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Abstract
In this paper, we show some relationships between poly-Cauchy numbers
introduced by T. Komatsu and poly-Bernoulli numbers introduced by M.
Kaneko.
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1. Introduction

Let n and k be positive integers. Poly-Cauchy numbers of the first kind c( ) are
defined by

11
(k) :/ /xlmg )1z o — 1) (120 ) — n+ 1)dzydas ... day,
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(see in [7]). The concept of poly-Cauchy numbers is a generalization of that of the
classical Cauchy numbers ¢, = cﬁ, defined by

1
/xw—l Az —n+1)dx
0

(see e.g. [2, 8]). The generating function of poly-Cauchy numbers ([7, Theorem 2])
is given by

Lifg(In(1 + = Zc

n=0
where

oo
Zm

Lifk(z) = ZO m

is the k-th polylogarithm factorial function. An explicit formula for c ([7 The-
orem 1]) is given by

= [ e (202, -

m=0

m} are the (unsigned) Stirling numbers of the first kind, arising as coeffi-
cients of the rising factorial

zz+1)...(z+n—-1)= Z [:Ja:

where [ "

(see e.g. [4]).
On the other hand, M. Kaneko ([6]) introduced the poly-Bernoulli numbers

B by

where

is the k-th polylogarithm function. When k =1, B, = Bfll) is the classical Bernoulli
number with B%l) = 1/2, defined by the generating function
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An explicit formula for BM ([6, Theorem 1]) is given by

B,(f):(—l)"i:{n}ﬂ (n>0,k>1), (1.2)

= tm) (m+1)F

where {:I} are the Stirling numbers of the second kind, determined by

[ - %é(—l)ﬁ (" )om s

(see e.g. [4]).
In this paper, we show some relationships between poly-Cauchy numbers and
poly-Bernoulli numbers.

2. Main result

Poly-Bernoulli numbers can be expressed by poly-Cauchy numbers (|7, Theorem 8|).

Theorem 2.1. Forn > 1 we have

s =3 37

On the other hand,
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1 |
= 5(33) +105B%" +3535B + 45675BS") + 212464BS" + 256620B%) .

In general, we have the following identity, expressing poly-Cauchy numbers ¢y,

by using poly-Bernoulli numbers By, (k).

Theorem 2.2. Forn > 1 we have
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Note that [7'] =0 (m >1) and ['] =0 (I > m), and

3. Poly-Cauchy numbers of the second kind

Poly-Cauchy numbers of the second kind eF) are defined by

1 1
/ / —T1T2 . ( 1T ... T — 1)
0 0

k

. (—r1xe ..l —n+ 1)daides . ..

(k)

dxk
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(see in [7]). If k =1, then el = ¢, is the classical Cauchy numbers of the second
kind defined by

k
/ —z—1)...(—x—n+1)dx
0

(see e.g. [2, 8]). The generating function of poly-Cauchy numbers of the second
kind ([7, Theorem 5]) is given by

o0

it (— N
Lify( ln(lJrglc))fngocn -

An explicit formula for é & ([7 Theorem 4]) is given by

& =(-m Y [:1] (% (n>0,k>1). (3.1)

In a similar way, we have a relationship, expressing poly-Cauchy numbers of
the second kind é;k) by using poly-Bernoulli numbers B,(,k). The proof is similar

and omitted.

Theorem 3.1. Forn > 1 we have

A(k n
Cn

e IHES

1 m=

WM:

In addition, we also obtain the corresponding relationship to Theorem 2.1.

Theorem 3.2. Forn > 1 we have

n

g ()

=1 m=1

Proof. By (1.2) and (3.1), we have

. n l
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Note that

4. Poly-Cauchy polynomials and poly-Bernoulli
polynomials

Poly-Cauchy polynomials of the first kind ch) (z) are defined by

11
(k) n'/ /xlxg...xk—z)(xlxg...xk—l—z)
0

0

c(rxe ..oz — (n— 1) — 2)dzrdas . . . day,

and are expressed explicitly in terms of Stirling numbers of the first kind (|5,
Theorem 1])

=S [er (Ve

Poly-Cauchy polynomials of the second kind ek (z) are defined by

1
églk‘ *n'/ / —r1x2 ...+ 2)(—x129 ... — 1+ 2)
0

(=13 ..oz — (n— 1) + 2)dxrdas . . day,

and are expressed explicitly in terms of Stirling numbers of the first kind ([5,
Theorem 4].

D=3 [Ty (7 (=)

e (2) mZ:o m (=1) ; i) (m—i+1)k
In 2010, Coppo and Candelpergher [3]|, 2011 Bayad and Hamahata [1, (1.5)] intro-
duced the poly-Bernoulli polynomials B,(lk) (z) given by

Lik(l—eim) —xz > (k?) X
e =) Bl
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and

le(l—e_ﬁ) xz > (k) z"
T BE IS

respectively, satisfying B,(Lk)(O) = B,(Lk).
If we define still different poly-Bernoulli polynomials B,(zk) by

BW(z) = (-1)" Zn: {;} (=1)™m! i (T) (m(—iz—)l—il)"""
m=0 =0

satisfying B,(Lk) (0) = B%k) (n >0, k > 1), then we have relationships between the
poly-Bernoulli polynomials and poly-Cauchy polynomials similar to those between
the poly-Bernoulli numbers and the poly-Cauchy numbers.

Theorem 4.1. For n > 1 we have

BOEH =3 Y m{") {77_11 } (),
{
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