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Generating function

1. Introduction

The Touchard polynomials (also called exponential polynomials) may be defined (see, e.g., [1,2,6,16,17]) for n € N by

Th(x):=e™* (x%)nex. (1.1)

In the following we also use the notation D = 9, = &L. If we further denote the operator of multiplication with x by X, i.e.,
(Xf)(x) = xf(x) for all functions f considered, we can make contact with operational formulas [16,17]. For example, using
the fact that (XD)" = S°0_,S(n, k)X*D*, where S(n, k) denotes the Stirling numbers of the second kind, one obtains directly
from the definition of the Touchard polynomials the relation

Ta(x) = ZH:S(n, k)xk = B,(x), (1.2)
k=0

where the second equality corresponds to the definition of the conventional Bell polynomials. Dattoli et al. introduced in [6,
Eq. (36)] Touchard polynomials of higher order. They are defined for m € N (and n € N) by
T (x) = e *(x™dy)"e, (1.3)

n

and reduce for m = 1 to the conventional Touchard polynomials from above. Many of their properties are discussed in [6]. In
particular, noting that the normal ordering of (x™9,)" leads to the generalized Stirling numbers S, 1 (n, k) considered, e.g., by
Lang [12], one has a close connection between the Touchard polynomials of order m and the Stirling numbers Sy, 1 (n, k). It
was mentioned in [6, Eq. (37)] that the higher order Touchard polynomials satisfy the recursion relation

(X" +X"9)T™ (x) = T, (x). (1.4)

n n+1
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In [15] the Touchard polynomials of negative integer order —m (with m € N) are defined for all n € N by

T{™ (x) == e *(x "0,)"e", (1.5)
and several of their properties are discussed (in close analogy to the Touchard polynomials of higher order considered in [6]).
For example, from the definition above, it is easy to see that the analog of (1.4) holds true, i.e.,

XM +x"INTU™ (x) = TV (x). (1.6)

n+1

Note that one can also define the Touchard polynomials of order zero, but due to T\”(x) = e*d%e* = 1 for all n € N, no
interesting polynomials result. As a particular example let us mention that one has a very close connection (mentioned
in the main text below) between T! " (x) and Bessel polynomials. In the general case it was shown in [15] that the Tou-
chard polynomials (of arbitrary order m € Z) have a nice expression in terms of the generalized Stirling and Bell num-
bers discussed by the authors in [13,14]. The aim of the present paper is to continue the study of the Touchard
polynomials of negative order. Several results will be derived in analogy to the case of Touchard polynomials of higher
order (treated in [6]) and new results will be given for arbitrary order, e.g., a new recursion relation. Furthermore, sev-
eral connections of the generalized Touchard polynomials to other combinatorial objects will be drawn and a further
generalization is suggested.

Let us outline the structure of the paper in more detail. In Section 2 we consider the Touchard polynomials of order
—1 in detail since it is possible to derive all results completely explicit. In particular, using these results it is possible to
find an explicit binomial formula for variables U,V satisfying UV = VU — V* involving Bessel polynomials. In Section 3
the Touchard polynomials of arbitrary negative integer order are discussed along the same lines. A recursion relation
for the generalized Touchard polynomials of arbitrary integer order is derived in Section 4. In Section 5 it is suggested
to consider generalized Touchard functions of arbitrary real order. As a particular example the case of order 1/2 is dis-
cussed and it is shown that the associated Touchard functions are given by Hermite polynomials. In Section 6 we moti-
vate a further generalization and introduce so called Comtet-Touchard functions associated to powers of an arbitrary
derivation. Finally, in Section 7 some conclusions are presented and some possible avenues for future research are
outlined.

2. The Touchard polynomials of order —1

It was observed in [15] that for the Touchard polynomials of negative order the first nontrivial case m = 1 seems to be
much nicer than the general case. This is the reason why we treat in the present section this case explicitly before turning
to the general case in the next section. From (1.6) we obtain in the case m = 1 that

x T +x1o)T V() = TV (x).

n+1

Introducing the operator M; := (x ! +x~'8,) we can denote this as M{T\ " (x) = T}/ (), yielding

t -
> T (0 = eM T (). 1)
k=0""

To understand the right-hand side, we have to study the operator
etM1 _ et(x’1+x’]('ix)" (22)

closer, i.e., we need a disentanglement identity which would allow us to write this as a product of two operators where each
factor depends on only one of the operators. Let us recall from [8, Eq. (1.2.34)] the following crucial result: Given two oper-
ators A, B satisfying [A, B] = mA", one has the following disentanglement identity

B — ex {(1 +m(n— DA™ - 1}} e (2.3)

1

P Ln(zm
For the case we are interested in we identify A = tx~' and B = tx 19, with commutation relation

[AB] =t A’
Thus, we can use (2.3) with m = t~! and n = 3 to find after some simplifications

M8 — exp [t/r1 {(1 +201A%) 1” ek,
which can be expressed in terms of the original operators as

a1 +x 10 e\/mfxetx*wx_ (2.4)

This is the sought-for disentanglement identity. Inserting this into (2.1), we obtain
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t o Ve -1
_ +2t—x ptx 19 (-1)
ZHTM (x)=e e TN (%),

Recalling from [15, Corollary 6.15] that
e f (x) =f(‘ /X2 1 2)_)7 (2.5)
we have shown the following proposition as analog to [6, Eq. (38)].

Proposition 2.1. The Touchard polynomials of order —1 satisfy the relation

o Y v
Zkl n+k =e x2+2[7xTr(1 U( x? + Zt)' (26)
k=0
According to [15, Corollary 6.15], eV¥+2* is the exponential generating function of the T{ " (x). It follows that

Z(X X 10x) kl —e txTxloy) e\/xz+2t—xetx’lﬁx _ {Z o m }{le 13x }

k=0 m=0 =0
E IS S\ 70 iy (-t
- Zs' ZO . T ) (X)(x710y)" .
Comparing coefficients yields the following corollary as analog to [6, Eq. (39)].

Corollary 2.2. For k € Ny one has the operational relation

k k
X Tx19) =" ( ) ) TV (x)(x7 19y (2.7)
r=0
In the particular case we are considering one has a beautiful expression for Tﬁf” (x) in terms of Bessel polynomials. The n-
th Bessel polynomial (with n € Np) is defined by

N~ (Rt
Yal¥) := ng‘zkkx(n - k)!x ’ @8)

see, e.g., [20] where also some properties of these polynomials as well as those of the corresponding Bessel numbers can be
found. The first few Bessel polynomials are given by
Vo) =1, y(X)=14%, y,(x)=1+3x+3x% (2.9)

According to [15, Theorem 6.10], one has the relation

_ , 1
T =3 ()

This is valid for ¢ > 0, but if we set for convenience y_;(x) = 1 it also holds true for ¢ = 0. Using this relation, (2.7) can be
written alternatively as

k k

(' +xay) = Z( )x*k*“yk,rq (=X )"0y (2.10)
r=0 r

This identity can now be interpreted in a straightforward fashion as a particular example of a noncommutative binomial the-

orem. In [13] variables U,V were considered which satisfy the commutation relation

UV = VU + hV*, (2.11)

for arbitrary s € R (and h # 0). In the particular case s = 0 and h = 1 this reduces to the commutation relation of the Weyl
algebra generated by {X, 9y} satisfying dyoX =Xo 9, + 1 (thus, U 9y and V i X). For variables U,V satisfying (2.11)
expressions for (U + V)" were discussed in [13] (see also the many references to the literature for particular choices of
parameters s,h given therein). In the case at hand we identify X'—V and X '9,—~U and find that
X oo X ' =XT1oX 19, — (X", or

Uv =vU - V3. (2.12)

Thus, the algebra generated by {X ', X"'9,} (with the above commutation relation) yields an example for (2.11) with s = 3
and h = —1. The identity (2.10) can then be interpreted as follows.
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Theorem 2.3. Let U,V be variables satisfying UV = VU — V3. Then the following binomial formula holds true for any k € Ng
k

k
Vvt =3 ([ e 213

r=0

where y, are the Bessel polynomials introduced in (2.8).
In the beautiful formula (2.13) the factor y,_, ;(—V) arises due to the noncommutative nature of the variables and com-
pletely describes it (for commuting variables U,V this factor is absent in the binomial formula).

Example 2.4. Let us consider the first few instances of (2.13). For k = 0 the identity (2.13) reduces to the trivial statement
1 =1 (note that we have here used the convention y_;(x) = 1). For k = 1 the left-hand side yields V + U, whereas the right-
hand side yields explicitly <(1)>Vyo(—V)U0 + <} >V°y,] (=V)U' = V 4 U, where we have used the convention y_;(-V) =1

as well as the explicit expression y,(—V) = 1, see (2.9). For k = 2 the right-hand side of (2.13) gives the explicit expression

2 2 2
<0>V2y1(—V)UO + (1 )Vyo(fV)U+ <2>V°y_1(—V)U2 =V 2W -V + U

where we have used the conventiony ;(-V ) = 1 as well as the explicit expressions y,(—V) = 1and y,(-V) =1 — V, see (2.9).
On the other hand, computing (V+U)* = (V4 U)(V+U)=V?+VU+UV +U? and using the commutation relation
UV = VU — V? leads to the same result, as it should. As a final example, we consider k = 3 where the right-hand side of
(2.13) gives the explicit expression

<3>V3y2(—V)UO + <?>V2y1(7V)U+ <3>Vyo(fV)U2 + G)v‘)y,l(fwu?

Using the convention y_;(—V) =1 as well as the explicit expressions given in (2.9), this equals
V31 =3V +3V?) +3V2(1 - V)U + 3VU? + U3,

On the other hand, one may compute directly
(V4+U)P = (V+U)(V+U? = (V+U)(V2 -V +2VU + U?),

which gives - after using several times the commutation relation - the same result. Note that the highest power of V which
appears is V°. From (2.13) one reads off that in general the highest power of V which appears in the explicit expression of
(V4 U)¥is v,

Remark 2.5. It is interesting to compare the above result to the ones derived in [13]. For example, it was shown in [13, Prop-
osition 5.2] that one has for variables U, V satisfying (2.11) that (we have switched the notation to the one used here)

k  [k=r—1 )
V + U Z ( Z hld;j)(r7 i)vk—r+z(s—2)> Ur7 (2’14)

r=0 i=0

where the coefficients d}f) (j,i) satisfy a particular recursion relation (and their generating function is stated in [13, Theo-
rem 5.3]). This expression reduces for s =3 and h = —1 to

k k—r—1 X
(V+U) = "vEr ( S (v, i)> U,
r=0 i=0
which, upon comparison with (2.13), allows us to conclude that
k k-r—1 : )
(FJperatv= > v m,
i-0
Using the explicit expression for y,(x) given in (2.8), one finds
k — i—1)!
4% (r.i) = ( > '(.k r+i ; 1) .
r) 2k —r—i-1)!
Before we close this section, we would like to point out how the above methods can be used to derive a summation for-
mula for Bessel functions in a slightly alternative fashion to [7]. Let us denote for I € N by J,(x) the cylindrical Bessel function

which satisfy the identity (1 dx) {1} = %j,+,<( see [19, Section 17-211]. If we consider [ = 0 as well as k = n, then
multiplication with £ on both sides and summing over n yields

—_1)"
> () o =S S,

n=0
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which is Eq. (8) of [7]. Letting T = —tx, one obtains

(& JO Z n,]n
n=0
Using (2.5), the left-hand side equals J,(v/x? + 1), giving finally the identity [7, Eq. (16)].
Jo(VR =) = Z ]n( ):

n>0

3. The Touchard polynomials of arbitrary negative integer order

In the previous section we considered the Touchard polynomials of order —1. In this section we transfer the above treat-
ment to the Touchard polynomials of arbitrary negative (integer) order —m. Introducing the operator M,, := (x™™ + x"™dy),
we can write as above

S ETER0) = T i) 6.1)
k=0

and have to study the operator
e[Mm — et(xierximax). (32)

Identifying A = tx ™ and B = tx ™d,, one obtains the commutation relation

2m+1

[A,B] = mt A" (3.3)

Thus, we can use the disentanglement identity (2.3) (with parameters mt = and 2mil) o find after some simplifications
1
B — exp {(tA’l)%{(l +(m+ 1A “)“” - 1He3
This can be expressed in terms of the original operators as
TR o /AT (m )X ptx 0y (34)

Inserting this into (3.1), we obtain

"'*J/ m+1 1)t—X ptx M9y T(—m)
Zkl n+k K e T ().

Recalling from [15, Eq. (6.27)] that
e "fl = (" m 1)),
we have shown the following generalization of Proposition 2.1 to arbitrary order —m

Proposition 3.1. The Touchard polynomials of order —m with m € N satisfy the relation

k
S T (9 = ¢ VR (i fent 4 1 1)) 35)

k=0
Accordmg to [15, Theorem 6.14], e "V*"+m+1=x js the exponential generating function of the T, ™ (x). As in the case
= 1 one can use this to derive from the disentanglement identity (3.4) the following generalization of Corollary 2.2 to arbi-
trary order —m

Corollary 3.2. One has for m € N and k € Ng the operational relation

ko rk
(x4 x o)k = Z(JT;{:T)(x)(x*max)r. (3.6)
r=0
Similar to the case m = 1, we can interpret this identity in terms of noncommuting variables U, V. In the case at hand we
identify X ™ +— V as well as X" "9, — U and obtain from (3.3) the commutation relation

2m+1

UvV=VU-mVm, (3.7)
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which reduces to (2.12) for m = 1. Thus, the case of order —m corresponds to the choice of parameters h = —m and s = 224!
in the relation (2.11). The identity of Corollary 3.2 can be written in terms of the variables U,V as

k
V+Uk=>" (’;)T{T)(V’%)U? (3.8)

r=0

In the case m = 1 we could use an expression of the Touchard polynomials of order —1 in terms of Bessel polynomials to
derive a nice binomial formula. In the case of arbitrary order —m such an explicit expression is not known. However, using
generalized Stirling numbers (or Bell polynomials) we can write (3.8) in another fashion. For this let us recall that general-
ized Stirling numbers &g (1, k) were introduced in [13-15] as normal ordering coefficients of (VU)" in the variables U, V sat-
isfying (2.11), i.e., one has

n
(VU)" _ ngzh(m k)vs(nfk)JrkUk. (3.9)
k=0

The special case s = 0 and h = 1 corresponds to variables U,V satisfying UV = VU + 1 (i.e., the Weyl algebra) and it follows
that Sg4 (n, k) = S(n, k), the conventional Stirling numbers of the second kind. The corresponding generalized Bell polynomi-
als are defined as usual, i.e.,

%s:h\n(x) = Zsszh(nv k)xk'
k=0

It was shown in [15, Theorem 6.8] that one has the relation

Ty ™ (%) = x " "B (). (3.10)

n

Therefore, we can write (3.8) as
k

V4= ('ﬁ) VIR (VU

r=0

This shows the following theorem.

Theorem 3.3. Let U,V be variables satisfying the commutation relation UV = VU — mV*%" with m € N. Then the following
noncommutative binomial theorem holds true for any k € Ng

(V+U)k:i<k>vk-r8,§'fi(w>u’, (3.11)

r=0 r

where the polynomial BE'")(X) is given explicitly by

14
B (%) = X' Buir_pyo(X71) =Y Gmir_p (€,5)X. (3.12)
s=0

Theorem 3.3 is the generalization of Theorem 2.3 to arbitrary negative order —m with m € N. The polynomials BE,’") (%) -
which measure the influence of the noncommutativity of the variables U,V - seem to be rather poorly understood, in con-
trast to the special case m = 1 where Bessel polynomials appear.

—1

Remark 3.4. The highest power of V which appears in the normal ordering of (U + V)k is V" (which reduces form = 1 to

V2k-1) To see this, it is clear that in the sum of the right-hand side of (3.11) only the summand r = 0 has to be considered, i.e.,

k-1
vEB™ ( W) From the explicit expression given in (3.12) and the fact that Gu.1_, (¢, k) = 5, we find 5" (\/V) ~ (W) o

showing the assertion. This also fits the general formula given in (2.14). Note that on the right-hand side of (2.14) the highest
power of V which appears is given in the case s > 2 by V¥**~16-2)_n the case at hand we have s = 2mi1 > 2 and it follows

(m+1)k-1
m .

that VKHk=Dis=2) v/
The same arguments as above can be used for the generalized Touchard polynomials T (x) with m e N. Here we have [6,
Eq. (39)]
ko rk
(X" X" =Y ( r)T;jf;(x)(xmax)f.
r=0

As above, x™ — V and x™9, — U corresponds to variables U,V satisfying UV = VU + mV*#. For these variables one has thus

(V4+UF=3*, ( ’; ) T{™ (Vm)U". Using (4.2), this equals
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(VU= Xk: ( ’;) ver(99) s (vv)u.

r=0

Now, we can formulate the analog to Theorem 3.3.

Theorem 3.5. Let U,V be variables satisfying the commutation relation UV = VU + mV*" with m € N. Then the following
noncommutative binomial theorem holds true for any k € Ny

k rk
k k—r(m) ([ m T
(V+ U= ;(r)v C,H<\/V>U, (3.13)
where Cﬁ””(x) is given explicitly by

4
CM (%) = X" Bty (X) = D Gur(6,9)%. (3.14)

s=0

Remark 3.6. The function ¢!™ (x) of Theorem 3.5 results from the polynomial 3§"‘>(x) appearing in Theorem 3.3 by switching
formally from m to —m as well as from x to x1, i.e.,

4. A recursion relation of the generalized Touchard polynomials

For the conventional Touchard polynomials one can easily derive a recursion relation due to the identification (1.2) with
the Bell polynomials. Using that the exponential generating function of the Bell polynomials is given by ¢, we obtain

D Ta(x) 5 =¥
n=0
Taking a derivative with respect to z, this shows
. z"
> Ta(x) ——xeze” —X(Zl'> (ZT )—xZ{Z( ) )}n!'
n=0 =0 m=0 n=0

Comparing coefficients gives the recursion relation

,XZ< )T (4.1)

which can be found in exactly this form in [2, Eq. (2.14)]. Now, we want to derive an analogous recursion relation for the
generalized Touchard polynomials. For this we consider first the case T;’")(x) with m € N. Here we have the following relation
to the generalized Bell polynomials [15, Theorem 6.1]

T (%) = X" DBy (X), (4.2)

and the main task is to establish a recursion relation for the generalized Bell polynomials. In [14, Corollary 4.1] the exponen-
tial generating function of the generalized Bell polynomials By, (x) is given in a slightly implicit form. There one has to con-
sider the cases s=0,s=1 and s € R\ {0,1} separately. In the case we are interested in we have s(m)="-1, so that
s(1) =0,s(2) =1 and s(m) € (0,1) for m € {2,3,...}. Since the case s(m) = 0 (i.e, m = 1) is the conventional case, we restrict
to the case m > 2. Then we can use [14, Corollary 4.1], giving the exponential generating function of the generalized Bell
polynomials

S B2 = e {10 (43)
n=0
Following the strategy from above, we take a derivative with respect to z and obtain
—1 m
S By (02 = (1 — hsz) Fer U0 1 e S 80 2

n=0 m=0

Using

1 1_ r d
(1—hsz)* = Z(”Sr 1>(hs)rz’ = (rr(+) )(hs)rz

r=0
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one finds
r(r+1
ZB: h\n+l (2(1_,15) ) (Z%shm >
n>0 r=0 (?) m=0

Comparing coefficients shows the following theorem.

Theorem 4.1. Let h # 0 and s € R\ {0, 1}. The generalized Bell polynomials satisfy the recursion relation

k
%5 h‘n+] = XZ ( k) nr l)+ ) (hs)nJ{%s;h\k(x).

S
To obtain the recursion relation for the generalized Touchard polynomials, it remains to combine (4.2) and Theorem 4.1:

/n\T'(n—k+ -2
T 00 = Xm0 = e () EE B ks,
\k/) TR

_,m ~(n F(n_l<—~—ml—) - m—1)yn—kg(m)
- kZ;(lc) rGEy (Mo T

m-1

The last equation is the sought-for recursion relation in the case m > 2. Let us turn to the generalized Touchard polynomials
of negative order, i.e., to T ™ (x) with m € N. Using (3.10), we see that the parameter s(—m) of the corresponding generalized
Bell polynomial is given by s(—m) = X1 € (1, 2] so that one can use Theorem 4.1 as in the case of positive order. A calculation
similar to the one above shows that

TélT)(X)=X’"Zn:<Z>(F(k+)m“>[ (m -+ Dx MR (x),

_m_
k=0 m+1

Note that this recursion relation is the same as the one which results from the one given for T{"™ (x) above by switching for-
mally from m to —m! Thus, we can combine these two relations into one relation for arbitrary integer order.

Theorem 4.2. Let r € Z \ {0, 1}. The generalized Touchard polynomials of order r satisfy the recursion relation

r—1

r _ rn n l"(n—k—s—r%) r—1)jn=kp(r
400 =3 ) ey DR ) 44)

Remark 4.3. Let us discuss briefly the two cases r = 0, 1 excluded in Theorem 4.2. In the trivial case r = 0 one has T'" (x) = 1
for all n, implying Tﬂ] (x) = T9(x). The case r =1 corresponds to the conventional case with recursion relation (4.1).
Although we have excluded this case in the derivation of Theorem 4.2, we can nevertheless see what happens in (4.4) when

“r — 1". Since there are terms containing -1, we cannot insert r = 1 directly. However, if we define for r € R with r > 1

I(n—k+:5) 1k
T[(”*l)x( v,

then we can write (4.4) as

—xZ( ) (1, X) TV ().

Since one has for fixed n, k, x that

Ang(r,x) :=

limA,k(r,x) =1,
r—1

this shows that - in a certain sense - (4.4) reduces to (4.1) forr — 1.
Before closing this section, let us point out that one can switch in the definition (1.1) to another variable as follows. If we

dz
one can write (1.1) equivalently as the well-known Rodriguez-like formula

T.(€%) =e (%)neez. (4.5)

let x(z) = €7, then one finds due to the transformation x &~»x(z) (M) 4 that the operator x £ becomes the operator £. Thus,

For T\ (x) with arbitrary r € Z one can do the same thing (a closely related argument was used in [6]). Here we want to find a
function x,(z) such that x" £ transforms into 4. In general, one obtains by the change of variable x-»x,(z) for x" & the operator
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-1
{x:(2)} (%) 4 so that we have to solve the differential equation % = {x,(2)}". For r = 1 we obtain the solution x; (z) = €?

from above and are done. For r € Z \ {1} we obtain the solution x,(z) = {(1 — r)z}"]_l = '*\‘/<1TT>£ and obtain as analog to (4.5)

the following proposition.

Proposition 4.4. The generalized Touchard polynomials Tfﬁ satisfy for r € Z \ {1} the Rodriguez-like formula

1 L d\"
T ——— | =e W(E) e ViE, (4.6)

Example 4.5. Let us consider r = 2. Here we get x,(z) = —1 and, therefore, the nice formula

1 1 d n 1
(2) P — pz| — -z
T; ( z) e (dz) ez,

As another example we choose r = —1. Here we get x_;(z) = v2z and, consequently,

Tf[”(\/fz) =e vV (dﬂz)ne\/z.

5. The Touchard functions of arbitrary real order

Recall that we defined for any m € 7\ {0} the generalized Touchard polynomials of order m by
TV (x) = e *(X"0y)"e",
(which for m < 0 are polynomials in x~1). It is then tempting to introduce for any o € R \ {0} generalized Touchard functions of
order o by exactly the same formula, i.e.,
T (x) == e™*(x*8,)"€". (5.1)

As above there exist two natural pairs of associated noncommutatiyp variables. On the one hand one can consider V; = X*
and U; = o, implying the commutation relation U;V; = V,U; + aV,” . Thus, this gives an example of (2.11) with s = %1 and
h = «. It follows from (3.9) that

u —
(V{Uu)" = Ze";ﬁ:z(n’ k)vl—ql(n—k)JrkU,;’
k=0

implying
n
Tﬁld)(x) =Xt e’—”:zx(nv k)xk = X(ail)n%x,;l:odn(x)' (52)
k=0 * *
On the other hand, one can consider the pair U, = X*9, and V, = X* with the commutation relation U,V, = V,U; + ocVZ;Tl.

Thus, if we want to consider (x* 4+ x*9,)* in analogy to above, we are led to the pair {V,,U,} of noncommuting variables

which is a particular case of (2.11) with (s,, h,) = (221, ).

Example 5.1. For the choice o =1 one finds (s;, h;) = (0,1), i.e,, the variables V, and U, satisfy the (scaled) Weyl algebra
U,V, =V,oU, + % In this case the explicit formuia for (Vo + Uz)" has been established already long ago, see the remarks and
literature given in [13]. To be more concrete, consider the operators X and ©, (with h € R) satisfying the commutation
relation Dy X = XDy, + h. Then one can write

ko /k

X+ D)k = Hi (X, h)D}, 5.3

e =3 e ey 53)
where the polynomials H,(x, h) are a variant of the Hermite polynomials, see the discussion in [13]. In an equivalent form
this identity was already known to Burchnall [3]. In [9] a variant of the Burchnall identity was discussed in the context of
generalized shift operators E = e/ 10@/® = e/7x with 7, = q(x) &. Defining F,(x) = [* % one obtains the identity

N k ok N
(R + 207" =3 ) @B '
r=0

where the functions hﬁf) (x,y) are called pseudo-Hermite-Kampé de Feriet polynomials [9]. Here one has the commutation
relation [2y7y,Fq(x)] =y, i.e., Fq(x) and 2y7, satisfy a (scaled) Weyl algebra. Choosing y =1 and q(x) =1, i.e., Fq(x) =X
and 7, = 4, one obtains the conventional Burchnall identity.
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Comparing the identity mentioned in the preceding example with (3.8), one expects that the Touchard functions of order
o =1 are given by Hermite polynomials. This is what we will show in Theorem 5.3 after having established a necessary
Lemma.

Lemma 5.2. Let h € C\ {0}. The generalized Bell polynomials satisfy
X
%s:h\n(x) = hn%s:l\n (E) .

Proof. Using the relation S,,(n, k) = h"™ kos](n,k) of the generalized Stirling numbers [14], the assertion follows directly
from the definition of the generalized Bell polynomials since

Bpyn (X Z\-'sh (n, k)x* *hnzom (n, k) ( ) :hn%s;un(%)»

as requested. O

Recall that the Hermite polynomials H,(x) can be defined by their exponential generating function [5, p. 50],

ezt _ ZH” (2) ﬁ (5.4)

|
n=0 n

Theorem 5.3. The Touchard functions of order 1 can be expressed by Hermite polynomials, i.e.,

T () = (%) Ha(~iVR). (5.5)

Proof. From (5.2) we immediately obtain

100 =288 1300 = (52 B2,

where we have used Lemma 5.2 in the second equation. In [15, Proposition 6.13] it was shown that

B_r.1n(y) = <l\\;_> (1{})

Inserting this into the above equation yields the assertion. O

Remark 5.4. The connection between T,g%) (x) and H,(x) can also be seen as follows. Using that the formula given in Propo-
sition 4.4 also holds for r € R\ {1}, we can choose r =1 to find x;»(z) = (%)° and, therefore,

(E)) =t (L) e

Recalling that the classical Rodriguez formula for H,(x) is given by H,(x) = (—1)"e*’ (diﬁ()"e*"2 [17, p. 45], this shows the con-
nection in an alternative way.

Above we have seen that the variables U,, V, corresponding to o satisfy (2.11) with s, = 2% (and h, = o). Let us check
when s, ez\{2}. If s,=n then o,=5. Thus, op=10=103=-1 oc4_ 1,05 =-1.., whereas
oy =30,=210a3=1_._ For example, if o« =-1 then {x!,x'4} corresponds to variables {V,,U,} satisfying
U,V, = V,U, — V3 as discussed in Section 2. If o = —1/3 then {x ‘/3, -1 4} corresponds to variables {V,U,} satisfying
u,v, =V,U, %vg. To derive a binomial formula for these variables in analogy to above one needs information about,
e.g., the exponential generating function of T (x). However, since we cannot cite the relevant properties (as in the case
of order m with m € Z) we refrain from a closer study of these functions and turn instead to another generalization in
the next section.

Remark 5.5. Let us point out that in [1] certain analogs of the Touchard (or exponential) polynomials are considered.
k

Recallmg the definition Tn(x)fe*"(xﬁ) X =31 oS(n,k)x¥, one can consider instead of e*=3,_ % the function

L = 34> 0X* and define in analogy to T, (x) the functions

Un(x) := (1 -X) <x%>n{llj}
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Introducing the geometric polynomials by w,(x) = S°p_oS(n, k)k!x* [1, Eq. (3.3)], one can show that (xdix)"{llj} =5 o ()
[1, Eq. (3.8)]. Thus,
X
Unt2) = (7).
If we denote by A,(x) the Eulerian polynomials [5], one has A,(x) = (1-x)"wa(s%) [1, Eq. (3.18)], implying
Un(x) = (1 —x)"An(x). Following the idea of the present section, one should define for « R the functions
UY(x) = (1 —x)(x*4)"{;1.} and consider their properties.

6. Outlook: a further generalization of Touchard functions

In this section we want to sketch a possible further generalization of the Touchard functions considered above. Recall that
we defined Touchard functions T\ (x) for arbitrary o € R by T\ (x) = e~ (x d) e*. The operator x* & can be interpreted in an
algebraic fashion as derivation (and in a more geometric fashion as a vector field). Its exponentlal thus represents an auto-
morphism (and is also called generalized shift operator [9] or exponential operator [8]). A general derivation can be written in
the form

. d
Ty =8(X)—
X g( ) dX’
where the function g is assumed to be “sufficiently smooth” (e.g., analytic in an open interval). Using such a general deriva-
tion instead of x* &, one is led to the following definition.

Definition 6.1 (Comtet-Touchard function associated to g). Let g be a smooth function. The Comtet-Touchard functions T (x)
associated to g are defined for n € N by

T (x) :=e™ (g(X) %) e (6.1)

Clearly, for g(x) = x* this definition gives back the Touchard functions considered in previous sections. The reason for call-
ing these functions Comtet-Touchard functions is that L. Comtet considered in 1973 [4] expressions of the form (g(x) £)" in
detail and obtained in particular the following theorem.

Theorem 6.2 (Comtet). Let g be a smooth function. Then one has for any n € N the expansion
d n B n ® d 1
(smg) =2me0(g)

where for 1 <1< n

3 g(x) "H 2. (%)
kq +-+ky_q =n-I(k;>0) =1 ;!
ky+-+k;<i(1<i<n)

where &, (%) is the k;j-th derivative function of g(x).
The numbers appearing as coefficients in the above expressions for Tg)( x) are related to the number of rooted trees and
can be found as A139605 in OEIS [18]. Let us give the cases n = 2,3 explicitly where we write briefly g = g(x):

(g%f =88 (c%x) +8 (i{)z
o) -1t ) () 5

Thus one has for n=1 trivially T =g for n=2 that T§ =gg, T, =g> and for n=3 that
TS = g} + 828, TS) = 382g,,T¥} = g°. It is easy to see that one has in general T¥) = g".

Proposition 6.3. The Comtet-Touchard functions associated to g are given for any n € N by
T¥(x) = > TE (), (6.2)
where T (x) are given by Theorem 6.2.

Proof. Inserting the expansion given in Theorem 6.2 into (6.1) shows the assertion. O
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Let us give the first few Comtet-Touchard functions explicitly where we denote the derivative with respect to x by a
prime:

TS (x) = g(x){g'(X) + 8(X)},
T (x) = g(x){(g’ (X)) +8(x)g"(x) +38(x)g (x) + &(x)°}.

If we follow the procedure of the previous sections, we should consider the exponential generating function of the Comtet-
Touchard functions. Using the operational method, one obtains from the definition

t" a\", t" dA\"\ o et
Znu n _Zﬁe (g(x)a> e=e <Zn'<g(x)dx> )e = e~*e'tWike,

n=0 n=0 n=0"""

Following [8,9] (see also [11]), we introduce
X dc
g(0)’
and denote by Fgl its inverse. Then one can write [8, Eq. (1.2.7)] for the associated exponential operator
eSWEF(x) = f{F, " (Fg(x) + 1)}. (6.3)

Thus, we have shown the following proposition.

Fg(x) :=

Proposition 6.4. The exponential generating function of the Comtet-Touchard functions associated to g is given by

an ¢ — ofe' {Fa(+}—x (6.4)
n=0
where Fy(x) := [* & and F,' denotes its inverse.
The expression given in (6.4) hides the complexity that one has to solve an integral for F, and find the inverse function
F;. Clearly, if we choose g(x) = x* (in particular with o € Z) we obtain the results discussed in previous sections. In the gen-
eral framework one could also be interested in other cases, for example polynomials instead of monomials.

Example 6.5. Let us consider g(x) = x? + 1. It follows that Fg(x) = j" dLZ = arctan(x) as well as I-‘g’1 (x) = tan(x). Thus, from
(6.4) one finds

Z —T® (x) = etan{arctan(x)+t}—x_

tan(a)+tan(b)
1-tan(a) tan(b)’

(1 +x) tan(t)
Zn' " p(l—xtan(t))'

n=0

Using tan(a + b) = one can get rid of the arctan and obtains

In the same fashion one can use (6.3) to obtain for the action of the associated exponential operator

et(”"z)%f(x) :f<xcos(t) + sin(t))

cos(t) —xsin(t))’

a relation which was already given in [8, Eq. (1.2.7)]. Analogous formulas for the case g(x) = vx2 + 1 can also be found in [8].

It is worth pointing out that in [8] a wealth of information concerning exponential operators and operational rules can be
found, e.g., when the exponent is generalized to an arbitrary first order differential operator or to (special) operators contain-
ing higher order derivatives. Ihara considered similar problems in a closely related context in a more algebraic fashion [11]. A
generalization of Theorem 6.2 to the case of several dimensions has been established by Ginocchio [10]. In the following re-
mark the consideration of Tf? (x) from above is generalized further, but only in principle (due to the increasing complexity it
will be extremely difficult to obtain explicit expressions).

Remark 6.6. Recall that we defined the Comtet-Touchard functions associated to g by (6.1). Here we have used the

derivation g(x ) associated to g. More generally, we can also consider a general differential operator of order one, i.e.,
Dgy=8X) L+ v( ). Thus, we introduce the following Comtet-Touchard functions associated to (g, v) by

TEV(x) = e *(Dg,)"e" = e (g(x)%Jr v(x))nex. (6.5)
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It is clear that one can generalize this to differential operators D, = am(x)fx—m,,. 4+ ar(X) L+ ap(x) (with
a = (am,am_1,...,01,00)) of arbitrary order by setting T3(x) := e *(D,)"e*. However, since the resulting expressions will be-
come quickly messy, we restrict to the first order case. We will not attempt to give an explicit expression for
{g(x) & + v(x)}", thereby generalizing Theorem 6.2 of Comtet. Instead, we consider the exponential generating function of
T#")(x) and the same argument as above shows that

Z T (g.) e—xet{g(x)%Jrv(x))ex.
n "
n=0
The action of the exponential operator can be described as follows [8, p. 6]. If we let x(t) and k(t) be the solutions of the sys-
tem of first order differential equations
d
2 X0 = 8(x(1)), x(0) = x,

%k(t) = v(x(t)k(t), k(0) =1,

then one has the relation [8, Eq. (1.2.25)]:
e EWE I f (x) = F(x(0))k(E). (6.6)

(The notation is slightly misleading since k(t) can also depend on x, see the example below.) Note that in the case v = 0 the
second differential equation implies k(t) = 1 for all t, so that we get back the result (6.3), i.e., x(t) = F; {Fg(x) + t} in the nota-
tion from above. Thus, using these notations, we can write

t" N -1 B

ZmTﬁg’”’ (x) = eOXk(t) = efs Fe+ =X (p),
n=0

As a particular example, let us consider the operator 4 + x, i.e., g(x) = 1 as well as v(x) = x. The first differential equation

reduces to x'(t)=1 with x(0) =x, yielding x(t) =x+t. Therefore, the second differential equation reduces to

K (t) = (x + )k(t) with k(0) = 1, yielding k(t) = e*+?*/2, Thus,

t" (1,id) ¢t
D ST (x) = el
n;On'

The right-hand side is very similar to the exponential generating function of the Hermite polynomials, see (5.4). This is not
surprising since we can use the Burchnall identity (5.3) to obtain

Tg‘id)(x)—e"(%-i-)()nex_ex(i;(’:)H,, r(x,1) < ) )e" Z( > nr(X,1).

7. Conclusions

We discussed several properties of the generalized Touchard polynomials, e.g., a recursion relation generalizing the one of
the conventional Touchard polynomials. Furthermore, an interpretation of some operational formulas was given in terms of
a binomial theorem for particular noncommuting variables. It was suggested to consider generalized Touchard functions
associated to x* £ with arbitrary o € R and as a first example it was shown that the resulting Touchard functions of order
o=1/2 are glven by Hermite polynomials. Generalizing still further, we introduced so called Comtet-Touchard functions
associated to arbitrary derivations g(x) £ and showed first properties of these functions, using in particular Comtet’s result
about powers of g(x) £ (hence the name Comtet-Touchard). We believe that the class of Comtet-Touchard functions pro-
vides a natural and unifying framework which merits closer study.

Let us mention some possible avenues for future investigations. Apart from the already mentioned closer study of the
Comtet-Touchard functions, we think it might be worthwhile to consider a g-deformed version of the generalized Touchard
polynomials. Let us give some details. If we denote by S,(n, k) the g-deformed Stirling numbers of the second kind and by D,
the Jackson-derivative Dyf(x) M one has the well known operational relation (XD,)" Z,’jzosq(n,k)x"D’;. Using the

53
basic numbers [n], =1+q + q> + ---+ ¢!, we introduce the two classic g-deformed exponential functions

n (3) yn

Recalling that e, is an eigenfunction for D, and that E,(—x) = (e,(x))”", we may introduce the g-deformed generalized Tou-
chard polynomials of order m € Z (and n € N) by

T\ (X) == Eq(—x)(x"Dg)"eq(X).
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Clearly, considering g = 1 gives back the generalized Touchard polynomials studied in the present paper. For m = 1 we write
T\ (%) = Tnq(x) and obtain in close analogy to (1.2) that Tng(x) = 3§ _Sq(n, k)x* = By4(x). One may then hope that it is pos-
sible to generalize the results of the present paper to this g-deformed situation.

In a different direction, the functions B{"™ (x) appearing in Theorem 3.5 and describing the influence of the noncommuta-
tivity of the variables U,V (satisfying UV = VU — sz'"Tq) in the binomial formula should be understood better. In the case
m = 1 the same role is played by the Bessel polynomials, so the functions 8™ (x) should be considered as some kind of “high-
er order analog” to the Bessel polynomials. The coefficients of the Bessel polynomials - the Bessel numbers - have a nice
combinatorial interpretation, so one should consider the coefficients of 8™ (x) in an analogous fashion and find out whether
they have a nice combinatorial interpretation, too.

As a final point we would like to mention the consideration of the generalized Touchard functions of order o € R. We con-

1
sidered the particular case « = 1/2 and showed that T,EZ) (x) is given by a Hermite polynomial. It would be interesting to find
out whether one has a relation to other well-known polynomials for appropriate choices of . Furthermore, one should also
consider the associated exponential generating function, the recursion relation, etc.
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