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Abstract

In this paper an extension of the bilateral generating function involving Jacobi

polynomial derived by Chongdar [2] is well presented by group-theoretic method

[6]. A nice application of our theorem is also pointed out.
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1. Introduction

While extending the general theorem on bilateral generating function for Jacobi polyno-

mial we use the term “Quasi Bilinear Generating Function” [6] for Jacobi polynomial by

means of the relation

G(x, u, w) =
∞∑

n=0

anP
(α,β)
n (x)P (n,β)

m (u)wn (1)

and we prove the existence of a quasi bilinear generating function implies the existence of

a more general generating function. In [2], A. K. Chongar proved the following theorem

on bilateral generating function involving Jacobi polynomial as inroduced by G.K. Goyal

[5].

Theorem 1 If

G(x, u, w) =
∞∑

n=0

anP
(α,β)
n (x)wn (2)

then
∞∑

n=0

σn(x, y)wn = (1 − w)k(1 − ω)−(1+α+k)P
(

x − ω

1 − ω
,

wy

1 − ω

)
. (3)
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where

σn(x, y) =
n∑

p=0

ap
(p + 1)n−p

(n − p)!
P (α,k−n+p)

n (x) yp and ω =
w

2
(1 + x)

Now we can state from the above discussion that the “Theorem-1” of [2] can be

extended in the following way:

Theorem 2 If there exists a generating relation of the form

G(x, u, w) =
∞∑

n=0

anP
(α,β)
n (x)P (n,β)

m (u)wn (4)

then

(1 − wt)−(1+β+m)(y + 2wz)β(y + 2ωz)−(1+α+β)yα+1G

(
xy+2ωz
y+2ωz

,
u + wt

1 − wt
,

wztv

(1 − wt)(y + 2ωz)

)

=
∞∑

n=0

∞∑
p=0

∞∑
q=0

an
wp+q

p!q!
(n + 1)q(wzvt)n(−2y−1z)qtp(1 + n + β + m)pP

(α.β−q)
n+q (x)P (n+p,β)

m (u)

(5)

The importance of our theorem is that one can get a large number of bilinear generating

relations from (5) by attributing different suitable values to an in (4).

Proof of the theorem

Let us consider now the following two linear partial differential operators [3, 4],

R1 = (1 − x2)y−1z
∂

∂x
− z(x − 1)

∂

∂y
− (1 + x)y−1z2 ∂

∂z
− (1 + α)(1 + x)y−1z (6)

and

R2 = (1 + u)t
∂

∂u
+ t2

∂

∂t
+ (1 + β + m)t (7)

such that

R1

(
P (α,β)

n (x)yβzn
)

= −2(n + 1)P
(α,β−1)
n+1 (x)yβ−1zn+1 (8)

and

R2

(
P (n,β)

n (u)tn
)

= (1 + n + β + m)P (n+1,β)
m (u)tn+1 (9)

and also

ewR1f(x, y, z) =

(
y

y + 2ωz

)α+1

f

(
xy + 2ωz

y + 2ωz
,
y(y + 2wz)

y + 2ωz
,

yz

y + 2ωz

)
(10)

and

ewR2f(u, t) = (1 − wt)−(1+β+m)f
(

u + wt

1 − wt
,

t

1 − wt

)
. (11)

Now we consider the following generating relation

G(x, u, w) =
∞∑

n=0

anP
(α,β)
n (x)P (n,β)

m (u)wn. (12)
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Replacing w by wztv and then multiplying both sides by yβ from we get

yβ(G(x, u, wztv)) =
∞∑

n=0

an

(
P (α,β)

n (x)yβzn
) (

P (n,β)
m (u)tn

)
(wv)n. (13)

Operating ewR1 ,ewR2 on both sides of (13), we have

ewR1ewR2

[
yβ(G(x, u, wztv)

]
= ewR1ewR2

[ ∞∑
n=0

an(P (α,β)
n (x)yβzn)(P (n,β)

m (u)tn)(wv)n

]
.

(14)

Now the left member of (14) becomes

ewR1ewR2

[
yβ(G(x, u, wztv)

]

= ewR1

[
(−wt)−(1+β+m)yβG

(
x,

u + wt

1 − wt
,

wztv

1 − wt

)]

yα+β+1(1 − wt)−(1+β+m)(y + 2wt)β(y + 2ωz)−(α+β+1)

G

(
xy + 2ωz

y + 2ωz
,
u + wt

1 − wt
,

wyztv

(1 − wt)(y + 2ωz)

)
.

(15)

On the other hand the right member of (14) becomes

ewR1ewR2

[ ∞∑
n=0

an(P (α,β)
n (x)yβzn)(P (n,β)

m (u)tn)(wv)n

]

=
∞∑

n=0

∞∑
p=0

∞∑
q=0

an
w(p+q+n)

p!q!
vn(−2)q(n + 1)qP

(α,β,−q)
n+q (x)yβ−qzn+q

(1 + n + β + m)pP
(n+p+β)
m (u)tn+p.

(16)

Equating (15) and (16) we get the following

(1 − wt)−(1+β+m)(y + 2wz)β(y + 2ωz)−(1+α+β)yα+1G

(
xy + 2ωz

y + 2ωz
,
u + wt

1 − wt
,

wztv

(1 − wt)(y + 2ωz)

)

=
∞∑

n=0

∞∑
p=0

∞∑
q=0

an
wp+q

p!q!
(n + 1)q(wzvt)n(−2y−1z)qtp(1 + n + β + m)pP

(α.β−q)
n+q (x)P (n+p,β)

m (u)

(17)

which is our desired result.

2. Application

Putting m = 0, y = z = t = 1 in the above stated result (17), we obtain

(1 − w)−(1+β)(1 + 2w)β(1 + 2ω)−(1+α+β)G

(
x + 2ω

1 + 2ω
,

wv

(1 − w)(1 + 2ω)

)

=
∞∑

n=0

∞∑
q=0

an
wq

q!
(n + 1)q(wv)n(−2)qP

(α,β−q)
n+q (x)

∞∑
n=0

wp

p!
(1 + n + β)p.

(18)
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Now, replacing 2w by (−r), s by −v/(2 + r) and then simplifying we get

(1 − r)β[1 − r(1 + x)/2]−(1+α+β)G

(
x − r(1 + x)/2

1 − r(1 + x)/2
,

sr

1 − r(1 + x)/2

)
=

∞∑
n=0

rnσn(x, s)

where

σn(x, s) =
n∑

q=0

(
n

q

)
P (α,β−n+q)

n (x) sq

which is found derived in [2].

References

[1] Chakravorty, S. P. and Chatterjea, S. K., 1989: “On extension of a bilateral generating

function of Al-Salam-1”. Pure Math. Manuscript 8, 117.

[2] Chongdar, A. K.: “On bilateral generating functions”. To appear in Bull. Cal. Math Soc.

[3] Guta Thakurta, B. K., 1986: “Some generating functions of Jacobi polynomial.” Proc. Indian

Acad. Sc. (Math. Sc.) 95(1), 531.

[4] Rainville, E.D., 1960: Special funstions. Chelsia Publishing Co., N.Y..

[5] Goyal, G. K., 1983: Vijnana Parisad Anusandhan Patrika. 26, 263.

[6] Weisner, L., 1995: “Group-theoretic origin of certain generating function.” Pacific J. Math.

5, 1033.

146


