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1. Introduction, definitions and preliminaries

Throughout our paper, we use the following standard notation: N :¼ f1;2;3; . . .g denotes the set of natural numbers,
N0 :¼ N [ f0g;Z denotes the set of integers, Q denotes the set of rational numbers, R denotes the set of real numbers, Rþ

denotes the set of positive real numbers and C denotes the set of complex numbers. We also assume that log z denotes
the principal branch of the multi-valued function log z with the imaginary part Iðlog zÞ constrained by �p < Iðlog zÞ 6 p.

For all 0 6 k 6 n, let ðnÞk ¼ k!
n
k

� �
(for example, see [31,32]).

Ozden [14] defined the following generating functions which are related to the unification of the Bernoulli, Euler and
Genocchi polynomials:
gbðx; t; k; a; bÞ :¼ 21�ktketx

bbet � ab
¼
X1
n¼0

Yn;bðx; k; a; bÞ tn

n!
: ð1Þ
Note that for x ¼ 1, Eq. (1) reduces to the generating functions for the unification of the Bernoulli, Euler and Genocchi
numbers. In (1) we assume that if b ¼ a, then j t j< 2p and if b – a; k 2 N0; a; b 2 C n f0g, then j t j< b log b

a

� �
. Also, by using

the special values of a; b; k and b in (1), the polynomials Yn;bðx; k; a; bÞ provides us with a generalization and unification of
the Apostol–Bernoulli polynomials, Apostol–Euler polynomials and Apostol–Genocchi polynomials, respectively:
Bnðx;bÞ ¼ Yn;bðx; 1;1;1Þ;

Enðx;bÞ ¼ Yn;bðx; 0;�1;1Þ
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and
Gnðx; bÞ ¼ Yn;bðx; 1;�1;1Þ
(cf. [2–34]. Furthermore, for the classical Bernoulli polynomials BnðxÞ, the classical Euler polynomials EnðxÞ and the classical
Genocchi polynomials GnðxÞ, we have
BnðxÞ ¼ Bnðx;1Þ;

EnðxÞ ¼ Enðx;1Þ
and
GnðxÞ ¼ Gnðx;1Þ
(cf. [1–34] and the references cited in each of these earlier works). For x ¼ 0, we have the classical Bernoulli numbers Bn, the
classical Euler numbers En and the classical Genocchi numbers Gn, we have
Bn ¼ Bnð0Þ;

En ¼ Enð0Þ
and
Gn ¼ Gnð0Þ
(cf. [1–36] and the references cited in each of these earlier works).
In analogy with the generating functions introduced by Ozden [14] and also [34] for the unification of the Apostol-type

numbers and polynomials, we define generating functions for these polynomials. Now, we modify and unify (1) as follows:
Let a; b 2 Rþ (a – b). Then modification and unification of the Apostol-type polynomialsY ðvÞn;bðx; k; a; bÞ of order v are defined by
means of the following generating function:
Mk;vðt; x; a; b; bÞ ¼ tk21�k

bbt � at

 !v

bxt ¼
X1
n¼0

Y ðvÞn;bðx; k; a; bÞ tn

n!
; ð2Þ
where
t ln
b
a

� �
þ ln b

����
���� < 2p
and x 2 R .
We observe that
Y ðvÞn;bð0; k; a; bÞ ¼ Y ðvÞn;bðk; a; bÞ;
which denotes modification and unification of the Apostol-type numbers of orderv. Therefore, the numbers Y ðvÞn;bðk; a; bÞ are
defined by means of the following generating functions:
tk21�k

bbt � at

 !v

¼
X1
n¼0

Y ðvÞn;bðk; a; bÞ
tn

n!
: ð3Þ
Remark 1.1. By substituting k ¼ 1 into (2), we have known results of [33]
BðvÞn ðx; b; k; a; bÞ ¼ Y ðvÞn;bðx; 1; a; bÞ
(cf. see also [27,34]).
2. Some properties of the numbers Y ðvÞn;bðk;a;bÞ and the polynomials Y ðvÞn;bðx; k;a;bÞ

Here, by using generating functions, we give some properties of the numbers Y ðvÞn;bðk; a; bÞ and the polynomials
Y ðvÞn;bðx; k; a; bÞ.

By using (1) and (2), we get
Mk;1ðt; x; a; b; bÞ ¼ ln
b
a

� �� ��k

gb

x ln b� ln a
ln b

a

� � ; t ln
b
a

� �
; k;1;1

 !
:



340 H. Ozden, Y. Simsek / Applied Mathematics and Computation 235 (2014) 338–351
Thus, we get
Yn;bðx; k; a; bÞ ¼ ln
b
a

� �� �n�k

Yn;b
x ln b� ln a

ln b
a

� � ; k;1;1

 !
;

where Yn;bðx; k; a; bÞ denotes the Apostol-type polynomials (cf. [14,16,32]; see also the references cited in each of these earlier
works).
M1;vðt; x;1; e; 1Þ ¼
X1
n¼0

BðvÞn ðx; bÞ tn

n!
;

where
BðvÞn ðx; bÞ ¼ Yn;bðx; 1;1; eÞ
denotes the Apostol–Bernoulli polynomials of order v (cf. [2–34]and the references cited in each of these earlier works).
M0;vðt; x;1; e;�1Þ ¼
X1
n¼0

ð�1ÞvEðvÞn ðxÞ
tn

n!
; ð4Þ
where
ð�1ÞvEðvÞn ðxÞ ¼ Yn;�1ðx; k;1; eÞ
denotes the Euler polynomials of order v (cf. [2–34]; see also the references cited in each of these earlier works).
Substituting x ¼ 0 and v ¼ 1 into (2) and using the Umbral Calculus convention, we derive a recurrence relation for the

modification and unification of the Apostol-type numbers, Yn;bðk; a; bÞ. Therefore, we set
tk21�k ¼ bet ln b � et ln a
� �

eYbðk;a;bÞt :
From the above equation, we obtain
tk21�k ¼ b
X1
n¼0

t ln bð Þn

n!
�
X1
n¼0

t ln að Þn

n!

 !X1
n¼0

Yn;bðk; a; bÞ
tn

n!
:

Therefore
tk21�k ¼
X1
n¼0

b
Xn

j¼0

n

j

� �
ðln bÞn�jY j;bðk; a; bÞ �

Xn

j¼0

n

j

� �
ðln aÞn�jYj;bðk; a; bÞ

 !
tn

n!
:

By comparing the coefficients of tn on both sides of the above equation, we arrive at the following theorem:

Theorem 2.1. The following recurrence relation holds true:
bðYbðk; a; bÞ þ ln bÞn � Ybðk; a; bÞ þ ln a
� �n ¼ 21�kk! n ¼ k;

0 n – k:

(

where Ybðk; a; bÞ
� �m is replaced conventionally by Ym;bðk; a; bÞ.

By substituting n ¼ 0 into Theorem 2.1, we find that
Y0;bð0; a; bÞ ¼
2

b� 1
and
Y0;bð1; a; bÞ ¼ 0;
where b – 1. By substituting n ¼ 1 into Theorem 2.1, we can easily calculate the numbers Y1;bðk; a; bÞ as follows:
If k ¼ 1, we have
Y1;bð1; a; bÞ ¼
1

b� 1
:

If k ¼ 0, we have
Y1;bð0; a; bÞ ¼
2ðb� 1Þ � 2ðb ln b� ln aÞ

ðb� 1Þ2
:

Consequently, applying Theorem 2.1, we can easily calculate all the numbers Yn;bðk; a; bÞ.
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By using (3), we get
X1
n¼0

Y ðvþpÞ
n;b ðk; a; bÞ

tn

n!
¼
X1
n¼0

Y ðvÞn;bðk; a; bÞ
tn

n!

X1
n¼0

Y ðpÞn;bðk; a; bÞ
tn

n!
:

Therefore
X1
n¼0

Y ðvþpÞ
n;b ðk; a; bÞ

tn

n!
¼
X1
n¼0

Xn

j¼0

n

j

� �
Y ðvÞj;b ðk; a; bÞY

ðpÞ
n�j;bðk; a; bÞ

 !
tn

n!
:

By comparing the coefficients of tn

n!
on both sides of the above equation, we arrive at the following theorem:

Theorem 2.2. The following recurrence relation holds true:
Y ðvþpÞ
n;b ðk; a; bÞ ¼

Xn

j¼0

n

j

� �
Y ðvÞj;b ðk; a; bÞY

ðpÞ
n�j;bðk; a; bÞ:
By applying Theorem 2.2, we can calculate all the numbers Y ðvþpÞ
n;b ðk; a; bÞ. For example, if we substitute n ¼ 1 and

v ¼ p ¼ 1 into Theorem 2.2, we get
Y ð2Þ1;bðk; a; bÞ ¼
X1

j¼0

1
j

� �
Yj;bðk; a; bÞY1�j;bðk; a; bÞ:
If k ¼ 1, we have
Y ð2Þ1;bð1; a; bÞ ¼ 0:
If k ¼ 0, we have
Y ð2Þ1;bð0; a; bÞ ¼
8ðb� 1Þ � 8ðb ln b� ln aÞ

ðb� 1Þ3
:

Thus we are ready to generalize Theorem 2.2 as follows:

Theorem 2.3. Let n; j1; j2; . . . ; jr 2 N0. Then we have
Y ðv1þv2þ���þvrÞ
n;b ðk; a; bÞ ¼

Xj1þj2þ���þjr¼n

j1 ;j2 ;...;jr¼0

j1 þ j2 þ � � � þ jrð Þ!
j1!j2! � � � jr!

Yr

c¼1

Y ðvcÞ
jc ;b
ðk; a; bÞ:
Proof. By using (3), we get
tk21�k

bbt � at

 !v1þv2þ���þvr

¼
X1
n¼0

Y ðv1þv2þ���þvrÞ
n;b ðk; a; bÞ tn

n!
:

By using Theorem 2.2 and mathematical induction, we complete proof of theorem. h

By using (2) and (3), we easily arrive at the following theorem:
Theorem 2.4. Let n 2 N0. The we have
Y ðvÞn;bðx; k; a; bÞ ¼
Xn

j¼0

n

j

� �
xn�jðx ln bÞn�jY ðvÞj;b ðk; a; bÞ:
3. PDEs for the generating functions

In this section, we give PDEs for the generating functions. By using these equations, we derive some derivative formulas
and recurrence relations of the modification and unification of the Apostol-type polynomials of order v. Taking derivative of (2),
with respect to x, we obtain the following PDE for the generating function:
@m

@xm
Mk;vðt; x; k; a; b; bÞ ¼ ðt ln bÞmMk;vðt; x; k; a; b; bÞ: ð5Þ
Taking derivative of (2), with respect to b, we obtain the following PDE for the generating function:
@

@b
Mk;vðt; x; k; a; b; bÞ ¼ � v

21�ktk
Mk;vþ1ðt; xþ 1; k; a; b; bÞ ð6Þ
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or
@

@b
Mk;vðt; x; k; a; b; bÞ ¼ � v

21�ktk
Mk;v�1ðt; xþ 1; k; a; b; bÞMk;2ðt; k; a; b; bÞ: ð7Þ
Taking derivative of (2), with respect to t, we obtain the following PDE for the generating function:
@

@t
Mk;vðt; x; k; a; b; bÞ ¼ kv

t
Mk;vðt; x; k; a; b; bÞ � b ln b

21�ktk
Mk;vþ1ðt; xþ 1; k; a; b; bÞ

þ ln a

21�ktk
atMk;vþ1ðt; x; k; a; b; bÞ þ x ln bMk;vðt; x; k; a; b; bÞ: ð8Þ
By using the above PDEs, we derive the following theorems.

Theorem 3.1. Let m and n be positive integers with n P m. Then we have
@m

@xm
Y ðvÞn;bðx; k; a; bÞ ¼ m!

n

m

� �
ln bð ÞmY ðvÞn�m;bðx; k; a; bÞ
Proof. By using (5) with (2), we obtain
X1
n¼0

@m

@xm
Y ðvÞn;bðx; k; a; bÞ

tn

n!
¼
X1
n¼0

m!
n

m

� �
ðln bÞmY ðvÞn�m;bðx; k; a; bÞ

tn

n!
:

By comparing the coefficients of tn

n!
on both sides of the above equation, we obtain the result. h
Theorem 3.2. Let v and n be positive integers. Then we have
@

@b
Y ðvÞn;bðx; k; a; bÞ ¼ �

21�kv
nþ k

k

� �Y ðvþ1Þ
nþk;b ðxþ 1; k; a; bÞ
or
@

@b
Y ðvÞn;bðx; k; a; bÞ ¼ �

21�kv
nþ k

k

� �Xnþk

j¼0

nþ k

j

� �
Y ðv�1Þ

j;b ðxþ 1; k; a; bÞY ð2Þnþk�j;bðk; a; bÞ: ð9Þ
Proof. By using (6) with (2), we obtain
X1
n¼0

@

@b
Y ðvÞn;bðx; k; a; bÞ

tn

n!
¼ � v

21�k

X1
n¼0

Y ðvþ1Þ
n;b ðxþ 1; k; a; bÞ t

n�k

n!
:

Therefore
X1
n¼0

@

@b
Y ðvÞn;bðx; k; a; bÞ

tn

n!
¼ �21�kv

X1
n¼0

nþ k

k

� ��1

Y ðvþ1Þ
nþk;b ðxþ 1; k; a; bÞ tn

n!
:

By comparing the coefficients of tn

n!
on both sides of the above equation, we obtain the result. h

By using (7), we easily obtain the assertion (9) of Theorem 3.2.

Theorem 3.3 (Convolution recurrence relation). Let n 2 N0. The following relationship hold true:
nþ 1� vk
nþ 1

Y ðvÞnþ1;bðx; k; a; bÞ þ
2k�1b ln b

nþ k

k

� � Y ðvþ1Þ
nþk;b ðxþ 1; k; a; bÞ

¼ x ln bY ðvÞn;bðx; k; a; bÞ þ
2k�1

nþ k
k

� �Xnþk

j¼0

nþ k

j

� �
ðln aÞnþkþ1�jY ðvþ1Þ

j;b ðxþ 1; k; a; bÞ: ð10Þ
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Proof. By using (8) with (2), after some elementary calculations, we obtain
X1
n¼1

Y ðvÞn;bðx; k; a; bÞ
tn�1

ðn� 1Þ!� x ln b
X1
n¼0

Y ðvÞn;bðx; k; a; bÞ
tn

n!
¼ vk

X1
n¼0

Y ðvÞn;bðx; k; a; bÞ
tn�1

n!
� 2k�1b ln b

X1
n¼0

Y ðvþ1Þ
n;b ðx; k; a; bÞ t

n�k

n!

þ
X1
n¼0

2k�1

nþ k

k

� �Xnþk

j¼0

nþ k

j

� �
ðln aÞnþkþ1�jY ðvþ1Þ

j;b ðxþ 1; k; a; bÞ tn

n!
:

By comparing the coefficients of tn

n!
on both sides of the above equation, we obtain the result. h

Substituting a ¼ k ¼ v ¼ 1 and b ¼ e into (10), we obtain the following corollary:

Corollary 3.1. Let n 2 N0. The following relationship hold true:
bBð2Þnþ1ðxþ 1; bÞ ¼ ðnþ 1ÞxBnðx;bÞ � nBnþ1ðx;bÞ: ð11Þ

Substituting b ¼ 1 into (11) and using Theorem 2.2, we obtain the following corollary:
Corollary 3.2. Let n 2 N0. The following relationship hold true:
Xnþ1

j¼0

nþ 1
j

� �
ðjxj�1 þ BjðxÞÞBnþ1�j ¼ xðnþ 1ÞBnðxÞ � nBnþ1ðxÞ: ð12Þ
Substituting x ¼ 0 into (12), one can easily arrive at the following convolution recurrence relation for the Bernoulli
numbers:
Corollary 3.3. Let n 2 N0. The following relationship hold true:
Bnþ1 þ
1
2

Bn þ
1

nþ 1

Xnþ1

j¼2

nþ 1
j

� �
BjBnþ1�j ¼ 0; ð13Þ
where B0 ¼ 1.
Remark 3.1. A convolution recurrence relation in (13) give us modification of the Euler’s convolution recurrence relation for
the Bernoulli numbers:
1
n

Xn

j¼1

n

j

� �
BjBn�j ¼ �Bn � Bn�1;
where n P 1 (cf. [7,8,6,27,30]).
Substituting a ¼ v ¼ 1; k ¼ 0; b ¼ �1 and b ¼ e into (10), we obtain the following corollary:

Corollary 3.4.
Eð2Þn ðxþ 1Þ ¼ 2Enþ1ðxÞ � 2xEnðxÞ: ð14Þ

By (14), we have
Xn

j¼0

n
j

� �
Ejðxþ 1ÞEn�j ¼ 2Enþ1ðxÞ � 2xEnðxÞ:
Substituting the following well-known identity

Enðxþ 1Þ ¼ 2xn � EnðxÞ
into the above equation, we easily obtain the following convolution recurrence relation for the Euler polynomials:
Xn

j¼0

n

j

� �
ð2xn � EnðxÞÞEn�j ¼ 2Enþ1ðxÞ � 2xEnðxÞ:
Substituting x ¼ 0 into the above equation, we arrive at the known result due to convolution recurrence relation for the Euler
numbers:
Xn

j¼1

n

j

� �
EjEn�j ¼ En � 2Enþ1
(cf. [7,8,6,27,30]).
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4. Identities related to the polynomials Y ðvÞn;bðx; k;a;bÞ and b-Stirling type numbers

By using an approach similar to that of Srivastava [27] as well as some well-known properties of the Stirling numbers of
the second kind, we can derive some known and some new identities and formulas for the modification and unification of the
Apostol-type polynomials Y ðvÞn;bðx; k; a; bÞ of order v and the b-Stirling type numbers.

We need the following generating function for generalized b-Stirling type numbers of the second kind, related to nonneg-
ative positive real parameters.

Definition 4.1 (cf. [25, p. 3, Definition 2.1]). Let a; b 2 Rþ (a – b), b 2 C and v 2 N0. The generalized b-Stirling type numbers
of the second kind Sðn;v ; a; b; bÞ are defined by means of the following generating function:
fS;vðt; a; b; bÞ ¼
bbt � at
� �v

v!
¼
X1
n¼0

Sðn;v ; a; b; bÞ tn

n!
: ð15Þ
By setting a ¼ 1 and b ¼ e in (15), we have the b-Stirling numbers of the second kind
Sðn;v ; 1; e; kÞ ¼ Sðn;v ; kÞ;
which are defined by means of the following generating function:
bet � 1ð Þv

v!
¼
X1
n¼0

Sðn; v; bÞ tn

n!
;

(cf. [9,27,30]). Substituting b ¼ 1 into above equation, we have the Stirling numbers of the second kind Sðn;v ; 1Þ ¼ Sðn;vÞ (cf.
[7,9,19,27,29,30]).

In [25, p. 3, Theorem 2.2], Simsek gave the following formulas for the generalized b-Stirling type numbers of the second
kind Sðn;v ; a; b; bÞ :

Theorem 4.1. We have
Sðn; v; a; b; bÞ ¼ 1
v !

Xv

j¼0

ð�1Þj
v
j

� �
bv�jðj ln aþ ðv � jÞ ln bÞn ð16Þ
and
Sðn; v; a; b; bÞ ¼ 1
v !

Xv

j¼0

ð�1Þv�j v
j

� �
bj j ln bþ ðv � jÞ ln að Þn: ð17Þ
Note that by setting a ¼ 1 and b ¼ e in the assertions (16) of Theorem 4.1, we have the following result:
Sðn;v ; bÞ ¼ 1
v !

Xv

j¼0

v
j

� �
bv�jð�1Þjðv � jÞn:
The above relation has been studied by Srivastava [27] and Luo and Srivastava [9]. By setting b ¼ 1 in the above equation, we
have the following well-known result for the classical Stirling numbers of the second kind:
Sðn;vÞ ¼ 1
v!

Xv

j¼0

v
j

� �
ð�1Þj v � jð Þn
(cf. [1,6,5,7,9,19,22,25,27,30]).
In [25], Simsek constructed generating function of the generalized array type polynomials as follows: Let a; b 2 Rþ, (a – b),

k 2 C and v 2 N0.
gvðx; t; a; b; bÞ ¼ 1
v!

bbt � at
� �v

bxt ¼
X1
n¼0

Sn
vðx; a; b; bÞ tn

n!
: ð18Þ
The following definition provides a natural generalization and unification of the array polynomials:

Definition 4.2 [25]. Let a; b 2 Rþ (a – b), x 2 R; k 2 C and v 2 N0. The generalized array type polynomials Sn
vðx; a; b; kÞ can be

defined by
Sn
vðx; a; b; kÞ ¼ 1

v !

Xv

j¼0

ð�1Þv�j v
j

� �
kj ln av�jbxþj

� �� �n
: ð19Þ
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Remark 4.1. The polynomials Sn
v ðx; a; b; kÞ may be also called generalized k-array type polynomials. By substituting x ¼ 0

into (19), we arrive at (17):
Sn
vð0; a; b; kÞ ¼ Sðn;v ; a; b; kÞ:
Setting a ¼ k ¼ 1 and b ¼ e in (19), we have
Sn
vðxÞ ¼

1
v !

Xv

j¼0

ð�1Þv�j v
j

� �
xþ jð Þn;
a result due to Chang and Ha [3, Eq-(3.1)], Simsek [22]. It is easy to see that
S0
0ðxÞ ¼ Sn

nðxÞ ¼ 1;

Sn
0ðxÞ ¼ xn
and for v > n,
Sn
vðxÞ ¼ 0;
cf. [3, Eq-(3.1)].
By using (2) and (15), we derive the following functional equation:
2vðk�1Þv !

tkv Mk;vðt; x; a; b; bÞfS;vðt; a; b; bÞ ¼ btx
: ð20Þ
Theorem 4.2. Let n; k;v 2 N. Thus we have
Xnþkv

l¼0

nþ kv
l

� �
S nþ kv � l;v ; a; b;bð ÞY ðvÞl;b ðx; k; a; bÞ ¼

nþ kv
kv

� �
x ln bð Þn

2vðk�1Þv !
: ð21Þ
Proof. By using (20), we get
2vð1�kÞ

v!

X1
n¼0

x ln bð Þn tn

n!
¼ t�kv

X1
n¼0

Sðn; v; a; b; bÞ tn

n!

X1
n¼0

Y ðvÞn;bðx; k; a; bÞ
tn

n!
:

Therefore
2vð1�kÞ

v !

X1
n¼0

x ln bð Þn tn

n!
¼
X1
n¼0

Xnþkv

l¼v

nþ kv
l

� �
nþ kv

kv

� �S nþ kv � l; v; a; b;bð ÞY ðvÞl;b ðx; k; a; bÞ
tn

n!
:

By comparing the coefficients of tn

n!
on both sides of the above equation, we obtain the result. h
Remark 4.2. Substituting k ¼ a ¼ 1; b ¼ e into (21), we obtain known result due to [27, p. 420, Theorem 15] see also [9].
Substituting x ¼ 0 into (21), we have the following results:

Corollary 4.1. If n ¼ 0, then we have
Xkv

l¼0

kv
l

� �
S kv � l;v ; a; b;bð ÞY ðvÞl;b ðk; a; bÞ ¼ 1
and if n – 0, then we obtain
Xnþkv

l¼0

nþ kv
l

� �
S nþ kv � l;v ; a; b;bð ÞY ðvÞl;b ðk; a; bÞ ¼ 0: ð22Þ
Remark 4.3. For k ¼ a ¼ 1; b ¼ e, Eq. (22) reduces to the known result given recently by Srivastava [27, p. 417, Theorem 13].
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Corollary 4.2. We have
Y ðvÞnþkv;bðk; a; bÞ ¼
�v !

ðb� 1Þv
Xnþkv�1

l¼0

nþ kv
l

� �
S nþ kv � l;v ; a; b;bð ÞY ðvÞl;b ðk; a; bÞ:
Proof. By (21), we have
0 ¼
Xnþkv�1

l¼0

nþ kv
l

� �
S nþ kv � l;v ; a; b; bð ÞY ðvÞl;b ðk; a; bÞ þ Y ðvÞnþkv;bðk; a; bÞS 0;v ; a; b; bð Þ:
By using the formula (16), we have
Sð0;v ; a; b;bÞ ¼ ðb� 1Þv

v!
:

Substituting these numbers into the above equation, we obtain the desired result. h
Remark 4.4. By substituting v ¼ a ¼ k ¼ b ¼ 1; b ¼ e into Corollary 4.2, we obtain
BðvÞnþvðbÞ ¼
�v !

ðb� 1Þv
Xnþv�1

l¼0

nþ v
l

� �
S nþ v � l; v; bð ÞBðvÞl ðbÞ
(cf. [27, p. 418, Eq-(7.7)]). By same method of [27], for v ¼ a ¼ k ¼ b ¼ 1; b ¼ e and Sðn;1Þ ¼ 1, Eq. (22) reduces to the follow-
ing well known results for the classical Bernoulli numbers: B0 ¼ 1 and
Bn ¼ �
1

nþ 1

Xn�1

l¼0

nþ 1
l

� �
Bl
(cf. see for detail [27, p. 418, Eq-(7.8)]).
We now define modification and unification of the Apostol-type polynomials of order �v ;Y ð�vÞ

n;b ðx; k; a; bÞ by means of the
following generating function
Mk;�vðt; x; a; b; bÞ ¼ bbt � at

tk21�k

 !v

bxt ¼
X1
n¼0

Y ð�vÞ
n;b ðx; k; a; bÞ

tn

n!
: ð23Þ
In work of Srivastava, we know that the Apostol-type polynomials of order�v are related to the Stirling-type numbers [27, p.
417].

Theorem 4.3. We have
Y ð�vÞ
n;b x; k; a; bð Þ ¼ v !2vðk�1Þ

ðkvÞ!
nþ kv

kv

� ��1Xnþkv

j¼0

nþ kv
j

� �
S j;v ; a; b; bð Þxnþkv�j:
First Proof of Theorem 4.3. By combing (23) with (15), we get
X1
n¼0

Y ð�vÞ
n;b x; k; a; bð Þ tn

n!
¼ v !2ðk�1Þv t�kv

X1
n¼0

S n;v ; a; b;bð Þ tn

n!

X1
n¼0

x ln bð Þn tn

n!
:

Therefore
X1
n¼0

Y ð�vÞ
n;b x; k; a; bð Þ tn

n!
¼
X1
n¼0

v !2vðk�1Þ

kvð Þ!
nþ kv

kv

� �
0
BBB@

1
CCCA
Xnþkv

j¼0

nþ kv
j

� �
S j;v ; a; b;bð Þxnþkv�j tn

n!
:

Thus by comparing the coefficients of tn on both sides of the above equation, we arrive at the desired result. h
Theorem 4.4. We have
Y ð�vÞ
n;b x; k; a; bð Þ ¼ v!2vðk�1Þ

kvð Þ!
nþ kv

kv

� �Snþkv
v ðx; a; b; kÞ: ð24Þ
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Proof. By combining (23) with (18), we get
X1
n¼0

Y ð�vÞ
n;b x; k; a; bð Þ tn

n!
¼
X1
n¼0

v !2vðk�1Þ

kvð Þ!
nþ kv

kv

� �Snþkv
v ðx; a; b; kÞ tn

n!
:

Thus by comparing the coefficients of tn on the both sides of the above equation, we arrive at the desired result. h
First Proof of Theorem 4.3. By combing (23) with (15), we get
Y ð�vÞ
n;b x; k; a; bð Þ ¼ v !2vðk�1Þ

kvð Þ!
nþ kv

kv

� �Xnþkv

j¼0

nþ kv
j

� �
Sðj; v; a; b; kÞ x ln bð Þnþkv�j

:

Thus the proof is completed. h
Remark 4.5. If we substitute a ¼ k ¼ 1; b ¼ e into Theorem 4.3, we have known result in [27, p. 419, Theorem 14].
By using (24) and (19), we can compute some values of the polynomials Y ð�vÞ

n;b x; k; a; bð Þ as follows (see [25]):
Y ð0Þn;b x; k; a; bð Þ ¼ Sn
0ðx; a; b; bÞ;

Y ð�vÞ
0;b x; k; a; bð Þ ¼ 2vðk�1ÞS0

vðx; a; b; bÞ
and
Y ð�1Þ
1;b x; k; a; bð Þ ¼ 2ðk�1Þ

k!
1þ k

k

� �S1
1ðx; a; b; kÞ ¼ 2ðk�1Þ

k!
1þ k

k

� � � ln a� x ln bþ b xþ 1ð Þ ln bð Þ:
If we substitute x ¼ 0 into Theorem 4.3, we get the following result.

Corollary 4.3. We have
Y ð�vÞ
n;b k; a; bð Þ ¼ v !2vðk�1Þ

ðkvÞ!
nþ kv

kv

� ��1

S nþ kv; v; a; b;bð Þ: ð25Þ
Remark 4.6. By substituting v ¼ k ¼ n, into (25) we get
Y ð�nÞ
n;b n; a; bð Þ ¼ n!2nðn�1Þ

ðn2Þ!
nþ n2

n2

 !�1

S nþ n2;n; a; b;b
� �

:

By substituting v ¼ n; a ¼ k ¼ b ¼ 1 and b ¼ e into (25), we have
Bð�nÞ
n ¼

2n

n

� ��1

Sð2n; nÞ; ð26Þ
Sð2n;nÞ denotes the Stirling numbers of the second kind [27, p. 419, Eq-(7.18)].
Remark 4.7. In (26), we easily see that
Sð2n;nÞ ¼ ðnþ 1ÞCnBð�nÞ
n ;
where Cn denotes the Catalan numbers (cf. [4]) which are defined by
Cn ¼
1

nþ 1
2n

n

� �
:

In [34], Srivastava et al. defined the generalized Apostol-type Genocchi polynomials as follows:
2t

bbt þ at

� �v

cxt ¼
X1
n¼0

GðvÞn ðx; b; a; b; cÞ tn

n!
;
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(cf. see also [33], [30]). In the next theorem, we give relationship between the Stirling-type numbers and the generalized
Apostol-type Genocchi polynomials of order �v .

Theorem 4.5. We have
S nþ v; kv ; a2; b2
; b2

� �
¼ 2�v nþ v

v

� �Xn

j¼0

n

j

� �
Sðjþ v ;v ; a; b; bÞGð�vÞ

n�j ðb; a; bÞ:
Proof. By using (15), we get the following functional equation:
1
2tð Þv

fS;vð2t; a2; b2
; b2Þ ¼ fS;vðt; a; b; bÞfG;�vðt; a; b; bÞ; ð27Þ
where
fG;�vðt; a; b; bÞ ¼ 2t

bbt þ at

� ��v

¼
X1
n¼0

Gð�vÞ
n ðb; a; bÞ tn

n!
;

Gð�vÞ
n ðb; a; bÞ denotes b-Genocchi numbers of order �v , related to nonnegative real parameters.

By using (27), we obtain
1
2tð Þv

X1
n¼0

S n;v ; a2; b2
; b

� � tn

n!
¼
X1
n¼0

S n;v ; a; b; bð Þ tn

n!

X1
n¼0

Gð�vÞ
n ðb; a; bÞ tn

n!
:

Therefore
X1
n¼0

2�v nþ v
v

� ��1

S nþ v ; kv; a2; b2
; b2

� � tn

n!
¼
X1
n¼0

Xn

j¼0

n

j

� �
Sðjþ v ;v ; a; b; bÞGð�vÞ

n�j ðb; a; bÞ tn

n!
:

Thus by comparing the coefficients of tn on both sides of the above equation, we arrive at the desired result. h
5. Identities related to the Eulerian type numbers and the Stirling type numbers

In this section, by using generating functions, we derive identities related to the Eulerian type numbers and the Stirling
type numbers.

In [25,24, p.10], Simsek constructed generating functions of the Eulerian type polynomials of higher order
HðmÞn ðx; u; a; b; c; kÞ as follows:
FðmÞk ðt; x; u; a; b; cÞ ¼ at � uð Þmcxt

kbt � u
� �m ¼

X1
n¼0

HðmÞn ðx; u; a; b; c; bÞ tn

n!
; ð28Þ
where m 2 N and
HðmÞn ð0; u; a; b; c; bÞ ¼ HðmÞn ðu; a; b; bÞ;
denotes the Eulerian type numbers of higher order. By combining (15) with the above generating function, we derive the
following functional equation:
1
u� 1
� �m

m!
bxt ¼ fS;m t; 1; b;

b
u

� �X1
n¼0

HðmÞn ðx; u; 1; b; b; bÞ tn

n!
:

By using this functional equation, we get
1
u� 1
� �m

m!

X1
n¼0

ðx ln bÞn tn

n!
¼
X1
n¼0

S n;m; 1; b;
b
u

� �
tn

n!

X1
n¼0

HðmÞn ðx; u; 1; b; b; kÞ tn

n!
:

By using Cauchy product in the above equation, we obtain
1
u� 1
� �m

m!

X1
n¼0

ðx ln bÞn tn

n!
¼
X1
n¼0

Xn

l¼0

n
l

� �
S l;m; 1; b;

b
u

� �
H
ðmÞ
n�lðx; u; 1; b; b; bÞ

 !
tn

n!
:

By comparing the coefficients of tn

n!
on both sides of the above equation, we arrive at the following theorem:
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Theorem 5.1.
1
u� 1
� �m

m!
ðx ln bÞn ¼

Xn

l¼0

n

l

� �
S l;m; 1; b;

b
u

� �
H
ðmÞ
n�lðx; u; 1; b; b; bÞ: ð29Þ
Substituting b ¼ e; b ¼ 1 into (29), we have the following result:
Corollary 5.1.
1
u� 1
� �m

m!
xn ¼

Xn

l¼0

n
l

� �
S l;mð ÞHðmÞn�lðx; uÞ:
We now derive the following functional equations:
Mk;vðt; k; a; b; bÞ ¼ ð�1ÞvFðvÞ1 t; x; u; a;
a
b
; b

� �
GðvÞY ðt; a;bÞ; ð30Þ
where
GðvÞY ðt; a; bÞ ¼
1

bat � 1

� �v

¼
X1
n¼0

yðvÞn ðb; aÞ
tn

n!
and a P 1 (cf. [25, p-21, Eq-(37)])
Mk;vðt; x� v ; a; b; bÞ ¼ 2�kvMk;v 2t;
x
2
;
ffiffiffiffiffiffi
ab
p

; b; b
� �

ð31Þ
and
Mk;vðt; v � x; a; b; bÞ ¼ ð�1Þvð1�kÞb�va�tvMk;v �t; x; a; b; b�1� �
: ð32Þ
Theorem 5.2. Let n� kv P 0. The following identity holds true:
ð�1Þv2vðk�1Þ

nþ kv
kv

� �
kvð Þ!

Y ðvÞn;bðxþ v; k; a; bÞ ¼
Xn�kv

l¼0

n� kv
l

� �
H
ðvÞ
l x; b; a;

a
b
; b; 1

� �
yðvÞn�kv�lðb; aÞ: ð33Þ
Proof. By combining (30) with (2) and (28), we get
X1
n¼0

Y ðvÞn;bðx; k; a; bÞ
tn

n!
¼ ð�1Þv2vð1�kÞtkv

X1
n¼0

HðvÞn x; b; a;
a
b
; b; 1

� � tn

n!

X1
n¼0

yðvÞn ðb; aÞ
tn

n!
:

Therefore
ð�1Þv2vðk�1ÞX1
n¼0

Y ðvÞn;bðx; k; a; bÞ
tn

n!
¼
X1
n¼0

Xn

l¼0

n

l

� �
H
ðvÞ
l x; b; a;

a
b
; b; 1

� �
yðvÞn�lðb; aÞ

tn�kv

n!
:

By comparing the coefficients of tn

n!
on both sides of the above equation, we arrive at the desired result. h
Remark 5.1. Substituting a ¼ v ¼ k ¼ 1 and b ¼ e into (33), we have
�1
nþ 1

Bnðxþ 1; bÞ ¼ 1
b� 1

Xn�1

l¼0

n� 1
l

� �
Hl x; bð Þ:
By combining (31) with (2), after some elementary calculation, we arrive at the following theorem:
Theorem 5.3.
Y ðvÞn;bðx� v ; k; a; bÞ ¼ 2n�kvY ðvÞn;b
x
2
; k;

ffiffiffiffiffiffi
ab
p

; b
� �

:

By combining (32) with (2), after some elementary calculation, we arrive at the following theorem:
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Theorem 5.4. The following identity holds true:
Y ðvÞn;bðv � x; k; a; bÞ ¼ �1ð Þvð1�kÞþn

bv

Xn

j¼0

n

j

� �
v ln að Þn�jY ðvÞ

j;b�1 ðx; k; a; bÞ: ð34Þ
Remark 5.2. Substituting a ¼ v ¼ k ¼ 1 and b ¼ e into (34), we have
Bnð1� x;bÞ ¼ ð�1Þnb�1Bnðx; b�1Þ
(cf. [33,30,34]). If we set b ¼ 1 into the above equation, we have the following well-known result:
Bnð1� xÞ ¼ ð�1ÞnBnðxÞ
(cf. [7,30]).
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