums of An(x). For example,

n−1∑
k=0

(2k + 1)Ak(x) ≡ 0 (mod n)

for every positive integer n. In fact, he obtained a curious identity:

1
n

n−1∑
k=0

(2k + 1)Ak(x) =
n−1∑
k=0

(
n− 1
k

)(
n + k

k

)(
n + k

2k + 1

)(
2k
k

)
xk.

In general, Sun proposed the following conjecture.

Conjecture 1.1. For m ∈ {1, 2, 3, . . .},

n−1∑
k=0

εk(2k + 1)Ak(x)m ≡ 0 (mod n), (1.1)

where ε ∈ {1,−1}.

In [8], Guo and Zeng proved that (1.1) is true if ε = −1 and m = 1. The key of their
proof is the following complicated identity:

1
n

n−1∑
k=0

(−1)k(2k + 1)Ak(x)

= (−1)n−1
n−1∑(

2k
k

)
xk

k∑(
k

j

)(
k + j

j

)(
n− 1
k + j

)(
n + k + j

k + j

)
.

k=0 j=0
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On the other hand, in the same paper, Sun also defined the central Delannoy polyno-
mial

Dn(x) =
n∑

k=0

(
n

k

)(
n + k

k

)
xk.

He showed that

1
n

n−1∑
k=0

(2k + 1)Dk(x) =
n−1∑
k=0

(
n

k + 1

)(
n + k

k

)
xk.

Sun [15] also conjectured that

1
n

n−1∑
k=0

(2k + 1)Dk(x)m

is also always an integer for any m ≥ 1.
Motivated by [12] and [1, Eq. (1.7)], it is natural to define the generalized Apéry

polynomial

A(α)
n (x) =

n∑
k=0

(
n

k

)α(
n + k

k

)α

xk,

where α is a positive integer. Such polynomial is also called the Schmidt polynomial [8].
In fact, Guo and Zeng proved that for each integer α ≥ 1, there exist explicit formulas
for

1
n

n−1∑
k=0

(2k + 1)A(α)
k (x) and 1

n

n−1∑
k=0

(−1)k(2k + 1)A(α)
k (x).

Hence

n−1∑
k=0

(2k + 1)A(α)
k (x) ≡

n−1∑
k=0

(−1)k(2k + 1)A(α)
k (x) ≡ 0 (mod n).

So they conjectured that (1.1) still holds if Ak(x) is replaced by A
(α)
k (x).

In this paper, we shall completely confirm those conjectures above.

Theorem 1.1. For arbitrary positive integers n, m and α, we have

n−1∑
(2k + 1)A(α)

k (x)m ≡ 0 (mod n), (1.2)

k=0



H. Pan / Journal of Number Theory 143 (2014) 214–223 217
and

n−1∑
k=0

(−1)k(2k + 1)A(α)
k (x)m ≡ 0 (mod n). (1.3)

Unfortunately, no explicit formula is known for

1
n

n−1∑
k=0

(2k + 1)A(α)
k (x)m and 1

n

n−1∑
k=0

(−1)k(2k + 1)A(α)
k (x)m

when m ≥ 2. So we can’t prove Theorem 1.1 by following the ways of Sun, Guo and
Zeng.

On the other hand, in the last thirty years, the q-analogues of combinatorial congru-
ences have been widely studied by several authors (cf. [3,11,2,7,10,16,13,18]). The method
of q-analogues has its advantage for some divisibility problems (e.g., see [5] and [9]). So
we shall use q-congruences to prove (1.2) and (1.3) respectively.

2. Proof of (1.2)

For an integer n, define the q-integer

[n]q = 1 − qn

1 − q
.

Clearly limq→1[n]q = n. For a non-negative integer k, the q-binomial coefficient
[ n
k

]
q

is
given by

[
n

k

]
q

=
∏

1≤j≤k[n− j + 1]q∏
1≤j≤k[j]q

.

In particular,
[ n

0
]
q

= 1. Also, we set
[ n
k

]
q

= 0 if k < 0. It is easy to see that
[ n
k

]
q

is a
polynomial in q with integral coefficients, since

[
n + 1
k

]
q

= qk
[
n

k

]
q

+
[

n

k − 1

]
q

.

Below we introduce the notion of q-congruences. Suppose that a, b, n are integers and
a ≡ b (mod n). Then over the polynomial ring Q(q), we have

1 − qa

1 − q
− 1 − qb

1 − q
= qa · 1 − qb−a

1 − q
≡ 0

(
mod 1 − qn

1 − q

)
,

i.e., [a]q ≡ [b]q (mod [n]q). Furthermore, for the q-binomial coefficients, we have the
following q-Lucas congruence (cf. [11, Theorem 2.2]).
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Lemma 2.1. Suppose that d > 1 is a positive integer. Suppose that a, b, h, l are integers
with 0 ≤ b, l ≤ d− 1. Then

[
ad + b

hd + l

]
q

≡
(
a

h

)[
b

l

]
q

(
mod Φd(q)

)
,

where Φd(q) is the d-th cyclotomic polynomial.

Define the generalized q-Apéry polynomial

A
(α)
k (x; q) =

k∑
j=0

qα(
(j
2
)
−jk)

[
k

j

]α
q

[
k + j

j

]α
q

xj .

In order to prove (1.2), it suffices to show that

Theorem 2.1.

n−1∑
k=0

qn−1−k[2k + 1]qA(α)
k (x; q)m ≡ 0

(
mod [n]q

)
. (2.1)

Let us explain why (2.1) implies (1.2). Since [n]q is a primitive polynomial (i.e., the
greatest divisor of all coefficients of [n]q is 1), by a well-known lemma of Gauss, there
exists a polynomial H(x, q) with integral coefficients such that

n−1∑
k=0

qn−1−k[2k + 1]qA(α)
k (x; q)m = [n]qH(x, q). (2.2)

Substituting q = 1 in (2.2), we get (1.2).
It is well-known that

[n]q =
∏
d|n
d>1

Φd(q).

The advantage of q-congruences is that we only need to prove

n−1∑
k=0

qn−1−k[2k + 1]qA(α)
k (x; q)m ≡ 0

(
mod Φd(q)

)

for every divisor d > 1 of n. Note that
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[
k + j

j

]
q

= (1 − qk+1)(1 − qk+2) · · · (1 − qk+j)
(1 − q)(1 − q2) · · · (1 − qj)

= (−1)j q
jk+

(j+1
2

)
(1 − q−k−1)(1 − q−k−2) · · · (1 − q−k−j)

(1 − q)(1 − q2) · · · (1 − qj)

= (−1)jqjk+
(j+1

2
) [−k − 1

j

]
q

.

So

A
(α)
k (x; q) =

∑
−∞<j<+∞

(−1)αjqαj
2
[
k

j

]α
q

[
−k − 1

j

]α
q

xj .

Suppose that d > 1 is a divisor of n. Let h = n/d. Write k = ad+ b where 0 ≤ b ≤ d− 1.
Then by Lemma 2.1,

A
(α)
ad+b(x; q)

=
∑

−∞<s<+∞
0≤t≤d−1

(−1)α(sd+t)qα(sd+t)2
[
ad + b

sd + t

]α
q

[
(−a− 1)d + d− b− 1

sd + t

]α
q

xsd+t

≡
∑

−∞<s<+∞
0≤t≤d−1

(−1)α(sd+t)qαt
2
(
a

s

)α [
b

t

]α
q

(
−a− 1

s

)α

×
[
d− b− 1

t

]α
q

xsd+t
(
mod Φd(q)

)
.

Hence,

n−1∑
k=0

[2k + 1]qqn−1−kA
(α)
k (x; q)m =

∑
0≤a≤h−1
0≤b≤d−1

qhd−1−ad−b[2ad + 2b + 1]qA(α)
ad+b(x; q)m

≡
∑

0≤a≤h−1
0≤b≤d−1

q−1−b[2b + 1]qB(α)
a,b,d(x; q)m

(
mod Φd(q)

)
,

where

B
(α)
a,b,d(x; q) =

∑
−∞<s<+∞
0≤t≤d−1

(−1)α(sd+t)qαt
2
(
a

s

)α [
b

t

]α
q

(
−a− 1

s

)α [
d− b− 1

t

]α
q

xsd+t.

Similarly, note that

k = ad + b ⇐⇒ n− k − 1 = (h− a− 1)d + (d− b− 1)
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and

B
(α)
a,b,d(x; q) = B

(α)
a,d−b−1,d(x; q).

We have

n−1∑
k=0

qk[2n− 2k − 1]qA(α)
n−k−1(x; q)m

≡
∑

0≤a≤h−1
0≤b≤d−1

qb[−2b− 1]qB(α)
h−a−1,d−b−1,d(x; q)m

=
∑

0≤a′≤h−1
0≤b≤d−1

qb[−2b− 1]qB(α)
a′,b,d(x; q)m

(
mod Φd(q)

)
.

Clearly,

q−1−b[2b + 1]q + qb[−2b− 1]q = q−1−b − qb + qb − q−b−1 = 0.

Therefore,

2
n−1∑
k=0

qn−1−k[2k + 1]qA(α)
k (x; q)m

=
n−1∑
k=0

qn−1−k[2k + 1]qA(α)
k (x; q)m +

n−1∑
k=0

qk[2n− 2k − 1]qA(α)
n−1−k(x; q)m

≡ 0
(
mod Φd(q)

)
.

This concludes the proof of Theorem 2.1.

3. Proof of (1.3)

The proof of (1.3) is a little complicated.

Theorem 3.1.

n−1∑
k=0

(−1)kqn−1−k[2k + 1]qA(α)
k

(
x; q2)m

is divisible by
∏
d|n

d>1 is odd

Φd(q) ·
∏
d|n

d is even

Φd

(
q2).
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In fact, we only need to prove that

n−1∑
k=0

(−1)kqn−1−k[2k + 1]qA(α)
k

(
x; q2)m +

n−1∑
k=0

(−1)n−1−kqk[2n− 2k − 1]qA(α)
n−1−k

(
x; q2)m

is divisible by Φd(q) for odd d > 1 and by Φd(q2) for even d respectively.

Lemma 3.1. If d > 1 is odd, then Φd(q) divides Φd(q2). If d is even, then Φd(q2) = Φ2d(q).

Proof. We know that for d > 1,

Φd(q) =
∏

ξ is d-th primitive
root of unity

(q − ξ).

Suppose that d is odd and ξ is an arbitrary d-th primitive root of unity. Then ξ2 also is
a d-th primitive root of unity, i.e., Φd(ξ2) = 0. Hence Φd(q) divides Φd(q2). Similarly, if d
is even and ξ is a 2d-th primitive root of unity, then ξ2 is a d-th primitive root of unity.
So Φ2d(q) divides Φd(q2). Note that now degΦ2d = φ(2d) = 2φ(d) = 2 degΦd, where φ

is the Euler totient function. We must have Φd(q2) = Φ2d(q). �
Suppose that d > 1 is an odd divisor of n. Let h = n/d. Then

n−1∑
k=0

(−1)kqn−1−k[2k + 1]qA(α)
k

(
x; q2)m

≡
∑

0≤a≤h−1
0≤b≤d−1

(−1)ad+bqhd−1−ad−b
[
2(ad + b) + 1

]
q
B

(α)
a,b,d

(
x; q2)m (

mod Φd

(
q2))

≡
∑

0≤a≤h−1
0≤b≤d−1

(−1)ad+bq−1−b[2b + 1]qB(α)
a,b,d

(
x; q2)m (

mod Φd(q)
)
.

And

n−1∑
k=0

(−1)n−1−k[2n− 2k − 1]qqkA(α)
n−1−k

(
x; q2)m

≡
∑

0≤a≤h−1
0≤b≤d−1

(−1)hd−1−ad−bqad+b
[
2hd− 2(ad + b) − 1

]
q
B

(α)
h−a−1,d−b−1,d

(
x; q2)m

≡
∑

0≤a′≤h−1

(−1)a
′d+d−1−b[−2b− 1]qqbB(α)

a′,b,d

(
x; q2)m (

mod Φd(q)
)
.

0≤b≤d−1
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Since d is odd,

(−1)ad+bq−1−b[2b + 1]q + (−1)ad+d−1−bqb[−2b− 1]q = 0.

So Φd(q) divides

n−1∑
k=0

(−1)kqn−1−k[2k + 1]qA(α)
k

(
x; q2)m +

n−1∑
k=0

(−1)n−1−kqk[2n− 2k − 1]qA(α)
n−1−k

(
x; q2)m.

Suppose that d is an even divisor of n. Then

n−1∑
k=0

(−1)kqn−1−k[2k + 1]qA(α)
k

(
x; q2)m

≡
∑

0≤a≤h−1
0≤b≤d−1

(−1)ad+bqhd−1−(ad+b)[2(ad + b) + 1
]
q
B

(α)
a,b,d

(
x; q2)m

≡
∑

0≤a≤h−1
0≤b≤d−1

(−1)ad+bqhd−ad−1−b[2b + 1]qB(α)
a,b,d

(
x; q2)m (

mod Φd

(
q2)).

And

n−1∑
k=0

(−1)n−1−kqk[2n− 2k − 1]qA(α)
n−1−k

(
x; q2)m

≡
∑

0≤a≤h−1
0≤b≤c−1

(−1)hd−1−(ad+b)qad+b
[
2hd− 2(ad + b) − 1

]
q
B

(α)
h−a−1,d−b−1,d

(
x; q2)m

≡
∑

0≤a′≤h−1
0≤b≤d−1

(−1)a
′d+d−1−bqhd−a′d−d+b[−2b− 1]qB(α)

a′,b,d

(
x; q2)m (

mod Φd

(
q2)).

Note that Φd(q2) = Φ2d(q) divides 1 + qd = (1 − q2d)/(1 − qd), i.e.,

qd ≡ −1
(
mod Φd

(
q2)).

We have

(−1)ad+bqhd−ad−1−b[2b + 1]q + (−1)ad+d−1−bqhd−ad−d+b[−2b− 1]q

≡ (−1)ad+bqhd−ad
(
q−1−b[2b + 1]q + qb[−2b− 1]q

)
= 0

(
mod Φd

(
q2)).
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That is, Φd(q2) divides

n−1∑
k=0

(−1)kqn−1−k[2k + 1]qA(α)
k

(
x; q2)m +

n−1∑
k=0

(−1)n−1−kqk[2n− 2k − 1]qA(α)
n−1−k

(
x; q2)m.
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