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Let hðxÞ be a polynomial with real coefficients. We introduce hðxÞ-Fibonacci polynomials
that generalize both Catalan’s Fibonacci polynomials and Byrd’s Fibonacci polynomials
and also the k-Fibonacci numbers, and we provide properties for these hðxÞ-Fibonacci poly-
nomials. We also introduce hðxÞ-Lucas polynomials that generalize the Lucas polynomials
and present properties of these polynomials. In the last section we introduce the matrix

QhðxÞ that generalizes the Q-matrix 1 1
1 0

� �
whose powers generate the Fibonacci

numbers.
� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

In modern science there is a huge interest in the theory and application of the Golden Section and Fibonacci numbers
[1–34]. The Fibonacci numbers Fn are the terms of the sequence 0;1;1;2;3;5; . . ., where Fn ¼ Fn�1 þ Fn�2, n P 2, with the ini-
tial values F0 ¼ 0 and F1 ¼ 1.

Falcón and Plaza [11] introduced a general Fibonacci sequence that generalizes, among others, both the classical Fibonacci
sequence and the Pell sequence. These general k-Fibonacci numbers Fk;n are defined by Fk;n ¼ kFk;n�1 þ Fk;n�2, n P 2, with the
initial values F0 ¼ 0 and F1 ¼ 1. The Pell numbers are the 2-Fibonacci numbers. The k-Fibonacci numbers were found by
studying the recursive application of two geometrical transformations used in the well-known 4-triangle longest-edge par-
tition. On the other hand, in [12] the k-Fibonacci numbers were given in an explicit way and many properties were proven. In
particular, the k-Fibonacci numbers were related with the so-called Pascal 2-triangle.

Polynomials also can be defined by Fibonacci-like recurrence relations. Such polynomials, called Fibonacci polynomials,
were studied in 1883 by the Belgian mathematician Eugene Charles Catalan and the German mathematician E. Jacobsthal.
The polynomials FnðxÞ studied by Catalan are defined by the recurrence relation
FnðxÞ ¼ xFn�1ðxÞ þ Fn�2ðxÞ; n P 3; ð1:1Þ
where F1ðxÞ ¼ 1; F2ðxÞ ¼ x. The Fibonacci polynomials studied by Jacobsthal are defined by
JnðxÞ ¼ Jn�1ðxÞ þ xJn�2ðxÞ; n P 3; ð1:2Þ
where J1ðxÞ ¼ J2ðxÞ ¼ 1. The Fibonacci polynomials studied by P.F. Byrd are defined by
unðxÞ ¼ 2xun�1ðxÞ þun�2ðxÞ; n P 2; ð1:3Þ
where u0ðxÞ ¼ 0, u1ðxÞ ¼ 1. The Lucas polynomials LnðxÞ, originally studied in 1970 by Bicknell, are defined by
LnðxÞ ¼ xLn�1ðxÞ þ Ln�2ðxÞ;n P 2; ð1:4Þ
. All rights reserved.
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where L0ðxÞ ¼ 2; L1ðxÞ ¼ x.
In this paper, let hðxÞ be a polynomial with real coefficients. We introduce hðxÞ-Fibonacci polynomials that generalize both

Catalan’s Fibonacci polynomials FnðxÞ and Byrd’s Fibonacci polynomials unðxÞ and also the k-Fibonacci numbers Fk;n. In Sec-
tion 2 we provide properties for the hðxÞ-Fibonacci polynomials. In Section 3, we introduce hðxÞ-Lucas polynomials that gen-
eralize the Lucas polynomials and present properties of these polynomials. In the last section, we introduce the matrix QhðxÞ

that generalizes the Q-matrix 1 1
1 0

� �
whose powers generate the Fibonacci numbers. In this paper, we exhibit some prop-

erties of the classical type for the hðxÞ-Fibonacci and hðxÞ-Lucas polynomials and the matrix Q hðxÞ.

2. The hðxÞ-Fibonacci polynomials and their properties

Definition 2.1. Let hðxÞ be a polynomial with real coefficients. The hðxÞ-Fibonacci polynomials fFh;nðxÞg1n¼0 are defined by the
recurrence relation
Fh;nþ1ðxÞ ¼ hðxÞFh;nðxÞ þ Fh;n�1ðxÞ; n P 1; ð2:1Þ
with initial conditions Fh;0ðxÞ ¼ 0, Fh;1ðxÞ ¼ 1.

For hðxÞ ¼ x we obtain Catalan’s Fibonacci polynomials, and for hðxÞ ¼ 2x we obtain Byrd’s Fibonacci polynomials. If
hðxÞ ¼ k, we obtain the k-Fibonacci numbers. For k ¼ 1 and k ¼ 2 we obtain the usual Fibonacci numbers and the Pell
numbers.

The generating function gFðtÞ of the sequence fFh;nðxÞg is defined by
gFðtÞ ¼
X1
n¼0

Fh;nðxÞtn: ð2:2Þ
We consider gFðtÞ a formal power series. Therefore, we need not take care of the convergence of the series. For general
material on generating functions we refer to the books [21,34].

Theorem 2.1.
gFðtÞ ¼
t

1� hðxÞt � t2 : ð2:3Þ
Proof. We have
gFðtÞ � hðxÞtgFðtÞ � t2gFðtÞ

¼ Fh;0ðxÞ þ tFh;1ðxÞ þ
X1
n¼2

tn Fh;nðxÞ � hðxÞFh;n�1ðxÞ � Fh;n�2ðxÞ
� �

¼ t:
We thus obtain (2.3). h

Theorem 2.2. Suppose that hðxÞ is an odd polynomial (that is, hð�xÞ ¼ �hðxÞ). Then Fh;nð�xÞ ¼ ð�1Þnþ1Fh;nðxÞ for n P 0.

Proof. From (2.3) we obtain
X1
n¼0

Fh;nð�xÞð�tÞn ¼ �t
1� hðxÞt � t2
or
X1
n¼0

ð�1Þnþ1Fh;nð�xÞtn ¼ t
1� hðxÞt � t2 : ð2:4Þ
Applying (2.3) to the right-hand side of (2.4) we obtain
X1
n¼0

ð�1Þnþ1Fh;nð�xÞtn ¼
X1
n¼0

Fh;nðxÞtn:
This proves Theorem 2.2. h

Binet’s formulas are well known in the theory of Fibonacci numbers. These formulas can also be carried out for the hðxÞ-
Fibonacci polynomials. Let aðxÞ and bðxÞ denote the roots of the characteristic equation
t2 � hðxÞt� 1 ¼ 0 ð2:5Þ
of the recurrence relation (2.1). Then
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aðxÞ ¼
hðxÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q
2

; bðxÞ ¼
hðxÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q
2

: ð2:6Þ
Note that aðxÞ þ bðxÞ ¼ hðxÞ, aðxÞbðxÞ ¼ �1 and aðxÞ � bðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q
.

We obtain the following Binet’s formula for Fh;nðxÞ. h

Theorem 2.3. For n P 0,
Fh;nðxÞ ¼
anðxÞ � bnðxÞ
aðxÞ � bðxÞ : ð2:7Þ
Proof. From the theory of difference equations we know that the general term of the hðxÞ-Fibonacci polynomials may be
expressed in the form Fh;nðxÞ ¼ AanðxÞ þ BbnðxÞ for some coefficients A and B. Using the values n ¼ 0 and n ¼ 1 we obtain
A ¼ 1

aðxÞ�bðxÞ and B ¼ �1
aðxÞ�bðxÞ, which proves (2.7). h

Theorem 2.4. For n P 1,
Fh;nðxÞ ¼
Xn�1

2b c

i¼0

n� i� 1
i

� �
hn�2i�1ðxÞ: ð2:8Þ
Proof. From Theorem 2.1 we obtain
X1
n¼0

Fh;nðxÞtn ¼ t
1� ðhðxÞt þ t2Þ

¼ t
X1
n¼0

ðhðxÞt þ t2Þn

¼ t
X1
n¼0

Xn

i¼0

n
i

� �
hðxÞtð Þn�i t2

� �i

¼
X1
n¼0

Xn

i¼0

n
i

� �
hn�iðxÞtnþiþ1:
Writing nþ iþ 1 ¼ m we obtain
X1
n¼0

Fh;nðxÞtn ¼
X1
m¼0

Xm�1
2b c

i¼0

m� i� 1
i

� �
hm�2i�1ðxÞ

2
4

3
5tm:
This proves (2.8). h

Theorem 2.5. For n P 1,
Fh;nðxÞ ¼ 21�n
Xn�1

2b c

i¼0

n

2iþ 1

� �
hðxÞn�2i�1ðh2ðxÞ þ 4Þi: ð2:9Þ
Proof. By (2.6) we have
anðxÞ � bnðxÞ ¼ 2�n hðxÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q� �n

� hðxÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q� �n	 


¼ 2�n
Xn

i¼0

n
i

� �
hn�iðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q� �i
"

�
Xn

i¼0

n
i

� �
hn�iðxÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q� �i
#

¼ 2�nþ1
Xn�1

2b c

i¼0

n
2iþ 1

� �
hn�2i�1ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q� �2iþ1

:

Thus, by (2.7),
Fh;nðxÞ ¼
anðxÞ � bnðxÞ
aðxÞ � bðxÞ ¼

anðxÞ � bnðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q

¼ 2�nþ1
Xn�1

2b c

i¼0

n

2iþ 1

� �
hn�2i�1ðxÞ h2ðxÞ þ 4

� �i
: �



3182 A. Nalli, P. Haukkanen / Chaos, Solitons and Fractals 42 (2009) 3179–3186
Theorem 2.6. For n P 1,
Fh;nðxÞ ¼ in�1Un�1
hðxÞ
2i

� �
; ð2:10Þ� �
where i2 ¼ �1 and UnðtÞ ¼
Pbn�1

2 c
j¼0 ð�1Þj n� j

j
ð2tÞn�2j is the Chebyshev polynomial of the second kind.

Proof. It is known that
X1
n¼0

UnðtÞzn ¼ 1
1� 2tzþ z2 :
Let z ¼ iy and t ¼ hðxÞ
2i . Then we obtain
X1
n¼0

inUn
hðxÞ
2i

� �
yn ¼ 1

1� hðxÞy� y2
or
X1
n¼0

inUn
hðxÞ
2i

� �
ynþ1 ¼ y

1� hðxÞy� y2 :
Thus, by Theorem 2.1, we obtain (2.10). h

Theorem 2.7. Let DnðxÞ denote the n� n tridiagonal matrix defined as
DnðxÞ ¼

1 i

0 hðxÞ i

i hðxÞ :

: : :

: : :

: : i

i hðxÞ

2
6666666666664

3
7777777777775
; n P 1; ð2:11Þ
where i2 ¼ �1. In addition, let D0ðxÞ ¼ ½0�. Then
det DnðxÞ ¼ Fh;nðxÞ; n P 0: ð2:12Þ
Proof. We proceed by induction on n. For n ¼ 1 and n ¼ 2, we have det D1ðxÞ ¼ 1 ¼ Fh;1ðxÞ and det D2ðxÞ ¼ hðxÞ ¼ Fh;2ðxÞ.

Assume that det Dn�1ðxÞ ¼ Fh;n�1ðxÞ and det Dn�2ðxÞ ¼ Fh;n�2ðxÞ, n P 3. Then
det DnðxÞ ¼ hðxÞdet Dn�1ðxÞ � i2 det Dn�2ðxÞ ¼ hðxÞFh;n�1ðxÞ þ Fh;n�2ðxÞ:
From Definition 2.1 we obtain
det DnðxÞ ¼ Fh;nðxÞ: �
3. The hðxÞ-Lucas polynomials

In this section, we introduce hðxÞ-Lucas polynomials and present their basic properties. We do not write down all proofs,
since they are similar to those in Section 2.

Definition 3.1. Let hðxÞ be a polynomial with real coefficients. The hðxÞ-Lucas polynomials fLh;nðxÞg1n¼0 are defined by the
recurrence relation
Lh;nþ1ðxÞ ¼ hðxÞLh;nðxÞ þ Lh;n�1ðxÞ; n P 1; ð3:1Þ
with initial conditions Lh;0ðxÞ ¼ 2, Lh;1ðxÞ ¼ hðxÞ.

For hðxÞ ¼ x we obtain the Lucas polynomials, and for hðxÞ ¼ 1, we obtain the usual Lucas numbers.

Theorem 3.1. For n P 1,
Lh;nðxÞ ¼ Fh;nþ1ðxÞ þ Fh;n�1ðxÞ: ð3:2Þ
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Proof. We proceed by induction on n. For n ¼ 1 and n ¼ 2, we have Lh;1ðxÞ ¼ hðxÞ ¼ Fh;2ðxÞ þ Fh;0ðxÞ and Lh;2ðxÞ ¼ h2ðxÞ þ 2 ¼
Fh;3ðxÞ þ Fh;1ðxÞ. Now, assume that Lh;n�1ðxÞ ¼ Fh;nðxÞ þ Fh;n�2ðxÞ, n P 3. From Definitions 3.1 and 2.1,
Lh;nðxÞ ¼ hðxÞLh;n�1ðxÞ þ Lh;n�2ðxÞ
¼ hðxÞ Fh;nðxÞ þ Fh;n�2ðxÞ

� �
þ Fh;n�1ðxÞ þ Fh;n�3ðxÞ

¼ hðxÞFh;nðxÞ þ Fh;n�1ðxÞ
� �

þ hðxÞFh;n�2ðxÞ þ Fh;n�3ðxÞ
� �

¼ Fh;nþ1ðxÞ þ Fh;n�1ðxÞ: �
Corollary 3.1. For n P 1,
Lh;nðxÞ ¼ hðxÞFh;nðxÞ þ 2Fh;n�1ðxÞ: ð3:3Þ
Corollary 3.2. For n P 0,
Lh;nðxÞ ¼ 2Fh;nþ1ðxÞ � hðxÞFh;nðxÞ: ð3:4Þ
Theorem 3.2. The generating function
gLðtÞ ¼
X1
n¼0

Lh;nðxÞtn ð3:5Þ
of the sequence fLh;nðxÞg is given as
gLðtÞ ¼
2� hðxÞt

1� hðxÞt � t2 : ð3:6Þ
Theorem 3.3. Suppose that hðxÞ is an odd polynomial. Then Lh;nð�xÞ ¼ ð�1ÞnLh;nðxÞ.

Theorem 3.4. For n P 0, Lh;nðxÞ ¼ anðxÞ þ bnðxÞ, where aðxÞ and bðxÞ are the roots of the characteristic Eq. (2.5).

Corollary 3.3. For n P 0,
anðxÞ ¼
Lh;nðxÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q
Fh;nðxÞ

2
; ð3:7Þ

bnðxÞ ¼
Lh;nðxÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q
Fh;nðxÞ

2
: ð3:8Þ
Corollary 3.4. For n P 0,
L2
h;nðxÞ � h2ðxÞ þ 4

� �
F2

h;nðxÞ ¼ 4ð�1Þn: ð3:9Þ
Corollary 3.5. For n P 0,
Fh;2nðxÞ ¼ Fh;nðxÞLh;nðxÞ: ð3:10Þ
Theorem 3.5. For n P 1,
Lh;nðxÞ ¼
Xn

2b c

i¼0

n
n� i

n� i

i

� �
hn�2iðxÞ: ð3:11Þ
Theorem 3.6. For n P 1,
Lh;nðxÞ ¼
1

2n�1

Xn
2b c

i¼0

n

2i

� �
hn�2iðxÞ h2ðxÞ þ 4

� �i
: ð3:12Þ



3184 A. Nalli, P. Haukkanen / Chaos, Solitons and Fractals 42 (2009) 3179–3186
Theorem 3.7. For n P 0,
Lh;nðxÞ ¼ 2inTn
hðxÞ
2i

� �
; ð3:13Þ� �
where i2 ¼ �1 and TnðtÞ ¼ n
2

Pbn2c
j¼0
ð�1Þj
n�j

n� j
j

ð2tÞn�2j is the Chebyshev polynomial of the first kind.

Theorem 3.8. Let RnðxÞ denote the n� n tridiagonal matrix defined as
RnðxÞ ¼

2 i

0 hðxÞ
2 i

i hðxÞ :

: : :

: : :

: : i

i hðxÞ

2
666666666664

3
777777777775
; n P 1; ð3:14Þ
where i2 ¼ �1. Then
det RnðxÞ ¼ Lh;n�1ðxÞ; n P 1: ð3:15Þ
4. The matrix Q hðxÞ and its properties

In this section, we introduce the matrix QhðxÞ that plays the role of the Q-matrix. The Q-matrix is associated with the Fibo-
nacci numbers and is defined as
Q ¼
1 1
1 0

	 

:

Definition 4.1. Let QhðxÞ denote the 2� 2 matrix defined as
Q hðxÞ ¼
hðxÞ 1

1 0

	 

: ð4:16Þ
Theorem 4.1. Let n P 1. Then
Q n
hðxÞ ¼

Fh;nþ1ðxÞ Fh;nðxÞ
Fh;nðxÞ Fh;n�1ðxÞ

	 

: ð4:17Þ
Proof. We proceed by induction on n. The result holds for n ¼ 1. Assume that it holds for n ¼ m ðP 1Þ. Then
Q mþ1
h ðxÞ ¼ Q m

h ðxÞQ hðxÞ ¼
Fh;mþ1ðxÞ Fh;mðxÞ
Fh;mðxÞ Fh;m�1ðxÞ

	 

hðxÞ 1

1 0

	 


¼
hðxÞFh;mþ1ðxÞ þ Fh;mðxÞ Fh;mþ1ðxÞ
hðxÞFh;mðxÞ þ Fh;m�1ðxÞ Fh;mðxÞ

	 


¼
Fh;mþ2ðxÞ Fh;mþ1ðxÞ
Fh;mþ1ðxÞ Fh;mðxÞ

	 

: �
Corollary 4.1. Let n P 1. Then
Fh;nþ1ðxÞFh;n�1ðxÞ � F2
h;nðxÞ ¼ ð�1Þn: ð4:18Þ
Proof. Since det Q hðxÞ ¼ �1, then det Qn
hðxÞ ¼ ð�1Þn. By Theorem 4.1, det Qn

hðxÞ ¼ Fh;nþ1ðxÞFh;n�1ðxÞ � F2
h;nðxÞ. We thus obtain

(4.18). h

Corollary 4.2. Let m;n P 0. Then
Fh;mþnþ1ðxÞ ¼ Fh;mþ1ðxÞFh;nþ1ðxÞ þ Fh;mðxÞFh;nðxÞ: ð4:19Þ
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In particular,
Fh;2nþ1ðxÞ ¼ F2
h;nþ1ðxÞ þ F2

h;nðxÞ: ð4:20Þ
Proof. This result follows from the identity Qmþn
h ðxÞ ¼ Q m

h ðxÞQ
n
hðxÞ. h

Theorem 4.2. The roots of the characteristic equation of Q n
hðxÞ are anðxÞ and bnðxÞ.

Proof. The characteristic polynomial of Q n
hðxÞ is
det Q n
hðxÞ � kI

� �
¼ det

Fh;nþ1ðxÞ � k Fh;nðxÞ
Fh;nðxÞ Fh;n�1ðxÞ � k

	 


¼ k2 � k Fh;nþ1ðxÞ þ Fh;n�1ðxÞ
� �

þ Fh;nþ1ðxÞFh;n�1ðxÞ � F2
h;nðxÞ

� �
:

On the basis of Theorem 3.1 and Corollary 4.1,
det Q n
hðxÞ � kI

� �
¼ k2 � kLh;nðxÞ þ ð�1Þn:
The roots of the characteristic equation are
k ¼
Lh;nðxÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2

h;nðxÞ � 4 �1ð Þn
q

2
:

From Corollary 3.4 we obtain
k ¼
Lh;nðxÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ þ 4

q
Fh;nðxÞ

2

and from Corollary 3.3 we obtain
k ¼ anðxÞ or k ¼ bnðxÞ: �
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