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1. Introduction

In this paper, we deal with two types of arithmetical triangles. Those of the first type are remainders
thatappearin aniterative process, those of the second one can be interpreted as changes of variables. All
elements in both types are invertible Riordan arrays (or Riordan matrices) and then they are elements

* Corresponding author. Tel.: +34 913366399; fax: +34 915439557.
E-mail addresses: anamaria.luzon@upm.es (A. Luzén), ma_moron@mat.ucm.es (M.A. Morén).

0024-3795/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.1aa.2008.12.001


http://www.sciencedirect.com/science/journal/00243795
mailto:anamaria.luzon@upm.es
mailto:ma$_-$moron@mat.ucm.es

A. Luzon, M.A. Moron / Linear Algebra and its Applications 430 (2009) 2254-2270 2255

of the Riordan group. This group was first introduced in [26] but we are referring to a larger group
treated for example in [30] and [14] and also known under the name of Riordan group. Recently,
Sprugnoli in [32] has written a list of bibliography on this topic.

The usual approach to Riordan arrays is through the concept of a formal power series. This series
have been exposed, for example, by Henrici [12] or in the classical texts of Combinatorial Analysis
as Comtet [4] or Riordan [22] or more recently by Graham et al. in [11]. Formal power series cor-
respond to generating functions, and this approach, developed in the previous texts, originated the
so-called Method of Coefficients introduced by Egorychev [9], see also Merlini et al. [18] for a recent
perspective.

The main idea on the structure of Riordan arrays is to generalize, in a suitable way, the structure of
the Pascal triangle, see [28,24], for some earlier work in this direction.

In [16], we constructed the elements in the Riordan group from an iterative process to calculate é
using a mild generalization of the Banach Fixed Point Theorem.

There, we showed that the structure of Riordan arrays, the reciprocation operation in the ring K[[x]]
and some fixed point problems are intrinsically related. Recall:

Banach’s Fixed Point Theorem (BFPT). Let (X, d) be a complete metric spaceandf : X — X contractive.
Then f has a unique fixed point xo and f(x) — xg for every x € X.

In the above statement f" = f o f o - - - o f. Recall that a map is contractive, concretely c-contractive,
if there is a real number c € [0, 1) such that d(f (x),f(y)) < cd(x,y). We recommend, for example, [8]
for the description of some of the applications of this result.

To reach our goal we used, in [16], an ultrametric d in the ring of formal power series. The idea
of considering the ring of formal power series as a topological, or even metric, space goes back to
the later nineteen century or the earlier twenty century. To put more recent examples let us say
that it is implicitly or explicitly used by Rota and collaborators in their program of re-foundation of
combinatorics. In particular it is used by Roman and Rota [25] in their formulation of Umbral Calculus
which is also a suitable framework to approach Riordan arrays.

There are, at least, two usual different notations for Riordan arrays, see different authors: [2,10,14,
17,27,30,34].

A Riordan array D is traditionally represented by a pair of formal power series d(t), h(t)

D = (d(t),h(t)) or D= Zd{),h(t)),

where d(0), h(0) # 0. With this notation the action of D on a formal power series f(t) is given by the
formula

Rd(©), h(©)+f () = d©Of (th(t)).

The other usual notation is just as above but supposing directly thatd(0) # 0,h(0) =0andh’'(0) #
0, where I’ is the derivative. In this case the action is given by

2d(©), h(©)+f (©) = d©f (h(©)).

Our notation, introduced in [16], and used again herein, is different from both of them. For us
a Riordan array is represented by the symbol T(f|g) where f and g are formal power series with
f(0), g(0) # 0.The main difference is that the action of T(f|g) on a power series m is given by

-m(5)

T(flg)m) :"g)

if t is the indeterminate. We usually do not use the indeterminate to reinforce the idea that a power

series here is just a point in a metric space. So the t in the previous formula is no more than the

generating function of the sequence (0, 1,0, . ..). As we showed in [ 16] if f, g, d, h are power series with

f(0),g(0),d(0),h(0) # 0,then the conversion formula to pass from our notation to the first traditional
one, and viceversa, is given by:

T(flg) = Zd(t), h(t))
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where

f® 1 d
dity=—=- and h(t)=— or f=—- and g=—
O 50 O=gn o I=n " E=p
With this formula one can construct tables of conversion from one to the other notation. For
example the following equality, basic for this work: T(f|g) = T(f|1)T(1|g) which in other notations

becomes # ({;8?) g(lx)> =Rfx),1) xR <g(x> g(x)) or # ();8?) ggo) =RFX),x) « R (g(x) g(x)> Also

the identity matrix: T(1]1) or Z(1,1) or Z(1,x). Another example is the Pascal triangle P: T(1|]1 — x)

Org(] —x’ 1 x) Or’/?(l —x’ 1 x)
The main reason for our notation is the way we approached the Pascal triangle in [16] using an

iterative process related to some fixed point problems. The reason to maintain this notation herein is
because it reflects better the kind of problems we are treating. At a first look our notation could appear
as cumbersome and complex, but just the fact to get mixed the roles of both parameters in the action
of T(f|g) allowed us to obtain an algorithm to construct T(f|g) depending only on the algorithm to
obtain the coefficients of the power series é.

In this paper we are not going to study some prefixed kinds of Riordan arrays, we just run into this
structure. It appears naturally as a reminder associated to an iterative process to calculate the reciprocal
of certain power series. Actually, we show that these remainders are generalizations of the Pascal
triangle, T(1|1 — x) according to our notation. In fact we want to state that the arithmetical pattern
used to construct the Pascal triangle is, intrinsically, in the reciprocation of any quadratic polynomial.
So, this paper describes a natural framework where Riordan arrays appear as a consequence and not
as the main objective. The other main idea is that the successive approximation method gives rise to
such pattern of behavior. To carry out the iterations we will use the Banach Fixed Point Theorem.

In Section 2, we develop, in a significant example, the theory that we will describe in the following
sections.

In Section 3, we consider the polynomial function induced by a certain polynomial P(S) € K[[x]][(S]
of degree one which is contractive for a suitable complete metric in [<[[x]] and whose unique fixed point
is just the reciprocal % of a quadratic polynomial Q (x) = a + bx + cx2, witha =+ 0. Later we compare
the iterations at S = 0 of P with the Taylor polynomials of é In this way we define the remainder. We
identify this remainder with an element of the Riordan group. We define the family of polynomials
associated to a Riordan array (which, in some sense, is to consider those arrays by rows not by columns
as usual) and studying those we find that doing linear changes of variables in the polynomials we arrive
to what we will call the Pascal triangle associated to the series & Finally we get the Pascal triangle
as product of certain matrices. There are similar results in the literature. See [19,20,21]. We show a
factorization of the Pascal Triangle in terms of the remainder T (% ‘% ) and the corresponding two
changes of variables.

The remainders, T ( 1 ‘ atbx ) in our notation, have been used in the literature. When Q(1) = 0 and

ac < 0,ab < Othe correspondmg remainder is related to the description of a probabilistic modelling of
a certain movement of a particle in the plane, see [5]. Actually all our remainders and linear changes of
variables are 7-matrices as called in [5]. Moreover the used iteration process generates all 7-matrices
if we allow to start at any series as initial condition. We will not treat it here. On the contrary we always
start to iterate at S = 0.

In Section 4, we focus on the study of the change of variables obtained in Section 3. Actually, we
show that, in general, if we multiply any element of Riordan group, T(f|g) by T(1|a + bx) we are doing
a change of variables in the associated family of polynomials of T(f|g). We note that the set of treated
changes of variables has a representation as a subgroup of the Riordan group. Inside this subgroup we
find different elements of order 2 and some conjugation relations.

In Section 5, we go back to our motivating example. Using the family of polynomials associated in
this case, we get some known formulas of the sums of powers of natural numbers.

From now on, we consider N = {0, 1, 2,...} the natural numbers in the field K of characteristic 0.
Recall that a field K is of characteristic 0 if the minimal subfield inside [ is isomorphic to the rational
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numbers. Equivalently if the n-fold sum 1+ 1+ --- + 1 is never null. The notation f® represents the
kth derivative of the power series f.

2. Motivation: BFPT and the arithmetic-geometric series

There is an obvious way to sum the geometric series Y 2 x¥ using the BFPT. See [1] for a proof
without words. It is natural to wonder if we can sum the arithmetic-geometric series Y5> ; kx*~! using
the BFPT. It is easy to see that there are not any one-degree polynomial f(t) = g(x)t + h(x) and any
point xg such that the partial sum Z,Q’:O(k + Dxk = fr+1(xg). Since f(xg) = £(X)Xg + h(x) = 1, f2(xo) =
ffx) =f1) =g® +hx) =1+ 2xandf3 o) = f(F(FX0)) =F(1+ 2x) = gx)(1 + 2x) + h(x) we ob-
tain that xo = —3 and f(x) = 3xt + 1+ 1x and from here f4 (—%) # 1+ 2x + 3x2 + 4x3. In view of

this, we are going to iterate a polynomial whose fixed point is the sum of the arithmetic-geometric

series, thatis 3%, kxk-1 = _1__ Since the equality t = 1 __canbeconvertedtot =1+ (2x — x2)t,
k=1 (1—x)2 (1=x)2

we consider the polynomial f(t) = 1 + (2x — x2)t and we do the first iterations in t = 0:

fO) =1,

f20) =1+ 2x — x2,

30) =1+ 2x+3x> —4x3 + x4,

FAH0) =1+ 2x + 3x2 + 4x> — 11x* + 6x° — x5,

F2(0) =1+ 2x + 3x2 + 4x> + 5x* — 26x° + 23x5 — 8x7 +x8,

f5(0) = 1+ 2x + 3x2 + 4x3 + 5x* + 6x° — 57x5 + 72x7 — 39x8 + 10x° — x10.

We can observe that in each iteration the partial sum appears plus a remainder. We want to control
the difference with the partial sum. For it, we began to write the coefficients of the remainder, that is:

-1
-4 1
-1 6 -1

a—|-26 23 -8 1 ' )

-57 72 -39 10 -1
-120 201 -150 59 -12 1

Observing the above triangle we can see some resemblances with the Pascal Triangle as we will
prove in the last section. For example: The rule of construction is similar to that of the Pascal triangle,
each element is twice the above element minus the element above to the left side. The elements in
the first column are Eulerian numbers except for the sign. The sum of the elements in any row are
triangular numbers with negative sign. For every element, the sum of all elements in its row to the
right and all elements above in its column is zero.

Returning to the iterations, we can write the (n + 2)-iteration as

1
fn+2(0) =Thp1 (W) +x”+2pn(x),
where Tj(S) is the n-degree Taylor polynomial of S(x) at x =0 and we call (py(X))nen the family of
polynomials associated to this triangle. In this case:

Pox) = —1,

P1X) = -4 4%,

pa(x) = —11 4+ 6x — x2,

p3(x) = —26 + 23x — 8x% + x>,

pa(x) = —57 + 72x — 39x% + 10x3 — x*.
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In general and using the recurrence of the elements of the above triangle we get

n
Poi(®) =2 =Xpp() — (n+2) and ppx) = -y (k+ 12 —-x"*
k=0
In view of the last expression we do the changes t =2 — x and g (t) = —pn(2 — t). If we consider
the coefficients as above, for the new family of polynomials, we obtain:

1
2 1
3 2 1
am=|4 3 21
5 4 3 2 1
6 5 4 3 2 1

Working with this family and its derivatives we obtain the next expressions:
n

X k) n+2
qn(t)=,§(n+1—k)t‘ and g;" (D) =k (k+2>'

Once again, in view of the last expression it is reasonable to expand g, (t) att =1,

. 2
GO =3 (Ziz) € -k
k=0

Now we can do the change s = t — 1 and consider the family r,(s) = qn(s + 1). If we put the coeffi-
cients as above we get the Pascal triangle with the two first columns deleted:

1
3 1
6 4 1

As we will point out, in a more general setting in the next section, the three above matrices are
Riordan arrays. In fact A; =T ( ﬁ‘ 2x — 1). After the first change of variable it is transformed into

Ay =T ( ﬁ‘ 1). After the second change of variable it becomes A3 =T ( (17%)2‘ 1- x). We also have
the following equalities relating them:

1 1
T(m‘Zx—l> :T(m‘1>T(l|2x—1)

1 1
T((l—x>2 1>:T<<1—x)2

Note that this means that the matrices T(1|2x — 1) and T(1|1 + x) can be interpreted as the changes
of variables in the family of polynomials made before.

This example motivates the next section where we will do the analogous development for any
quadratic polynomial.

and

1—x>T(l|l+x).

3. An iterative process to calculate the reciprocal of quadratic polynomials

In this section, we want to show that the development described in the previous one is no more
than a particular example of a general phenomenon about quadratic polynomials.
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For any quadratic polynomial Q we find a contractive first degree polynomial function P in IK[[x]]
whose unique fixed point is just % We iterate this function. So, in each iteration the partial sum of
% appears plus a remainder. The study of these remainders and the identification of them as Riordan
arrays is the first main aim of this section. The second main aim is the proof, by means of changes of
variables, that the structure of Pascal triangle is in each remainder. This is the reason why we define
the Pascal triangle associated to a power series.

Along this section we use [16] for notation and basic results. In particular, as supposed there, K is
always a field with characteristic zero and K[[x]] is the ring of formal power series over K. Denote
by o (f) the order of f = 3"~ foX". Recall that o (f) is the smallest nonnegative integer number p such
thatf, # 0if any exist. Otherwise, that is if f = 0, we write (f) = co. See [23] for details and for the
main properties of ultrametrics. We recall here some facts in [16] that we need:

Proposition 1. The map d : K[[x]] x K[[x]] — R, defined by d(f,g) = 2w<f o isa complete ultrametric
on K[[x]]. Moreover d(f,g) < 2,% if and only if T\(f) = Ty (g). Finally the sum and product of series are
continuous if we consider the corresponding product topology in KK[[x]] x K[[x]].

Proposition 2. Let f,h K[ [x]] with f(0) = 0. Then the first degree polynomial map P : K[[x]] — KI[[x]1]
defined by P(S) = fS+his —-contractive independently onf and h. In fact d(P(S1), P(S2)) = d($1,5y).

Moreover the unique fixed point of P is just ;7= and consequently

h
_n ™l h
(]

Corollary 3. Let f,g € K[[x]] with g(0) # O0.Iff =Y~ ofnX" and g = 3,50 &nx" and é = ns0 dnX",
thendy = ~&dy_y — Ldy_5 — -~ £do+ £ forn > 1,dy = L.

zw(f)

Note that in the above corollary we iterate the function P : K[[x]] — K[[x]] defined by P(S) =

(g%0g> S +3 f which is at least ——contractive and whose unique fixed point is é.

Another of the results in [16] is the following:

Algorithm for T(f|g)
F=2ns0fnX", 8 =3 p>08nX" withgo # 0, T(fIg) = (d;j) withi,j >0
fo

h dop doi dop do3 doa
h dipg dig dip diz dig
3 dyp dpy dyp dp3z dyg

fn+1 dn,O dn,l dn,2 dn,3 dn,4

with d;; = 0if j > i and the following rules for i > j:
Ifj>0

. d’—‘l‘—l 1
y =g = gl = g o+ = :go('”1 ngl“)
andifj=0

gl &2 8i f1 1 i
dip=—=-d; 22d; - —=d +——— '—E di_ .
1,0 = 2o i-1,0 — 2o i-2,0 2o 0,0 2o 2o (fl gkdi—k,0
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Since the empty sum evaluates to 0 we have that dyg = é—%. Then, in the 0-column are just the
coefficients of é, ie djp=d;.

IfQ(x) = a + bx + cx2 witha # 0and from Proposition 2, we have that the first degree polynomial
function in [K[[x1], Pg : K[[x]] — [K[[x]] defined by Pq (S) = ((=2)x + (7£)x?)S + 1 where S e [K[[x]], is
contractive and its unique fixed point is é So we iterate this function and we compare these iterations
with the corresponding Taylor polynomial of % Tn(é). In this process a lower triangle matrix (dp ),
depending on Q, appears. This matrix describes the remainder as we did in the motivating example.

The following theorem shows, in particular, an algorithm to get the entries of the matrix (d, ). Studying
this matrix, and using our Algorithm for T(f|g) above we realize that (d, ;) is a Riordan array.

Theorem 4. Let Q(x) = a + bx + cx2 be a polynomial with a # 0. Consider the one degree polynomial
function in the ring K[[x]],Pq(S) = ((‘Tb)x + (%C)xz) S+ 1, where S e K[[x]). If% = Y0 dkxk then

PR O) = To (&) + 2 (5 duged") with

(1) do =1/a,dy = (=b/@)dg and dn = (=b/ayd,_1 + (=c/@)dp_2,n 2 2.
(2) dpy =0, Vk > n.Ifwe call dy o = dp forn € N, we have d, , = (-b/a)d,,_1 + (—c/a)dy,_1 1 for
nk>1.

Proof. First, since Pg is at least %—contractive then T, (%) is just the n-degree polynomial in the

expression P&“(O), that is Tn(%) is obtained from Pg“ (0) eliminating all powers, in the unknown,
greater than n.
Part (1) is well-known and it was proved again in the Corollary 3. We are going to use induction in

order to prove (2). Note first that Pg(0) = 1 =T (é) So, dg = 0 for k > 0, now

2 B 201,01 1 1 2 2
PQ(O)—(( b/a)x + (—c/a)x )a+a—a+( b/a)ax+x( c/a%)

consequently d ; = —c/a? = (=b/a)dg 1 + (—c/a)dg o, because do; = 0 and doo=dp = % andd;; =0
for k > 1. Suppose that the result is true for m — 1 € N then

m—1 o0

1

Pam (0) = ((=b/a)x + (—c/@)x?) (;;) dxk 4 xm (,Zl dm],kxkl)) o
= k=

m-1 m-2
=1/a+ Y (~bjayd X + 3" (—c/a)di X2 + (—c/aydp_1 X1 4 x™H
k=0 k=0

X (Z((—b/a) + (—c/a)x)dm_hkx"l)

k=1

m
=1/a+ (—b/aydox + Y (—b/a)dy_ + (—¢/a)dj_)x*
k=2

L xm1 ((=b/@ydm_11 + (—c/@)dm_1 + X:(—l)/a)d,f,_],kaf1 + Z(—C/a)dm—l,kxk)
k=2 k=1

=Tim(1/Q) + X" x (Z((—b/a)dm_],k + (—C/a>dm_1,k_1>x“) :
k=1

Consequently, dpx = (=b/@)dy_1x + (—C/@)dp_1 1. Now if k> m then dp = (=b/a)dp_1 +
(—¢/a)dy_1 k—1. By induction hypothesis we have d,; ; = 0.
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Let Cq = (dpg)nken- Note that it is a lower triangular matrix. Let us expand a few terms of Cy
avoiding, a priori, the null entries:

1

a

= =<

a2 a?

b2 _ ¢ 2bc ¢

a3 a? a3 a3

b3 + 2bc —3ch? + 2 —3bc? =

a4 a3 a4 a3 at at

1 1 —xc 1 x3c? 1 =x3c3
Q Q a+bx Q (a+bx)2 Q (a+bx)3

Let Rg = (M )nken With 1y = dpy 1 k41, that is, Co without the first column and the first row.
As an easy and direct application of our algorithm for T(f|g) quoted above, we obtain the structure
of these matrices in the following:

Corollary 5. LetQ = a + bx + cx? witha,c # 0.ThematricesRg and Cq are the following Riordan arrays:

1| a+bx 1 a+bx|a+bx

Now, we are going to find a formula for the general term of T ( é‘ “f’g"), that s r,,, in terms of the

numbers {d} }ycn. Recall that § = Y32 djxk:

Proposition 6. Let Q (x) = a + bx + cx* witha,c + 0. Then

n—k

Tnk = Z d; <n ’: l) (—C/a)k"'] (_b/a)n—k—l.
1=0

Proof. It is easy to verify the equality for r g, 110, 1,1. Now by induction on n fixing k we have by part
(2) in Theorem 4:

Tnk = (=b/@Tn_q + (=C/DTp_1 k-1

n—k—1 n—1-1 n—k n—1-1
z( -1- >(_C/a)k+l(_b/a)n—k—l Y4 <k:1 - >(_C/a)k+1(_b/a)n—k—l
1=0

Il
™

k

=0
" n—-1-1 n-1-1 k1 n—k—I k1
=y da(( )+l )) v b dy e/
=0
n—kKk
=Y 4q, <” ,: l) (—=c/a)*t 1 (=b/ay" 1. O
=0

One of the principal tools in this paper is:

Definition 7. Consider T(f|g) and suppose that (d;);jen is the associated matrix to T(f|g). Then the
family of polynomials associated to T(f|g), which we denote by (pn)nen. iS

n
pn®) =Y dyi¥ withneN.
j=0
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Let us consider the sequence of polynomials associated to Ry defined by pg(x) = o0, pn() =

>ho rn'kx", n € Nwherer, = dp, 14,1 are those described in Theorem 4 for the quadratic polynomial
Q. With this notation we can rewrite the main formula in Theorem 4 as:

PE2(0) = T ()
xn+2 ’

PEF2(0) = Tuy1(1/Q) +X"2pa(x) or pn(x) =

So using Theorem 4 again, we obtain easily

Proposition 8

b+cx
—a

Pnp1(X) = < ) Pn(X) + (—c/a)dpyq, forn > 0.

Consequently
. b+cx\¥
Pn(®) = (—c/a) (g dy (T) '

In view of the above proposition it is natural to consider the change of variable, supposing ¢ # 0,
t= bj—g". Define qn(t) = (—a/c)pn (%) Consequently

n
An(6) = Y dy_gt*. )
k=0

If we consider the matrix M = (my, x), keny Where the entries in the row n are the coefficients of the
polynomial g, in increasing power order we have:

Proposition 9. M = T ( é‘ 1) .

Proof. We know that T ( %‘ 1) is a lower triangular Toeplitz matrix whose columns are, beginning at

the main diagonal, the coefficients of é that is, dp,. If we now read T ( %‘ 1) by rows, avoiding the a

priori null entries, we get for the first row dy, the second: dy, dg, the third d;, dy, dg and so on, that is,
the matrix M. [

Related to the polynomials g, defined in (2) we obtain the next expression for the number qg‘) 1),

where q,(qk) means the kth derivative of g,:

n

&1y _ J! .
Qn< = 2]; mdn—]-

Now, expanding qn(t) att =1,
n n .
=Y <{<) do_j(t — DE.
k=0 j=k

Once more, in view of the above expression, it is natural to consider the change of variables =t — 1.
We define the next family of polynomials: r;;(s) = gn(s + 1). Consequently

n n .
)=y ({{ > dy_gs*.

k=0 j=k
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If we define the matrix L = (I, )5 key Where the nth row consists of the coefficients of ry;, as before,
we get:

Proposition 10. L =T ( é‘ 1- x) .

Proof. We write the matrix L

do

do +dq doy

do+dy +d; 2dy + dq do

dy+dy+dy+d3 3dy+2dy+dy 3dog+dq

\ \ \: N

1.1 1_x 1_# U

Q1-x Q (1-x2 Q 1-=x)3 Q (1-x"
thatisT(%‘ 1 —x). O

Remark 11. The above proposition reflects the known ubiquity of the Pascal triangle. More concretely
the rule of construction of the Pascal triangle is in any of the remainders described before, up to some
linear changes of variables.

Given a power series f = 3~ - fuX", if we call T(f|1 — x) the Pascal triangle associated to power series
f, then the Pascal triangle associated to the power series f =1 is just the classical Pascal triangle.
Moreover the rule of construction of T(f|1 — x) is just the same as that of Pascal triangle. Note that
T(fI1 —x) =T(|1)T(1|1 — x). So, the last equality says that, up the changes of variables, to construct
these remainders one only has to know the coefficients of % and the rule of construction of Pascal
triangle.

If we look again at Proposition 8 and to the first change of variable, we can say that to make this
change of variable is just the same thing as to multiply the matrix T ( %‘ ‘”b") by T <1 ctbx ) because

r(41) (L] =) (o : E

note that 7~ (] ‘%) =T(l ‘M>

C+bx>
—a

—a
In a similar way the last change of variable, after Proposition 9, is the same as to multiply the matrix
T ( é‘ 1) by the Pascal triangle T(1|1 — x) because

(4l )= r(§ oo

We can summarize all above in the next factorization theorem:

Theorem 12.
1] a+bx 1 1 a+ bx
T<a T) _T(all—x>T (1)1 —x)T(l‘ ¢ )
Remark 13. Note that the global change of variable in the sequence of associated polynomials given
by
a+b+cx
§=——,
—a

—a as+a-+b
n(s) = (T) Pn <—7C>
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corresponds to multiply the remainder by the matrix T <1 ‘@ )

4. The group of generalized linear change of variables

In this section, we are going to relate the change of variables represented by T(1|a + bx), and some
mild generalizations, with some results and problems in the related literature. First, to reinforce the
idea of change of variable, we can generalize the procedure described in the previous section to a
general arithmetical triangle T(f|g):

Proposition 14. Let pn(x) =Y }_, dn,kxk be the associated polynomials to T(f|g) with general term

(dn)nken- Then the associated polynomials to T(f|ag + bx), with a # 0, are gn(t) = % S koo dnvktk with
t= x=b

a -

Proof. First, we observe that T(f|ag + bx) = T(f|g)T(1]a + bx). On the other hand, it is easy to find the
k—
general term, (I m)nken, Of T(11a + bx), in fact: [y, = 1 <k> (79) m. We define the associated

am+1 m a

polynomials to T(f|ag + bx) as pn(X) = Y im_g nmX™ Where anm = > }_, dnilim- Then

n n o n n k
Pn(x) = Z anmx™ = Z Z Ay ilgmX™ = Z Z Ay jeljemX™
m=0

m=0 k=m k=0 m=0

n k k—m n k
1 k b 1 k k—
=3 3t () (-5) )= Duegis 3 () b
m=|

k=0 m=0 k=0
n n k
1 k 1 x—Db
ZZdn,kakﬁ(X—b) :Ezd"'k<T) .0
k=0 k=0

Consider now the sets LCV= {T(1]a + Bx) with «,8 € [ and « # 0}, we call it the set of linear
changes of variable, and GLCV= {T(A|la + 8x) with A,a,8 € K and A« # 0}, we call it the set of
generalized linear changes of variables. For this set we have

Proposition 15. GLCV is a subgroup of the Riordan group and, of course, LCV is a subgroup of GLCV.

Proof. T(11) € GLCV and T(rqlaq + 10T (Ghalaz + fox) =T (Ll

A2

a1 +(B1—=B2)X ) O

a2

In order to compare with some results in the literature we have to say that the group LCV contains
all the Pascal-like triangle denoted by P, in [2]. In our notation P, = T(1|1 — bx).

It is clear that if the field [K is algebraically closed (remember that we supposed always of char-
acteristic zero) then GLCV contains elements of any finite order. In fact if wy is a primitive nth root of
unity and A is a nth root of unity then T (A|wp + ax) has order n for any « € [K. For reasons explained by
Shapiro in [29] and Cameron and Nkwanta in [2], the researchers in combinatorics focus on Riordan
matrices of order 2.

We realize that, for combinatorial interest it is common to concentrate on elements with nonneg-
ative entries. Following [2] we consider M = T(—1| — 1) so R = T(f|g) has pseudo order 2 if and only if
RM = T(—f| — g) has order 2. Note that M has order 2. Consider also the order 2 matrixM = T(1| - 1) =
—M. Obviously M is not conjugated to M in the Riordan group. That is, there is not a Riordan matrix
R with M = RMR~! but it is not a negative answer to question Q8 of Shapiro in [29] because there all
elements of order 2 considered had 1 as the first entry in the main diagonal (because of the definition
of Riordan matrix considered). Our result, related to the group GLCV, is the following:
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Proposition 16. Let o € K, witha # 0. Then:

(i) The elements T(1|ax — 1) have order 2 and all of them are conjugated to M in the group LCV and
hence in the Riordan group.

(ii) The elements T(—1|ax — 1) have order 2 and all of them are conjugated to M in the group GLCV
and hence in the Riordan group.

Proof. The proof of the whole proposition follows from the equality, easy to check,
TAjax —1) = T(jax — 2)TA| = DT 1 (1|ax — 2).

We found this by using elementary operations in certain related matrices. In fact this equality proves
allin (i) now T(=1jax — 1) = T(=1|1)T(1|ex — 1) but T(-=1|1) = —T(1|1) and then commutes with any
other. Then (ii) follows multiplying by the left in (i) by T(—1/1) . Note also that T(-1|1)M = M. [

For elements of order 2 in the Riordan group we have some results in the next proposition but
caution: Abusing the language, order 2 in the next proposition means that the square is the iden-
tity, that is we allow the identity to have order 2. We do it to avoid some unnecessary restric-
tions.

Proposition 17. (i) T(f|g) is of order 2 if and only if T(—f|g) is of order 2.

(ii) T(f|g) is of order 2 if and only if T(f"|g) is of order 2V n € Z.
(iii) T(f|g) is of order 2 if and only if T (fg"|g) is of order 2V n € Z.

Proof. In our notation an element T(f|g) has order 2 if and only if T2(f|g) = T(1|1) but T2(f|g) =
T (ff (g) |gg (g)) So T(f|g) has order 2 if and only if gg (%) =1and ff <§> = 1. Let us prove only the
part (iii). Since gg (g) =1and ff <§> =1, then fg"f (§>g”(§) =1 because of the commutativity of
the product of the series. [

The above and the below propositions allow us to get more elements of order 2 in the associated
subgroup. Moreover these new elements of order 2 are also conjugated in this subgroup of the Riordan
group, to the matrix M as asked by Shapiro in [29].

Proposition 18. Let o € K, witha # 0. Then the elements, of the associated subgroup, T (ax — 1|ax — 1)
have order 2 and all of them are conjugated, inside the associated subgroup, to M = T(—1| — 1).

Proof. Recall that
TAjax —1) = T(1jax — 2)TA] — DT 1 (1|ax — 2)
then

T@x —1jax —1) = T(ax — 2|ax — 2)T(=1| = DT @x - 2jax —2). O

Remark 19. Recently some positive answers to some problems posed by Shapiro in [29] have been
given in [6,7]. They are related to involutions in the Riordan group and to the problem of conjuga-
tion with the Matrix M. After some communications with the authors of [6] we realize that a good
choice of an invertible matrix B in their Theorem 2.5 for Riordan involutions D = (g(x),f(x)) conju-
gated to the matrix M is, using their notation, B = (exp (%ﬂx”) , 1 ff(x))>, because the original

one proposed in [6] is not always invertible. We choose this corresponding B in the special case in
Proposition 18.
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5. A special remainder: sums of powers of natural numbers

As we mentioned in the introduction one of the applications of Riordan arrays is to use them to
find numerical or combinatorial identities, see for example [26,28,30,31,34], among many others. The
usual way to do that is by means of the action of a Riordan array to a particular power series or using
the inverses of elements in the Riordan group. We hope that our way to use the change of variables
could help, in the future, to get some other identities. But now, we want to show how the use of the
family of polynomials associated to a T(f|g) can be used to get, in a different way, some equalities. To
do that we choose our arithmetic-geometric series motivating example.

So, when we try to sum > 2, (k + 1)x* using the corresponding iteration process, we consider

Q1) = (1 —x)2, and the remainder, in this case, is Ro, =T ( ﬁ‘ 2x — 1). In this case

RQ1 = (k) = A1,

where A; is the matrix displayed in (1).
Recall that our matrix Ry, is specially embedded into the matrix

1
2 -1
3 4 1
4 -1 6 -1

Co =W =|5 -26 23 -8 1 ,
6 -57 72 -39 10 -1
7 -120 201 -150 59 -12 1

we have the relation ry,;, = d; 1 41 forn,k e N.
Some of the main properties of the above arithmetical triangle are the following:

Theorem 20. (i) The rule of contruction is: dpy = 2d, 1 — dp_14_1 for any n,k > 1,do, =0 if k > 1
anddpg=n+1forne N.

(ii) For every d;j, the sum of all elements to the right in its row and all elements above in its column is
zero. That is Z;;lo dyj+ Z}(:Hl di = 0.
(iii) The sum of the elements in any row in Rq, are triangular numbers with negative sign.
‘ isd o —nai ik (M1 =K\ onyjia-ok
(iv) The general termisdpj =n+j+1+33_ (=1 (+j+2—2k 2 .
(v) The entries in the first column of Rq, are Eulerian numbers except for the sign.

. _1/(2n—k\ ,._
(viyn =Y (-1k! <k 1 )4” k,
Proof. (i) It is a direct consequence of Theorem4 fora=1, b=-2, c=1.

(i) Suppose first that j = 0, then using the sequence of polynomials (pn) associated to Ry, and
the corresponding sequence (q,) obtained after the first change of variables we have that
Z;:o dyo=1+2+3+---+i=gq;_1(1).Moreovery_}_; dix = p;_1(1) butin this case therela-
tion is just qn(t) = —pn(2 — t) because a = 1, b = —2, ¢ = 1. So we have proved this particular
case.

For the rest of the cases, i.e. j > 1, let us proceed by induction on i —j. If i —j = 0 it is clear
because it is a lower triangular matrix.
Suppose now that the proposition is true for i — j = n. This means that

n n
D Gikj+ ) Gijk =0,
k=1 k=1
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because it is a lower triangular matrix. From (i) above we obtain

n+1 n+1
D Gickjt ) Gijek
k=1 k=1
n+1 n+1
=01+ Z Qi_jj+20i_1j41 — QGi_1j + Z(Zai—lj+k — Qi 1j1k-1)
k=2 k=2
n+1 n+1 n+1 n+1
= Z Gikj + Gi1j+1 + i1 + Z i_1j+k + Z Gi1j+k — Z i-1j+k-1-
k=2 k=2 k=2 k=2

Since a;_1; = 0 we have that

n+1 n+1 i—j—1 i—j—1
Z Ai_kj+ Z Gijrk = Z i1—kj + Z i1tk
k=1 k=1 k=1 k=1

which is null by the induction hypothesis.
(iii) Note that this is obtained taking j = 0 in (ii).
(iv) It can be obtained from Proposition 6 after some computations.

2267

(v) Using the formula in (iv) we see that the entries in the first column in Rq, are the numbers

dpy11=To=n+3 _on+2 _ _<n+2>

1
see the table in page 268 in [11].

(vi) Since dnyn + dpi10+1 =0 and using the formula in (iv) we get the result after some minor

computations. [J

We are going to obtain two different formulas for the sums of powers of natural numbers. Although
both of them are known, what is new is our way to obtain them from the family of polynomials

associated to T ( %’ 2x — 1).
(1=x)

After our first change of the variable in the associated sequence of polynomials t = 2t we obtain

—a
the sequence of polynomials g, (t) = (—a/c)pn (%) that was described as

n
qn(0) =Y dy_t*.
k=0

For the particular case of Q; this sequence is
@) =M+ +nt+m—Dt>+... 42t 14 ("
with the recurrence
Qn41(b) = tqn(t) + (n 4 2).

(k)

In this case, q;;” (1) = k! <n + 2) for n,k € N. Where f® represents the kth derivative of f.

k+2

For this sequence of polynomials we can obtain the following formula for the sequence of the

derivatives, we leave the proof to the reader.

Proposition 21

n-1
Qg (O = 1+ 1Gn(6) =2 ) g (0.
k=0
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Let us denote by (Qp)pcn the sequence of the upper factorial polynomials. That is, Qp(x) = x(x +
---(x+p—-1,peN,Qykx) = 1. We have our own proof of the following fact:

Proposition 22

ZQp(l) QP“(”).

Proof. Let p € N. By differentiating p — 2 times in the expression in the previous proposition and
valuating at t = 1 we have

n+p-3

a7 (M =m+p-Dgl P, -2 Y ¢P P,
k=0

SO
n+p-3
n+p+l) <n+p) <k+2>
- = —-Dp-2) 2 2)!
® )<P+1 n+p-Dp-2!{" kZ(J(p "

Avoiding the null terms and changing the variable, =k —p+3, in the sum we have

230, <I P ) 2 DI that is no more than another way to write the stated result. [J

n!(p+1)!

We are now going to find a formula for the sum of powers of natural numbers, using the Stirling
numbers, that is equivalent to that in [11, p. 275] (see also [15]).

Following [33, Lemma 1.3.3, p. 18], the numbers s(n, k) = (=1)"*c(n, k) are known as the Stirling
numbers of the first kind and c(n, k) are called the signless Stirling numbers of the first kind. Where
the numbers c(n, k) satisfy the recurrence c(n, k) = n — 1)cn — 1,k) + c(n — 1,k — 1) n,k > 1 with the
initial conditions c(n, k) = 0ifn < 0 ork < O except forc(0,0) = 1.0n the other hand, the Stirling num-
bers of the second kind satisfy the following basic recurrence: S(n, k) = kS(n — 1,k) +S(n — 1,k — 1),
n,k > 1 with the initial condition S(0,0) = 1. Thus the matrix s = (s(11,k))p xcn and the matrix S =
(S(n, k) ke are mutually inverses (see [11] or [33]). Let I be the identity matrix then,

(D" e k)nen - SO KDk = 1.

Consequently the inverse of the matrix C = (c(1, k), ke 1S S = (=DH"+ksn, k) ken-

Corollary 23. >}_; k Zp 1= DHPHS (P, j)j! (n +]1) where S(p, j) are the Stirling numbers of the second
kind.

Proof. In [33], we can find that }"¥_ c(p, k)x¥ = Qp(x).
Hence

n p n .
S Q= cmpd K.
k=1 j=0 k=1

From the previous proposition, we have

p n
. , n)
c(p, k]:QpL
Zj (p])kg b

So consider the p + 1 equalities

Zc(m;)Zkf Q’”“(n) m=0,1,...,p

k=
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Then using the inverse matrix S of C we obtain the announced formula. [

We are going to finish by describing what we think a very singular way to obtain a formula for
the sum of powers using L’Hopital rule where Eulerian numbers appear without invoking them. Apart
from the L'Hopital rule the main tools to obtain this formula are some equalities described in [13].

For each p > 1, consider the sequence of polynomials

Gnp(®) = M+ DP + 0Pt + (n— DPE? + - 4+ 2P 1 4 1P,

Note that for p = 1 we have the above sequence g (t).

Proposition 24. Fort + 1,

p
g+ (1P YR <p v k> gnk

(1 —typ+1

Qn—l,p(t) = ’
p

where g(t) is a p-degree polynomial and <p Tk

> are just the Eulerian numbers.

Proof. Since gnp(t) = (n+ 1P + tq,_1,(t) and

n+1
Qn,p(f) - qn—l,p(t) = Z(kp _ (k _ ])p)tr“r]fk.
k=1
Then, ift # 1
nP — S p_ (kP — (k — 1)Pyn+1-k
ql‘l—‘l,p(t) = k=1 — .
Soift # 1,
qn-1 (t) — (1 — t)Pnp — Zﬁ:l ((k — ])P _ ]<p)t”+1_k(‘l _ t)p
n-1,p = |

(1 — t)pﬂ

Expanding the numerator in powers of t, for our purpose we are only interested in the coefficients
from tP*1 to t"*P, and after some computations we find that the numerator is:

n-pp+1 ) 1
gt + Z Z(_])IH—]—J (p + ) +k _j)Ptn+1—k

k=1 j=0 ]
NS i(p+1
+ Y ) (=Pt (p i ) @+ 1—k—jPenk,
k=1j=0

where g(t) is a p-degree polynomial. All the coefficients in the middle term are zero (see [3] or [13, p.
2441)). Finally, as one can see in [11, p. 255], the coefficients in the third term of the expression are, up

the factor (—1)P*1, the Eulerian numbers <p E k>' O

Corollary 25. Y0, kP = Y7 Y0 f(~1) (p j 1) @+1—k—jP (Z 1 ’]‘) .

Proof. Since q,_1,(1) = Y_j_; kP, we only need to apply the L'Hopital rule p + 1-times to the formula
in the previous proposition. [
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