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Abstract

We give explicitly recurrence relations satisfied by the connection coefficients between two families of the classical
orthogonal polynomials of a discrete variable (i.e., associated with the names of Charlier, Meixner, Krawtchouk and Hahn).
Also, a recurrence relation is given for the coefficients in the formula expressing the nth associated polynomial in terms
of the original polynomials.
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1. Introduction

Let {Py(x)} be any system of the classical orthogonal polynomials of a discrete variable, i.e.,
Charlier polynomials Cy(x; a), Meixner polynomials M,(x; B, c), Krawtchouk polynomials K;(x; p,N)
and Hahn polynomials Q,(x;a, §,N):

B—1

> 0®)Pu(x)Pi(x) = duhe  (k1=0,1,...),

x=0

where i, > 0 (k =0,1,...); the set of orthogonality is {0,1,...,B — 1}, where B equals +o0, 400,
N + 1 and N, respectively. Besides the three-term recurrence relation

xPi(x) = Cok)Pi-1(x) + Ei(k)Py(x) + Eak)Prii(x) (1.1)
(k=0,1,...; P_(x) =0, Py(x) = 1)

these polynomials enjoy a number of similar properties [10, Ch. IT; 11]. We shall need four of these
properties.
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First, the weight function ¢ satisfies a difference equation of the type

Alo(x)e(x)] = 1(x)e(x), (1.2)

where ¢ is a polynomial of degree at most 2, and 7 is a first-degree polynomial.
Second, for arbitrary n, the polynomial P, obeys the second-order difference equation

L,Pu(x) = {6(x)AV + 1(x)A + 4, I} Py(x) = 0, (1.3)

where A:==E —1, V:=1—E™', E" (m € 7) is the mth shift operator, E” f(x) = f(x +m), I is
the identity operator, I f(x) = f(x), and 4, is a constant given by

Ay = —1n[(n—1)6” +27'] (n € N). (1.4)

(By convention, all the bold letter operators act on the variable x.)
Third, we have a pair of the so-called structure relations,

[o(x) + ©(x)JAP(x) = do(k)Pr_1(x) + d1(k)Pi(x) + d2(k)Prs1(x) (1.5)
and
o(x)VP(x) = do(k)Pr_1(x) + [d1(k) + 4] Pr(x) + d2(k)Ppy1(x). (1.6)
Fourth,
o(x) 0 (x)x* [: =0 (k=0,1,...). (1.7)

Let {P,} be any family of classical orthogonal polynomials of a discrete variable, and let {P;}
be a sequence of polynomials. We are looking for a formula of the type

P, =Y cuiP. (1.8)
k=0

The coefficients c,; in (1.8) are called the connection coefficients between the polynomials {P;}
and {P,} (see [1, Lecture 7).

Here are the interesting particular cases:
1. {P,} is another sequence of classical orthogonal polynomials of a discrete variable;
2. {P,} is a sequence of orthogonal polynomials associated with {P;} (see [2]).
Note that in each case, polynomial {P,} satisfies a linear difference equation in x.

In a recent paper, Ronveaux et al. [11] have discussed the first case and proposed an algorithmic
way of obtaining a recurrence relation (in k) of the form

gcn,k = ZAi(k)cn,H—i =0. (19)

i=0

In the present paper we propose an alternative technique of derivation of the recurrence relation
(1.9), based on an idea introduced in [8, 9]. The difference operator ¥ is given in terms of o,
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7 and the difference operators & and 2, defined implicitly by the right-hand sides of (1.1) and
(1.5), respectively (see Theorems 3.1 and 3.4). Also, it should be stressed that in almost all the
cases the order of the obtained recurrence relation is significantly lower than in [11] (for instance,
an eighth-order relation, given in [11] for the Hahn~Hahn case, can be replaced by a second-order
relation). Applications of the result to some pairs of the classical discrete orthogonal polynomials
are given.

The case where P, is the nth associated polynomial is also discussed. A general result, given in
Theorem 4.1, is applied to each classical family.

2. Identities involving the discrete Fourier coeflicients

We shall need certain properties of the Fourier coefficients of an arbitrary polynomial f, deg f < B,
defined by

1
alf] :=h—kbk[f] (k=0,1,...,B-1), 2.1)
where
B—1
Bilf1 =Y 0(0)Pulx) f(x), (2.2)
x=0

i.e., the coefficients in the expansion

deg f

f= Z ar[f1Px.
pry

Let %, 9 and & be the difference operators (acting on k) defined by

& =Gk + Ei(k)I + &uk)E, (2.3)
D :=dy(k)6' + d (k) F + do(k)éE, (2.4)
D=D+ WS (2.5)

(cf. (1.1), (1.5) and (1.6), respectively), where # is the identity operator, and & the mth shift

operator: S b f] = bl f], €™ bl f] = brimlf] (m € Z). For the sake of simplicity, we write &

in place of &'. (We adopt the convention that all the script letter operators act on the variable k.)
Further, let us define the difference operators U and V (acting on x) by

U:=06(x)V + 1(x)1, (2.6)

Vi=[o(x) + «(x)]A + t(x)I. (2.7)
Notice that by virtue of AV = A — V, we can write

L,=V-U+ il (2.8)

We prove the following lemma.
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Lemma 2.1. The coefficients (2.2) obey the identities:

belxf(x)] = bl 1], (2.9)
DbV 1= M belf], (2.10)
D bi[Af] = A bl f], (2.11)
blU f1= -2 bl 1], (2.12)
BlV 1= -2 bl f], (2.13)
bi[Lnf1= (Zn — 4&) B f1. (2.14)

Proof. In view of (1.1) and (2.3), identity (2.9) is obviously true.
We will prove the identity (2.10). Using (1.5), summing by parts, and then using (1.7) and the
equation A [o(x)g(x)VPi(x)] = —4o(x)Pi(x) (cf. (1.2) and (1.3)), we get

B—1 B—1
GhIVI=2Y 0@P)AS(x—1) = 2(x)o(x)VP(x)Af(x — 1)
x=0 x=0

w—p Bl
= oW VA) S = D[ =Y Ale@) o)A ()
x=0

B-1
= A Z (X)Pr(x)f(x) = A bi[ f].

x=0

The proof of (2.11) goes as follows.

B—1 B-1
Do[Af1=2 ) e(x)Pu(x)ASf(x) =D o(x)[o(x) + 1(x)]APL(x)A S (x)
x=0 x=0

B-1

= e(x+ Do(x + )VPi(x + DAS(x)

x=0
B B—-1
=Y 0N (MVPWAS(y = 1) =D 0(x)o(x) VPx)AS(x — 1)
y=1 x=0

B-1

- B-1
==Y Alo(x)o(x)VPx)] f(x) = A Y _ 0(x)Pe(x)f(x) = X B[ f].

x=0 x=0

Here we used a.o. the equation o(x + 1)g(x + 1) = [a(x) + t(x)]e(x) (cf. (1.2)).
Similarly, we obtain

B-—1 B—1
biloV 1= e@e@)Px)VS = a(x)o(x)Pe(x)Af(x — 1)
x=0 x=0
B-1
== Alo(x)e(®)Px)] f(x)

x=0
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=- i [?(x)e(x)Pr(x) + o(x + 1)e(x + 1)AP(x)] f(x)

x=0

B—1 B-1

==Y 1(X)e()Px)f(x) = Y _[0(x) + 1(x)]0(x)AP(x) f (x)

x=0 x=0

B—1

=—bftf]— ZQ(X)QPk(X)f(x)
x=0

Hence follows the identity (2.12).
Identity (2.13) may be proved in an analogous way.
Using (2.8), (2.12) and (2.13), and remembering that ¥ = 2 + A4# (cf. (2.5)), we have

217

be[L, f()] = B[V f ()] = bllU SN + A bul S1={D = D + 1 I} bil f1 = (G — Aa) e[ f1.

This proves the validity of (2.14). O

Remark 2.2. Identity (2.9) can be easily generalized to the form
bilgf] = q(Z) bel f],

where ¢ is any polynomial.

The next result refers to the case of the Hahn polynomials.

Lemma 2.3. Let b,[f] be defined by (2.2) with P, being the Hahn polynomials, i.e.,

Oi(-50,B,N). Let us define the difference operators G, H (acting on x) by
G:=(N-1—-x)A—(x+ DI,
H:=xV +(f+ I

The following identities hold:

PhIGf(x)]=—(k+ B+ 1P bS],
Po[H f(x)]=(k + o+ 1P b[f],

where P, P are the following first-order difference operators (acting on k):
P:=(k+ B+ Dnk)s + &,
P=+a+ Dnk)f - &

withy=o+ f+ 1, and

_(k+y)k+7y+N)
(k) = 2kt .

(2.15)

Pk:

(2.16)
(2.17)

(2.18)

(2.19)

(2.20)
(2.21)

(2.22)
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Proof. It suffices to observe that the operators (2.20), (2.21) and 2, 2 given by

a@:_(kJr[H%)n(k)j+ 1 e
k+vy k+1

Q::(k+oc+1)n(k)j+ 1 &
k+vy k+1

verify the equations
PN -1DI -I)=29, Px¥=259,
so that we have
Pb[(N —1=x)Af(x)] = 22 b[A f(x)],
PV f ()] = 2D b [V f(2)].
Now use (2.11) and (2.10), respectively, and — noticing that 4; = k(k + y) — check that
I —(a+1)P=—k+ B+ 1P,
I+ PB+DP=(k+a+1)2. 0O

Lemma 2.4. Let & and R be the following first-order operators:

R =k +0)0k)E™" — £, (2.23)
R=(k+P)N)E + .5 (2.24)
with
k+y)k+y+N
90k = (2Z)i . _71)2 ), (2.25)
Then we have the equality
RP = RP. (2.26)

Proof. Eq. (2.26) can be verified by a straightforward calculation. O

3. Classical orthogonal polynomials of a discrete variable

Let {P;} and {P;} be any two families of the classical discrete orthogonal polynomials. We shall
give a recurrence relation (in k) of the form

L g = ZAi(k)cn,k-H =0, (3.1

i=0

obeyed by the connection coefficients ¢, ; in

P,=>" cuiPr. (3.2)
k=0
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Obviously, ¢, are the Fourier coeflicients ag[P,]. Let us write

bn,k = bk[}-)n] = hk Cn,k- (33)
Let P, satisfy Eq. (1.3), and let

LB, (x)= {6(x)AV FIO)A + 1, 1} P(x) =0, (3.4)
where &, 7 are polynomials, deg §<2, deg? = 1, and 4, := —in[(n — 1)6" + 27']. We shall use the
notation

o(x) :=d(x) — o(x), (3.5)

Y(x) = 7(x) — 1(x). (3.6)
We can write

L, = L, +[¢@) + ¥()A — ¢()V + (Zn = 2. (3.7)

3.1. Connection between Hahn families

Assume that both sequences {P;}, {P;} belong to the Hahn family. We will prove the following.

Theorem 3.1. Let {P,}, {P,} be Hahn polynomials, P, = Qi(-;, B,N), and P, = Qi(;n,{,N).
The coefficients (3.3) satisfy the second-order recurrence relation

Lb,; =0, (3.8)
where the difference operator & is given by

Z = RP (v I) + (@' + Y )R((k + B+ 1)P) — o' R((k + o+ 1)P) (3.9)
with

Vi 1= An— e+ (B — )¢’ — (ax+ Y. (3.10)

Proof. In the considered case, we have (cf. Appendix, Tables 1 and 2)
p(x)=0"x, (p+¥Y)x)=—(¢'+¥)- (N —1-x).
Eq. (3.7) implies
Lo=L,— (¢ +V)G = 0'H + Iy~ + (B~ )¢’ = (a+ DY/ L
Using this result in the equation
bi[L, f(x)] =0, (3.11)

where f=P,, applying the operator 7 =#P (=R2; cf. Lemma 2.4), and making use of Lemmas 2.1
and 2.3, we obtain formula (3.9).
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The order of the recurrence can be deduced from (3.9) in view of the form of the difference
operators 2, #, # and # (cf. (2.20)%(2.24)). O

Substituting (3.3), and the specific values of g, 7, A, A as well as the forms of the operators &
(see (2.3)) and 2 (see (2.4)) given in the Appendix (see Table 1) in (3.8), we obtain the following
corollary.

Corollary 3.2. The connection coefficients c,; in

Oux; 1, EN) =Y crkQilx; 0, B, N) (3.12)

k=0

satisfy the second-order recurrence relation
L cpi = Ao(k) cpp—1 + A1(k) car + Az(k) Cpps1 =0 (1 <k <n), (3.13)
where
Ak)=(k+n+9—-1Dn—k+ 1)k +y+N)2k+y -2}k +7y—1),
A(k)=kQk+y—2)(N —k)k+7y+N)
x{(a— Pyn(n +9) + (& — B+ 20 = 2mk(k +7)
(7 + D@ — 1) = n(y — 1)},
Ary(k)y=(k)(N —k = 1) (k+ B+ 1D)(k+a+1)
Xk+n+y+1I)k—n+y-0+1)k+y+N)2k+7y+1),

and where y :=a+ f+ 1, and ¥ :=n+ { + 1, with the initial conditions c,, =1, c,ns1 = 0. The
Pochhammer symbol (a),, has the following meaning:

(a) =1, (@) =aa+1)...(a+m—1) (m=12,..).

Remark 3.3. Gasper [5] expressed c,; in (3.12) explicitly as a multiple of
k—nk+a+l,n+k+49
3F 1].
k+n+1,2k+y+1

He also gave certain conditions sufficient for non-negativity of c,; for all n, k, N.
Thus, (3.13) is a new recurrence for the above hypergeometric functions. By the way, this recur-
rence may be also deduced from a general result given in [7].

3.2. Connection between Charlier, Meixner and Krawtchouk families

Now we consider the case where none of the families {P;}, {P,} is a Hahn family. We will
prove the following.
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Theorem 3.4. Let {P,}, {P,} be (independently chosen) Charlier, or Meixner, or Krawtchouk
polynomials. The coefficients (3.3) satisfy the recurrence relation

Lbup=0  (1<k<nm byy=hy bypr1 =0), (3.14)
where the difference operator & is given by

L =D (WF)+ 4 (WX +Y(-1)F) (3.15)
with

W= An— A — Y. (3.16)

The order of the recurrence relation (3.14) is not greater than 2.

Remark 3.5. Eq. (3.1) is obtained by substitution of (3.3) in (3.14).

Proof. Let us denote f/ = P,. As we have ¢ = ¢ (cf. Appendix, Tables 1 and 2), so Eq. (3.7)
simplifies to

L,f(x) = L, f(x) + YX)AS(x) + (A — 20) [ (x),

which can rewritten in the form

L, f(x) =L, f(x) + AQW(x = 1) f(x)) + x f(x)
with ¥ = A, — A, — ¢/. Using this result in Eq. (3.11), we obtain
bi[Ln f(x)] + b A (Y(x — D) f D] + belxe f(x)] = 0.
Applying the operator & to both sides of the above equation, and making a repeated use of

Lemma 2.1, we arrive at the recurrence relation (3.14) with the operator & given in (3.15). O

Now, we can apply the general result given in Theorem 3.4 to all possible pairs of the families
of non-Hahn classical discrete orthogonal polynomials. Computer algebra system MAPLE [3] was
very helpful in obtaining the scalar form of the Eq. (3.14). The specific values of o, 7, A, A as
well as the forms of the operators & (see (2.3)) and & (see (2.4)) are given in the Appendix for
the monic Charlier polynomials (Table 1) and for the monic Meixner and Krawtchouk polynomials
(Table 2).

3.2.1. Charlier—Charlier
For the connection coefficients ¢, in

Cu(x:0) = ) caiCilx; a),
k=0

we obtain the first-order recurrence relation

(n —k+ l)C,,,k_l —k(a—b)c,,,k =0 (k - 1,2,'“,”; Cnn = 1)
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Hence,

Cpk = (Z)(a—b)"“k (k=0,1,...,n)
which agrees with the result given in [11].

3.2.2. Meixner—Charlier
For the connection coefficients ¢, in

Mn(x; ﬁ,C) = Z Cn,kck(x;a):
k=0

we obtain the second-order recurrence relation

gtk —n—1)cpp1 —k(k+ B —aq—1)cpr — alk)Crps1 =0
(k=12,...,n; cyn=1L,cpps1 =0),

where ¢ := (1 — ¢)/c.

3.2.3. Krawtchouk—Charlier
For the connection coeflicients ¢, in

Kn(x; paN) = Z Cn,ka(x;a)s
k=0

we obtain the second-order recurrence relation

(k—1—-n)cy 1 + pk(k — N + a/p - ) cni +ap(k)sCpprr =0
(k=1,2,...,n; cyn=1,chpnt1 =0).

3.2.4. Charlier—Meixner
For the connection coefficients ¢, in

Cu(x;a) =Y cuiMi(x; Byc),

k=0

we obtain the second-order recurrence relation
(I—cYk—n—Dep +(1 —Yk[c(Rk+B—n+a—1)—a] cui
+*(k )2k + B) o1 =0 (k=1,2,...,n)

with the initial conditions ¢,, =1, cpp1 = 0.
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3.2.5. Meixner—Meixner
For the connection coefficients ¢, in

Mo(x;7,d) = cotMi(x; B ),

k=0
we obtain the second-order recurrence relation
(1—c)(1=d)k —n—1)cop
+(1—ck{c2k+B—-1—-n—dk—n+B—y)]—dk+7v— D}cus
+e(c—d)k)(k+ B)cppsr =0 (k=12,...,n)

with the initial conditions ¢,, =1, ¢, .41 = 0.
For d = ¢, this equation simplifies to the first-order equation

(M=cYn—k+VDcpj1—cklk—n+B—9)chy =0 k=12,....,n; c,, =1),

which implies the formula

n k
Mn(x; %C) = Z <n> ( . ) ('}) - ﬁ)an—k(X; B,C).

P k c—1

Gasper [5] gave an explicit formula for ¢, ; in terms of

k=nk+B|c1-a)
2F1< d(l—c))'

k+vy
He also showed that c,;, >0 iff d > ¢ and y > §.

3.2.6. Krawtchouk—Meixner
For the connection coefficients ¢, in

Kn(x;N5 P) = Z Cn,kMk(x; ,B,C),

k=0
we obtain the second-order recurrence relation
(A—cY(n—k+Depr1+(c—Dk[(c—Dp(N —k+1)+ck—n+ B~ 1)] cux
+e(ep—c— p)k)a(k+ B w1 =0 (k=1,2,...,n),

with the initial conditions c¢,, =1, ¢, 1 = 0.
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Gasper [5] expressed ¢, in terms of

k—nk+p c
zFl( kN p(c—l))'

3.2.7. Charlier-Krawtchouk
For the connection coefficients ¢, in

Cu(x;a) = cuiKi(x; p,N),
k=0

we obtain the second-order recurrence relation

(k—l’l— 1)cn,k—l
~k[p2k =N —n—1)+a] cox — p*(k)2(N — k) cpps1 = 0
(k=12,...,n),

with the initial conditions ¢,, =1, ¢cyn = 0.

3.2.8. Meixner—Krawtchouk
For the connection coefficients ¢, in

M,(x; Byc) = cniKilx; p,N),
k=0

we obtain the second-order recurrence relation
(1= &)k —n—1)enms —k[(1 = )p2k —N —n— 1)+ clk+ f — )] cup
—plep—p—c)k(N —k)cppn =0 (k=1,2,...,n),
with the initial conditions c¢,, =1, cype1 = 0.

3.2.9. Krawtchouk—Krawtchouk
For the connection coefficients ¢, in

Ki(x;q,N) =Y coiki(x; p,N),

k=0
we obtain the second-order recurrence relation
(k — n — I)C,,,k_l

+k[Cp—g)k —(p—q)N + 1) —np] cox + p(p — g)k)2(N — k) Cppr1 =0
k=1,2,...,n),
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with the initial conditions ¢, , = 1, ¢nay1 = 1. The explicit form is [11]

Cok = <Z)(p - q)"'k(N +1—n)i (k=0,1,...,n).

4, Associated polynomials

Given a system {P;(x)} of classical orthogonal polynomials of a discrete variable, the associated
polynomials {P\"(x)} are defined recursively by

xPO(x) = Gk + P (x) + &k + DPO) + &k + DPE () (4.1)
(k=0,1,...; PUx)=0, PPx)=1),

notation being that of (1.1). Recently, Atakishiyev et al. [2] have shown that for any natural 7,
fx)= (1) ,(x) obeys the following second-order difference equation:

L f(x) = VA[o(x) f(x)] = V[1(x) /()] + A0 f (x) = (A + V)Pu(x), (4.2)
where we assume that {P;} are monic, and
1 !

Ki=30 —7T.

Let us look for a recurrence relation for the Fourier coefficients ak[P,(,l_)l(x)], i.e., the connection
coefficients {a'” 1k} in

#%m—Z#umm. (4.3)

Let us denote

b, = bPD 1 = hal? (44)

Theorem 4.1. The coefficients b,(,l_)l’k satisfy the recurrence relation

26V =0  (Q2<k<n—r+1), (4.5)
where
P = 1o (X)) — DUX) + DA D. (4.6)

The order r of the relation (4.5) equals 3 for Charlier, Meixner and Krawtchouk polynomials, and
4 for Hahn polynomials.

Proof. Let f(x) = P{",(x). By virtue of (4.2), we have the identity
bi[Ly f(x)] = K bi[(A + V)Py(x)].
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Applying the operator 7 := @/1,:‘9? to both sides of the above identity, and using (2.11), (2.10)
and (2.15), we obtain

Z bl f1 = w(k)
with the operator & given in (4.6) and
w(k) = K (9 + .@) Bi[P.].
Now, notice that b;[P,] = h,04,, so that w(k) =0 for k < n — 1; hence the eq. (4.5). O

In the subsequent subsections we assume that the associated polynomials {P,(cl)(x)} are monic.

4.1. Associated Charlier polynomials

The coefficients afll_)l, ¢ in the formula

n—1
Cﬁl—)l(xm) = Zaf,l_)l’kck(x; a)
k=0
satisfy the third-order formula
(n+ k)afll—)l,k—l + k(n + 2k + l)afll—)l,k
+(a(k +2a+ Dal o +atksal, ., =0 (I1<k<n—1)

with the initial conditions af,l_)l,,,_l =1, aﬁ,l_)l’,, = af,l_)l’n =

4.2. Associated Meixner polynomials

The coefficients af,l_)l’ & in the formula

n—1
M2\ 8,0) = all) My(x; B,c)
k=0

satisfy the third-order formula
(c =1+l —(c— 1)(c+ D)k(n+ 2k + Dall, .
+(e = D(ER[(E + 3¢+ 1)k + 1)+ e(n+ 28 — 1)]a”, .,

—(enkyk+B+1)a’ 1, =0 (I1<k<n—1)

@ _ ) —
n—1l,n = a 1 — 0.

with the initial conditions ¢\, . |, =1, a e

n—1l,n—1 —
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4.3. Associated Krawtchouk polynomials

The coefficients aﬁ,l_)l’ . in the formula

n—1
K2\ pNY =" a2, Ki(x; p,N)

k=0

satisfy the third-order formula
(n+ k) oy — (2p — Dk(n + 2k + Va2,
=(k)l(p = 122N = n = 5k = 4) = (k + D]&,”, 4y

+H(p—102p— kKN ~ ka2 ,a=0 (1<k<n—1)

with the initial conditions a{" =1, al! o =0

n~1,n— n—1,n — an 1,n4

4.4. Associated symmetric Hahn polynomials

The coefficients d{’ )1 ¢ in the formula
[(»—1)/2]

1 1
O Ny = > dP) O akmr(x;a,a,N)
k=0

satisfy the second-order formula

Bo(k)d, oy + Bi(k)dD  + By(k)dD =0 (0O<k < |(n~1)2] - 1),

where

Bo(k)=2(n — 2k — 2)4(4K* — 9)(x — 1)2(2k — 200 — 1)(xc + k + 2)
X(N—n+2k—-1)(k+N+a+1),,

Bi(k)=8(n — 2k — 2),x* () — 1)2(2K — 3)(2K — 1)(2K + 1)?
x{(@)2[4(N + &) — (2 — 1) +3) — 1] — (k — a)(x + 1)
x[(20 4 1)(2k — N + o+ 2) + (2k + 1)2n — 2k — 1) = N(N — 1)]
—n(n + 20+ DN + o) + (a — I)(a+2) - 1]},

By(k)=32(2x + 3)(2k + 1’2k — 1)*k(n — k — 1)(2k + 20 + 3),

with k :=n — 2k + o — 1, and the initial conditions d“) o=1 d(” -1 =0

227
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Appendix
Table 1
Data for the monic Charlier and Hahn polynomials
Charlier Hahn
Cr(x;a) O(x; a0, B,N)
(a > 0) (0, > ~1, N ez
c x X(N+a—x)
T a—x B+DN-1)—(y+1)x
Ak k k(k +v)
~1 KN —k)k+o)k+B)k+y—1)k+y+N—1)
x aké ™ +(k+a)fF + & Gk +7 =200k T7- 1 &
x—B+2N -2 (BP—aP)y+2N —-1)
4 Ty s S S
-1 k(k+ o)k +B)k+y— 1N -k)k+y+N-1)
2 aké (k+y—2n(k+y— 1) ¢
kDK )+ = =D =NE=B , .
Ck+y—DRk+y+1)
e Kt KTk + o+ DI+ B+ 12k + 7+ Dy_is

k+yu(N -k -1)!

Note: y:=a+f+ 1.

Table 2
Data for the monic Meixner and Krawtchouk polynomials
Meixner Krawtchouk
Mi(x; B,c) Ki(x; p,N)
(B>0ce€(0,1)) (pe(0,1), NeZ)
o x x
T fe+(c—1x (1-p)"'(Np—x)
A (1—c) (1-p) 'k
x c—k(—("l%ﬁc—;ﬁg“‘ p(1 = PI(N — k + )&~
+[(C—+lliic+—ﬁﬂf+£ k4 p(N — 20015 + &
2 c"ic—__il'ﬁé“‘l +ckSI pk(1+N k)¢~ — p(1 — p) ks
kBt NIk o
hk (1 _c)ﬁ+2k (N—k)'p (1 P)
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