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IDENTITIES FOR ¢-ULTRASPHERICAL POLYNOMIALS
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ABSTRACT. A g-analogue of a result by Badertscher and Koornwinder [Canad.
J. Math. 44 (1992), 750-773] relating the action of a Hahn polynomial of dif-
ferential operator argument on ultraspherical polynomials to an ultraspherical
polynomial of shifted order and degree is derived. The g-analogue involves
g-Hahn polynomials, continuous g-ultraspherical polynomials, and a shift op-
erator. Another limit as ¢ tends to 1 yields an identity for Jacobi functions.
Combination with another result of Badertscher and Koornwinder gives a curi-
ous formula for Jacobi functions.

1. INTRODUCTION

Badertscher and Koornwinder [4] have proved a formula in which a Hahn
polynomial of differential operator argument acts on ultraspherical polynomials.
Explicitly, this formula is (cf. [4, Corollary 6.3])

(1.1)

1, id _ A — (A Nk (ein QYK Atk
Qk(21 2d0"1 1,A-1,1)C}(cos0) = (1_k+1)k(21) (sin 0)*C;*¢ (cos 6)
for k,leZ,, 0<k<l, A ¢ —3Z,. In(1.1) C} denotes an ultraspherical
polynomial,

i
1 _ = MR i=n_i-2n)8
(1.2) Ci(cos ) _:L;f;—n!(l—n)!e ,
and Q, is a Hahn polynomial,
) _ -k,a+b+k+1,-x
(13)  Quxia b )= (T TEEERTTE)

with N e N, k,x €{0,..., N} (cf. the references in [4]). Here we use the
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standard notation
k-1
a,...,a a a z .
r+lFr(ll) r+1 ) E( l)k (r+1)kk', (@ = [J(a+1),
| R .o r k =0
for hypergeometric series.
Badertscher and Koornwinder [4] (see also [13]) prove (1.1) using harmonic
analysis on the sphere SO(d + 1)/SO(d). The spherical functions on this ho-
mogeneous space are the ultraspherical polynomials C,(d"l)/ 2(cos 0) and the as-

sociated spherical functions are of the form (sin 6)* C,(f;l)/ 2+k(cos 0),so (1.1)
shows how to obtain the associated spherical functions from the spherical func-
tions in this particular case. The variable 6 denotes the geodesic distance on
the sphere to some fixed point.

The continuous g-ultraspherical polynomials

. (B q)n(ﬂ q)l —n 1(1 2n)6
(14) Cilcos6; 1) = Zo @ Dnld; Dicn

(cf. Askey and Ismail [1], Askey and Wilson [3, §4], Gasper and Rahman
[7, §7.4]) are g-analogues of the ultraspherical polynomials (1.2), since
limgy; Ci(x; q¢* | ) = CH(x). The g-shifted factorials in (1.4) are defined
by

k-1 '
(L5) (a; % =[[(1-ad),  (@; @) = lim (a; @)

i=0
Here we follow the notation of the book [7] by Gasper and Rahman. We assume
that ¢ € (0, 1).

In case B = q? the continuous g-ultraspherical polynomials, which are g-

analogues of the Legendre polynomials, have an interpretation as zonal spherical
elements on the quantum SU(2) group (cf. Koornwinder [15]). The continu-

ous g-ultraspherical polynomials C;_;(x; gtk | ¢) have an interpretation as
associated spherical elements on the quantum SU(2) group (cf. Koelink [9]
and Noumi and Mimachi [17], [18]).

Since the group SU(2) is a double covering of SO(3), we can use similar
ideas as used in Badertscher and Koornwinder [4] in the quantum SU(2) group

setting to obtain the following identity for g = g# (cf. [10, §10]).

Proposition 1.1. For k,l€Z,, 0<k <1, and B ¢ q %% we have the fol-
lowing identity for the continuous q-ultraspherical polynomials defined in (1.4):

Qg YEy; Bla, Bla,1; a)Ci(cos8; B | q)

(1.6) B: i ; .
= B (e e Cp(cos: B | ).

Here Q) are q-Hahn polynomials defined by

”‘,ab k+1,x
(1.7) Qk(x;a,b,N;q)=3¢z<q aq. Z_N 5 q q)

and E. is the operator defined by (E.f)(e’) = f(e"\/7q).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use




g-ULTRASPHERICAL POLYNOMIALS AND JACOBI FUNCTIONS 2481

The notation for basic (or g-) hypergeometric series in (1.7) is taken from
[7, Chapter 1]. The basic hypergeometric series is defined by

ai, ..., Gyt — (a1; Q-+ (@re1s O 2*
; ’Z = b
'+'¢'< bi,.... b d ) ,; (b1s @i~ (brs D (45 9k

where the g-shifted factorial is defined in (1.5).

The ¢-Hahn polynomials can be viewed as a special case of the g-Racah
polynomials (cf. Askey and Wilson [2], Gasper and Rahman [7, §7.2]). The
operator E, is defined by Askey and Wilson (cf. [3, (5.2)]). Note that the
operator E, is well defined on polynomials.

As stated before, the original approach te (1.6) in case f = ¢!/2 is motivated
by the representation theory of the quantum SU(2) group. This approach
shows that in case f = ¢'/? (1.6) can be generalised in the sense that we can
replace the continuous ¢-Legendre polynomial by a one-parameter family of
Askey-Wilson polynomials (cf. (2.1)). However, the corresponding right-hand
side of (1.6) becomes a sum of two functions instead of one (cf. [10, Proposition
10.4)).

It is the purpose of this note to prove (1.6) in full generality by analytic
means. This is done in §2, in which also the limit case ¢ 1 1 of (1.6) to (1.1)
is presented. In §3 we present another limit transition of (1.6) as ¢ T 1 to
an identity involving Jacobi functions using the (rigorous) limit transition of
the continuous g-ultraspherical polynomials to the Jacobi functions given by
Koornwinder [14]. A simple combination with another result of Badertscher
and Koornwinder results in a formula relating derivatives of Jacobi functions
with Jacobi functions of shifted degree. For information and references on
Jacobi functions the reader may consult the papers [11], [12] by Koornwinder.

2. PROOF OF THE MAIN RESULT

In order to prove (1.6) we start with the generating function for the Askey-
Wilson polynomials. The Askey-Wilson polynomials (cf. [3]) are defined by
(2.1)

pn(cos@;a, b, c,d|q)=a""(ab; q)x(ac; q)n(ad; q)n

8 q ", abcdq"~", ae'?, ae—1®
493 ab,ac,ad ;4,49 .

Ismail and Wilson proved the following generating function for the Askey-
Wilson polynomials (cf. [8, (1.9)])
(2.2)

o~ Pysa. b dlgr _ (a/z,b/Z. ) (cz,dz. )
,,g(:)(ab;q)n(dC;q)n(q;q)n_2"" @zt Tz,

where y = (z+z71)/2.
In the generating function (2.2) we replace a, b, ¢, d, z, t by v/abg, 0,

Vvaq/b, ¢~V/\/abq, q*\/abq, t\/aq/b for N € N and x € {0, ..., N}.

For these choices the Askey-Wllson polynomial reduces to a dual q-Hahn poly-
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nomial (cf. [7, §7.2])

Pa(y) = (abg)™"*(ag; @)n(a@™"; @)n
(2.3) q", abg*t', g~*
s ) . <
><3¢2( aq. g-N ,q,q), n<N,

and p,(y) =0 for n > N. A straightforward calculation and an application
of the g-binomial theorem, 1¢o(¢~; —; ¢, 2)=(47*2; q)x, X € Z, (cf. [7,
(1.3.14)]) shows that (2.2) transforms into the following generating function for
the dual g-Hahn polynomials

N

ztn(aq;q)n(b4§q)N—n (q‘”,abq"“,q"‘,q q)
24) o D@ Do aq, ¢¥

_ (bg;q)n
O

In (2.4) we specialise a = b = f/q, t =e 2%, N =1, x = k and we
multiply by e‘/¢ to get

l —-n 2 ,k—1 - . .
z3¢2 (q s ﬂ q s q q, q> (B q) (ﬂ > q)l—n e:(l—Zn)O
n=

a x+l, x—N a
(aqt;q)xzm( qq—N/qb 59,19 "/b)-

B, q! (@5 Dn(a5 @)i-n
(2.5) _ B3 @i, 2. il6 Bak,a"! e 1k
=@ 22l (e g)e 2¢1< gi-tjp >9€ 4 /B)
CHO

= m(ﬂe 28 q)ce™Ci_i(cos 0 ; Bg* | 9)
for k € {0,..., N}. The last equality follows from the expression of the
continuous g-ultraspherical polynomial in terms of a ,¢,-series (cf. [1, (3.2)],
[3, (4.4)], [7, (7.4.2)]). This argument is perfectly valid for all # € C which
are not of the form ¢? for p € —1Z,. Since (q-V/P'E,; g)pne'!~-2M0 =
(g™"; @)me'!=2M8 we can interchange the 3p,-series and the summation in
(2.5) if we replace the upper parameter g—" of the 3¢,-series by ¢—(/2/E, .
Finally use (1.7) to finish the proof of (1.6).

In order to show that (1.6) tends to (1.1) as g T 1 we replace g by g% in
(2.5) and we take the limit ¢ 7 1. Note that all sums and products are finite so
we can take termwise limits to find

n, 2A+k =k .\ AnAi=n_i1-2n)8
23F2( , o ’1) (I —n) ¢

(2.6)
(A)k _2i0\k ik Atk
=————(1-e""")*¢ + 0).

(1—k+l)k( e ") e C 1/ (cos 0)

Now note that (—4/+ £ 4)e/=20 = _peill=2m6 5o that (—1/+ 4 5)me'(=2m°
= (=n)me'!=2M%  We can interchange the summation and the 3 F,-series on the
left-hand side of (2.6) if we replace —n as upper parameter by —-1 + 4 23—

This result can easily be rewritten as (1.1) by use of (1.2) and (1.3).
Equation (2.6) gives another interpretation of the result (1.1) of Koorn-
winder and Badertscher as a generating function for the Hahn polynomial
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Onk;A—-1,A-1,1). Note that the roles of argument and degree are in-
terchanged in the Hahn polynomial.

3. LIMIT RELATION FOR JACOBI FUNCTIONS

In [14] Koornwinder has given a rigorous limit transition of the continuous
g-ultraspherical polynomials to the Jacobi functions. To recall his result we
introduce the notation (cf. [14, (1.5)])

, /2
(3.1) Rie; #10) = 258 Dic cos0; )

Koornwinder’s result is (cf. [14, (1.6), but insert —i in front of (1/4)u on the
left-hand side])

G2 lm Raying-1 (4745 04 | ) = (0

for ueC, tel0, ), a> % Here g must be chosen so that 4t/Ing~ ' € Z, .
Note that g can approach 1 as / approaches oo. The right-hand side of (3.2)
denotes a Jacobi function defined by

(3.3) .¢;(40’ﬂ)(t) =,F < e+l l;;);zl(a+ﬂ +1- z,u) —sinh?¢ )

(cf. [11, (2.3)], [12, §2.1]). For a = B, R(a) > —% we have the integral
representation

2 T2a+1) . ' :
3.4 (" a(f) = sinh 2¢ ‘2"/ cosh 21 — cosh 25)*~ tei#s s
(3.4) 9370 = G T (s 207 )
(cf. [11, (2.21)], [12, §5.3]).

In order to use the limit transition of the continuous g-ultraspherical poly-
nomials to the Jacobi functions we first rewrite (1.6) (or (2.5)) in terms of the

rescaled continuous g-ultraspherical polynomial R; (cf. (3.1)). This results in
(3.5)

)] qa ", Brgk', g7k (B DB Din_it—2m)0
“(B% 90 Z & ( B, q7! ’q’q) (@ Dn(d: Din
_ (B,Q)k(ﬂzq s Dk gk, ykik—1)( g ,~2i8 . ;) ik i0. gk
= 8% Dot B*"q (Be "5 q)ke™ " Ry, (e ; Bg" | q).

In (3.5) we replace [, B, e®® by 4t/Ing~', g°+}, g=4# asin [14, (2.2)], so
that the right-hand side of (3.5) becomes

(q20+le—4l : q)k

(945 @il i 44 g)y g Hklkrarii-in)
(3.6) (g%*!; @)
x e R _u (g, g"t*t | g).
ng—

And because of (3.2) we see that for ¢ T 1 (3.6) tends to

k(o 3+ Sk
(a+l)k
for 120, a+k>1, ueC.

(3.7) (sinh 21)k @ *k 2k (1)
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To take the limit ¢ T 1 in the left-hand side of (3.5) with the same re-
placements we also replace the summation parameter n by s =t — 51n q'.
Interchanging the finite summations we obtain in a similar way as in [14 (2.3)-
(2.7)] the expression

(3.8)
1-qg T,2a+1) (e g%t ; g)o
Ing='T (a+ )l a+1) (67%4; 9w

o-da-t Z (@755 9)p(a%**; q)pg”
5 (q; q)p(q"*% q)(e*; q)p

! —2(t-s)g =2(t+s) g - ) »
% llnq—l Z e 4 d)oole 4 9o e (eX=9); q),
2 — (e—Z(l—S)qa‘f‘% ; q)oo(e-—Z(t+S)qa+% ; q)oo

step 1/2Ing—!

for the left-hand side of (3.5). The summation parameter s in (3.8) runs
through the set {—¢, -+ lng™', ..., —r+ lnq_. iIng=! =1}. In (3.8) we
assume ¢ > 0 in order to avoid (e*; q),, =0, at least for 1 — g small enough.
The summand in the last sum can be estimated by elS®WI{(1 4 %)k |s] < ¢,

for o > . As in [14, §2] we can use dominated convergence and the pointwise

convergence of the g-binomial theorem to the binomial theorem to see that
(3.8) tends to

24-eI'2a + 1)
e+ H(a+1)

t
X / (cosh 2 — cosh 25)*~ 1S, Fy (

—t

(sinh 2¢)~2®

3.9)
( —k,k+2a e 3 —e % d

a+ % > e _ o2 §
as g T 1. Note that we can rewrite (3.9) in operator notation if we introduce
the operator T, which sends x4 to u + 2i. Upon equating (3.9) and (3.7) we
obtain as the limit result of (1.6) the following proposition.

Proposition 3.1. For p€C, t >0, o> § we have

-k, k+2a. T—e % (a,a)
a5 a+} o) 0

(3.10) .
(a4 3+ 51k

_ 97—k
=2 (a+ 1),

(sinh 2¢)k p{atk-atk) (4
"

where T(p(" (1) = ¢‘(ﬁz";)(t) and (o(" °)(t) is a Jacobi function defined by (3.3).

Note that the ,Fj-series in (3.10) is essentially an ultraspherical polynomial
C¢ . 1 thank Mizan Rahman for pointing out that (3.10) can be viewed as a
projection formula for Jacobi functions.

Badertscher and Koornwinder not only proved (1.1) in their paper [4], but
also a similar relation involving Jacobi functions and continuous symmetric
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Hahn polynomials instead of ultraspherical polynomials and Hahn polynomi-
als. Explicitly (cf. [4, (6.13)] and use the symmetry q)(_"l’ q);’ ' or the

symmetry in [4, (6.10), (5.4)] in A and -1),

id 1,1 1,1 -
s (2dt 2(a+§-—ll),2(a+2+ll)) )
' _ (a+%+il)k . (atk,—1)

= m—(snlh t) ¢l (t)

for A€eC, keZ,, ac %Z+. Here pi(x;a, b) denotes a continuous sym-
metric Hahn polynomial defined by

(3.12) pk(x;a,b)=ik3F2<_k’k+2a+2b_l’a_ix;1)

a+b,2a

(cf. references in [4]). This result is derived using the homogeneous space
SOy(1,d)/S0).

Since ¢\ (1) = p{2 V(L) (cf. [11, (2.8)], [12, §5.3]), we see that the right-
hand sides of (3.10) and (3.11) are essentially the same functions of ¢. This
leads to the following curious proposition.

Proposition 3.2. With the notation of (3.3) and (3.12) we have

id 1 1. -5
e(7qr 3@+ 7 - ) 2(a+2+”1))¢‘ ®

. -k, k+2a T-e (@,—})
_ ik >
=1 2Fl< a+ 3 ’ 2s1nht) @,

(3.13)

for t>0, ke€Z,, €C, a€iZ, and T is the operator defined by mapping

e 1o Y.

Remark. For special values of the parameters continuous symmetric Hahn poly-
nomials of differential operator argument have occurred in the works of Bate-
man in the 1930s. The approach by Bateman was later extended by Pasternack.
The starting point of the researches of Bateman is the identity, in the notation
of this paper,

id 1 1 1 1/2
(3.14) (2dt )cosht coshtC (tanh 1),

where C,:/ 2 isa Legendre polynomial. The identity (3.14) follows directly from

1d 1 1 1 1 1 r
(2 at )rcosht r'cosht(i - itanht) '
Bateman derived for the polynomial p,(x; 1/2, 1/2) a generating function, or-
thogonality relations, integral representations, a three-term recurrence relation,
difference equations, and other properties using (3.14) as the definition.
Bateman and Pasternack generalised (3.14) in several directions. Pasternack’s
generalisation of (3.14) also yields orthogonal polynomials, which fall in the
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class of continuous Hahn polynomials. For references to the original works and
results by Bateman and Pasternack we refer to [5, Chapter V, §3, Chapter VI,
§8], [6, §4.7], and in particular to Nikiforov, Suslov, and Uvarov [16, §3.10.3.3],
where references to related papers from the 1950s by Brafman, Touchard, Car-
litz can also be found. I thank the referee for bringing the work of Bateman
and Pasternack to my attention.
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