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q-SOBOLEV ORTHOGONALITY OF THE

q-LAGUERRE POLYNOMIALS {L(−N)
n (·; q)}∞

n=0

FOR POSITIVE INTEGERS N

Samuel G. Moreno and Esther M. Garćıa–Caballero

Abstract. The family of q-Laguerre polynomials {L(α)
n (·; q)}∞n=0 is usu-

ally defined for 0 < q < 1 and α > −1. We extend this family to a new
one in which arbitrary complex values of the parameter α are allowed.
These so-called generalized q-Laguerre polynomials fulfil the same three

term recurrence relation as the original ones, but when the parameter
α is a negative integer, no orthogonality property can be deduced from
Favard’s theorem. In this work we introduce non-standard inner products
involving q-derivatives with respect to which the generalized q-Laguerre

polynomials {L(−N)
n (·; q)}∞n=0, for positive integers N , become orthogo-

nal.

1. Introduction

We begin with a brief revision of non-standard orthogonality results in the
literature. Concretely, we will be concerned with those results relative to the
Laguerre family and its several discrete and q-extensions.

Non-standard orthogonality can be understood as an orthogonality state-

ment for a system of monic polynomials {P (λ1,...,λm)
n }∞n=0, with parameters

λ1, . . . , λm, satisfying

xP (λ1,...,λm)
n (x)

= P
(λ1,...,λm)
n+1 (x) + anP

(λ1,...,λm)
n (x) + bnP

(λ1,...,λm)
n−1 (x), n = 0, 1, . . . ,

(here an = a
(λ1,...,λm)
n and bn = b

(λ1,...,λm)
n are complex numbers), where bn van-

ishes for some n ≥ 1. This topic has attracted great interest in recent years.
In 1995 K. H. Kwon and L. L. Littlejohn state in [6] the orthogonality of the

Laguerre polynomials {L(−N)
n }∞n=0 for positive integers N . A year later, T. E.

Received November 18, 2009; Revised January 13, 2011.
2010 Mathematics Subject Classification. 33D45, 42C05.
Key words and phrases. non-standard orthogonality, q-Laguerre polynomials, basic hy-

pergeometric series.
This work was partially supported by Junta de Andalućıa, Research Group FQM 0178,
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Pérez and M. A. Piñar [16] give an elegant and unified approach to the ortho-

gonality of the (generalized) Laguerre polynomials {L(α)
n }∞n=0 for every real

value of the parameter α. An adaptation to the discrete case of the technique
of Pérez and Piñar was used in [1] to develop the non-standard orthogonality

for generalized Meixner polynomials {M (γ,µ)
n }∞n=0 where 0 < µ < 1 (as usual)

and where γ ∈ R (we recall that γ > 0 in classical considerations). The spe-

cial case {M (−N,µ)
n }∞n=0 (N ∈ {0, 1, 2, . . .}), in which Favard’s theorem can not

ensure any orthogonality condition, is treated with special emphasis. In [13]
we have given non-standard orthogonality for another discrete extension of the
Laguerre polynomials: concretely, and after extending the classical family of

Meixner-Pollaczek polynomials {P (λ)
n (·;ϕ)}∞n=0 to arbitrary complex values of

the parameter λ, we introduce a non-standard discrete-continuous inner prod-
uct that fills up the “Favard’s gap” in the orthogonality scenery. With respect
to the q-analogues of the Laguerre polynomials, the non-standard orthogonal-
ity of the families of big, little and continuous q-Laguerre polynomials can be

found in [12, 14, 15]. In the case of the q-Laguerre polynomials {L(α)
n (·; q)}∞n=0,

classically defined for 0 < q < 1 and α > −1, they satisfy both an orthogo-
nality relation with respect to a discrete measure (as big and little q-Laguerre
families do) and also an orthogonality relation with respect to an absolutely
continuous measure (similarly to the case of continuous q-Laguerre polynomi-
als). Our objective is to accomplish two kinds of “q-Sobolev orthogonality” for

the (generalized) q-Laguerre polynomials {L(−N)
n (·; q)}∞n=0 with negative inte-

ger parameter (by q-Sobolev orthogonality we mean orthogonality with respect
to either a discrete-continuous or a purely discrete inner product involving
q-derivatives).

The structure of the paper is the following. In Section 2 we recall some basic

facts of classical q-Laguerre polynomials {L(α)
n (·; q)}∞n=0 where α > −1. Section

3 is devoted to give a reasonable extension of classical q-Laguerre polynomials,
through its hypergeometric representation, to arbitrary complex values of the
parameter α. These so-called generalized polynomials satisfy exactly the same
three term recurrence relation that the classical family, and nothing about
orthogonality can be deduced from Favard’s theorem in case −α ∈ {1, 2, . . .}.
As auxiliary results, in Section 3 we will show that for a positive integer N
and for n ≥ N , the point 0 is a “q-zero” of precise order N of the polynomials

L
(−N)
n (·; q), which means that

(
Dk

qL
(−N)
n

)
(0; q) = 0 for 0 ≤ k ≤ N−1, and we

will also state that DN
q L

(−N)
n (x; q) equals L

(0)
n−N (qNx; q), up to a multiplicative

constant. In Section 4, by means of a discrete-continuous bilinear form, we
define a non-standard inner product which provides the orthogonality of the
generalized family of q-Laguerre polynomials with negative integer parameters.
Should it be of interest to the readers, we add an appendix in which we fix all
the notations, conventions and terminologies used throughout the paper.



q-SOBOLEV ORTHOGONALITY OF THE q-LAGUERRE POLYNOMIALS 915

2. The classical q-Laguerre polynomials

For α > −1, (classical continuous) monic Laguerre polynomials (briefly, La-
guerre polynomials) are defined by (see [17, 5.1.8, 5.3.3] and [9, 1.11.1, 1.11.4])

L(α)
n (x) = (−1)n(α+ 1)n 1F1

(
−n
α+ 1

∣∣∣∣x)
=

n∑
k=0

(−1)n
(
n

k

)
(α+ 1 + k)n−k(−x)k, n ∈ N0.(2.1)

Meixner and Meixner-Pollaczek polynomials can be considered as discrete ex-
tensions of Laguerre polynomials ([9, 2.9.1], [9, 2.7.1]). Also, there are a num-
ber of q-extensions of Laguerre polynomials, one of which the so-called set of

q-Laguerre polynomials L
(α)
n (·; q) (introduced by W. Hahn [4] and treated in

detail by D. S. Moak [10] with a different normalization we will adopt in this
paper).

Fixed 0 < q < 1 and α > −1, the explicit form of the nth degree monic
q-Laguerre polynomial reads ([10, 2.3], [5, 2.1, 2.3])

L(α)
n (x; q) =

(−1)n(qα+1; q)n
(1− q)n

n∑
k=0

(q−n; q)k(1− q)kqk(k+1)/2

(qα+1; q)k(q; q)kq(n−k)(α+n)
xk, n ∈ N0.

Using in the previous expression that limq↑1((q
β ; q)n/(1−q)n) = (β)n for all real

β and all nonnegative integer n, and also that (α+1)n/(α+1)k = (α+1+k)n−k,
we find the well known fact (see [9, Remarks in p. 48])

lim
q↑1

L(α)
n (x; q) = (−1)n

n∑
k=0

(−n)k
k!

(α+ 1 + k)n−kx
k = L(α)

n (x), n ∈ N0,

(this is why L
(α)
n (·; q) is called a q-analogue of L

(α)
n ).

Monic q-Laguerre polynomials verify the three term recurrence relation ([10,
3.2], [5, 1.3, 2.4, 2.5])

(2.2) L
(α)
n+1(x; q) =

(
x− a(α)q,n

)
L(α)
n (x; q)− b(α)q,nL

(α)
n−1(x; q), n ≥ 0,

where

(2.3) a(α)q,n =
1 + q − qn+1 − qα+1+n

(1− q)qα+1+2n
, b(α)q,n =

(1− qn)(1− qα+n)

(1− q)2q2α−1+4n
.

One orthogonality relation is ([10, Theorem 1])∫ ∞

0

L(α)
m (x; q)L(α)

n (x; q)
xα

(−(1− q)x; q)∞
dx(2.4)

=
Γ(α+ 1)Γ(−α)

Γq(−α)

(qα+1; q)n
(1− q)n

(q; q)n
(1− q)n

q−2n(α+n+ 1
2 )δmn, m, n ∈ N0,
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where in the case of α = N ∈ N0, Γ(N+1)Γ(−N)/Γq(−N) must be understood
as its analytic continuation ([8, p. 60])

Γ(N + 1)Γ(−N)

Γq(−N)
= lim

α→N

Γ(α+ 1)(−α+N)Γ(−α)

(−α+N)Γq(−α)

=
(−1)N

N !

Γ(N + 1)(q−N ; q)N (− ln q)

(1− q)N+1

=
(q; q)N (− ln q)

qN(N+1)/2(1− q)N+1
.(2.5)

We remark that 1/(−(1 − q)x; q)∞ = eq(−(1 − q)x) → e−x as q ↑ 1 and
also that Γq(x) → Γ(x) as q ↑ 1, so the relation (2.4) can be interpreted as a
q-analogue of the orthogonality condition for monic Laguerre polynomials (see
[17, 5.1.1, 5.1.8] and [9, 1.11.2, 1.11.4])∫ ∞

0

L(α)
m (x)L(α)

n (x)xαe−x dx = Γ(α+ 1)(α+ 1)n(1)nδmn

= Γ(α+ 1 + n)n!δmn, m, n ∈ N0.

As shown by Moak, q-Laguerre polynomials not only fulfil an orthogonality
relation for an absolutely continuous measure but also verifies an orthogonality
relation for a discrete measure [10, Theorem 2]. Concretely, fixed c > 0,

∞∑
k=−∞

L(α)
m (cqk; q)L(α)

n (cqk; q)
qk(α+1)

(−c(1− q)qk; q)∞C
(2.6)

=
(qα+1; q)n
(1− q)n

(q; q)n
(1− q)n

q−2n(α+n+ 1
2 )δmn, m, n ∈ N0,

where the choice

C =
∞∑

k=−∞

qk(α+1)

(−c(1− q)qk; q)∞
,

provides that the measure has total mass one.

3. Generalized q-Laguerre polynomials

For 0 < q < 1 and α > −1, the nth degree monic q-Laguerre polynomial

L
(α)
n (·; q) can be defined in terms of the q-hypergeometric series 1ϕ1 by means

of

(3.1) L(α)
n (x; q) =

(−1)n(qα+1; q)n
qn(α+n)(1− q)n

1ϕ1

(
q−n

qα+1

∣∣∣∣ q;−qα+1+n(1− q)x

)
,

where n ∈ N0. This definition coincides, up to a normalization constant, with
that given in [10, 2.3] and in [3, p. 210], is exactly the same as in [5, 2.3],
and replacing in our definition x by (1 − q)−1x we have the one in [9, 3.21.1,
3.21.5]. Observe that the above representation fails to work when −α ∈ N.
Our intention is to accomplish the extension for all α ∈ C.
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Starting with (3.1), and using (5.1), we get

L(α)
n (x; q)

=
∞∑
k=0

(−1)n(qα+1; q)n
qn(α+n)(1− q)n

(q−n; q)k
(qα+1; q)k

(−1)kq(
k
2) (−qα+1+n(1− q)x)k

(q; q)k

=
∞∑
k=0

(−1)n
(
(−1)kqk(2n−k+1)/2 (q

−n; q)k
(q; q)k

)(
(qα+1; q)n

(qα+1; q)k(1− q)n−k

)
×q(k−n)(α+k+n)(−x)k.

Taking into account that for 0 ≤ k ≤ n

(−1)kqk(2n−k+1)/2 (q
−n; q)k
(q; q)k

=

[
n
k

]
q

,

(qα+1; q)n
(qα+1; q)k

= (qα+1+k; q)n−k,

and that (q−n; q)k vanishes for k > n, we get:

Definition 3.1. Let α ∈ C. For each n ∈ N0 we define the nth degree monic

generalized q-Laguerre polynomial L
(α)
n (·; q) by

(3.2) L(α)
n (x; q) =

n∑
k=0

(−1)n
[
n
k

]
q

(qα+1+k; q)n−k

(1− q)n−k

1

q(n−k)(α+n+k)
(−x)k.

In a similar way, monic Laguerre polynomials can be extended from its
hypergeometric representation to arbitrary complex values of the parameter
α, yielding to the expression (2.1), now working for all complex values of the
parameter α. Therefore, the relation (2.1) can be used to define the generalized
Laguerre polynomials with arbitrary complex parameter.

From (3.2), and using

lim
q↑1

[
n
k

]
q

=

(
n
k

)
, lim

q↑1

(qα+1+k; q)n−k

(1− q)n−k
= (α+ 1 + k)n−k,

we obtain

lim
q↑1

L(α)
n (x; q) = L(α)

n (x), α ∈ C, n ∈ N0,

so generalized q-Laguerre polynomials can be interpreted as q-analogues of
generalized Laguerre polynomials.

The remainder of this section is devoted to state that (new) generalized q-
Laguerre polynomials share with the (original) “hypergeometric” q-Laguerre
polynomials the same three term recurrence relation (2.2), (2.3) and also the
same behavior with respect to the q-derivative operator. In relation with the
roots, we will also state a radical newness that generalized q-Laguerre polyno-
mials enjoy when the parameter α is a negative integer.
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Proposition 3.1. Let α ∈ C. The generalized monic q-Laguerre polynomials
fulfil the three term recurrence relation

(3.3) L
(α)
n+1(x; q) =

(
x− a(α)q,n

)
L(α)
n (x; q)− b(α)q,nL

(α)
n−1(x; q), n ≥ 0,

where

(3.4) a(α)q,n =
1 + q − qn+1 − qα+1+n

(1− q)qα+1+2n
, b(α)q,n =

(1− qn)(1− qα+n)

(1− q)2q2α−1+4n
.

Proof. Just introduce (3.2) and (3.4) in (3.3), and after some simplifications
we establish the desired conclusion. □

The choice α ∈ {−1,−2,−3, . . .} is the only one for which the coefficient

b
(α)
q,n vanishes (b

(α)
q,−α = 0). Then, from Favard’s theorem we know that the

generalized family of q-Laguerre polynomials is orthogonal with respect to a
quasi-definite moment functional if and only if −α ∈ C \N. The main result of
this paper consists precisely in an orthogonality statement for these exceptional
values of the parameter α.

The following result extends a similar well known one for classical q-Laguerre
polynomials (confer [10, 4.16]).

Proposition 3.2. Monic generalized q-Laguerre polynomials verify the q-diff-
erence relation

(3.5) DqL
(α)
n (x; q) =

(1− qn)

(1− q)qn−1
L
(α+1)
n−1 (qx; q), α ∈ C, n ≥ 0.

Proof. For n = 0, (3.5) trivially holds (recall that P−1 = 0). If n ≥ 1, then

DqL
(α)
n (x; q)

=

n∑
k=0

(−1)n
[
n
k

]
q

(qα+1+k; q)n−k

(1− q)n−k

1

q(n−k)(α+k+n)

(−x)k − (−qx)k

(1− q)x

=
n∑

k=1

(−1)n−1

[
n
k

]
q

(qα+1+k; q)n−k

(1− q)n−k

1

q(n−k)(α+k+n)

(1− qk)

(1− q)
(−x)k−1

=
n−1∑
k=0

(−1)n−1

[
n

k + 1

]
q

(qα+2+k; q)n−k−1

(1− q)n−k

(1− qk+1)

q(n−k−1)(α+k+1+n)
(−x)k.

We now apply[
n

k + 1

]
q

=

[
n− 1
k

]
q

(1− qn)

1− qk+1
, n ≥ 1, 0 ≤ k ≤ n− 1,

to replace in the last expression of DqL
(α)
n (x; q), to get finally

DqL
(α)
n (x; q) =

(1− qn)

(1− q)qn−1

n−1∑
k=0

(−1)n−1

[
n− 1
k

]
q

(q(α+1)+1+k; q)(n−1)−k

(1− q)(n−1)−k
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× 1

q((n−1)−k)((α+1)+k+(n−1))
(−qx)k

=
(1− qn)

(1− q)qn−1
L
(α+1)
n−1 (qx; q).

□

It is suggestive the fact that relation DqL
(α)
n (x; q) = [n]qq

1−nL
(α+1)
n−1 (qx; q)

is the q-analogue of its continuous version DL
(α)
n (x) = nL

(α+1)
n−1 (x), where D =

d/dx is the derivative operator (see [17, 5.1.14, 5.1.8] and [9, 1.11.6, 1.11.4]).
Iterating expression (3.5) it follows that:

Proposition 3.3. Let α ∈ C. For a nonnegative integer n

Dk
qL

(α)
n (x; q) =

(qn−k+1; q)k
(1− q)k

qk(k−n)L
(α+k)
n−k (qkx; q), 0 ≤ k ≤ n+ 1.

When α > −1, the family {L(α)
n (·; q)}∞n=0 is orthogonal with respect to a

positive measure, so for a positive integer N , the roots of L
(N)
n (·; q) are real,

simple and strictly positive. The behavior of the polynomials L
(−N)
n (·; q) are

quite different: We will show that for n ≥ N the point 0 is a zero (also, a

“q-zero”) of precise order N of the polynomials L
(−N)
n (·; q).

The following result, stated without proof, can be found in [2, p. 980]. In
fact, the reading of this relation gives us the key to adapt our technique in [11]
to the case of q-Laguerre polynomials.

Proposition 3.4. Let N ∈ N. For each n ≥ N ,

L(−N)
n (x; q) = xNL

(N)
n−N (x; q).

Proof. Fix N ∈ N. From (3.2) we find, for each n ∈ N0,

L(−N)
n (x; q) =

n∑
k=0

(−1)n
[
n
k

]
q

(q−N+1+k; q)n−k

(1− q)n−k

1

q(n−k)(−N+k+n)
(−x)k.

Since (q−N+1+k; q)n−k = (1−q−N+1+k)(1−q−N+2+k) · · · (1−q−N+n), if n ≥ N
(which implies that the exponent in the last factor in the q-shifted factorial is
a non-negative integer), then for each k ≤ N − 1 (which implies the non-
positiveness of the exponent in the first factor) we have (q−N+1+k; q)n−k = 0.
Consequently, for n ≥ N

L(−N)
n (x; q)

=
n∑

k=N

(−1)n
[
n
k

]
q

(q−N+1+k; q)n−k

(1− q)n−k

1

q(n−k)(−N+n+k)
(−x)k

=
n−N∑
k=0

(−1)n
[

n
N + k

]
q

(qk+1; q)n−N−k

(1− q)n−N−k

1

q(n−N−k)(n+k)
(−x)N+k.
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Using that[
n

N + k

]
q

(qk+1; q)n−N−k =

[
n−N

k

]
q

(qN+1+k; q)n−N−k,

we simplify the above equation to

L(−N)
n (x; q)

= xN
n−N∑
k=0

(−1)n−N

[
n−N

k

]
q

(qN+1+k; q)n−N−k

(1− q)n−N−k

1

q(n−N−k)(N+n−N+k)
(−x)k

= xNL
(N)
n−N (x; q). □

The previous result implies that

dk

dxk
L(−N)
n (x; q)

∣∣∣∣
x=0

= 0, 0 ≤ k ≤ N − 1, n ≥ N.

In view of the fact that

(3.6) (Dk
q f)(0) =

(q; q)k
(1− q)k

f (k)(0)

k!
, k ≥ 0,

for a function f analytic in a neighborhood of 0 (see [10, 6.8] and [7]), we also
have:

Proposition 3.5. Let N be a positive integer. For each n ≥ N ,

(3.7)
(
Dk

qL
(−N)
n

)
(0; q) = 0, 0 ≤ k ≤ N − 1.

4. q-Sobolev orthogonality of q-Laguerre polynomials with negative
integer parameters

As in the previous sections, we will consider a fixed q ∈ (0, 1).
As we have stated in the previous section, no orthogonality results can be

deduced from Favard’s theorem for the family of generalized q-Laguerre poly-

nomials {L(α)
n (·; q)}∞n=0 when the parameter α is a negative integer. By consid-

ering a suitable modification of our previous result [11, Theorem 3], adapted
to the case of generalized q-Laguerre polynomials, we are going to give an or-

thogonality result for the family {L(−N)
n (·; q)}∞n=0, where N ∈ N. To achieve

this aim we will use that for a positive integer N and for n ≥ N , the point 0 is

a “q-zero” of precise order N of the polynomials L
(−N)
n (·; q) (Proposition 3.5),

and also that the Nth q-derivative of L
(−N)
n (x; q) equals, up to a multiplicative

constant, L
(0)
n−N (qNx; q) (Proposition 3.3).

Due to the fact that orthogonality for {L(−N)
n (·; q)}∞n=N will strongly de-

pend on the orthogonality of {L(0)
n (qN ·; q)}∞n=0, to the fact that the family

{L(0)
n (qN ·; q)}∞n=0 is orthogonal with respect to a positive measure supported
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on [0,∞), and to the fact that L
(−N)
n (x; q) is real for real x, the natural choice

is to describe our orthogonality result in the real setting.

Theorem 4.1. For each positive integer N , there exists a symmetric and posi-
tive definite matrix A of order N such that the family of generalized q-Laguerre

polynomials {L(−N)
n (·; q)}∞n=0 is orthogonal with respect to the inner product

(·, ·)(N ;A)
q defined by

(p1, p2)
(N ;A)
q(4.1)

=
((

Dk
q p1(0)

)N−1

k=0

)
A
((

Dk
q p2(0)

)N−1

k=0

)t

+

∫ ∞

0

(
DN

q p1(x)
) (

DN
q p2(x)

) qN

(−(1− q)qNx; q)∞
dx, p1, p2 ∈ P.

Proof. Let {lj(·; q)}N−1
j=0 ⊂ PN−1 be the set of polynomials defined by

lj(x; q) =
(1− q)j

(q; q)j
xj , 0 ≤ j ≤ N − 1.

Since both {lj(·; q)}N−1
j=0 and {L(−N)

j (·; q)}N−1
j=0 are bases of PN−1, and taking

into account that (Dk
q lj)(0; q) = δkj (see (3.6)), we have

L
(−N)
j (x; q) =

N−1∑
k=0

(Dk
qL

(−N)
j )(0; q)lk(x; q), 0 ≤ j ≤ N − 1.

Therefore, we can assure that the matrix C = ((Dk
qL

(−N)
j )(0; q))N−1

j,k=0 is non-

singular. Also, if B = (κjδjk)
N−1
j,k=0 is a nonsingular diagonal matrix of or-

der N (κj ∈ R \ {0}), then the symmetric matrix A = C−1B2(C−1)t =
(C−1B)(C−1B)t is positive definite.

In order to state the orthogonality we will consider three cases:
i) In the case 0 ≤ m,n ≤ N − 1, since

DN
q L(−N)

m (x; q) = DN
q L(−N)

n (x; q) = 0,

we get

(L(−N)
m (·; q), L(−N)

n (·; q))(N ;A)
q

=

((
(Dk

qL
(−N)
m )(0; q)

)N−1

k=0
C−1

)
B2

((
(Dk

qL
(−N)
n )(0; q)

)N−1

k=0
C−1

)t

= ((δmk)
N−1
k=0 )B2((δnk)

N−1
k=0 )t = κ2

nδmn,

where κ2
j is the (positive) (j, j) entry of the matrix B2.

ii) If 0 ≤ m ≤ N − 1 and n ≥ N , then

DN
q L(−N)

m (x; q) = 0,
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and also (Proposition 3.5)

(Dk
qL

(−N)
n )(0; q) = 0, 0 ≤ k ≤ N − 1,

so, clearly, we have

(L(−N)
m (·; q), L(−N)

n (·; q))(N ;A)
q = 0.

iii) Finally, when m,n ≥ N , and using

(Dk
qL

(−N)
m )(0; q) = (Dk

qL
(−N)
n )(0; q) = 0, 0 ≤ k ≤ N − 1,

Proposition 3.3 yields

(L(−N)
m (·; q), L(−N)

n (·; q))(N ;A)
q

=

∫ ∞

0

(
(DN

q L(−N)
m )(x; q)

)(
(DN

q L(−N)
n )(x; q)

) qN

(−(1− q)qNx; q)∞
dx

= cmn

∫ ∞

0

L
(0)
m−N (qNx; q)L

(0)
n−N (qNx; q)

qN

(−(1− q)qNx; q)∞
dx

= cmn

∫ ∞

0

L
(0)
m−N (t; q)L

(0)
n−N (t; q)

1

(−(1− q)t; q)∞
dt,

where

cmn =
(qm−N+1; q)N (qn−N+1; q)N

(1− q)2NqN(m+n−2N)
.

We apply the orthogonality condition for the q-Laguerrre polynomials (2.4) to
get

(L(−N)
m (·; q), L(−N)

n (·; q))(N ;A)
q

= cnn
− ln q

(1− q)

(
(q; q)n−N

(1− q)n−N

)2

q−2(n−N)(n−N+1/2)δmn

=
− ln q

(1− q)

(
(q; q)n
(1− q)n

q(N−n)(n+1/2)

)2

δmn. □

In order to have a closed form for the norm of the polynomials L
(−N)
n (·; q),

a natural choice for the diagonal elements of the matrix D would be

κj =

√
− ln q

(1− q)

(q; q)j
(1− q)j

q(N−j)(j+1/2), 0 ≤ j ≤ N − 1.

This would imply

∥L(−N)
n (·; q))∥(N ;A)

q =

√
− ln q

(1− q)

(q; q)n
(1− q)n

q(N−n)(n+1/2), n ∈ N0.

The discrete orthogonality relation (2.6) allow us to give a discrete bili-

near form with respect to which the family {L(−N)
n (·; q)}∞n=0, (N ∈ N) become

orthogonal.
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Theorem 4.2. For each positive integer N and each c > 0, there exists a
symmetric and positive definite matrix A of order N such that the family of

generalized q-Laguerre polynomials {L(−N)
n (·; q)}∞n=0 is orthogonal with respect

to the inner product (·, ·)(N ;A)
q,c defined by

(p1, p2)
(N ;A)
q,c

(4.2)

=
((

Dk
q p1(0)

)N−1

k=0

)
A
((

Dk
q p2(0)

)N−1

k=0

)t

+
∞∑

k=−∞

(
DN

q p1(cq
k−N )

) (
DN

q p2(cq
k−N )

) qk

(−c(1− q)qk; q)∞C
, p1, p2 ∈ P,

where C =
∑∞

k=−∞
qk

(−c(1−q)qk;q)∞
.

The proof of the previous theorem is essentially the same as the one of
Theorem 4.1.

Acknowledgements. We thank the referees for their useful suggestions and
comments, which have improved the presentation of the paper.

5. Appendix

The set of positive integers is denoted by N, and N0 = N ∪ {0} denotes the
set of nonnegative integers. The set of complex and real numbers is denoted,
respectively, by C and R. All polynomials considered are complex-valued in
one complex variable x, and P stands for the set of all such polynomials. For
each n ∈ N0, the subset of P of all polynomials of degree not greater than
n is denoted by Pn. By a system of monic polynomials we mean a sequence

{Pn}∞n=0 of polynomials fulfilling P
(n)
n (x) = n!, x ∈ C, n ∈ N0 (this implies

that degPn = n for n ∈ N0). Observe that for a sequence of monic polynomials,
P0 is the function defined by P0(x) = 1, x ∈ C. For notational convenience, we
use P−1 to denote the null function (P−1(x) = 0, x ∈ C).

For n ∈ N, a (square) matrix of order n, with complex entries ajk, is denoted

by A = (ajk)
n−1
j,k=0 (when needed, we use

(
(ajk)

n−1
j,k=0

)
instead of (ajk)

n−1
j,k=0),

and (aj)
n−1
j=0 ∈ Cn stands for the matrix of order 1 × n (equivalently, for the

vector) (a0, a1, . . . , an−1). The transpose of a matrix A = (ajk)
n−1
j,k=0 is denoted

by using the superscript t. As usual, we will identify the only element of a
matrix of order 1 with the matrix itself.

The Kronecker delta is denoted by δjk, and (·)n denotes the so-called shifted
factorial (also, Pochhammer symbol), defined by

(x)0 = 1, (x)n+1 = x(x+ 1) · · · (x+ n), n ∈ N0, x ∈ C.
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The binomial coefficient for complex numbers α, β is(
α

β

)
=

Γ(α+ 1)

Γ(β + 1)Γ(α− β + 1)
, −α,−β,−(α− β) /∈ N,

and the hypergeometric series mFn is

mFn

(
a1, . . . , am
b1, . . . , bn

∣∣∣∣x) =

∞∑
k=0

(a1)k · · · (am)k
(b1)k · · · (bn)k

xk

k!
, m, n ∈ N0,

being the parameters bj such that (b1)k, . . . , (bn)k ̸= 0 for all k ∈ N0. When
m = 0 (n = 0) the numerator (denominator) of (a1)k · · · (am)k/(b1)k · · · (bn)k
becomes 1. Clearly, if one of the numerator parameters fulfills −aj ∈ N0, then
the hypergeometric series is a polynomial of degree min1≤j≤m{−aj : −aj ∈
N0}.

The symbol (·; q)n denotes the so-called q-shifted factorial, defined by

(x; q)0 = 1, (x; q)n+1 =

n∏
k=0

(1− xqk), n ∈ N0, x ∈ C.

We also define

(x; q)∞ =
∞∏
k=0

(1− xqk), x ∈ C.

A q-analogue of the complex number x is [x]q = (1 − qx)/(1 − q), since
limq↑1[x]q = x. By a similar reason we consider (qx; q)n/(1−q)n as a q-analogue
of (x)n. The q-gamma function is defined by

Γq(x) = ((q; q)∞/(qx; q)∞)(1− q)1−x,

and it is a q-analogue of the gamma function since limq↑1 Γq(x) = Γ(x).
The q-binomial coefficient, for complex numbers α and β, is[

α
β

]
q

=
Γq(α+ 1)

Γq(β + 1)Γq(α− β + 1)
, −α,−β,−(α− β) /∈ N,

and of course limq↑1[
α
β ]q = ( αβ ) for −α,−β,−(α− β) /∈ N.

For m,n ∈ N0, the q-hypergeometric (also, basic hypergeometric) series mϕn

is defined by

mϕn

(
a1, . . . , am
b1, . . . , bn

∣∣∣∣ q;x)
=

∞∑
k=0

(a1; q)k · · · (am; q)k
(b1; q)k · · · (bn; q)k

(−1)(n−m+1)k

q(m−n−1)k(k−1)/2

xk

(q; q)k
,(5.1)

being the parameters bj such that (b1; q)k, . . . , (bn; q)k ̸= 0 for all k ∈ N0. When
m = 0 (n = 0) the numerator (denominator) of the coefficient

(a1; q)k · · · (am; q)k/(b1; q)k · · · (bn; q)k
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becomes 1. In case that one of the numerator parameters aj equals q−n for a
nonnegative integer n, the q-hypergeometric series is a polynomial. We have

lim
q↑1

mϕn

(
qa1 , . . . , qam

qb1 , . . . , qbn

∣∣∣∣ q; (q − 1)n−m+1x

)
= mFn

(
a1, . . . , am
b1, . . . , bn

∣∣∣∣x) ,

and this relation states the q-analogy between the two hypergeometric series.
Basic hypergeometric series are used to define q-extensions of elementary

and special functions. For example, one of the q-analogues of the exponential
function reads

eq(x) = 1ϕ0

(
0
−

∣∣∣∣ q;x) =
∞∑
k=0

xk

(q; q)k
.

As a consequence of the q-binomial theorem

1ϕ0

(
a
−

∣∣∣∣ q;x) =

∞∑
k=0

(a; q)k
(q; q)k

xk =
(ax; q)∞
(x; q)∞

, |x| < 1,

it follows that eq(x) = 1/(x; q)∞ for |x| < 1.
In closing, let us recall that the q-derivative operator Dq : P → P is defined

by

Dqp(x) =


p(x)− p(qx)

(1− q)x
, x ̸= 0,

p′(0), x = 0.

Clearly, for each p ∈ P we have limq↑1 Dqp(x) = p′(x). Further, the nth
iteration of the q-derivative operator is recursively defined by means of D0

q = I

(I is the identity operator) and Dn+1
q = Dq ◦Dn

q for n ∈ N0.
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Universidad de Jaén
23071 Jaén, Spain
E-mail address: emgarcia@ujaen.es


