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ON THE MELLIN TRANSFORM OF A PRODUCT OF
HYPERGEOMETRIC FUNCTIONS
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Abstract

We obtain representations for the Mellin transform of the product of generalized hypergeo-
metric functions F1[—a2x?]; Fo[—b?x?] for a,b > 0. The later transform is a generaliza-

tion of the discontinuous integral of Weber and Schafheitlin; in addition to reducing to other
known integrals (for example, integrals involving products of powers, Bessel and Lommel
functions), it contains numerous integrals of interest that are not readily available in the
mathematical literature. As a by-product of the present investigation, we deduce the second
fundamental relation fosF,[1]. Furthermore, we give the sine and cosine transforms of
1F2[—b2X2].

1. Introduction

Although definite integrals of products of two generalized hypergeometric functions
have numerous applications in pure and applied mathematics (see, for example, [3]),
not all such integrals have been collected in tables or are readily available in the
mathematical literature. In what follows, we shall considerdor 0 andb > 0 one

such rather general improper integral, namely the Mellin transform:

. * sl — _ 22 o5 22
F(s) ._/0 X oFy |:1+'u; a“x }1F2 |:'3’1+v; b°x } dx. (1.1)
Convergence of this integral will be discussed in Section 2.
If @ = B, the above Mellin transform reduces to the hypergeometric formulation of
the discontinuous integral of Weber and Schafheittin[(L1, p. 398] and [6, Equations
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(2.3) to (2.5)]) which, since we shall need it later, we record below:

* st — 242 —  12y2
/O X OF1|:1+M; aXi|OF1|:l+v; bx}dx
1 TA+0IE) _ 55— &
_1 75 ; ’ 1.2
2° TA+v—5"° 1[ (1.22)
OD<a<b0<NfE) <R2+u-+v)
_1l. FOrA+wr@d+wrd+u+v-—s) (w26
2 TA4pu—-9TrA+v—9TA+p+v—2) '
b=a,0<R6) <RA+u+v)
1 TA+wre $.s ;b2
=ZaS— " 2 F |22 M 1.2
22 F(l+u—§21|: 1+v; a2 (1.2¢)
O<b<a0< R <R2+ u+v)).

The above integral is, in fact, continuousaat= b. It is called “discontinuous”
because the representations on the right-hand sides of Equations (1.2a) and (1.2c) are
not analytic continuations of each other. Thus “discontinuous” refersto a discontinuity
in representation across= b. It should be noted also that whan= b, if © — v
is an odd positive integer, then Equation (1.2b) actually holds true ferd(s) <
R(2+ u + v) (see Watson's treatise [11, p. 403] for further details).

In addition, we record for later use the well-known Mellin transform (see, for
example, [7, Section 8.4.47.(1), p. 717])

°° - INCEIE
/ x510F1|: — azxz} dx = }a*5(+—u)(sz), (1.3)
A 1+ w; 2" TA+u-3)

wherea > 0 and 0< 9(s) < RE + w).
Since we may write Bessel, Struve and Lommel functions, respectively, as (see, for

example, [10, p. 44])

I
J.(2 = moFl |: .- 4i| ; (1.4)
(%)Hu

H.(2) = F [ L ZZ}
CETTOrGw L 4w 4l

Zl+u F l, 22
Suv(2) = e B
@ = T w0 2[%(3+/x—v),1(3+u+v); 4}

once a representation in terms of generalized hypergeometric functions is deduced for
the Mellin transfornF (s) (which will be done in Section 5), not only will we be able
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to obtain immediately all the known special cases (for example, integrals containing
the product of two Bessel functions or the integral of Weber and Schafheitlin [11,
pp. 401-403], products of Bessel and Lommel functions [7, Section 2.9.5.(1), p. 110],
and products of Bessel and Struve functions [7, Section 2.7.14.(1), p. 88]), but we
shall also be able to specialize, for example, to products of Bessel functions and the
Fresnel sine and cosine integrals

3
1 /2 3 72
S(z) = =,/ —Z¥%,F R
(2) 3 nZ 12 %’,ﬁ; 2

and

C(Z) == E Zl/lez [
V 1
2

and every other special case,6% that is of interest.

Recently, M. A. Chaudhry [2] reconsider&ds) specialized to Bessel and Lommel
functionss, , (z) and discussed the importance of these integrals in many applications.
Unfortunately, Chaudhry’s results [2, Equation (4)] holds true for the Lommel func-
tions S, , (z) and not fors, ,(z) and the right side of [2, Equation (6)] is in error by a
factor of%. Aside from numerous typographical and other oversights in [2], the latter
two mentioned equations produced further erroneous results. Prudeilaly[7,
Section 2.22.4.(1), p. 337] records the Mellin transform of products of Bessel and
generalized hypergeometric functiopi,[z], but the result is obviously not correct
whenp = g — 1, since the integral must be discontinuous.

2. Convergence of the Integral (1.1)

We shall need the following asymptotic results: fof — oo and|argx)| < 7,

: ra+uw i T (1
F [ ’ —Xz} = ————X 7" COS|:2X - = (— +,u)} (2.1)
R rd) 72
and
@ o] TETA+ 4, Cx (1 )
a [ﬂ,lﬂ: - } = Trorw ¢ COS[ZX 2 (z*”*ﬂ «
rra+v) -2 2.2)

rg—a)frl4+v—aw)
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The above results are further simplifications of more precise asymptotic formulas
which we shall record in Section 4 (see Equations (4.1) and (4.2)). Note that Equation
(2.2) reduces to Equation (2.1) if we set= 8.

Replacingx by bx (b > 0) in Equation (2.2) and using Equation (2.1), it is easy to
see that we may also write fgx| — oo and|arg(x)| < 5

@ o] TETd+w
1F2|;3’1+v;—bx}

= |: —;_b2X2i|
Tl +v+p—a) H14+v+B—a;

PALA+Y) o (2.3)
F—a)l'dl+v—oa)
which now yields an identity whea = 3.
Next, by multiplying Equation (2.3) by

xR [ ; 1+ s —a?x?],

and, forz > 0 sufficiently large, integrating the result ové&r, co), we have for
a, b > 0 the asymptotic result

X LF | T — e |, F % _p2x2| dx
/z “[lw; VLB L+

_ _ —
Fre)fr+v+4 'oz) 2 +u (2.4)
.0F1|:1+U+’8_aj—b2x2i| dx
FATA+nb 2 o [ 0,
Ff-wlliv-wl), °Fl[l+u:_ax}dx'

It is obvious that, in order for the Mellin transforf(s) defined by equation (1.1)
to converge at its lower limit of integration, we must héue) > 0. Further, from the
latter asymptotic result and the convergence criteria of equations (1.2) and (1.3), we
see that, fob # a, convergence at the upper limit of integration is attained, provided
that
NE) <R2+pu+v+p—a) and R(S) < R(+ 20+ u).

If b =a, F(s) converges, provided that
0<N(S) <RA+pu+v+B—a) and 0<NR(s) < RN(2+20+pu);

butifb =aandu — v+« — B is an odd positive integer, thela(s) converges,
provided that

0<RES) <RR+pu+v+p—a) and 0< NR(S) < R(3 +2a+pu).



226 Allen R. Miller and H. M. Srivastava [5]

We note that ife = B, the conditioni(s) < Eﬁ(%’ + 20 + ) becomes superfluous,
since the second term in equation (2.4) is no longer present. This evidently completes
the analysis of the convergencelo(s).

3. The Incomplete Mellin Transform

If the upper limit of integration in equation (1.1) is regled byz such thatz| < oo,
the integral is said to be incomplete and we define the Euler-type integral

CoN g — 22 o, 1202
F(s,z)._/ox OF1|:1+M2 ax}le[ﬂ’lev; bx}dx, (3.2)

where, for convergence at the lower limit of integratidt(s) > 0. But now the
parametera andb may be arbitrary complex numbers.

The incomplete Mellin transfornk(s; z) is easily evaluated by expressing the
functionsyF, and.F, as hypergeometric sums, interchanging the resulting double
sum and integral and then performing the required term-by-term integrations. Or
the integral in equation (3.1) may be evaluated by using a tabulated result in Exton’s
handbook [3, Equation A(1.2.5), p. 172]. Either way we obthifs; z) in terms
of a single Kamp” de Feriet function which is everywhere convergent in its two
independent variables:

—_— a; 22 2.2

At Bt v a“z:, bz}, (3.2)
wherefi(s) > 0. Regions of convergence for Kampgeé FEriet and other generalized
hypergeometric functions in two variables may be determined by using Horn’s theorem
for double series (see Srivastava and Karlsson [9, p. 57]).

Further, it is easy to show that the incomplete transfér(s; z) in equation (3.2)
may be written in the following two different ways féw(s) > 0:

Z 101
F(s;2) = gFlzl;’z 1+

NIn N In

72 & (%)n (@)n (_bzzz)n
F(s;2) =—
S B o TN

S+ 2.2
., F 2 T — .
12[1+§+n,1+u; &z (3.3)

and

z i (g)n (_aZZZ)n
= (1+5), A+, n!

0
S4na; 2.2
. 2 b 7_
2F3[1+§+n,ﬂ,1+u; bz (34)
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4. Asymptotic Formulas for ,Fy,1[—Z77]
We shall want to evaluatE (s; z) given by equations (3.3) and (3.4) as—> oo,
thereby obtaining the Mellin transforri (s) defined by equation (1.1). To this

end, we record below somewhat simplified asymptotic formulas for the generalized
hypergeometric function

pForal@); 0p0); =771, p=0,1,2.

These results are special cases of a general formula due to C. S. M&garl©46)
given by Luke [4, p. 203, Eq. (4)] fdz| — oo and| argz)| < /2:

— 2| INCIARY 1
OF1|: a z} =Td) (;) [l+ @) (;)} COSt(2), (4.1)

where
n=31(a—13%) and £&@ =2z—7n+0(3);
F [ & _ | _ I'(b)I'(c) i)a
21p, ¢ T I'b—al(c—a) \ 22
Z
T /1) 1
"Tora (ﬁ) [HO(?)}COSHZ)’ “.2)
where
n=zb+c—a—3) and &2 =2z—an+O0()
and
. [ a,b; —22} _T'(b-a QU @r(e) (i)
230, d, e T I'(h T'c—al(d-—al(e—a)\z

F [a,1+a—c,l+a—d,l+a—e; _i}
art l14a—-b, 2
INCEY)] INEONCONG) 1\°
F@ TI'(c—bI(d-bl(e—Db) (?)

F [b,1+b—c,l+b—d,l+b—e; _i}
art 1+4b—a 2z

FOPArE) (1Y’ .
“Forare (2) [1+0(3)]==e

(4.3)



228 Allen R. Miller and H. M. Srivastava [7]
where
n=zc+d+e—a—-b-12) and £z =2z—7mn+ O@).

Noting equation (1.4), we see that equation (4.1) is essentially the well-known
asymptotic formula for Bessel functions. We remark also that the right members of
equations (4.1) to (4.3) may be written in further abbreviated, yet useful, approximate
forms (cf. [5, p. 146])

oF1 |:_a - zz} ~ Az 2c0g2z + B), (4.4)
K |:b i - zz} ~ AZ 2 4 Bzt P Ccog2z + C) (4.5)

and

2Fs [c 3’ 23 - ZZ} ~ AZ® 4 BZ? 4 Cz**P -0 cog2z + D),

where|z| — oo, |argz)| < 7 /2, andA, B, C, D are dependent on the parameters
of the function,F,,1[—7%] (p =0, 1, 2).

5. Evaluation of the Mellin Transform (1.1)

Now that we have noted and developed some preliminaries, we are ready to derive
our main result for the Mellin transforiA(s) defined in equation (1.1) as

. * sl — 22 o, 1202
F(s)._/0 X OF1|:1+M2 ax}le[ﬂ’lev; bx}dx,

wherea > 0 andb > 0. Thus we shall show that

1 TQra+w = [“’E,g—u;b_z

F(s) = =
© a B,1+v; a2

2" TA+p-9H°*° } (b<a)  (51a)
2

and

T @—=)rErd+v) |:§,1+§—ﬂ,§—v; a_2i|

=1
O = TorG-prarr-p° L 1+i-altw b

e (a_z)“ FrA+mwrad+vrere-a
2 ) Ta+v-—ora +2u +a—)I(B - (5.1b)
.32[ a’lw_ﬂ’“_”;a_} @<b),

l1+a—35,14+u+a—3; b2
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where, for convergence of the integral (see Section 2),
O<NE) <R2+pu+v+B—0a)

and
3
0<ER(S)<ER<E+2a+,u).

If « = B, the latter conditional inequality is superfluous and equations (5.1a) and
(5.1b) reduce, respectively, to equations (1.2c) and (1.2a). Theacasb will be
discussed in Section 6. In Section 7 we shall use equations (5.1) to derive the sine and
cosine transforms off,[ —b?x?].

To derive equation (5.1a), we approximafe[—a?z?] in equation (3.3) for large
positive z by using equation (4.2), thus obtaining

SN _ o] _LA+3+0MIA+w (1 a
VA4S0 1+ T TA+p-5-n \a
S S 1
B =i e 2_ . L=
3 o|:2+n,0,2 m =+ n; ; a222i|

r(1+§+n)r(1+u)< 1 >%<§+‘“
FTATE +n) a2z

. [1+ o) <2—12>] cos[Zaz— %(% + )+ O(%)] )

Noting that; Fo[—1/(a2z?)] = 1 for all integersn > 0 and using the identity

')

M@ —n) = (-1 T (5.2)
we may then write
S+ 2.2
1F2[1+§+n,12+u;_a2}
_TA+wrad+3 s\ /S 13\° 13"
B <l+§)n(§‘“)n<a—z) <_a_z>
S/ 1\ TA+ ) (14D, 1
E(a_z) S O [”O<§>]°°S(2az+ 7 6

whereD is obviously dependent gm andO(%).
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Now, substituting the result in equation (5.3) fd¥,[—a?z?] into equation (3.3),
we obtain

FOIA+w a5 5—p PP
. _1lp-s_ 27" 7 @ ™7 3292 » &
F(s;2)=3a e _§)3 2|: 8.1+ v: aZ}
3T
+ ;aﬂk —(F:_)M) z Mﬂle |:'3 14 —b2 2i| (5.4)

. [1+ @] (%)] coq2az+ D),
z

where, for convergence @Fz[ 2], we must havéy < a. Next, denoting the second

term in the above equation (5.4) I8(z) and using equation (4.5) to approximate
1F>[—b?Z%], we have

PA+1) o 2uu-3
r@e)

1F(l+/"(’) S n—v+oa—p—2
r'(3)

. [1+ O (2—12)] cog2az+ D).

Finally, lettingz — oo we see that, since

S = [%Aa“gbz”

+iBa” o cog2bz + C)}

(5.5)

Ns—2a—pn—-32<0

and
RNS—u—v+a—B-2)<0

(both of which conditions secure the convergencd-¢f; z) to F(s)), S(2) or the
second term in equation (5.4) vanishes. Thus equation (5.4) yields equation (5.1a)
upon lettingz — oc.

The derivation of equation (5.1b) is similar to that of equation (5.1a), but is some-
what more complex in its details, because the asymptotic formulgFtpr-z°] given
by equation (4.3) has three terms. Thus, for lazgey using the latter together with
equation (3.4) and employing equation (5.2), we obtainafer b,

_ S s s s . 2
F(s2) = TEN (o )F(ﬂ)F(1+V) [5,1+——ﬂ —v; &

+ S1(2) + S(2),
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[10]
where
Sl(Z) _ }b—ZaZsfza I (% B 0‘) F(ﬂ)r(l +v)
2 FrA+:-a)TB-ald+v—a)
5w, (e o
n=0 (1—|———0{) 1+ whn n! '
= a,l+a—ﬂ,a—v,a—§—n; _i
e l+a—2—n bz
and

S(2) = Sz [1+O<1)}cos[2bz— % (ﬂ—a+v+g) +O<%)}

0F1|:1+ —az}

Now, by using Equation (4.4) we can rewrite Equation (5.8) as

S(2) = }Az“"*"*“*“*2 [1 + 0 (Z—lz)} coq2az+ B)cog2bz+ C), (5.9)

where the definition o€ is obvious. Further, by writingF;[— bZZZ] in Equation (5.7)
as a hypergeometrim-summation, interchanging it with its precedingummation

and then employing Equation (5.2), we arrive at

5@ = b spszn___ L (3=)TATA+V)
Frl+f-a)FB-a)F1+v—0a)

D ()

(@m(1+a = Bmla —v)m (05 -3

mZ(:a (1+a-3), m! (5.10)
S _ow—m

) 2 _

lF2|:l—|— —o—m, 14 w; a2i|

We see from Equations (4.2) and (5.2) thBf[ —a?z?] in Equation (5.10) may be
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written as

S—a-m L, Z*TA+wlr(1+35-a)
1F2 s . =
1+5—a—m1+u; @ I(l+p+a—3)

(_aZZZ)m
(=%, Q+nt+a=-3),
S S 1
'3F0|:§—a—m,O,——a—M—m;_;—ﬁ} (5.11)
73 TA+ Wl (148 —a) (L+a—2
LSRR +11L) (1+5-a)(14a 2)”‘[1+O<E)}
at T(3)T(5- 0‘) (&= 3)m z

ol 33003

Upon noting in Equations (5.11) thak,[—1/a°z°] = 1 for all integersm > 0, we
find from Equations (5.10) and (5.11) that

S@ =1a

(a_Z)“ FrA+mr@d+vrErE-o)
b2) TA+v—-a)l (1+u+a—3)T(B —a)

i (@m(L+ @ = (e — V) (b—)
—(l+oe—3) (1+pu+a—3) m

m

b sy TA+WIA+0)CB) |:1+O<i)}

+ 1 1 . ZS n—2a
293+ rGrp-ord+v-—oa) 22

-cos[Zaz— % (g + ,u) +0 (%)} (5.12)

1
-3F0|:a,l+a—ﬂ,a—v; ;_ﬁ]

Equation (5.12) may be written more simply as

-0
)T (B —a)

2\ @
S = la- (a) F(l+u)F(l+v)F(,3)Fg
2

b2) TA+v-a)F (1+puta-—
I a,l+a—B,a—v; a2i|

- 3Fy hall

[ 1+a—314+p+a—3; b2 (13)

1
o [1 o (2)} 2124 cog2az+ B')

1
R |, l+a—B,0—v; ;—ﬁ]
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wherea < b and the definitions o and B’ are obvious.
Now, combining Equations (5.6), (5.9), and (5.13), we find that

1 TG (e=3)T@Brd+v) [§1+——ﬂ,2 va_}
S TP T e M RER RS S

g (a_Z)“ FA+wrA+vrer(
2 b2) TA+v—o)l (14 pu+a—2

i)
)T (B —a)

a,14+a—B,a—v; a
ll+a-51+p+a—3 02

1
+ AL Prr2 [1+ 0 (;)} cog2az+ B)cog2bz+ C)

1
+ A 23 |:1+ O( )} cog2az+ B') (5.14)
1
'3F0|:O(,l+d—ﬂ,0l—\); ;—ﬁ}.

Finally, recalling that
0<N(S) <RR+pu+v+B—a) and 0<R(S) <N(2+20+pu),

which secure the convergenceléfs; z) to F(s), upon lettingz — oo, we see that
the third and fourth terms in Equation (5.14) vanish, and we are left with Equation
(5.1b). This evidently completes the derivation of Equations (5.1).

6. The Casea=Db

The expressions on the right-hand side of Equations (5.1a) and (5.1b) are not
analytic continuations of each other. In particular, for= 8 we noted this in
Section 1 and mentioned also that the “discontinuous” nature (sj refers to the
discontinuity in its representation acrass= b. However,F(s) is continuous when
a = b. To see this, since the first integral on the right-hand side of Equation (2.4) is
continuous whema = b (see [11, p. 403]), then so is the integral on the left-hand side.
Thus also it is evident thd (s) is continuous whea passes through.

In addition, we showed in Section 2 that when= b, a necessary condition that
the integralF (s) converges is that

O<NRE) <RA+pu+v+8—0a),

and a fortiori all three;F, functions in equations (5.1) converge absolutely when
a = b, provided that the latter condition holds true. Thus,dof O,

0<NES) <RA+pu+v+B—a) and 0<R(S) < RE+ 2w + ),
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we deduce, respectively, from equations (5.1a) and (5.1b) that

* st — 242 o5 2,2
/0 X OF1|:1+M§ aXi|1F2|:ﬂ’1+v; ax}dx

6.1
_ L LOUA+w TS5 —usy 6.1)
T2 Ta+p-p L Bltw
and
/OOXSlOFl C—ax? 1P “ _a2x?| dx
0 1+ B 1+ v;
_ larsr(%)l“(ot —Hrra+ u)st S1+5-B. 2w
27 T@r(B-HrA+v -3 145 a1t o

FrA+mwrad+vrrG —a)
FrA+v—a)ll+pu+a—-3HT'B —a)

= Ot,l+ot—ﬂ,a—V;l
llte-Sltpta—5 )

+3a°

Whena = 8, the second right member in equation (6.2) vanishes and it is easy
to see that the right-hand sides of equations (6.1) and (6.2) reduce, respectively, via
Gauss's theorem to equation (1.2b). Howevergfgl] functions in equations (6.1)
and (6.2) are not, in general, reducible, since their parameters are not interrelated [12].

If we equate the right members of equations (6.1) and (6.2), divide the result by
a~%/2, and then set

S S

a=-—p b=c c=a e=p and f=1+v, (6.3)

we deduce the second fundamental relationFgfa, b, c; e, f; 1], which is

a,b,c;
3F2[ e, f’l}

_ T@-ar@rHrc-b [b,b—e+ 1L,b—f+1;
T Te—-br(f—bpr@d+b—are®?l 1+b-cl+b—a;
rl—arerf)rdo-oc) [c,c—e+ l,c— f+1;
Fre—-olf(f —ofl+c—alrm®?*| 1+c—bl+c—a

The conditional inequality & R(s) < 9’%(% + 2« + ) with the relevant substitutions

of equations (6.3) may now be waived by appealing to the principle of analytic
continuation. That equation (6.4) manifests itself as a corollary is both surprising
and interesting, especially since Bailey [1] derives it by considering a certain contour
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integral, deforming its contour in two differentways, and then computing the integrals
via residues [1, p. 15].

Finally, we recall that in Section 2 we showed, in the case b, that F(s)
converges also when

0<N(S) <RR+u+v+B—a) and 0<R(S) <N(+20+pu),

provided thajt — v+« — 8 is an odd positive integer. Itis evident that equation (6.1)
does not hold true in this case sing&[1] does not converge. It should be remarked
also that, in an earlier work, Srivastava and Exton [8] considered a generalization
of the Weber-Schafheitlin integral given in equation (1.2) for the product of several
Bessel (o F;) functions.

7. The Sine and Cosine Transforms of F,[—b?x?]
For brevity, we define
F(a,b) = /OOO sin(2ax) 1 Fo[a; B, v; —b?x?] dx
and
% (a,b) = /Ooocos(Zax)le[a; B, v; —b*x? dx,

which are, respectively, the sine and cosine transform&gf-b?x?].

Since
: 3 1
S|nz=zoF1|: ;E;—Zzz}
and
cosz = oF L lz2
— o1 ) 2’ 4 )
it is easy to deduce from equations (5.1) that
l’ 13 ; 2
1.5, |2 “% O<b<a)
B,V
e 1,2-8,2-y; » — [ 2\"
S (a,b) = | HE 1)3F2|: 5o b—} +4 (%)
2’ 9
rErerd-s g ldta—plta—y: 2l O<a<b
P(B-a)T (y—a)T (5 +a) Ly ¥ ’
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and
0 O<b<a)
3 .
/i T2 @ry) F 2B i-vip I <a2)”
N U - a |4 7 (&
%(@,b) ={ ® rare-Hro-3 R B
1 l+a—-B14+a—y;
'r(ra()zr(;i(fr)(ry(i)zlzl ’ 1 ’ v 0<a<b),
5 to;
where

0< R <RB+y—12).

8. Concluding Remarks

It should be mentioned that, by using a general result for the Mellin transform of
a product of generalized hypergeometric functions in [7, Section 2.22, p. B83),
defined by equation (1.1) may be represented by Meig+fanction. Thus, foa > 0
andb > 0, we have

1 FA+wldA+v)l'B) .1,

F@&=3a (@) Ga3 (

b2
a

l—g,l—a,l—f—,u—g)’
0-v1-p (8.1)

where
0<RES) <RR+pu+v+p—a) and 0< NR(s) < R(3+ 20+ pu).

Furthermore, by using formulas for reducing theunction to generalized hypergeo-
metric functions (see, for example, [4, Section 6.5, p. 230]), we may obtain equations
(5.1) from equation (8.1). Nonetheless, the derivation of equations (5.1) presented
herein is elementary in the sense that it does not require knowledge Gffitvection

and its properties. In addition, the results given by equations (6.1), (6.2), and (6.4)
require a detailed analysis of the continuity and convergence criteria@rwhen

a = b, and, therefore, may not be deduced directly from equation (8.1).
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