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Abstract

In this study, we define the Jacobsthal Lucas EF-matrix and R-matrix
alike to the Fibonacci @Q-matrix. Using this matrix represantation we
have found some equalities and Binet-like formula for the Jacobsthal
and Jacobsthal-Lucas numbers.
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1 Introduction

Fibonacci and Lucas numbers and their generalization have many interesting
properties and applications in almost every field of science and art. For the
prettiness and rich applications of these numbers and their relatives one can

see science and the nature [3-7].
In 1960, Charles H. King studied on the following ()-matrix

11
=11 o]
in his Ms thesis. He showed below

FnJrl Fn

Q" = l FOF ] and det(Q) = —1.

Moreover, it is clearly shown below

F, 1 F, 1 — F? = (—1)" (Cassini’s formula).

!This study is the part of Ms Thesis of F. Ktken.
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The above equalities demonstrate that there is a very close link between the
matrices and Fibonacci numbers [7].
We have defined Jacobsthal F-matrix given by

[

in our article [2] and have demonstrated a very close link between this matrix
and Jacobsthal numbers.

More generally, there are some relations between the integer sequences and
matrices [5-10].

In [1], the Jacobsthal and the Jacobsthal-Lucas sequences J,, and j, are
defined by the recurrence relations

JO = O, Jl = 1, Jn = Jn,1 +2Jn,2 for n 2 2

Jo=2, 1 =1, jn="Jn-1+2Jpoforn>2

respectively.
In this study, we have defined Jacobsthal-Lucas F-matrix by

5 2
e-[22) o
It is feasible that, it can be written
jn+2 Jn+1 Jn+2 1 jn+1
e oG] =5 [
where J,, and j, are the nth Jacobsthal and Jacobsthal Lucas numbers, re-

spectively.
Furthermore, we have defined Jacobsthal-Lucas R-matrix by

R:[; _41] (3)

Throughout this paper, J, and j, denote the nth Jacobsthal and
Jacobsthal-Lucas numbers.

2 The Matrix Representation

In the section, we will get some properties of the Jacobsthal-Lucas F-matrix
and R-matrix. Moreover, using these matrices, we have obtained the Cassini-
like and the Binet-like formulas for the Jacobsthal and Jacobsthal Lucas num-
bers.
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Theorem 1 Let E be a matriz as in (2). Then, for all positive integers n, the
following matrix power is held below

3" [ JZH QQJJ” , if n even
E" = no Sl 4
n—1| Jn+1 2]71 . ( )
3 j 2 , if n odd.
n n—1

Proof. We will use the Principle of Mathematical Induction (PMI) on odd
and even n, seperately. (For odd n) When n =1,

5 2 J2 20
E' = =" S
Rk
is correct. We assume that it is correct for odd n = k. Now, we show that it
is correct for n = k + 2. We can write

B2 _ php? — gkt | Tk 2k
Je+2 2Jk41

and the result is easily seen immediately.
(For even n) When n = 2,

2 27 18 92 <]3 2J2
E‘lg 18| =5 | 2

is correct. We assume it is correct for even n = k. Finally, we show that it is
correct for n = k + 2. We calculate

J, 2J
Ek+2 — EkEQ — 3k+2 k+3 k+2 ]
Jer2 2Jk41

Corollary 2 Let E™ be as in (4). For all positive integers n, the following
determinantal equalities are held:

i) det(E™) = 3% . 2",

i) Jpi1dn1 — J2 = (=1)" - 271

i) gt — 32 = (—1) 3220

Proof. We will use the PMI on n. When n = 1, it is seen to be true. We
assume that it is true for n = k. We will show that it is true for n = k + 1.

det(E*™) = det(E*) det(F) = 3212 . 21,

and the proof of (i) is completed.
The proof of (ii) and (iii) are easily shown from (i) and (4). m
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Theorem 3 Letn be an integer. The Binet-like formulas of the Jacobsthal and
Jacobsthal Lucas numbers are
amn _ (—1)"
Jp = # and j, = 2" + (—=1)".

Proof. If we calculate the eigenvalues and eigenvectors of the E-matriz, they
are allotted

A =6, s =3and v; = (-1, 1), vy = (2, 1),
respectively. We can diagonalize of the matrix E by
V =U'EU
where

2

1

U:(vlT,UQT):[_ll ] andV:déag()\l,)\g):[g 60]'

Thus, applying from the properties of similar matrices, we can write that
E"=UV"U " (5)
By (4) and (5) matrix equations, desired results are obtained via

wot | 2041 2(2m — 1)

ET=3 om—1 22141 |

Theorem 4 Let m and n be integers. Then, the following equalities are valid:
Z) 9Jm+n = jmjn—‘rl + 2jm—1jn7
i) Jyan = ImIne1 + 2m_1Jn,
111) Jman = Jndme1 + 29n—1Jm,
w) 9- (_1)n+1 : 2n71<]mfn = jnfljm+1 - ]n]m:
v) (=)™ 2" = Jmdn1 — Jmo1Jn,
Ui) (_1)n+1 ’ 2n_1jmfn = Jm]‘nfl - Jmfljna
'U’I,’L) (_1)n+1 $ 2" = Jnjnfl - Jnfljn'

Proof. Let the matrix £ as in (2). Since
E™ = BB,

Thus, equalities (7), (i) and (ii1) are easily seen.
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If we compute E~", we obtain

(—1)n lQan —2J,

] , for even n,

Efn _ 6" _Jn Jn—i—l
(—31.3;“ 2]".71 _.2‘7" for odd n,
—JIn Jn+l

Since it is that

equalities (iv), (v) and (vi) are clearly seen. For proof of (vii), it is obtained
by taking m = n in (i) of the Theorem 4, this completes the proof. m

Theorem 5 Let R be in (3). Then, there are following equalities,

RE" = | et 2| g g | e 2| g
I 2Jn-1 I 2jn-1
where F' is the Jacobsthal F-matriz in (1).

Proof. We have recalled that j, 1 = Joi1 +4J0, Jjn = 2Jps1 — Jny i1 =
Jna1+47, and 9J, = 2,41 — jn in [1]. Using these equations, we can easly see
that this relation between R-matrix and F-matrix. m
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