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Introduction

In [22] and [23] H.L. Krall studied orthogonal polynomials satisfying fourth order differen-
tial equations. Moreover, he classified all sets of orthogonal polynomials {P,(x)}, -, with
degree[ P, (x)] = n which satisfy a fourth order differential equation of the form

pa(2)y™ (@) + p3(2)y® (@) + pa(2)y" () + pr(2)y () + po(a)y(z) = 0

where {p;(z)};_, are polynomials with degree[p;(x)] < i and {p;(z)}’_, are independent of
the degree n. These sets of orthogonal polynomials include those which were called the
classical orthogonal polynomials at that time, namely the Legendre, Laguerre, Hermite,
Bessel and Jacobi polynomials. He also found three other sets of orthogonal polynomials
satisfying a fourth order differential equation of this type. In [20] A.M. Krall studied these
new sets of orthogonal polynomials in more details and named them the Legendre type,
Laguerre type and Jacobi type polynomials. These polynomials are generalizations of the
classical Legendre, Laguerre and Jacobi polynomials in the sense that the weight function
for these orthogonal polynomials consists of the classical weight function together with a
Dirac delta function at the endpoint(s) of the interval of orthogonality.

Later L.L. Littlejohn studied more generalizations of the classical Legendre polynomi-
als in this way and named them after H.L.. Krall : the Krall polynomials. These Krall
polynomials are orthogonal on the interval [—1, 1] with respect to the weight function

;6@—}—1)—#;5@—1)—#0, A>0, B>0 and C > 0.
See [24] and [25]. These polynomials do not fit in the class of polynomials which satisfy a
fourth order differential equation of the above type. The Krall polynomials satisfy a sixth
order differential equation of a similar form.

A.M. Krall and L.L. Littlejohn did some work on the classification of higher order
differential equations having orthogonal polynomial solutions. They tried to classify all
differential equations of the form

S pi(@)y(z) =0, r € {2,3,4,...},

i=0
where {p;(z)},_, are polynomials with degree[p;(z)] < i and {p;(x)},_, are independent
of n having orthogonal polynomial solutions {P,(z)} -, with degree[P,(z)] = n. See [26]

and [21].

X



X INTRODUCTION

In [19] T.H. Koornwinder found a general class of orthogonal polynomials which gen-
eralize the Legendre type, Jacobi type and Krall polynomials. These polynomials are
orthogonal on the interval [—1, 1] with respect to the weight function

I'(a+5+2)
208K (e + 1)I(B+ 1)

(1—2)*(1+2)° + M&(x + 1)+ Né(z — 1).

As a limit case he mentioned the polynomials {L%’M (:E)}OO o which are orthogonal on the

n=

interval [0, 00) with respect to the weight function

1

These polynomials generalize the Laguerre type polynomials. Many important properties
of these polynomials are listed in [13].

In section 3.5 we show that these generalized Laguerre polynomials {L%M (33)}:0,0 sat-
isfy a differential equation of the form

MZ v) +zy'(x) + (e +1—x)y'(x) +ny(zr) =0

which is of infinite order in general. For M = 0 it reduces to the differential equation for
the classical Laguerre polynomials. In the nonclassical case M > 0 only for integer values
of « this differential equation is of finite order 2a + 4.

Most classical orthogonal polynomials mentioned before can be generalized by con-
structing an inner product in the following way. Let w(x) denote the weight function for
the classical orthogonal polynomials we want to generalize and let [a, b] be the interval of
orthogonality of these polynomials, where b might be infinity in the Laguerre case. Now
we consider the inner product

<fg> —/w dx+ZMf D(a)+ 3 N;fD0)gP ) (0.0.1)
j=0
where M; > 0 and N; > 0 for all 4,5 = 0,1,2,.... In the Laguerre case we only have one

endpoint of the interval of orthogonality, so the last sum does not appear in that case.

In [3] and [4] H. Bavinck and H.G. Meijer studied generalizations of the Jacobi polyno-
mials in this way in the symmetric case o = (3 and with only first derivatives in the inner
product. In fact they computed the polynomials which are orthogonal with respect to

T'(2a + 2) 1(

%era+1fl
+ M[f(=1)g(-1) + f(1)g()] + N [f'(-Dg'(—=1) + f'(1)g'(1)]
where o > —1, M >0 and N > 0.

(z)g(w)dx +

< f,g>=
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F. Marcellan and A. Ronveaux similarly studied orthogonal polynomials in a general
setting in [30]. They studied inner products of the form

o0

< f9>= [ w@)f@gde + 5 g0 )

— 00

where A > 0, ¢ is real, r is a nonnegative integer and w(z) is a positive weight function
defined on the real line.

It is important to realize that the inner product (0.0.1) cannot be obtained from any
weight function in general. Since many properties of the classical orthogonal polynomials
depend on the existence of a positive weight function we cannot expect the new general-
ized orthogonal polynomials to have properties such as a three term recurrence relation.
Further we cannot expect the polynomial with degree n to have exactly n real and simple
zeros which are located in the interior of the interval of orthogonality. This interval of
orthogonality is not even defined in the general case. So it is significant to study these new
families of orthogonal polynomials.

Although one can derive some results in general, see for instance [30], we have chosen to
explore an explicit example in detail. So we study generalizations of the classical Laguerre
polynomials which are also further generalizations of the Laguerre type and Koornwinder’s
generalized Laguerre polynomials . In this case we only have one endpoint of the interval
of orthogonality of the classical orthogonal polynomials.

In chapter 1 we give the definition of the classical Laguerre polynomials and some of
their properties. Moreover, some notations and terminology are introduced in that chapter.

In chapter 2 we give the definition and some important properties of the new generalized
Laguerre polynomials . Most of its contents was published before in [15].

In chapter 3 we list some properties of Koornwinder’s generalized Laguerre polynomials
. Most of these properties were given in [13] too. In section 3.5 we give a proof of the
differential equation of infinite order mentioned before. This is a joint work with J. Koekoek
published in [10].

Chapter 4 deals with another special case of the polynomials defined in chapter 2. This
is the simplest case where the inner product cannot be derived from a weight function. We
give some results concerning the zeros in this and some other special cases. Some results
given in this chapter were published before in a joint work with H.G. Meijer in [18].

This is part one of this thesis.

In part two we consider a g-analogue of the classical Laguerre polynomials. This q-
analogue was studied in detail by D.S. Moak in [31]. This is not the only g-analogue of the
Laguerre polynomials. Similar results can be found for other g-analogues. We have chosen
these g-Laguerre polynomials as an example. These particular g-Laguerre polynomials
satisfy two different kinds of orthogonality relations. These results are given in chapter 5.

In chapter 6 we give the definition and some properties of the generalizations of these
g-Laguerre polynomials. These polynomials can be considered as g-analogues of the poly-
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nomials given in chapter 2. The results given in this chapter were published before in [16]
and [17].

In chapter 7 we consider a special case which was treated before in [14]. In this chapter
we give some results concerning the zeros of these polynomials which contradict possible
conjectures which may arise from the results in chapter 4.



PART ONE






Chapter 1

The classical Laguerre polynomials

1.1 Some notations and terminology

A (positive) weight function w(z) on an interval [a, b], which might be infinite, is a non-
negative integrable function for which

‘/bw(x)dx > 0.

The polynomials {p,(z)} -, with degree[p, ()] = n are called orthogonal polynomials on
the interval [a, b] with respect to the weight function w(x) if

b

a

where §,,, denotes the Kronecker delta defined by

1 if m=n
Opn 1= m,n=20,1,2,....

0 if m+#n

The interval [a, b] is called the interval of orthogonality.

From now on we always work in the space of all real polynomials, i.e. polynomials with
real coefficients. An inner product <, > is a positive definite symmetric bilinear form. This
means that for all polynomials f, g and h and for each real number \ we have

e < fig>=<g,f>

e < fig+h>=<fg>+<f,h>

<ALg>=<[f,A\g>=A<[fg>

<f,f>>0and <f,f>=0 ifandonlyif f=0
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The polynomials {p,(z)} -, with degree[p,(z)] = n are called orthogonal polynomials
with respect to the inner product <, > if

< Pm;Pn > = hnémny hn > 0.

Given an inner product <, > the polynomials {p,(z)}, ., with degree[p,(z)] = n which
are orthogonal with respect to that inner product are uniquely determined except for a
multiplicative constant. One set of polynomials {r,(z)},, orthogonal with respect to this
inner product can be constructed by using the Gram-Schmidt orthogonalization process as
follows.

We start with the monomials {z"},~, which span the space of all polynomials. Then
we define

n—1

ri(z), n=1,2,3,....

An induction argument easily shows that these polynomials {r,(x)} -, are orthogonal
with respect to the inner product <,>. Every other set of polynomials {p,(x)} -, with
degree[p,(z)] = n orthogonal with respect to this inner product <, > satisfies the relation
Pn(z) = Cyryp(x) for all n where {C,,} 7 are nonzero constants. These constants are often
chosen such that the polynomials {p,(z)} —, all satisfy the same normalization condition.

1.2 The hypergeometric series

The hypergeometric series ,F} is defined by

ai, s, ...,a > (a1, az,...,a) 2"
F P L) = z 1.2.1
p q( bryba, ...\ b, ) k;o (b1, bas -2 b K (12.1)
where
(a1, ag, ... ap)r = (a1)x(az)y - - - (ap)k
with

(a)o:=1 and (a);:=ala+1)(a+2)---(a+k—-1), k=1,2,3,....
When one of the numerator parameters a; equals —n where n is a nonnegative integer
the hypergeometric series is a polynomial. Otherwise the radius of convergence p of the
hypergeometric series is given by
oo if p<qg+1
p=1 1 if p=q+1

0 if p>qg+1.



THE LAGUERRE POLYNOMIALS 5

In the special case p = 2, ¢ = 1 and z = 1 we have a summation formula which is
known as Vandermonde’s summation formula

_n7b _(C_b)n o
2F1< ’ ‘1>_ o CeA40,-1,-2,...,n=0,1,2,.... (1.2.2)

Later Gauss found another summation formula in this case :

o < i M - ?Eiiiﬁfﬁ?ii

,c—a—b>0,¢c#0,—-1,-2,.... (1.2.3)

1.3 The definition and properties of the classical La-
guerre polynomials

For o« > —1 the classical Laguerre polynomials {Lff)(x)}oo can be defined by

n=»

n _1 k
- Z( ) "+O‘>xk,n:0,1,2,.... (1.3.1)
n
From this definition we easily see that

—1)n
L9 (z) = (|)a:” + lower order terms, n=0,1,2,.... (1.3.2)
n!
These polynomials are orthogonal on the interval [0, 00) with respect to the weight
function = —z%~*. The orthogonality relation is

T'(a+1)
1 o0
Ta+1) O/xae—ngy (2) L) (x)dx = (n j; oz) Smny, mym =0,1,2,.... (1.3.3)
An easy consequence of the definition (1.3.1) is
L®(0) = <”+O‘>, n=01,2,.... (1.3.4)
n

The polynomials {Lg}‘) (m)}oo_o satisfy a second order linear differential equation

zy’(z) + (e +1—2)y'(x) + ny(z) =0, (1.3.5)

which is often called the Laguerre equation.
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The three term recurrence relation is

(n+ DL (2) + (2 — 2n — a — 1) L (2) + (n+ a) L\ (2) = 0,

n=1,2,3,...  (13.6)

Léa) (x) =1 and Lga)(:p) =a+1—u=x.
They satisfy the simple differentiation formula = L{® (z) = — L (z) or more general
DFL(z) = (=D)L P (2), k=0,1,2,...,n, n=0,1,2,.. .. (1.3.7)

We will use another simple relation for the classical Laguerre polynomials

d
Lt (z) = L) (z) — d—LEf)(a:), n=0,1,2,..., (1.3.8)
xr

which is equivalent to formula (5.1.13) in [32] and which is easily shown to be correct by
using the definition (1.3.1).

If we differentiate (1.3.8) once, multiply by = and apply the Laguerre equation (1.3.5)

we find

d d
nL® (z) + (a + 1)@%&)(1-) = x%LSf‘“)(x), n=0,1,2.... (1.3.9)

This relation will be used in chapter 2 and chapter 3.

Finally, we have a Christoffel-Darboux formula

) (n + a) 3~ L@)L0 W)

n )= k+a
k

= (n+1) [LO (@) L2k (v) = L (@) LY ()], n=10,1,2,.... (1.3.10)

In the so-called confluent form the Christoffel-Darboux formula reads

nta i{L;"%x)}Z
( n )k:o (k;:a)

o d oy 4
—(n+1) [Lfljl(x)de; )(z) — L >(x)de§L31(x)] ,n=0,1,2,.... (1.3.11)



Chapter 2

Generalizations of the classical
Laguerre polynomials

2.1 The definition and the orthogonality relation

Consider the inner product

o0

< f,g>= F(al—i—l) O/xae_zf(x)g(x)dm + V;}Myf(”)(O)g(”)(O), (2.1.1)

a>-1, Ne{0,1,2,...} and M, >0 forallve {0,1,2,...,N}.

We will determine the polynomials {L%M()Ml 7777 My (x)}:ozo which are orthogonal with re-
spect to the inner product (2.1.1). It is clear from the Gram-Schmidt orthogonalization pro-
cess that there exists such a set of polynomials {L%MO’Ml """ My () }ZOZO with degree[
n. So we may write, by using (1.3.7)

LoMoMies My (1) = 5™ A DFLO () = ST (=P ALY (2), n=0,1,2,...,  (2.1.2)
k=0 k=0

where L{®(x) denotes the classical Laguerre polynomial defined by (1.3.1) and the coeffi-
cients {Ay},_, are real constants which may depend on n, a, My, My, ..., My. Moreover,
each polynomial L&Mo:Mu--Mn(g) is unique except for a multiplicative constant. We will
choose this constant such that

L2000 () = L) (g), (2.1.3)

By using the representation (2.1.2) and (1.3.2) we easily see that the coefficient k,, of
2™ in the polynomial LMo, (x) equals

ke = (_nl)nAo. (2.1.4)

Mo, Mi,...
n
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This implies that Ay # 0.

Let p(x) = ™. We choose Ly """ x) = 1 for the moment and we will determine
the polynomlals {Lﬁ Mo, M. My (ac)}n_l in such a way that < p, L&MoMu- My > = () for
all m e {0,1,2,...,n—1}.

By using the definition (1.3.1) and Vandermonde’s summation formula (1.2.2) we find

/xa+m _mL . k)(x)dx
0

_ [(n+a i —n+ k) F(a+m+j+1)_

 \n-k) = (0 +k+1);5! -

_ (n_k>1“(m—l—a—|—1)2F1< o ‘1>_
—m-1

- (n mk )F(m+04+1)7k—0,1,2,...,n, m,n=0,1,2,.... (2.1.5)
n_

First we consider the case that n > N +2 and N +1 < m < n — 1. Then it is clear
that
p(0) =0 forall ve{0,1,2,...,N}.

Since

n—m—1 (n—m —1)!
- =0 f =0,1,2,...
< n—k > (n—k)!r(k—m) 0 for k=0,1,2, ,m and m <n

we see, by using (2.1.5), that < p, L&MoMi-My > — () is equivalent to

t(—D)FA a7 (atk)
0 = 7/xa+m L, (x)dx
k%ﬂr(a""l)o
'm+a+1) & wf(n—m—1
= — -1 Ay, m=N+1,N+2,....,n—1.
FMa+1) k:%zﬂ( )< n—k ) F
If we substitute m =n —1,n —2,..., N + 1 respectively we easily obtain
Anyio=Ani3=---=A,=0 for n> N + 2.

Hence, the expression (2.1.2) reduces to
LoMoMu My (1) = N 4, DR () (2.1.6)

form > N +2. Forn < N + 1 (2.1.6) is trivial. In that case the coefficients {Ak}fftllﬂ

can be chosen arbitrarily. This proves that the polynomials {La Mo, M., M (:E)} _, can be
defined by (2.1.6) for all n € {0,1,2,...}.
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In order to define the coefficients {Ak}kN;)l we now have to consider forn =1,2,3, ...
< p, LoMoMu My~ — 0 for m =0,1,2,...,min(n — 1, N). (2.1.7)
Since p(x) = 2™ we easily see that
p(0) = m!bpy, v =0,1,2,...,N.
Hence, (2.1.7) implies, by using (2.1.1), (2.1.5), (2.1.6), (1.3.4) and (1.3.7), that

T(m+a+1)™@N n—m—1
Tty 2, O )

k=m+1

min(n,N+1) n+
+ (=1)"m!IM,, > (—1)k< )Akzo, m=20,1,2,...,min(n — 1, N),
prrd n—m-—k

where
<u> —0 for u#—1,-2,-3,... and v=—1,-2,-3,....
v

This condition is necessary and sufficient for the orthogonality. For n > N + 1 this is a

system of N + 1 equations for the N + 2 coefficients {A,} " If 1 <n < N + 1 we have

n equations for the n + 1 coefficients {A;},_,. Since

—m—1
nom = nta =0 for k>n+1 and m=0,1,2,... min(n — 1, N)
n—k n—m-—=k

n—m-—1 B n—m-—1
n—=k C\k—m—1
we simply write

I(m+a+1) T wf(n—m—1
fa+y 2,V eomoy )

b (—1)™mIM,, ki (—1)’f( nta

and

)Akzo, m=0,1,2,...,min(n — 1, N).

n—m-—Ek

However, we will define the coefficients {Ak}i\ﬁf in such a way that

m+a) pfn—m—1
( m )k:zmjﬂ(_l) k—m—1 At
N+1
+(—1)mMmZ(—1)k< nta )Ak_o,m_0,1,2,...,N (2.1.8)
k=0

n—m-—k
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is valid for all n € {0,1,2,...}. For n > N + 1 this is the same system of equations. For

n < N we have added the following conditions on the arbitrary coefficients {Ak}kN;1+l :

m ) n—m-—k

form=n,n+1,n+2,..., N, since (Z) = (—1)’“(_]:!)‘“. Hence

N1
(n—l—a) S Ay = M, Ao

n k=n+1

) = ) 1 n—i—
("JFO‘H) 3 (4 D) LA, =0,i=1,23... . N-n

n+i ), = (k—n—i—1)
This implies for n < N that A, = A,y3 = -+ = Ayy1 = 0 and ("Z“)Anﬂ = M, Ay.
However, in the sequel we only need
(” j; O‘) (Anss + Apso + -+ Ayy1) = My Ay for n < N. (2.1.9)
With (2.1.6) and (2.1.8) we have found the polynomials {Lg’MO’Ml """ MN(x)}:o:O. We

changed the choice of Ly™MM=MV 2y = 1 such that (2.1.6) also holds for n = 0. This
can be done since each polynomial L&Mo:Mu-Mn(g) is unique except for a multiplica-
tive constant. In view of the chosen normalization (2.1.3) these polynomials clearly are

generalizations of the classical Laguerre polynomials {L @) (g )}OO_O defined by (1.3.1).
Finally, we note that (2.1.8) for m = N leads to

N+« ! f nta
( N )ANH—MN g(—l) W N Ag. (2.1.10)

This implies that Ay, = 0 for My = 0.
Now we will show that

< Lg’MO’Ml """ MN, La’MO’Ml """ My > = (n + Oé) Ao (AO + Al + -4 AN+1) . (2111)
n

This implies that
AO (A0+A1+"'+AN+1) > 0. (2112)

In order to show that (2.1.11) is true we note, by using (2.1.4) and the orthogonality, that

(="
< L;“:MO:MI 77777 MN,L%’MO’Ml ~~~~~ My - — Ay < l.n’Lzé:MO:Ml ~~~~~ MN(l.) > .
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Now we use (2.1.6), (1.3.7) and (2.1.5) for m = n to find for n > N +1

Mo, My .., M (=P A n (octh)
< n’ L% 0,115, N > = / n+a f:rL (e} d

F(n—l—a+ ) T

= (= MNa+1) ZAk

This proves (2.1.11) in the case n > N + 1.
For n < N we find

r
< ", [OMoMi My (3) 5 (Z1)n (;& +j<j Z Ay, + (—1)™nI M, A,.
Oé

Now we use (2.1.9) to conclude that (2.1.11) is also true for n < N.
Hence, we have obtained the orthogonality relation

<L7anj 0,15, VN Laa 0,M1,.., VIN >

_ (nj;a>Ao(A0+A1+"'+AN+1)5mn7 m,n=0,1,2,.... (2.1.13)

If Mg = M1 == = MN =0 (218) and (213) lead to Ao =1 and Al = A2 = =
Ayi1 = 0. This implies that (2.1.13) is a generalization of (1.3.3), since L&%00(z) =
L) ().

n

2.2 Another representation

In this section we will prove the following three relations involving the classical Laguerre
polynomials :

e DML (1) = (n — k)DL (2) + (a + k + 1)D* 'L (), k=0,1,2,..., (2.2.1)
k (K .
2 DEL+R) (1) = g(—w% <Z> (i —n)p_i(la+ k), D'LY(z), k=0,1,2,... (2.2.2)
and
DL ( i( ) = )i FDILE (), k=0,1,2,....  (2.2.3)
: (v +1)i(a+ 20+ 1), " ’ T

Relation (2.2.1) which is a generalization of relation (1.3.9) is used to prove relations (2.2.2)
and (2.2.3). The relations (2.2.2) and (2.2.3) can be used to show that definition (2.1.6) is

equivalent to
N+1

LCY,MO,MI ,,,,, My (x) — Z kakaLgla—i-k) (ZE), (224)
k=0
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for some coefficients { By }1 . These coefficients are related to the coefficients {A}r .

By using relation (2.2.2) we find

N+1 ) k
Ai = Z (—1)Z+k< ) (Z - n)k_i(a + k)sza 1= 0, 1, 2, cee 7]\/v + 1.

k=i L

With (2.2.3) we find

1 R (k=n)
By = —— ] A, k=0,1,2,...,N+1.
’ (a+k>k§k<k> (@ +2k + 1)

To prove (2.2.1) we use induction on k. For & = 0 relation (2.2.1) reduces to relation
(1.3.9). This shows that it is a generalization of (1.3.9).
Now we assume that (2.2.1) holds for £ = m — 1. Then we find by using (1.3.8) :

d
I'Dm+1L£La+1) (I) — xdi-DngLa—i_l) (.T)

X
= dd [ DngLa-‘rl)(x)} _ Dqu(la—l-l)(x)
Xz
— dd {(n + 1-— m)Dm—lLS{X) ([E) + (Oé -+ m)Dnga) (ZL’)} - Dngla—&—l) ([E)
i

= (n—m)D"L(z) + (o +m + 1) D™ L ().

This proves relation (2.2.1).

Now we prove relation (2.2.2) which is a second generalization of (1.3.9). Again we use
induction on k. For k = 0 relation (2.2.2) is trivial. For k = 1 it reduces to (1.3.9). This
shows that it is another generalization of (1.3.9).

Now we assume that (2.2.2) holds for Kk = m — 1. Hence

:L,m—le—ngLa—i-m—l) (l’)

= mZ_j (=1t (m N 1) (i — n)m1—i( +m — 1); D' L (z). (2.2.5)

i=0 t
If we take the derivative of (2.2.5) and multiply by = we obtain
memLff‘*m_l)(x) + (m— 1)xm_1Dm_1L,(f‘+m_1)(x)

= wmz_ (=1)mt (m - 1) (i —n)mo1—i(a+m—1),D" L (z).  (2.2.6)

i=0 L

Now we multiply equation (2.2.5) by m — 1 and subtract it from equation (2.2.6) obtaining

m—1 ) -1
mengaerfl)(x) — Z (_1>1+m71 (m - )(Z B n>milii(a L 1>Z «
i=0 v

x (DL (z) — (m — 1) DL ()]
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We replace a by a4+ 1 and use (2.2.1) and (1.3.8) to find

m—1 m— 1
mDmL(a+m Z z+m1< )(z—n)m - Z(a+m) <

=0 U
x |(n—m =i+ 1)D'L (x) + (o +m+ i) DT LE ()]

Hence
gcmDmL;chr ™) (1)
m—1 m — 1 )
= (=)™ T (n—m =i+ 1) — n)m1—i(o + m); DL (z) +
=0 L

1

+§1<_1)i+m1( ,‘1>(@_n)m i@+ m)i DL ()

= (=)™ (i —n)pm_1_i(a +m); x

W—l)“l_”) ("7 o= i g +

=1 —m 4 1) (=n)m-1 LY () + (@ + m)n D™ L ()
= S 1 Z+m<m> i —n)m—i(a +m);D'LI (z) +
—1)™( () + (+m)m D" LY ()

>(z —n)mi(a+ m)iDiLgla)(x).

I
IngE

<—1>2+m(

1

This proves relation (2.2.2).
To prove relation (2.2.3) we start with relation (2.2.2) and write it in the following
way :
Ci(z) =D (—1)** <z> (1 —n)p—i(a+k);Di(x), k=0,1,2,.... (2.2.7)
=0
It is not difficult to see that the system defined by (2.2.7) has a unique solution for
{Di(x)}2,. We will show that this solution is given by

_i i (5 —n)iy ‘ -
Di(x)—j2%<j><a+]) CEREe Cy(r), 1=0,1,2,.... (2.2.8)

To prove this we substitute (2.2.8) in the right-hand side of (2.2.7)

Z Z 1) <k> <Z> (i = miili =iy o+ k) C;(x)

== j a+7)jla+25+1);
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and show that this equals Ci(z). Changing the order of summation and using

(= n)i—j(i = )i = (J = M)
() -6

Sk(z) = ;}(—UHI“ <k> MC](@ Z (j—k)ija+k);

i) (a+7); i=j (a+2j +1)i;(i — j)

and

we find

Now we use the fact that
(a+k)ivj = (a+k)j(a+k+j)

to see that the last sum equals

<

Y (G R)isjla+ k) (G — k)ila+ k)i

T(j,k) = ;(Oz—i—zj“‘l)ij(i_j)! - (Oz—|—2j—|-1)ii!

™

I
o

()

_ <a+k)j’§(j—k:)i(a+k+j

~—

i=(04+k?)j'2F1<

= (4254 1)! a+2j+1
By using Vandermonde’s summation formula (1.2.2) we obtain
‘ 0 Jg <k
, — k4 1)k, ’
T(j.K) = (o + k)t D
(a + 25+ 1)k—j (Oé + k)k, j=k.

Hence, since

() = (-1 (k) U =1 o7, k)

§=0 J (Oé +j)j
we have (ot b

This proves (2.2.8) and therefore (2.2.3).

2.3 Representation as hypergeometric series

From (2.1.6) and (1.3.1) we obtain

N—+1 _
- (1) E a7, ) - (27

L k=0

1—ka+k+y
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where

C = NZJF:I (=n)m+i _ (—1)m Nir:l(m (mt b .,
TS (@t D T @+ Dmgntt = k N+1-k Ak

From (2.1.12) it follows that Ao+ A; + -+ + Any1 # 0. So we may write

Con=(Ao+ A1+ +Anp1) (=1)m (m + Bo)(m + B) - - - (m + Pn)

(@+N+2)m (@+1)nm
for some complex numbers 3;, 7 =0,1,2,..., N. Since
ﬁ' +1 m
7 )m

we find in that case

_ ﬁoﬁl‘“ﬁNC”H—Oé
r) = —/—/ "

(a+ 1)y >(AO+A1+”.+AN+1)X
+1

—n, S+ LA +1,..., 0y +1
><N+2FN+2< a+N+2 8 Br.... By x]. (2.3.1)

In the case that [3; is a nonpositive integer for some j we have to take the analytic contin-
uation of (2.3.1).

For My = My =--- = My =0 we have Ay =1 and A1 = Ay, =--- = Ay,1 =0. In
that case we find

(=1)m

- m (mat _ (=1)m (m+a+ 1)y
On = G D ot v = o o G ve
(=n)m  (m+Bo)(m+B1)---(m+ Bn)
(a+N+2), (@ +1)nt

where
Bi=a+j+1,7=01,2,...,N.

We then find for (2.3.1) :
@,0,0,...,0 _ (nta —n,a+2,a+3,...,aa+N +2
Ly, (z) = ( n >N+2FN+2<a+N+2,a+1,a+2,..,,a+N+1 x
n+ao -n
B ( n >1F1< a+1

So (2.3.1) can be considered as a generalization of the hypergeometric series representation

of the classical Laguerre polynomials {Lﬁf‘)(x)}ooio given in (1.3.1).
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2.4 A second order differential equation

In [18] we found a second order linear differential equation satisfied by the polynomials
{L%M’N (:U)}::O. The method used there can be applied in the general case, but in [9] we
found a more simple and elegant proof of the second order linear differential equation for
the polynomials {L%MO’M1 """ My (m)}zo_o. We will give this latter proof here.

Theorem 2.1. The polynomials {L?L’MO’Ml """ MN(a:)}OO o satisfy a second order linear

n=

differential equation of the form
zp2(2)y” (x) — pr(2)y'(z) + npo(z)y(z) = 0 (2.4.1)
where po(z), p1(z) and pa(x) are polynomials with
po(r) = Ag (Ag + Ay + -+ + Any1) 2V + lower order terms
pi(z) = Ag (Ag+ AL+ -+ + Any1) 2V 2 + lower order terms (2.4.2)
pa(z) = Ag (Ag + Ay + - + Any1) VT + lower order terms

and
p(z) = 2ph(z) + (x — a — N — 2) pa(x). (2.4.3)

Proof. We start with the differential equation (1.3.5) for the classical Laguerre poly-
nomials {Lga)(x)}

n=0
xd—zL(a)(x) +(a+1— x)iL(“) (z) + nL®(z) = 0. (2.4.4)
dzx? " de " "

Differentiation of (2.4.4) leads to

eDFP2LO (1) 4 (a4 k+1—2)DFLO (@) + (n— k)DL (2) =0, k=0,1,2,.... (2.4.5)

By using k = N — 1 in (2.4.5) we find from (2.1.6)

N
g LMo Mo MY () = 3 be(2)D* LY (x)

k=0

where

bk(ZL’):AkJI, ]{520,1,2,...,]\7—2
bN_l(ZL‘) = AN_ll‘ — (n - N + 1)AN+1

by(z) = Ayz — (a+ N — 2)An.1.
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Then we take k = N — 2 in (2.4.5) to obtain

where

by_1(x) = zby_1(x) — (@ + N — 1 — x)by(x).
Repeating this process we finally find by taking £ = 0 in (2.4.5)

d
¥ LMo () = go() L (2) + a () 5 LY (2)

for some polynomials gy and ¢, satisfying

{ qo(z) = Agx™ + lower order terms

q(z) = (A + Ay + -+ -+ Ay 1) 2V + lower order terms.

Differentiation of (2.4.6) gives us

d2

= @)L @) + o) + (@) L) + () S L)

Now we multiply this by = and use (2.4.4) and (2.4.6) to find

d d
INH%L%MO’M """ My (1) = ro(2) L (@) 4+ r1(2) — LY (2)

where

{ ro(z) = 2qp(x) = Ngo(x) — ngi(z)

r(x) = zqo(x) + z¢i(x) + (x —a— N — 1)qi ().
It follows from (2.4.7) and (2.4.9) that

{ ro(z) = —n (A; + Ag + - + Any1) 2V + lower order terms

ri(z) = (Ao + Ay + -+ + Ay 1) 2N + lower order terms.

In the same way we obtain from (2.4.8) by using (2.4.4)

d? d
e Lot N () = o) LI () + (@) - L (@)
X

17

(2.4.6)

(2.4.7)

(2.4.8)

(2.4.9)

(2.4.10)

(2.4.11)
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where
so(x) = arj(x) — (N + D)ro(x) — nry(x)
(2.4.12)
s1(x) = xro(x) + xri(x) + (r —a — N — 2)ry(x).
And applying (2.4.10) to (2.4.12) we find
so(z) = —n(Ag+ Ay + -+ + Axy1) VT + lower order terms
(2.4.13)
si(z) = (Ag+ Ay + -+ Any1) 2V 2 + lower order terms.

Now we eliminate the derivative of the classical Laguerre polynomial from (2.4.6) and
(2.4.8) and find

[a0(2)r1(x) — @i (w)ro(w)] LY (x)

d
— ZUN [Tl(x)Lz’MO’Ml ..... MN(SC)_IQ1($)%LZ7MO7M1 ..... MN<1,) )

Since L{™(0) = (“:O‘) # 0 we conclude that

qo(z)r1(z) — qu(z)ro(z) = 2V po(z) (2.4.14)

for some polynomial po. In the same way we obtain from (2.4.6) and (2.4.11)

qo(7)s1(x) — qu(7)so(x) = 2V py (z) (2.4.15)
for some polynomial p;. And from (2.4.8) and (2.4.11) it follows that

N+1

ro(x)s1(x) — ri(z)so(z) = nx™ " po(z) (2.4.16)

for some polynomial py. Here we used the fact that
qo(x) = Apz™ and ry(z) = so(x) =0 for n =0,

which follows from (2.4.6), (2.4.9) and (2.4.12).
In view of (2.4.6), (2.4.8) and (2.4.11) it is clear that the determinant

) q(z) @)

€x _

N+1 d La’MO’Mh".’MN(CC)
de "

ro(z) 11(2)
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must be zero. The first column of this determinant can be divided by V. Hence, by using

(2.4.14), (2.4.15) and (2.4.16), we find

LMo M) o) ()
d
0 = |wgglate @) ne) )
2 d2 a,Mo,Mi,...,Mp
L (1) so(@) si(x)
d? d
— xN+2p2( )d 2L7O;M0 My, MN($)—£L‘N+1]91($)% gMo,Ml ..... MN<1,)+

This proves (2.4.1).

Now (2.4.2) easily follows from (2.4.14), (2.4.15) and (2.4.16), by using (2.4.7), (2.4.10)
and (2.4.13).

Finally we prove (2.4.3). Differentiation of (2.4.14) gives us

v ph(x) + Napa(z) = qh(z)ri(2) + qo(2)r) (2) — gy (2)ro(@) — qa(@)rg ().
Now it follows by using (2.4.14), (2.4.12), (2.4.9) and (2.4.15) that

Maph(x) + (x — a = N = 2)ps(z)]

= zgp(x)ri(z) + qo(2)ri(z) — qi(@)ro(z) — i (2)ry(z)] +
+ (2 — = 2N = 2) [go(2)r1 () — qu(x)ro()]

= qo(x) [zro(x) + 2ri(z) + (x —a — N — 2)ri(z)] +
— q1(z) [zr(z) — (N 4+ Dro(z) — nri(z)] +
— 2qo()ro(x) — Ngo(2)ri(x) — ngi(z)ri(z) +
+ zqy(2)ri(z) — zgi(z)ro(z) — (2 — a = N = D)qu(2)ro(z)

= q(@)s1(z) — q1(x)so(x) + r1(2) [vq(x) — Nao(x) — nqr(2)] +
—ro(@) [2go(2) + 2q1(2) + (2 — v = N = 1) (2)]

= qo(@)s1(z) — qu(2)so(x) + r1(z)ro(x) = ro(x)ri(z) = a¥pi ().

We simply divide by 2 to obtain (2.4.3). This proves the theorem.
If My = My = -+ = My =0 we have Ay = 1 and A] = Ay = --- = Aynyq = 0.

Moreover, we have L20%0(z) = L(®)(z). This implies that (2.4.6) is valid with go(z) = 2V
and ¢;(x) = 0. Then it follows from (2.4.9) that ro(z) = 0 and r;(z) = 2¥*. And from

(2.4.12) we then obtain so(z) = —nz™* and s1(z) = (r — a — 1)2¥ 1. So we have, by
using (2.4.14), (2.4.15) and (2.4.16) that pa(z) = 2V pi(x) = (# — a — 1)z and
po(z) = ¥+, Hence, for My = M; = -+ = My = 0 the differential equation (2.4.1) can

be divided by V! to yield the Laguerre equation (1.3.5). This shows that (2.4.1) can be
considered as a generalization of (1.3.5).
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2.5 Recurrence relation

o0

All sets of polynomials {P,(z)}, -, with degree[P,(x)] = n which are orthogonal on an
interval with respect to a positive weight function satisfy a three term recurrence rela-
tion. The classical Laguerre polynomials for instance, satisfy (1.3.6). The polynomials

{LQ’MO’Ml """ My (x)}oo_o in general fail to have this property, but we will prove the following

Theorem 2.2. The polynomials {Lg’MO’Ml """ My (x)}oo

n=

, satisfy a (2N + 3)-term recur-

rence relation of the form

n+N+1
N LMo, My My () — 3 B Lo MoMe My () — 01,2, (25.1)
k=max(0,n—N—1)

N+1LO¢7M07M1 ..... Mn
n

Proof. Since (x) is a polynomial of degree n + N + 1 we have

n+N+1
gNHL oMM My () — N7 gl peeMo Mo My ) oy — 19, (2.5.2)
k=0
for some real coefficients E,E;"), k=0,1,2,...,n+ N + 1.
Taking the inner product with L%Mo:Mu-M~y () on both sides of (2.5.2) we find by
using (2.1.1) forn =10,1,2,...and m =0,1,2,...,n+ N + 1 :

m
=< $N+1L7014,M0,M1 ..... MN(’%)’L?;,Mo,Ml ..... MN(w) >
= < N LMo M Moy () LMo MMy () s, (2.5.3)

In view of the orthogonality property of the polynomials {L%’MO’MI """ My (x)}oo_o we con-
clude that E(™ = 0 for m + N + 1 < n. This proves (2.5.1).

The coefficients {Ak}kN:JBl in the definition (2.1.6) depend on n. To distinguish two
coefficients with the same index, but depending on a different value of n we will write
Ag(n) instead of Ag. Comparing the leading coefficients on both sides of (2.5.2) we obtain
by using this notation and (2.1.4)

K, (—1)V+ (n+ N +1)! Ag(n)

E(”) —
nEN+L kn+N+1 n! A(] (TL + N + ].)

If we define (compare with (2.1.11))

#0,n=0,1,2,....

A, =< Lg,Mo,Ml ..... MN’Loz,MO,Ml ..... My - _ (n—i— a)AO (Ao CA et AN+1)
n

then we find by using (2.5.3), (2.1.4) and the orthogonality that

E(n) o kn—N—lAn

= O,n=N+1,N+2,....
n—N-—1 knAn—N—l 7& y T + ) + )
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2.6 A Christoffel-Darboux type formula

From the recurrence relation (2.5.1) we easily obtain

(I'N+1 o yN+1) LZ,MQ,Ml ,,,,, My (x)Lka;,Mo,Ml ..... My (y)

k+N+1
— Z ET(’ILC) {L;’;;M(),Ml ..... My (%)Lz’MO’Ml ..... Mp <y) 4
m=max(0,k—N—1)

— LMo M () oMo MY ()| = 0,1,2,... (2.6.1)

n 7 a,Mo,Mi,...M a,Mo,Mi,....M
(IN—H . N+1) Z Ly M) Ly Y(y)
k=0 Ak
k+N+1 E®
_ Z Z Am [L%,Mo,]\/h ..... My ($)L27M0,M1 ~~~~~ Mn (y) +
k=0 m=max(0,k—N—1) **k
La,MO Mjy,..., MN( )LIC:,M(),Ml ..... My (I’):| . n= O, 1, 27

Now we use (2.5.3) to see that

Ek) (m)
Al:/(g ,k—N—-1<m<k+N+1, kkm=0,1,2,....
k m

Now we have the following situations :
For n < N we have

N+1

m=k—N—1

0 o N+l — k



22 CHAPTER 2

n k+N+1 n  k+N+1 n  k+N+1

DD YD 3B SED S SED SISy

k=0 m=max(0,k—N—1) k=0 m=0 k=0 m=n+l k=0 m=n+1

and for n > N + 1 we have

m 1 m=k+N+1
m=k
N+1
m=k—N-—1
0 n—N-1 N+1 n — k

n k+N+1 n n k+N+1 n k+N+1

>, > = 2. F X X =0 >

n
k=0 m=max(0,k—N—1) k=0 m=max(0,k—N—-1) k=n—N m=n+l1 k=n—N m=n+1

So it follows from (2.6.1) by using this observation that

(xN+1 B yN—H) i L(]:,M(),ML...,MN (I’)Lg’MO’Ml""’MN (y)
k=0 Ak
= Z Z Aim [L%MOyMl,...,MN (x)LZ"MO’Ml""vMN () +
k

k=max(0,n—N) m=n+1
 [oMo: M, My (y)LZvMOvM““’MN (x)} (2.6.2)

for n = 0,1,2,.... This can be considered as a generalization of the Christoffel-Darboux
formula (1.3.10) for the classical Laguerre polynomials.

If we divide the Christoffel-Darboux type formula (2.6.2) by x — y and let y tend to x
then we find the confluent form

7,0 Mo. M., My (a:)}z

(N+1)xN§nj{ b "

k=0
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n k+N+1 E(k) MM v d
— Z Z Am L? 0,M1,..., N(x)d*L?n’Mo’Ml ..... MN(I)—i—
k=max(0,n—N) m=n+1 k xr
« d a,Moy,My,...,.M
LW?ZMO M, ,MN( )di 0,M1,..., N($)

for n =0,1,2,.... This formula can be considered as a generalization of (1.3.11).

23



Chapter 3

Koornwinder’s generalized Laguerre
polynomials

3.1 The definition, the orthogonality relation and some
elementary properties

Koornwinder’s generalized Laguerre polynomials {LZ"M (x)}oo , are orthogonal on the in-

n=

terval [0, 00) with respect to the positive weight function

1

Tarn’ ¢ T oL

The generalized Laguerre polynomials {L%M (x)}oo_o form a special case of the polynomials

{La’MO’Ml """ My (x)}oo , described in the preceding chapter. In this case the inner product
n=
(2.1.1) reduces to

o0

11)/xae‘”f(x)g(:c)dx+Mf(O)g(0), a>—-1, M >0. (3.1.2)

< > =
1.9 NGRS

For simplicity we always write M instead of M in this chapter.
The polynomials {L%M (:E)} _, are defined by

d
LM (@) = [1 ' M(me Ly () +M<n;”rba>de£za)($), n=01,2... (313

In this case the system of equations (2.1.8) for the coefficients {Ak}kN:J[)l simply yields

A+ M K"*O‘>AO— (”HY)Al] —0.
n n—1

24



KOORNWINDER’S GENERALIZED LAGUERRE POLYNOMIALS 25

A solution which also admits the normalization L3%(x) = L{®(x) is

A0:1+M<n+a> and A1:M<n+a>
n—1 n

By using (1.3.7) and (1.3.4) we easily find for n > 1

LyM(0) = l1+M<ZJ:T>] (n:/o‘) —M("ZO‘> (Zti‘)
_ <n+a> — L@)(0). (3.1.4)

This formula remains valid for n = 0. More general we have

{j;w 18
- P*M(Z”ﬂ(“Z“)+<—1>’““M<”Za>(n72i>

_ (4)’“[(21? +(a+1) (n—qi;a)(n::g;—l)] k=0,1,2,....

From the definition (3.1.3) it follows that

(a+1)\ n dx
By using the relation (1.3.9) this implies that

LoM(z) = L9 (z) + M (” + O‘) lanf‘) (z) + (a + 1)iL53> (:1:)] .

M n+ o« d
LM (g) = (@) Sy JCA g —=0.1,2.....
) = 10+ g (o). =0

This is the representation (2.2.4) with

M n+ o
B():land Bl:w( n >

To find the representation as hypergeometric series we note that

- (") S et
where
S S ) H e

7”1“ [(m+a+1)+(m+a+1)M<Zt‘i‘> +(m_n)M<nZa>]

;1“{[1+M<n+z+l>]m+(a+l)}.
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Hence
n+a n+a+1\| & (=) m
LoM(z) = 1+ M m+y)—, 3.1.5
o= () () B e
where 1
y = - Ty >0 (3.1.6)
n+a
v )
n
Since |
m+7:7w+>m
(V)m
we have from (3.1.5)
aM _[(nta —n,y+1
Ly, (w)—< o )ze< o2 |m> (3.1.7)
where v is defined by (3.1.6).
By using (2.1.11) we find that the orthogonality relation is
< LM peM s <”+O‘> X
n
1
x [1+M<"+(i‘>] l1+M(”+O‘+ )] Sy My =0,1,2,.... (3.1.8)
n— n

where the inner product <, > is defined by (3.1.2).

3.2 A second order differential equation

In order to find the second order differential equation (2.4.1) in this case we note that
(2.4.6) equals the definition (3.1.3). Differentiation of (3.1.3) gives us

A ey [1 + M(” * O‘)] () + M(” * O‘) e ().

dx n—1/|dx n dz2 "

Now we use the Laguerre equation (1.3.5) to obtain

d n+a-+1 d
— LMy = |14+ M — L)
xdm oM (x) [ + ( o ﬂxdx () +

“(a+t 1)M<” i O‘) 4 L@ () — M <” i O‘) L@ (z). (3.2.1)

n de " n "

This equals (2.4.8) so we can proceed in the same way. Another way leading to the
same result is the following.
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Elimination of the derivative of the classical Laguerre polynomial from (3.1.3) and
(3.2.1) leads to

r(z) L (x) = q(x)LoM (x) — M(n N a)xijfL“’M(x) (3.2.2)

n

where
o(x) = 1+M(n+a+1>1m_(g+1)M<n+a>

r(z) = 1—|—M<Zt?>] q(x)—|—nM2<n;|;Oé> .

By using (3.1.3) and (3.2.2) we find a second order linear differential equation for Koorn-
winder’s generalized Laguerre polynomials {Lg’M (93)}00_0 of the form

as(2)y" (@) + a1 (2)y'(z) + ao(@)y(z) = 0 (3.2.3)
where
as(z) = M? (” :L‘ O‘) Qm(x)
ai(z) = M(“ Z 0‘) [1 + M(Zf‘i‘)] r(z) +
- M(“ - O‘) q(x)r(z) + M? (“ Z O‘) r(a) —ar'(z)]  (3.24)
ao(x) = {r(z)}* — [1 4 M(Z " (m g(2)r () +
(") W) - o)

Some tedious computations show that

r(z) = [1+M("+i‘>] [1 +M<”+O‘Jr 1)] r—(a+ 1)M<”+O‘> (3.2.5)

n — n n

2
and that the differential equation given by (3.2.3) and (3.2.4) can be divided by M? (”:O‘)
so that we obtain a differential equation of the form

wpa(2)y" (x) — p1(2)y'(x) + npo(x)y(z) = 0 (3.2.6)



28 CHAPTER 3

where ) = ()
pi(z) = (a+ 1)M<n ;,t a) —(a+1—a)r(z) (3.2.7)
po(w) = r(z) —M<nza> [HM(WFZH)]

with r(z) defined by (3.2.5). Note that the polynomials ps(x), p1(z) and po(z) all have the

same leading coefficient
[1—1—]\/[(” a)] [l—l—M(n “ 1)1
n—1 n

For M = 0 the differential equation given by (3.2.6) and (3.2.7) can be divided by r(x)
in order to find the Laguerre equation (1.3.5).

3.3 The three term recurrence relation

The polynomials {L%M (x)}oo_o are orthogonal on the interval [0, c0) with respect to the

positive weight function (3.1.1). Hence, they satisfy a three term recurrence relation of the
form

wLoM(x) = Ay Ly (z) + B, LoM (z) + Co Ly (z), n=1,2,3, .. (3.3.1)

for some real coefficients A,,, B, and C,,.

In order to find these coefficients we compare the coefficients of "' on both sides of
(3.3.1) to obtain by using (3.1.3) and (1.3.2)

1+M<n+a>

n—1

Ay =—(n+1)  n=123,.... (3.3.2)

1
1+M<n—|—oz+ )

n
By taking the inner product with L™ (z) on both sides of (3.3.1) we find by using the
orthogonality relation (3.1.8)

_ < LgM(x),xLyt(x) >
o< LN (@), Lo () >
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If we substitute x = 0 in (3.3.1) and use (3.1.4) we find

1 1
nrer A (T (T e 20 =123,
n+1 n n—1

or simplified

n+a)n+a+1)A, +(n+1)(n+a)B,+n(n+1)C, =0, n=1,2,3,.... (3.3.4)
Now it easily follows from (3.3.2), (3.3.3) and (3.3.4) that
1
1+M(n+a> 1+M<n—|—oz+ )
n—1 n
B,=(n+a+1) Tatl +n n ,n=123.... (3.3.5)
1+M<n a ) 1+M(n a)
n n—1

With (3.3.1), (3.3.2), (3.3.3) and (3.3.5) we have found the three term recurrence rela-
tion for Koornwinder’s generalized Laguerre polynomials .

3.4 The Christoffel-Darboux formula

In this section we will derive the Christoffel-Darboux formula for Koornwinder’s generalized
Laguerre polynomials {L%M (w)}ooio.

In this special case the Christoffel-Darboux type formula (2.6.2) reduces to the common
Christoffel-Darboux formula

(l’—y)zn: L(I:, ('7;)\:’27 (y) _ "in [

k=0 n

Lafl (@) LM ) — Lo () LoV (@) (3.4.1)

where (compare with (3.1.8))

Ay = < LM oM s <n+a> [1+M<n+<iz>] [1+M<n~l—a+1>] (3.4.2)
n n

n

and A, is defined by (3.3.2) for n =1,2,3,... and Ay := — (1 + M) ",
If we divide (3.4.1) by 2 — y and let y tend to x we find the confluent form

2
n {LM(@)) A d d
e = LM (g)— Lo () — Ly (v) LM () | 3.4.3
y L Sl Lo - o gnte] . ey
Hence, with (3.4.1), (3.4.3), (3.3.2) and (3.4.2) we have found the Christoffel-Darboux

formula for Koornwinder’s generalized Laguerre polynomials {Lg’M (a:)}ooio :

(o) (“Z“) [1 ' M<”+z+ 1)]; @

k=0 k

= (n+ 1) [LoM (@) Lyt (y) — Ly (@) LgM ()], n=0,1,2,... (3.4.4)
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and its confluent form

<n+a> l1+M<n+a+1>] i{LzM( 7))

n
o d . o d o
= (n+1) [Lnff( B) LM (@) — L3 (@)Ll (o >] n=0,1,2,.... (345)

It is clear that for M = 0 the formulas (3.4.4) and (3.4.5) respectively reduce to the
Christoffel-Darboux formulas (1.3.10) and (1.3.11) for the classical Laguerre polynomials.

3.5 A higher order differential equation

In this section we will prove the following theorem.

Theorem 3.1. For M > 0 the polynomials {L%M (m)}oo satisfy a unique differential

equation of the form
MZ )+ ay(2) + (@ + 1 — 2)y (@) + ny(e) =0, (3.5.1)

where {a;(x)};2, are continuous functions on the real line and {a;(x)};-, are independent
of n.
Moreover, the functions {a;(z)};-, are polynomials given by

aof) = <n+a+1>

n—1
(3.5.2)

a;(x) = li(—l)”jﬂ (a + 1) (a * 2) (a+3) 2!, i=1,2,3,....

z!jzl j—1)\i—j

It is clear that for M =0 (3.5.1) reduces to the Laguerre equation (1.3.5).

Note that for a # 0,1, 2, ... we have degree|a;(z)] =, i = 1,2,3,.... This implies that
if M > 0 the differential equation (3.5.1) is of infinite order in that case.
For nonnegative integer values of o we have

degree[a;(x)] = 1, i=1,2,3,...,a+2
degree[a;(z)] =a+2, i=a+3,a+4,a+5,...,2a+4

a;(x) =0, 1=2a+52a+6,2a0+7,....

This implies that for nonnegative integer values of @ and M > 0 the differential equation
(3.5.1) is of order 2« + 4.
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Proof. We will use the notation ag(z) := ag(n,a,x) and a;(z) = a;(a,z) for i =
1,2,3,.... In order to show that the polynomials {L;‘{’M } for M > 0 satisfy a unique
L

n=0
differential equation of the form (3.5.1), we set y(z) = L®(z) in (3.5.1) and use the

definition (3.1.3) and the Laguerre equation (2.4.4) to find

M [1 i M<n . ?)] i a;(x)D'LYY) (x) + M? (n . a) i a;(x) D" LY (x) +

n+ d? d d
M L@ 1 —2)— L@ — (@) —0.
+ < " )lxdx?’ )+ (a+1—2) . (x) + n—Ly"(z)| =0

Now we use (2.4.5) for k = 1 to obtain

VS a@ore + (") S - (1) )] +

i=0 n n
+ 2 ("* ‘f) > ai(@) DL () (“ O‘) > ai(r) DL (a >] 0
n—=1=1/izo i=
for all real x, « > —1, M > 0 and n = 0,1,2,.... Since the expressions between square
brackets are independent of M this requires that
2
(o) nto) d @y (T E oy
Za VDL (z) + < o >d:vL” (x) B P Ly (x) =0 (3.5.3)
and - .
n Y a;(x)D'LY () + (@ + 1) Y a;(x) DL (2) = 0 (3.5.4)
= =0

for all real x and n =0,1,2,....
First we show that (3.5.3) and (3.5.4) have at most one solution for {a;(x)}:-,. This
means that we have to show that

a;(x)D'L(x) =0, n=0,1,2,... (3.5.5)

=0

and

nZaz )D'LI () + (o + 1) Zaz )DL (z) =0, n=0,1,2,... (3.5.6)

only have the trivial solution. Note that (3.5.5) and (3.5.6) imply for all real x

ao(n, a, ) L\ (2) + 3 a;i(a, ) D'LIY(2) = 0, n=0,1,2,... (3.5.7)
i=1
and p -
ao(n, o, 2)—L(z) + 3" a;(c, ) D" L (2) =0, n =0,1,2,.... (3.5.8)

dx

i=1
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Substitution of n =0 and n =1 in (3.5.7) and (3.5.8) gives us
ao(0,a,2) =0, ap(l,,2) =0 and ay(a,z) =0 for all real x.
Now we set n = 2 in (3.5.8) to obtain
ao(2,a,z) = 0 for all real x except possibly for x = o + 2,

being the zero of %Lga) (). Now we use the continuity of ag(x) to conclude that ay(2, o, z) =
0 for all real . Then we obtain from (3.5.7) by setting n = 2

as(a,x) =0 for all real .

Repeating this process we finally find

ap(x) = ap(n,o,x) =0 for all real z and n=0,1,2,...

a;(r) = a;(a,x) =0 for all real z and i =1,2,3,....

This proves that (3.5.5) and (3.5.6) only have the trivial solution. Hence, (3.5.3) and
(3.5.4) have at most one solution.

Now we will show that (3.5.2) is a solution for (3.5.3) and (3.5.4).

We start with

g;ai(m)D (@) i:jzzj (U (Of i 1) (O‘ i 2) (a + 3);_ja? D'L) (x),

i! jg—1J\i—7j

where x is real and n is a nonnegative integer. Changing the order of summation twice we
obtain

8

Zal D’ (a)
=1
1 >0 2
]+1<OZ+ ) (Oé"’ )(Oé+3)z ]DzL(a)( )

[
Mg

J=1 J—1 i=j 0=
> 1\ & (—1) 2 -
_ Z J+1<O‘+ ):L‘]Z <a4.— )(a+3)iD’+]L£La)($)
i J=1) S+ i
— —Z N a3 (PN peipe (3.5.9)
T\ 1) (i) mos o

Now we use the definition of the classical Laguerre polynomials (1.3.1) to find

Z a+1 e Di"'ngLa)(x) _ n—+ « ii a+1 (—n)i+j+qu;j+k.
j—1)(i+7) J=1) (@4 Dijrn(i + j)K!

7j=1k=0

- <n+o‘> S Ca™, i =0,1,2,..., (3.5.10)

n m=1
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where

a+1 (—1)i1m

Cn = i; (; - 1) (a4 D)igm(i +5)H(m — j)!

m—1
_ (im ety ] — m=123,. ...
(a+ 1)ipm =\ 7 J+j+Dim—1-j)
Since (i 47+ 1)l = (i + 1)!(i + 2);,
1 (—a— 1) 1 (—m+ 1),
oty _gplze=bs g L yplemr s
j j! (m—1-7) (m —1)!
we obtain
(—n)ivm 1 -—m+1,—a—1
m = F N 1 , :1,27 S
c (a4 D)jgm (m — DG+ 1)1 i+ 2 " 3
Now we use the summation formula (1.2.3) to find for m =1,2,3, ...
(—1)i+m 1 Fm+a+i+2)I'(i+2)

Cp =

(a4 Digm m =G+ I T(m+i+ DI (a+1i+3)
(=n)irm(a+ 74 3)m1
(@ 4 Digm(m — DI+ m)!

Hence, with (3.5.9) and (3.5.10) we have

a;(x) DZ'L;‘” ()

—1) 3); m
)Z( )< i ) * Z a+1 .

no /=0 e ( )z+m (m =i+ m)

_ _<n+a> $5 $5 (Ca = Dilmian(@+ rtmer

n ) oZiis et Digm(m = DG+ m)!

M8

.
I

Il
/—-\)—‘

Now we use the facts that (—n);1m = (—=n)m(—n +m);, (i + m)! = m!(m + 1); and

(@+3)igm-1  a+i+m+1
(@+Dim  (a+1)(a+2)

to find
(n + 04)
; ai(x)D'Li(x) = (@t (a+2)

0o (_n)m T oo (—a — 2)1(—7’L+m)2
P (m — 1)!%% (m + 1)

(a+i+m+1).

33
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We split the last sum into two parts and use the summation formula (1.2.3) obtaining

o

$ (a2t m),

_ (a+m+1)2F1< —a—2,—n+m |1> i

(a+i+m+1)

m+ 1
(a+2)(n—m) —a—1,-n+m+1
(m+ 1) 2F1< mt 2 |1>
= (a+m+1>r(n+a+3)I‘(m+1) (a+2)(n—m)T'(n+a+2)['(m+2)
I(m+a+3)I'(n+1) (m+ 1) F(m +a+3)(n+1)
(PO St (e e
= +1)< i >(a+1)m+2[( +2a+3)n+ (a+1D(a+2)].

Hence

g}ai(x)DiLff)(x) _ _(()le2)<n;;a> <n+z+ 1) y

X i m [(m 420+ 3)n+ (o +1)(a + 2)] (mminl)' (3.5.11)

for all real x and n =0,1,2,.. ..
To complete the proof of (3.5.3) we use (3.5.2) and (1.3.1) to find

2t (" Yz - (7)) gtk
= (VR0 e () s el
- (LRI e e (el

) |

= (=n) x
X gjlm[n(k+2a+3) + (a+1)(a+2)]m (3.5.12)

for all real x and n =0,1,2,.... With (3.5.11) and (3.5.12) we have proved (3.5.3).
To prove (3.5.4) we observe (compare with (3.5.9)) that

f:lai(x)DiH L) = =3 (<1) (O‘ : 2) (o +3); Jil (‘?‘ + 1) @ pii )

i=0 J—1 (Z+j)!

for all real x and n =0,1,2,.... In the same way as before we find

+

NE

S

+

|M8

3

[e.9]

1 J s
Z (Oé"‘ ) T DZ+]+1L7(1Q)($) _ (n‘i‘a) Z Dmxm’ 7;:0’1’2,“"

j_l +])' n m=1
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where for m =1,2,3, ...

" fa+1 (=n)itmt1 _ _(namn(atit3)ma
=2 ( ) (a+1)

PRV irma1 (i + )M =) (0 + D (m — DI+ m)!

Hence

iai<x>Di+1L;a><x>

i=1
n+ o Z Z n)z+m+1(a + 3)l+m L.m
ol a + 1

m=1i=0 )H—m-i-l( = D!(i +m)!

=

<n+a>
_ Z mﬂx F1<—a—2,—n+m+1|1>

04 +1) a—|—2 —1'm' m+1

m:l

n+oz>
L n i (=)mp12" L(n+a+2)(m+1)
(a+1)(a+2) 7= (m—=1)!ml T(m+a+3)'(n)
_ _<n+a> (n—l—a—irl) i ((_n)m+1 le)!- (3.5.13)

With (3.5.11) and (3.5.13) we have found that

0S DL + o+ )3 aE@ D
B Zﬁn—i—a n+a+1 "
- n n—l %

2 a+1>m+2 (m+20+3)n+ (a+ D@ +2) + (@ +m—n)]
= “rasl) (n . a) (n a1 1) DI 321

for all real z and n =10,1,2,....
To complete the proof of (3.5.4) we use (3.5.2) and (1.3.1) to see that for all real z and
n=20,1,2,...

nao(x)LSLa) () + (o + D)ag(z )dd (x)

_ <”+O‘><”+O‘+1>Z CMe o+ b+1)+ (- n—i—k)(oz—i—l)]%

n n—1 + 1)kt
n+a\n+a+l\E xk
= (n+a+1 . 3.5.15
( )< n >< n—1 )kzl k+1(k?—1)! ( )
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With (3.5.14) and (3.5.15) we have proved (3.5.4).
This shows that Koornwinder’s generalized Laguerre polynomials {L%M (:c)}oo

0 satisfy
the differential equation defined by (3.5.1) and (3.5.2).



Chapter 4

Other special cases and miscellaneous
results

4.1 Another special case

In this section we consider the inner product

[e o]

<fg>= a%e”" f(x)g(x)dx + M f(0)g(0) + N f'(0)g'(0),

1
Fla+1) 0/ (4.1.1)

a>—1, M >0, N>0.

This is a special case of the inner product (2.1.1). In this chapter we mostly write M and
N instead of My and M, respectively.

For N > 0 the inner product (4.1.1) cannot be obtained from any weight function, since
then < 1,22 > # < z,2 >.

Since many of the well-known properties of orthogonal polynomials depend on the
existence of a positive weight function, we may not expect the polynomials which are
orthogonal with respect to the inner product (4.1.1) to satisfy a three term recurrence
relation and to have real and simple zeros which are located in the interior of the interval
of orthogonality. Moreover, since we are dealing with an inner product which cannot be
obtained from a weight function we cannot speak of an interval of orthogonality.

In this chapter we will investigate the properties of the polynomials {Lf{’M’N (93)}

o0

n=0
which are orthogonal with respect to the inner product (4.1.1). These polynomials were

found in [11] and later described in more details in [18]. In this case it is quite easy yet
to establish the definition (2.1.6) since the system of equations (2.1.8) for the coefficients
N+L . .-
{Ar},—, is still manageable.
It turns out that the representation (2.3.1) as hypergeometric series is quite control-
lable : one can quite easily establish the behaviour of the coefficients {ﬂi}ﬁio in this case.
Finally, we have some results concerning the zeros of these orthogonal polynomials in
this yet simple case. We state and prove these results in this and some other special cases

37
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in this chapter.

4.2 The definition, the orthogonality relation and some
elementary properties

The polynomials {L%’M’N (x)}oo_o which are orthogonal with respect to the inner product
(4.1.1) are defined by

d d?
a,M,N _ « a @
Ly (x) = ALY (x) + Al@@& () + AQ@L; (x), (4.2.1)
where
n+« nla+2)—(a+1), (n+a«
Ag=1+M N
0 * (n—1>+ (a+1)(a+3) n—2) 7"
n MN n+a\(n+a+l
(a+1)(a+2)\n—-1 n—2

n+a (n—1) (n+a 2MN (n+a\(n+a+1 (4.2.2)
A =M + N +
n (a4+1) \n—-1 (a+1)2\ n n—2
N n+a« MN [(n+a\(n+a+1
Ay = —— +— :
(a+ 1) \n—-1 (a+1)2\ n n—1
It is clear that for N = 0 we have

d
LoMO(g) = [1 + M(Z " (m L@(z) + M(" Z O‘) L) = Ly ().

These are Koornwinder’s generalized Laguerre polynomials described in the preceding chap-
ter. Of course, for M = N = 0 we have the normalization L&%0(z) = L{® (x).
Note that
AO Z ]_, A1 Z 0 and AQ Z 0. (423)

In this case the system of equations (2.1.8) for the coefficients {Az}~ " reduces to a
system of two equations

At (=D Ay+ M K”Z“)Ao _ <”+O‘>A1 4 (”*O‘)AQ] )

n—1 n—2

(Oé—i-l)Az-N nta AO_ nta A1+ nto A2 = 0.
n—1 n—2 n—3
A straightforward tedious computation shows that (4.2.2) is a solution for (4.2.4) which
admits the normalization L*(x) = L{®) ().

(4.2.4)
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The orthogonality relation is (compare with (2.1.13))
< LoMN [N (n M a) Ag (Ag + A1 + A2) Sy, mym =0,1,2,...,
n

where the inner product <, > is given by (4.1.1).
By using (4.2.1), (4.2.2), (1.3.4) and (4.2.4) we obtain

ML (0)
_ MKTHLO[)AO—<n+a>A1+<n+a>A21
n n—1 n—2
= Al—(n—l)AQ
n—+ « MN [(n+« n+a+1 n+a+1
= M —_— 2 —(n—1
() e () e ()
n -+ o N n+oa+1
() ))
Hence, for M > 0 we have

LEMN () = (” * O‘) l1 N (” ot 1)] . (4.2.5)

n (a+1)\ n—2

For M = 0 we find the same formula by direct computation. Note that L&Y (0) does not
depend on M.
In the same way we obtain from (4.2.1), (4.2.2), (1.3.4), (1.3.7) and (4.2.4) :

d . un n+ o n+a n+ o
_N{peM = N Ay — A A
N{den (x)}z—o [(n - 1) ’ (n - 2) o <n - 3) 2]

= (Oé+1)A2
n—+ MN (n+a\/n+a+1
p— N + .
n—1 (a+1)\ n n—1
Hence, for N > 0 we have
d n—+«a M n+a\/n+a+l
& paMN _ _ _ . 4.2.6
{dx " (x)}ng (n—l) (a+1)< n )( n—1 ) ( )

For N = 0 we find the same by direct computation. Note that {%L%M’N (:r)} does not

depend on N and that {%L%M’N(cﬂ)} 0 < 0forn=1,2,3,...
The second representation (2.2.4) in this case reads

d d?
LY (2) = BoL{® (z) + leIL%a+1)($) + BﬁzﬁL%aH) (), (4.2.7)
X i
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where

w1 ()
( J?”rt ) 04+(S<Jf;2+)3> @tg) (4.2.8)
BF(a+1)(a+2)(a+3)<Zt?>+

N (04—1—1)2(24—11—\72)(&—1—3) ("ZO‘) (”ZT)

This representation easily follows from the definition (4.2.1) and (4.2.2) by using (2.2.3).
Note that (4.2.5) and (4.2.6) easily follow from this definition (4.2.7) and (4.2.8). From
(4.2.8) we easily see that

B; >0 and By > 0.
Later we will show that By < 0 if N > 0 and n is sufficiently large.

4.3 Representation as hypergeometric series
If we write

n

La’M’N(ZL’): n+a ic ﬂ
" =" ml

then we have in this case

. (—1)m (—1)mt1 (=) mt2
Cn = (o + l)mAO " (a+ 1ms Avt (a+ 1)m+2A2]
(=")m
m[Ao(m—l—a—irl)(m—ira—l—Q)
+ A;(m —n)(m+ o+ 2) + Ay(m —n)(m —n + 1)]
(=n)m_(m+ fo)(m + b1)
(@+3)m (@+1)(a+2) "’

= (Ao+ A1+ Ay)

where

{ (Ag+ A1+ A4) (Bo+51) = Ra+3)A+ (a+2—n)A; — (2n — 1)A,
(4.3.1)
(AO + Al —I— Az) ﬁOﬁl = (CM —|— 1)(0[ + 2)A0 — TL(Oé + 2)A1 —|— TL(TL — ].)AQ

Hence, for By #0,—1,—2,... and 3; #0,—1,—2,... (2.3.1) reduces to

a,M, _(nta Bofr —n, B+ 1,0 +1
LnMN<g;>_< n >(a+1)(a+2)(A0+A1+A2)3F3< a+3, 6o, B ‘I)
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By using (4.2.5) we conclude that

Bo1 B N n+a+1
(a+1)(a+2) (Ao A4 4z) =1 - (a+1)< n—2 )

(4.3.2)

and therefore

a.lM, _[(nta N n+a+1 —n, B+ 1,6 +1
Lanv(w)_( . )l1—<&+1)< 09 )]3&( ozi&ﬁo,bl ‘x> (4.3.3)

Since ("1*)Cy, = (—1)"Ag # 0 we have 5y # —n # B1. If By € {0,-1,-2,..., —n +1}
or #; € {0,—1,-2,...,—n + 1} we simply have to take the analytic continuation of (4.3.3).
For By < —n and (; < —n formula (4.3.3) remains valid.

The following example shows that 3y and [3; need not to be real. If we take o = 0,
M =0, N =1and n =1, then it follows from (4.2.2) that Ap =1, Ay =0 and A, = 1. So
we have in that case by using (4.3.1)

fo+Bi=1 and Gof = 1.

Hence
(ﬁO - 51)2 = (50 + 51)2 — 406y = =3 < 0.

Now we will examine 3y and [3; in somewhat greater detail. First, we take N > 0.
With (4.2.3) we have Ag + A; + A2 > 1 > 0. Since

= ~ for n — o0 (4.3.4)

n+a 'n+a+1) not
T(n—i+O(a+i+1)  T(a+itl)

n-—1

we conclude that the right-hand side of (4.3.2) is negative for N > 0 and n sufficiently
large. Without loss of generality this implies that

Go <0 and 31 >0

for n sufficiently large. Further we have with (4.2.6)

n+a n(Bo + 1)(61 + 1)
_< n )(A”Al*"“)<a+1><a+2><a+3>

_ (n—i_@)Cl:{sz’M’N(w)} <07 n:17273""'

n dx -

Hence
(Bo+1)(B1+1)>0 for n=1,2,3,....

We conclude that
—1<By<0 and (; >0

if n is large enough.
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By using (4.3.4) we find from (4.2.2) for n — oo :
N(@+2)  not

if M =0
(a+)(a+3)T(a+3) '
0 Y
MN n2a+4
if M >0
(a+D(a+2)T(a+2)T(a+4) ’
N not?
if M =0
(a+1)T(a+2) '
Al ~
20N e if M >0
i
(a+1)2TI(a+ DI'(a+4)
and N "
na
if M =0
(a+1)T(a+2) '
Ay ~
MN n2a+2
if M > 0.
(@t 1)2T(a+ )l(@+3)
Hence, for n — oo we have
2a+3)A+ (a+2—n)A; — (2n — 1)Ay ~
Na na+3
(a+1)(a+3)I'(a+2)
~ MN n2a+4

( 12(a+2)Na+ 1)I(a+4)
), (

Now it follows from (4.3.1), (4.3.2), (4.3.5), (4.3.6), (4.3.7) and (4.3.8) for n — oo :

if M=0
Bo+ B~
-1 if M>0

—(a+1) if M=0

and

foldr ~ (et D(e+2QT(a+3)

Mna-i-l
Hence for M = 0 we have for n — oo :

it M > 0.

o — —1 and B —a+1
and for M > 0 we have for n — o0 :

ﬁ0—>—1 and ﬁ1—>0

if M=0

if M > 0.

(4.3.5)

(4.3.6)

(4.3.7)

(4.3.8)
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If N =0 we have Koornwinder’s generalized Laguerre polynomials . In that case we
have (compare with (3.1.7) and (3.1.6)) :

MO, N [(NTQ —n,y+1
o (o 2002 )

1
v = ot > 0.

1+M(n+a+1>

where

n

Note that we have in this case

y=a+1 it M=0

v —0 if M>0 and n — oo.

4.4 The zeros

All polynomials {P,(x)}, -, with degree[P,(x)] = n which are orthogonal on an interval
with respect to a positive weight function have the nice property that the polynomial P, (z)
has n real and simple zeros which are located in the interior of the interval of orthogonality.
Our polynomials {L?L’M’N (a:)}zo_o fail to have this property. However, we will prove the
following theorem.

Theorem 4.1. The polynomial L% (z) has n real and simple zeros. At least n — 1
of these zeros lie in (0, 00).
In other words : at most one zero of L&M:N (z) lies in (—o0, 0].

Proof. For n > 1 we have < 1, LN (z) > = 0. Hence

oo

1
- o —xLa,M,N d Loz,M,N 0) = 0.
F(a+1)0/xe W (@)de + M LYY (0)

This implies that the polynomial L&V (z) changes sign on (0, c0) at least once. Suppose
that z1, 1y, ...,z are those zeros of L4V (x) which are positive and have odd multiplicity.
Define
p(x) i=kn(z —21) (2 —22) -+ (2 — ),
where k, = 51 Ay denotes the leading coefficient in the polynomial L&V (z). This
implies that
p(x) LM N (2) >0 for all x> 0.

Now we define
hx) = (z + dp(x)
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in such a way that h'(0) = 0. Hence

0= '(0) = dp'(0) + p(0).

Since ) p . . .
p
= L nlo(x :_( — —{—)<0
o { Ly >|}sz e
we have (0)
p
- >0
p'(0)
Hence

h(z)LeMN () >0 for all = > 0.
This implies that

oo

1
<R LOMN 5= T / 2% h(z) LEMN (2)dz + MA(0)LEMN (0) > 0.
Ia+1) )

Hence, degree[h] > n which implies that & > n — 1. This implies that all positive zeros
must be simple.

So we have : at most one zero of LN (x) is located outside the interval (0, 00). This
immediately implies that all zeros of LN (x) are real. This proves the theorem.

Now we will examine the nonpositive zero of L% (z) in somewhat greater detail.
First we will prove the following result.

Theorem 4.2. If N > 0 and n is sufficiently large the polynomial LMV (z) has a

zero ,, in (—oo,0].
For M > 0 this nonpositive zero is bounded :

1 [N
R < <o 441
s\ ar S =0 (4.4.1)

x, — 0 for n — oo. (4.4.2)

For all M > 0 we have

Proof. From (2.1.4) and (4.2.3) we obtain that L% (z) > 0 for all x < —B if B > 0
is sufficiently large. This implies that the polynomial L&*:¥(z) has a zero in (—oo, 0] if
and only if L&MN(0) < 0. By using (4.2.5) and (4.3.4) we conclude that L&MN(0) < 0
for N > 0 and n sufficiently large.

Now we take N > 0 and n large enough such that L%¥(x) has a zero z,, in (—oc, 0].
Let o1, 2o, ..., 2, 1 denote the positive zeros of L&V (z) and define

r(z) = (r—x1)(x —23) -+ - (T — Tp1).
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Then we have

LM (7) = (_nl!yler(m)(x —x,), T, < 0. (4.4.3)

Since degree[r] = n — 1 we have
(=)™

0 = <r LMV > = ' 1 /xae_%“? (x — z,)dx +
n! a + o
( n

-V a0y, + Y

n! n!

AgN7'(0) [r(0) — 2,7 (0)] . (4.4.4)
Since the integral in (4.4.4) is positive we must have
—M7r?*(0)x, + N7'(0) [r(0) — 2,7/(0)] < 0.
Hence
0 < — [M{r(O)} + N{r'(0)}] 2 < —Nr(0)r'(0) = N [(0)r'(0)],
since r(0) and 7’(0) have opposite signs. It follows that

—2v'MN |r(0)r'(0)| z,, < — [M{T(O)}Z + N{r'(O)}Q] 2, < N |r(0)(0)].

Hence

—2VMNz, < N.

This implies that for M > 0 the zero z,, is bounded :

2\ M~ o =T
This proves (4.4.1).

It remains to show that (4.4.2) is true. From Taylor’s theorem we have for z < 0 :

d d?
LN (z) = Lo (0) + 2 {deg’M’N(x)} + 5 {C“Lg MN(x)} +
z=0 =0

[ d° M,N
— L . 4.4,
+ 5 {dx?’ o (x)}xg,:c<£<0 (4.4.5)

In view of Rolle’s theorem every zero of d ped U MN () lies between two consecutive zeros
of L&MN(z). In (4.2.6) we have seen that { L”‘MN(x)} < 0. Hence, all zeros of

L [eMN () are positive. This implies that L L3N (z) is negative and increasing for
o < 0. In the same way we conclude that £, L&V () must be positive and decreasing

for z < 0. Hence

d3
{dgLi’M’N(x)} <0 for z <€ <0.
x ot
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From (4.4.5) we conclude
LOMN () > az® + br + ¢, © <0, (4.4.6)
where, by using (4.2.5) and (4.2.6)

== () e A (e )

sl ()G

And by using the representation (4.2.7), (4.2.8), (1.3.4) and (1.3.7) we find
d2 a,M,N
20 = {dl‘QLn7 ’ (I’)}xzo

)
{n(a+2)—a} N <n+a> <n+a+1> N

(a+1D(a+2)(a+4)\n—-1 n—2

*(a+1yz%gxa+a<n2a>CTx?fﬁ<an;2>

By using (4.3.4) we find for n — oo :

and

N n2a+3
~— for all M >0
T larDT@r Dl(ard =
a+1
v if M =0
['a+2)
b~
2a+2
__M 1 if M >0
(a+1D)I'(a+1I'(a+3)
and N 2a+5
n if M =0
20+ D) (a+4) T(a+2)I'(a+4)
a ~
3a+6
MN n if M > 0.
(a+1)2(a+2)(a+3) INa+ DI'(a+ 3)(a+5)
This implies for the sum of the roots of ax? +br +c=0if n — oo :
20+ 1)(a+ D) (a+4) :
, ot if M=0
a
(a+1)(a+2)(a+3)(a+5) M0

Nnoc+4
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and for the product of the roots
2(a+1)(a+4)

— 5 it M=0
C n
a

(a+ 1) (a+2)I'(a+5) .
— Vo3 it M > 0.
Hence
b c
—— —0 and — — 0 for n — oo.
a a

In view of (4.4.6) the nonpositive zero z,, of L% (x) lies between the two roots of
az? + bz + c = 0. Hence
x, — 0 for n — oo.

This proves (4.4.2) and therefore the theorem.
Finally we will prove the following theorem.

Theorem 4.3. Let N > 0 and let n be sufficiently large such that the polynomial
LeMN (1) has a zero x,, in (—00,0]. Let ¥y < x5 < -+ < 1,1 denote the positive zeros of
LeMN (). Then we have

0< —x, < x1. (4.4.7)

Proof. For z,, = 0 (4.4.7) is trivial. So we take z,, < 0.
In (4.2.6) we have seen that {%L%M’N(x)} , <0 for n =1,2,3,.... This implies, by
using (4.4.3), that

we obtain

Ay 11 1
——T1T9 " Tp_1 1+xn 7+7++
Ty T2 Tn—1

Now we use (4.2.3) to conclude that

Since x,, < 0 this implies
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Hence
—Ty < 7.

This proves (4.4.7) and therefore the theorem.

4.5 More results concerning the zeros

Now we consider the inner product
o

/x“e_xf(:r)g@)dm +

DR T
+ Mo f(0)9(0) + M, f/(0)g'(0) + My f"(0)g"(0),

Oé>—17 M()ZO, My >0 and My, >0

and the polynomials {L%’MO’Ml’MQ(a:)}OO which are orthogonal with respect to this inner

product. For these polynomials we prove the following theorem.
Theorem 4.4. The polynomial L&Mo-MuMz (7)) has at least n — 2 positive zeros.

Proof. For n > 1 we have < 1, L&Mo:MuMz(5) > = (. Hence

o0

1
« *»TLOC:Mli:MZ d M, La,Mo,Ml,Mz 0) = 0.
F(a+1)0/xe o (x)dx + MyLy (0)

This implies that the polynomial L&Mo-M1M2 () changes sign on (0, 00) at least once.
Suppose that xy, T, ...,z are those zeros of L&MoMuMa(2) wwhich are positive and
have odd multiplicity. Define

p(x) = kp(r — 1) (2 — 22) - -+ (¥ — 73),

where k, denotes the leading coefficient in the polynomial L2-Mo-MiMz(

that

x). This implies

p(x) LeMoMuMe () > 0 for all > 0.

Now we define
h(z) := (9:2 + ax + b) p(z)

in such a way that h'(0) = 0 = A”(0). Hence
0 = bp'(0) + ap(0)

0 =bp”(0) + 2ap'(0) + 2p(0).
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This implies
20 0)
2{p'(0)}* — p(0)p"(0)

20
2{p'(0)}* — p(0)p"(0)
Suppose that y1,ys,...,yk—1 are the zeros of p'(x). Then we have z; < y; < z;41 for
1=1,2,...,k— 1. This implies

Hence
2
{r'(0)}" = p(0)p"(0) > 0,
since p(0) and p’(0) have opposite signs. This implies that a > 0 and b > 0. Hence

h(z)LoMoMeMe () > for all > 0.
This implies that

< h, Lz’MO’Ml,MZ >

1
ol Ve O/ 2% () LEMoMMs (3 g 4 Mo h(0)LEMoMMz (0 > g,

[e.e]

Hence, degree[h] > n which implies that k& > n — 2. This proves the theorem.

This theorem might suggest that the maximal number of zeros of LMo:MuMn (g
which may be located outside (0,00) equals N. The following theorem shows that this is
not true.

Theorem 4.5. Let {S,(z)} ~, with degree[S,(z)] = n denote the polynomials which
are orthogonal with respect to the inner product

[e.e]

[ e f(@)gla)dz + MF()g(0) + BF)(0)g(0),

< >=——-
fr9 la+1)

a>—-1, M>0, R>0 and r € {1,2,3,...}.
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Then the polynomial S, (z) has n real and simple zeros. If n < r these zeros all are positive.
If n > r at least n — 1 of these zeros are positive.

Note that, except for the normalization, we have, by using (2.1.10)

r—1 zeros

———
Sn(.f) — Lg,M,O, O, Ce ’O’R(ZE).

Proof. As before we have forn >1: < 1,5,(z) > = 0. Hence

1 oo

— [ 2% Sy (v)dx + M S,(0) = 0.

F(a+1)0/me (x)dz + (0)
This implies that S,(x) changes sign on (0, 00) at least once.

Suppose that x1, s, ...,z are those zeros of S, (x) which are positive and have odd

multiplicity. Define

p(z) == kp(z —x1)(x — 29) - - - (x — ),
where k,, denotes the leading coefficient in the polynomial S,,(x). This implies that

p(x)S,(z) >0 for all = > 0.

If n < r we have S{"(0) = 0. Hence

1 oo
<Py > = [ @%Tp(@)S,(w)dz + Mp(0)S,(0) > 0.
PSa> = [ rgy [ # S @+ MOS0

This implies that degree[p(z)] > n which proves that all zeros of S,,(x) are positive in that
case.

Now we consider the case that n > r. Suppose that degree[p(x)] < n — 2. Then we
have

< p(z),Sp(x) >=0 and < zp(zx),S,(r) > =0.

Hence .
1
- o, —x M (r) () _
Tla+ 1) O/w e~ *p(x) Sy (x)dx + Mp(0)S,(0) + Rp(0)S(0) = 0
and N
; a+l —x (r—1) r) .
T(a+1) / 2" p() Sp(w)dx + Rrp'"”7(0)5,7(0) = 0.

0
Since the integrals are positive and Mp(0)S,,(0) > 0, this implies that R > 0 and

p(0)50(0) <0 and pTY(0)S"(0) < 0.
Hence 9
P H(0)p7(0) {SP(0)} >0

which contradicts the fact that p"=(0)p(0) < 0. Hence degree[p(z)] > n—1ork > n—1.
This proves the theorem.
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Chapter 5

A g-analogue of the classical
Laguerre polynomials

5.1 Introduction

The second part of this work deals with some g-analogues of the generalized Laguerre
polynomials {Lg’MO’Ml """ MN(m)}ZO_O of the first part. The ¢ in the word g-analogue stands
for a number which acts as a base usually chosen in (—1,1) or (0,1).

The g-theory is based on the simple observation that

a

1—
lim q

=a.
g1 1—gq

The number % is often called the base number of a.

Many important classical functions in analysis have one or more g-analogues. So a
g-analogue of a function is not unique. For instance the exponential function has two
important different g-analogues denoted by e, and E,. For details the reader is referred to
the book [6] of G. Gasper and M. Rahman.

In this chapter we give the basic definitions and formulas which we will use in the second
part of this work. Further we define one g-analogue of the classical Laguerre polynomials
{L,(f‘) (x)}oo_o. We have chosen this particular g-analogue as an example. For other g-
analoguesns_imilar results will arise.

The main idea is to show that the results of part one of this work extend to the -
case and that some results concerning the zeros of the generalized g-Laguerre polynomials
essentially differ from those of part one (the limit case ¢ T 1).

5.2 Some basic formulas

In this section we summarize some definitions and formulas we need from the g-theory.
For details the reader is referred to [6].

23
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We always take 0 < ¢ < 1 in the sequel.
The g-shifted factorial is defined by

(a5q)o =1

(a;¢)n =1 —a)(1—aq)(1 —ag®)---(1—aq" '), n=1,2,3,....

For negative subscripts the g-shifted factorial is defined by

1
O = g (T~ ag ) (L ag 1)
a0, " n=123....  (521)
Further we have for all integers n
(a; @)oo
(a;q)n = ———
(a9™; @)oo
where .
(a;9)0 = 1 (1 — aqk> :
k=0

We will use two simple formulas involving these g-shifted factorials :

(@; Qntr = (@ Q)n(aq"; @)k, kyn=0,1,2,... (5.2.2)
and .
(@™ q)n = (—a "¢ O (a;q)n, a £0, n=0,1,2,.... (5.2.3)
We have a g-analogue of the binomial coefficient given by
n (43 9)n
= . 5.2.4
Mq (@ Dr(@ D (5:2.4)

It is easy to see that

i (3], = ()

The basic hypergeometric series or g-hypergeometric series is defined by

Qb ai, g, ..., 0r
r®s
b1,ba, ..., bs

where

)

> ZOO (41,0, a3 @) (—1) o mg D)
=0 (s b2y 05 ) (4 @)n

(a1,az,...,0:59)n = (a1;¢)n(a2; @)n - - - (r; @)n.

This basic hypergeometric series was first introduced by Heine in 1846. Therefore it is
sometimes called Heine’s series.
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The g-hypergeometric series is a g-analogue of the hypergeometric series defined by
(1.2.1) since
%.

. qer, g™, gt
1
ql{{lrﬁbs( A g

. -1 1+s—rz :TFS a1, 09, ...,0
! (q ) ) ( /617627"'753
The g-binomial theorem

1¢0<i

is a g-analogue of Newton’s binomial series

(07
(e

If @ = 0 this leads to

eq(2) = 190 ( E

T S S T CEIT ) E
v ) __22%(QQQ)n (2 @)oo 2l <1

z) = i (a)nz” =(1-2)7% || < 1L

|
n—0 n.

o n 1
q; z) => SR . 2l < 1, (5.2.5)

which can be seen as a g-analogue of the exponential function since
lime, (1 —¢q)z) = €.
q11

We will use another summation formula

g | g™\ (55 9)n
— | = 5.2.6
o (100 |0 0 ) = {0 (5:26)
which is often referred to as the g-Vandermonde summation formula since it is a g-analogue
of (1.2.2).
The g-difference operator D, is defined by
o= Sa) g
D f(z):=] (G- (5.2.7)
1(0), x=0

where the function f is differentiable in a neighbourhood of x = 0. We easily see that
lim D, f(x) = f'(x).
q11

For functions f analytic in a neighbourhood of z = 0 this implies

F(0) (¢:9)n

=1,2,3,.... 5.2.8
n' (1 _ q)n7 Y ) ) ( )

(Df) (0) = (D, (Dp711)) (0) =
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Another easy consequence of the definition (5.2.7) is

Dy [f(yvz)] = v (Dyf) (yx), v real

or more general
Dy [f(yx)] =~" (D;‘f) (vx), v realand n=0,1,2,.... (5.2.9)
We easily find from (5.2.7)

Dy [f(2)g(x)] = fgz)Dyg(x) + g(x) Dy f () (5.2.10)

which is often referred to as the g-product rule. This g-product rule can be generalized to
a g-analogue of Leibniz’ rule

n

Dy [f(@)g(@) = 3 [Z} (D241) (d*e) (Do) (a), (5.2.11)

k=0

where [”} denotes the g-binomial coefficient defined by (5.2.4).
q

k

We also have g-integrals. Here we only give the definition for the g-integral on (0, 00).
More about g-integrals can be found in section 1.11 of the book [6] of Gasper and Rahman.
The g-integral of a function f on (0, 00) is defined by

[dt =00 3 fa)" (5.212)

k=—00

provided that the sum on the right-hand side converges. This definition of the g-integral
on (0,00) is due to F.H. Jackson. See [8]. It can be shown that

lim / Ft)d,t = / F(t)dt
ql 5 )
for functions f which satisfy suitable conditions. For details the reader is referred to [1]
and to references given in [6].

In [7] Jackson defined a g-analogue of the gamma function :

_ <Q7Q)OO o 1—x
L) = =)' (5.2.13)

Note that this q-gamma function I',(z) satisfies the functional equation
1—-4"

T,(x), T,(1) = 1.

Jackson also showed that
Iim Iy (x) = ().
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For details the reader is referred to section 1.10 of [6] and to [1].
In [2] R. Askey gave a proof of the following integral formula which is due to Ramanu-

jan :
o

/ - gy = LMD oy (5.2.14)
) (== q)z;9) Ly(=a)
If a = k is a nonnegative integer we have to take the analytic continuation
I'(—a)l 1 — I'(—
lim (z)la+1) = lim (zat+ bl(=a) [(a+1)
amk Ty(=a) ok (—a + k)lg(—a)
(=¥ (¢ % q)sIng™
I'k+1
B (=g R
k+1
 (Gowe (2 gt
(1 —q)F+

For the residue of the g-gamma function the reader is referred to formula (1.10.6) in [6].
We remark that we have in view of (5.2.5)

1
(=1 =)z 9)
From (5.2.14) it is clear that

M(—a)'(a+1)
[y(—a)

— ey (~(1—q)a) = e as g1 L.

>0 forall a> —1.

Finally we have a basic bilateral series which is defined by
" Z) _ Z (a1, a9, ...,a:5q)n (—1)(87T)"q(s_r)<g)z".

w a1,02,...,0y
rvs bl,bg,...,bs ne——o00 (bl,bg,...,bs;q>n
The special case » = s = 1 can be summed :

m(jj

This summation formula is due to Ramanujan. A proof of this summation formula can be

found in [2] and [6].

,a7h < 2] < 1. (5.2.15)

i (@ @)n , (g,a7bjaz,a™27'¢;¢) e
¢ i (7270 (b,a™lq,z,a71271b; q) o

5.3 The definition and properties of the g-Laguerre
polynomials

In this section we state the definition and some properties of the g-Laguerre polynomials
{L(a) (x; q)} . These g-Laguerre polynomials were studied in detail by D.S. Moak in [31].
For more detalls concerning these polynomials the reader is referred to [12] and [31].
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Leta>—-1land 0 < g < 1.
The g-Laguerre polynomials {Lgf‘) (z; q)} _, are defined by

a+1. ) —n
L(a) T — (q 4 ( qa F— 1— n+a+1x>
n ( Q) <q Q) 1¢1 q +1 |4 ( q)q
k
_ (@™ i (¢ @)ig®) (1 = @) (1) n=0,1.2. .. (531)
(Ga)n = (Y Q)r(q; O ’ Y

We easily see that
lim L (z: q) = LY (x),
q11
where L™ () denotes the classical Laguerre polynomial defined by (1.3.1).
By using (5.2.3) we obtain

1—q)r
Lgla) T q) = —1 nqn(n—l—a)(
()= (@3 0)n

x" + lower order terms, n=20,1,2,.... (5.3.2)

These g-Laguerre polynomials {L;a)(x; q)}ooio satisfy two different kinds of orthogo-

nality relations, an absolutely continuous one and a discrete one. These orthogonality
relations respectively are

o0

/ L(a) (:C q)L a) (iL‘ q)dw _ (qo‘—i-l, Q) ns

I'(— a+1 ) 1—qxq v (G @)ng™ ™

and
1 e’} qka-i-k (qOH-l. q)
— L9(eq”; ) L' (cq¥; ) = F—""60m, ¢ > 0 5.3.3
A k:z_:oo (—c(1 = q)¢* ) ( M ) (@ @)ng" (5.3.3)

where the normalization factor A equals

9] ka+k

—9)4":q) o

By using the fact that

(—C(l _ Q)qk;Q)oo _ (_C<1 _ Q); q)oo

(—c(1 = q); )
we obtain from Ramanujan’s sum (5.2.15) with a = —¢(1 — ¢), b= 0 and z = ¢*™*
o) ka+k —c(1 = at+l _ -1 1— 1, —«
FES q _ (g, (1 = q)g™, =1 = ¢) " @)oo (5.3.4)

L (el =9dhg). (@@ —e(1—q), (1 - @) g q)e
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Note that (5.3.3) can also be written in terms of the g-integral defined by (5.2.12) :

1 7 to (qa+1 q)
— L (ct; )L (ct; q)d t = 775771”, c>0
A (—e(1=q)t9) (et et =0
where A* equals
(o ¢] tOl
a= | d,t. 5.3.5
) (—c(l—q)tiq)y " (5.3.5)
As a g-analogue of (1.3.4) we have
a+1.
L)(0;q) = (q(qq)CI) n=01,2,.... (5.3.6)

The g-Laguerre polynomials satisfy a second order g-difference equation which can be
stated in terms of the g-difference operator defined by (5.2.7) as

1— qa—i-l

DQL()
x (x q)+l 4

ey el 1-— qn a el
—q *21'] (DyLi) (q:0) + T ¢ B awig) = 0, (53.7)

1—

which is a g-analogue of the Laguerre equation (1.3.5).
Further we have a three term recurrence relation

(a) L—d"" @
_'ILna (‘T’ q) = (1 — q)q2n+a+1 Ln+1($ Q) +
1_qn+a+1 1_qn 1_(]
_ L) (- —L(a)
[(1 _ q)q2n+a+1 + (1 _ q)q2n+a n (‘T7 q) + (1 q)q2n+a n— 1(1' Q)

and a Christoffel-Darboux formula

(qa“,qn " g4 (g; )Ly (3 ) LY (3 q)
('ZC Z a+1.
(q Dn 1= (*; @)n
1—q¢* () ()
(L (@ ) Ly (v @) — Lt (23 ) L) (3 )| - (5.3.8)

If we divide by x — y and let y tend to x we obtain the confluent form of the Christoffel-
Darboux formula

“ 2
(a5 - > {1 )}
(Gn = ¢+ Q)
1 - anrl (0% d le% fe% d (0%
= L£l+)1(x q)—L (x5 q) — LI (x; q)—Lf]le(ac;q) . (5.3.9)
(1—1q)q dx dx

The g-analogue of the differentiation formula (1.3.7) yields

DFLO (z;q) = (=1)*g"etH L (ghasg), k=0,1,2,...,n, n=0,1,2,....  (5.3.10)
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Finally, we prove the following g-analogue of (1.3.8) :
L (2 q) = L' (qx; q) — Dngla) (x;q), n=0,1,2,.... (5.3.11)

For n = 0 this relation is trivial. For n > 1 we have, by using (5.3.10) and the definition
(5.3.1)

L (qr; q) — DoL (w3 q) = L (qa; ) + ¢ L (g5 q)
k
(@) g~ (7 Org?) (1 — g)F (g+o+20)"

_|_
(¢ On = ("5 @)r(q; @k
o n— —n k n+o k
e (@2 ot =L (g7 g (1 — @) (g +o+2a)
(@ Dn =5 (@2 Q) k(g O
o n —Nn k n—+ao k
@ e s (kgD (1= g (72 y
(@0 = @+ @Qrr (43 9)n
« « 1- qn —n
% 1_q+k+1+q+11_ —n(l_q +h)
(@2 @) & (07 kg2 (1 — g)F (g+o+2a)" !
= > = L (21q).

(GO = (°"2% Q)w(a; Qr

This proves (5.3.11).
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Generalizations of a g-analogue of
the classical Laguerre polynomials

6.1 The definition and the orthogonality relations

. . . e} .
We will try to determine the polynomials {L%MO’MI """ My (; q)} . which are orthogonal
n=
with respect to the inner product

o0

a—l—l 0/ 1—qxq f(x)g(x)dx +

<f7g>q:F

“3o, (D2f) () (Dig) (0),  (6-11)

a>-1, Ne{0,1,2,...} and M, >0 forall v€{0,1,2,...,N}.

We will show that these orthogonal polynomials can be defined by

N+1
LooMo MMy (00 gy = > g Fletk 4, (DSLS‘)) (¢ F2:q), n=0,1,2,... (6.1.2)

N+1

for some real coefficients { A, },_; . Moreover, we will prove the following two orthogonality

relations

o0

La,Mo,M1 ..... Mp (.. La,MO,Ml ..... Mp (.. d
a+1 / 1_qxq (739) (z; q)dx +

(-
0

a+1.

(q 7q) (N“ . )
- -~ q mns m7n:071727"‘ 6]'3
(45 @)ng™ 2 s (6.1.3)

61



62 CHAPTER 6

and
1 o0 qka+k
Ot,M(),Ml ..... MN( k. )La,Mo,Ml ..... MN( k. )_|_

1,2 =g

k=—o00

( a+1. q) N+1
— @ L M4, <Z q" Ak> s My =0,1,2, ... (6.1.4)

where A is given by (5.3.4) and ¢ > 0 is an arbitrary constant. This second orthogonality
relation can also be written in terms of the g-integral defined by (5.2.12) as

o0

1 / t
1 LMoo M et g) LMo MM (et )yt +
A* 0 <_C(1 - Q)t; q)oo ) ( q

+§:MV (Dy LMo M) (0 ) (DY LMo M) (0; )

(q““, 0 (N“ )
= A q k mns man:071727"'
(@ Qg™ 2
where A* is defined by (5.3.5).
First we will determine the polynomials {Lg’MO’Ml """ My (g q)}oo_o which are orthogonal

with respect to the inner product (6.1.1). The Gram-Schmidt orthogonalization process
assures us that such a set of polynomials exists with degree[L&Mo:MiMy (32 g)] = n. So
we may write by using (5.3.10)

LMot My (g1 g) = 37 (=)PALE (25q)

k=0
_ Z q—k(a—i-k)Ak (DZ]‘TL%&)) (q_kx7 q)’ n = 07 ]_’ 2, ey (615)
k=0

where L™ (x;q) denotes the g-Laguerre polynomial defined by (5.3.1) and the coefficients
{Ai};_, are real constants which may depend on n, o, My, My,..., My and ¢g. Moreover,
each polynomial L&Mo:-Mu--Mx (- q) is unique except for a multiplicative constant. We will
choose this constant such that

£309-9(050) = 1 (530),

By using the representation (6.1.5) and (5.3.2) we easily see that the coefficient k,, of
2" in the polynomial L&MoMiw My (g q) equals

ky, = (—1)"gnn+) (iq_qg) Ap. (6.1.6)
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This implies that Ay # 0.

Let p(z) = 2™. First of all we choose L™MMbMN (2 0) = 1 for the moment and
we will try to determine the polynomials {Lz Mo, M. My (x;q)}zo_l in such a way that
< p(z), LoMo MMy (- g) > =0 for all m € {0,1,2,...,n— 1}.

We use the definition (5.3.1) of the g-Laguerre polynomials and Ramanujan’s integral
formula (5.2.14) to obtain for £ =0,1,2,...,n and m,n =0,1,2,...

o0 xa—l—m o
/ 0 —— L (25 q)dx

0
@) i ()0 B (1 — gt 7 gt
(@& Dk = (¢t 1) (a3 0); (—(1 = q)7;9)
_ @) zf (475 9),q%) (1 = @)+ T(—a = m = j)D(a+m +j +1)
(@ Dnr 555 (a1 0)(a5 9); Py(—a—m—j)

Now we use the definition (5.2.13) of the g-gamma function and the identities (5.2.2) and
(5.2.3) to find

Ly(~al(ca—m—j0atm+i+l) _ iy om0 )
I(=a)l(a+ DIy(—a —m —j) O
( )—m i a+1)m—<2)q (a+m+1)j ()(q‘”l,q) (qa+m+1QQ)j-
Hence, by using the summation formula (5.2.6) we find
Ly(=0) 7 ze (actk)
L, ' (x;q)dx
a0+ 1) ) (—0- gm0
a+k+1 a+1 —n a+m
(q +k+ ,C])n k(q + ,Q)mqf(aﬂ) (7;)2% q +k’_g€; +1 4 g
(@ Dn-r (1—q™ q
k—m a+1
_ T Dk @ D rm=(3) k Z 0 1.2, mun = 0,1.2, .. (6.1.7)
(@ @Dk (1—g)™
Now we have by using (6.1.5) and (6.1.7)
i gt Mo, My ..M
LOC7 [ORFAZS PEEES) N . d
= a+10/ LTI (5 q)dx
(q““,q)m et ym— () Ny @ Dk
4 2 —1)' A, mn=0,1,2,....
(I—gq)™ ];)( ) (@ Dnse

First we consider the case that n > N +2 and N +1 < m <n — 1. Then it is clear
that
(Dyp) (0) =0 forall ve{0,1,2,...,N}.
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Since
(qk_m;Q)n—k::O for ]{3:07172""77% and m <n

we see that < p(z), Le-Mo-Mu-My (72 ¢) > = 0 is equivalent to

a+1. m n k—m.
@5 Do orom(3) 3l ok g g N N a1
(1 - Q)m k=m4+1 (Q; Q)n—k
If we substitute m =n —1,n—2,..., N + 1 respectively we easily obtain
AN+2:AN+3:"':An:O for n2N+2

Hence, the expression (6.1.5) reduces to (6.1.2) for n > N +2. Forn < N +1 (6.1.2) is
trivial. In that case the coefficients {Ak}kN:J;1 1 can be chosen arbitrarily. This proves that

the polynomials {L;‘{’MO’Ml """ My (g; q)}oo_o can be defined by (6.1.2) for all n € {0,1,2,...}.

In order to define the coefficients {A;}r_, we now have to consider for n = 1,2,3,...
< p(x), LoMoMiMy () > =0 for m =0,1,2,...,min(n — 1, N). (6.1.8)

Since p(x) = 2™ we have by using (5.2.8)

(200) 0= (£ b =012

Hence, (6.1.8) implies, by using (6.1.1), (6.1.2), (6.1.7), (5.3.10) and (5.3.6), that

a+1. min(n,N+1) —m.
(q +17 Q)mqf(aJrl)mf(gL) Z (_1)k(qk aQ)n—k Ak +
(I—q)m bt 1 (@ Dn—r
(¢ Om minE D (@ ) o
+ (—1)m AL Lm gmimete) yp -1 g A =0,
) (1—q)m kz:% - (¢ On—k-m

form=0,1,2,...,min(n — 1, N). We remark that the definition (5.2.1) implies that

(05¢)n _ Q=g " (A -g"?)---(1-¢") _,
(@) Q=g )A—g ) (1-g ")
fory—n>0and n=1,2,3,.... Hence
(@™ Dk _ (@ Dnkm

(@ Dt (G Dn—t—m

for k >n+1and m=0,1,2,...,min(n — 1, N). Note that we have by using (5.2.4)

—k+1.
not 7Q)k—m—1

(€5 @)k—m—1

k—m.

R el (PR Rl P

, m < n.
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This allows us to write
(qa+1§ Q)m q—(a+1)m,<v§) NEJr:l (_1)k (qnik%l; Q)kz—m—l
(I—q)m bt 1 (¢ @)k—m—1
(4 @)m (g
+ —_1)™ qm(m+a)Mm -1
=) (1—qgm ,§< ) (@ Dn—t—m

Ay +

a+k+m+1. )
y4)n—k—m mk
q"" Ay =0,

form=0,1,2,...,min(n—1, N). However, we will define the coefficients {Ak}fcv:%l in such
a way that

a+1. N+1 .
(q 7q)mq—(a+1)m—(gl) Z (_1)k(q ?q)kfmflA

(4 Dm ket 1 (¢ Q) k-m—1
N+1 a+k+m+1.
+ (_1)mqm(m+a)Mm Z (_1)k(q aQ)n—k—m quAk _ O, (619)
=0 (@5 Dn—k—m

n—k+1

kT

for m = 0,1,2,...,N is valid for all n € {0,1,2,...}. For n > N + 1 this is the same
system of equations. For n < N we have added the following conditions on the arbitrary
coefficients {A,} !

k=n+1 :
a+l. L N+l n—k+1.
(@5 D —(@s1m-(3) 3 (_1>k(q Wbty

(¢ @)m kil (4 Dk—m—1

N+1 a+k+m+1.
m _ m(m+a q s q)n—k—m
f(ayrgnimsang, 3 (e Dk g g

k=0 (Q7 Q>n7k7m

where m =n,n+ 1,n+2,..., N. Since we have by using (5.2.3) for k > n + 1

k—n n+1

(4" @kener = (1) (g )iy = () 1G0T (g )i

this implies

atl. N+1
(q ‘ aQ)nq—(a—&-l)n_(;)_(n;—l) 3 an_(’;)Ak — ") Nr A
(¢ q)n hentl
(¢ Dy —(a+D)(nti)—("]")
(q; Q)nJri Nt .
n—k+1. .
x 3 (—1)k(q Wknicl g 0 i Z1.2.3 N —n.
k=n-+i+1 (Q; Q>k—n—z‘—1
This implies for n < N that A,,0 = A,.3=+--= Ay,1 =0 and
a+1.

(@ )n ket et D= (") 4 ) grinte) N g A

(¢ Dn



66 CHAPTER 6

However, in the sequel we only need

n(n+a)M A — (qa+17 Q>n —n(nt+a+1) = (S)A f < N 6.1.10
q nfo = Wq Z q" e (6.1.10)
k=n+1

Now we have found the representation (6.1.2) where the coefficients {Ay}n ' satisfy
(6.1.9). Note that we changed the choice of L§MoMuMN (4 0) = 1 such that (6.1.2) also
holds for n = 0.

To complete the proof of the orthogonality relation (6.1.3) we note that it follows from
(6.1.2), (5.3.2) and the orthogonality we just proved that

L A (), LMo (1 ) >,

1_ n
= (g Dy g pattodtenit (g g)

(4:¢)n
Now we obtain from (6.1.1), (6.1.2) and (6.1.7) for m =n > N + 1

a+1. N+1 k—n.
n rTa q ) Q)n —(a+)n—(% k (q 7q>n7k
< ", LOMoMu My (g gy > 0 = 7( (et 1)n—(3) )" A
(#50) >, (I—q) k;( (¢ @)
a+1. N+1
n\q 14d)n _pinta nk—(*
k=0
This proves (6.1.3) in the case that n > N + 1.
For n < N we find by using (6.1.10)
a+1. ) N (qkfnq) —k
< Q’In,Lz’MO’Ml ..... MN(I, q) > _ (q Y nq—(a+1)n7(2) (_1)k yd)n Ak 4
! (1-q)" g;; (@ @)nr

N+1
n q 14)n 7nn « mn
— (_1) ( ) +a+1) Z q k—

(1—q)

a+1.
k-

This proves (6.1.3).
Finally, to prove the second orthogonality relation (6.1.4) we only need to show that
form=20,1,2,....,n

1 00 ka+k

q
TR

w (el = q)d% q)

(ed*)" L% (eq"; q)

I'y(—a) 7 g (a+i) .
= L, (x;q)dx, 1 =0,1,2,...,n, (6.1.11
fa)(a+ 1 CO-ama, ™ &9 (o140

where A is given by (5.3.4) and ¢ > 0 is an arbitrary constant.
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By using the definition (5.3.1) of the g-Laguerre polynomial we find for m =0, 1,2, ...

o0 qka+k ( +)
cq®) LY (eqbiq
kzz_joo (—c(l = )" q) (ea)” eg’s4)
(qa+i+1; Q)n—z n—i (q—n—i-i; Q) ( )(1 - q> (n+a+1)j Cm+j i q(a+m+j+1)k
(@ Dn-i = (¢t q) (a3 0); roe (1 = q)d¥;q)

Now we use (5.3.4) twice to obtain

1 i q(a+m+j+1)k (an, —c(l _ q)qa+m+j+17 _C—l(l _ q)—lq a—m— ]’ q)
A (—c(1=q)d"q), (gL —c(1 = g)g°+t, =711 = ¢) 717 @)oo

k=—o00

Hence, by using (5.2.3)

¢t 5 gt Ok T Qg (T (L= )T T @y
A (el = 9)dh 9)o (=1 = Q)¢ Qe
_ (anrl; Q)m+j _ m;—j)

(1 — q)m+iglatD)(m+3)

So we have by using the q-Vandermonde summation formula (5.2.6) and (5.2.2)

q; q”"”)

n,myn=0,1,2,....

1 ka+k

72 q

(a+z)
cq L, cq®: q
c(1-q)q*;q) ( ) ( )
(qa+z+17 Q) i (qa+17 Q>m —(a+1l)m (2 )2¢1 < q—n+i7 qla—i-m—ﬁ—l
(@ Q)i (L—gq)m gt

(@ Dni (@5 D —(@rm=(3) 4 1o
(@ Qo (L=q)m

In view of (6.1.7) this proves (6.1.11) and therefore the orthogonality relation (6.1.4).

6.2 Another representation

In this section we will show that the polynomials {Lg’MO’Ml """ My (g; q)}oo_o given by (6.1.2)

N+1
LOZ,M(),Ml ..... My (I’, q) — Z q_k(a+2k)kak (D];Lna""k)) (q_kl" q)7 <621)
k=0

where the coefficients { By }1 ' are related to the coefficients {A;}n " found in the pre-
ceding section in the following way

Z N+1 k n—k+1. a+k.
) Zq (octhti) H (4 (f)_q)(q Wip 019 Nt1
q
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(1 —Q)k (M51) +k(a+2k) s k ("~ It q)j—k
By= " (o J+H IR Ak =0,1,2,...,N +1,
’ (qa+k;q)kq Z_: klg (qot2k L q); "

where the g-binomial coefficient is defined by (5.2.4).
In order to prove this we prove the following g-analogues of (1.3.9), (2.2.1), (2.2.2) and
(2.2.3)

1—q" — ¢!
LI (qr; q) + 5 DL (5.q) = 2Dy LI (25 q), 6.2.2
1—gq (a5 q) (1 —q)gott1 (#:9) ! (#34) 022
k1 7 (1) L= " @
eD L (i) = T (DILEY) (qi) +
1— qa-i-k-‘rl
DI L)z q), (6.2.3)

+ (1 _ q>qa+k+1

k n—k+1 a+k.
2 (DELE) (qFasq) = quZ[E] (" @)ei(d™ ™)
1

=0

and

g Motk (DkL(a)) (q_kx' q)

Ek k (¢~ L q)r—i(1 — ) i1\ . , ‘
z k y4)k—i q _ i i (o L
0 i [1 (@ Q)i (@5 )i | (e (Dan i )) (¢'x;q), (6.2.5)
= q ) i

respectively for k,n =0,1,2,.. ..
First we prove (6.2.2). For n = 0 this relation is trivial. So we assume that n > 1. By
using (5.3.10) for & = 1 and the definition (5.3.1) of the g-Laguerre polynomials we find

1 — qn 1 — qa+1
L (qr; q) + —————=DyL{ (59

1—gq (a2:9) (1—q)gott" (=:q)

I—q" 1- an (a+1)
= L -1 7

- '(qz; q) 1_q n1 (473 9)
_ 1-¢" (") kg (1= g)* (7o) N

l—q (90 = (gt ) ( Q)k

1 — ™ (2 @)nor "L (7" q)ig (% )(1 — )" (qn+a+2x)k
l—q (Qn = (°"2 r(q;
(07 —MN k — n+—ao k

@0 & (0B (1 - 0 )

(@ Qn (= (5 Qrr (@3 )k
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x [(1=g ™)1 = g™ — (1— ") (1 - ¢**)]

k+1
U N = @)l ? )(1—Q) (gt
(@ Qn-1q" § (°"3 k(@ O
= q“”xL(a”)(q:v q) = DL (x5 q),

since

k+1 k

q—n—&-(k;rl) <qn+a+2$> _ q(2) (qn+a+3x)kqa+2x_

This completes the proof of (6.2.2).
Now we will prove relation (6.2.3) which is a generalization of relation (6.2.2). From
the g-analogue of Leibniz’ rule (5.2.11) we obtain

el o 1 - qk ey
D¥ 2D L (w;.q)| = " DI LET) (23 9) + ﬁD’;Lﬁ (w;q).

1—
Now we use relation (6.2.2) and (5.3.11) to find
Dy L (25.q)

«a - qk «a
= D§ [-l"Dqu(z +1)(517; (J)] - kaL; H)(flf; q)

_ 1—q 1—¢"" i
T o1—gq ( )qxq _q)qa—HD Ly (w59) +
. q k(D La) )+ quk—l—lL(a)( )
1_qq awiq) £ = o Pa It
_ L—q"* o (a) ) 1 — gttt k+17 () (..
T 1y (D Ly, )(Q%Q)Jr(l_q)anDq L) (z;q).

If we divide by ¢* we find (6.2.3). This completes the proof of (6.2.3).

To prove relation (6.2.4), which is another generalization of (6.2.2), we use induction
on k. For k = 0 relation (6.2.4) is trivial. For & = 1 it reduces to (6.2.2). Now we assume
that (6.2.4) is true for £ = m — 1. Hence

ot (DL (g i)

q(m_1)2 "il {m - 1] (@" ™2 Qi (T q)i
i g (1=qg)m!
X q—(;)—(a—i-m—l)i (DéLgLO‘)) (¢ 'x;q).  (6.2.6)

X

1=0

By using the g-product rule (5.2.10) and (5.2.9) we obtain
Dy [ (D L) (g7 )

m— m 7 (a+m— —m 1 _qul m— m— a+m— —m
= o (DpL ) (g “x;q)+17_qx (D LYY (g7 s g),
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We multiply by = and use (6.2.6) and (5.2.9) to find

" (DL V) (g7 s g)

q(m_1)2 mz_:l {m — 1] ("™ @) i (T Q)iq_(;)—(mrm—l)i %
pr A A VY 1 =gt

(
—i i a —i 1—q¢™ ' i —i
X [q v (D L) (g5 q) — ———— (DILY)) (g7 q)] :
We replace o by o + 1 and z by ¢ '« to obtain

¢ ™ (D L™ (g q)

m—1 o n—m-42. . a+m. . )
_ q(m71)2 Z [m . ].:l (q 7Q)m—z—1(i] 7Q)Zq—(;)—(a+m)i %
i=0 t q (1 - q>m_
. ) ) 1-— qm_l
—i—1 i+1 71 (at1) —i—1_.. . i 7 (a+1) —i—1

Now we multiply by ¢™ and use (6.2.3), (5.3.11) and (5.2.9) to find

2™ (D L™ (5 q)
_ qu_m“mi {m—l} (q"*m”;q)m_i_l(q“*m;q)iq_(;)_(am)i
i=0 U q (1

_ q)m—l X

1 - qnii i i 7 (a0 —1i 1- qa+i+1 i+1 71 (a0 —i—1
X[ 1—¢ ¢ (DyL?) (a x;Q)Jr(l_q)W(DJL%))(q zq) +
L—g! i (i (e —i 1—qgm! i+17 () —i—1
_ el [m — 1} (q”’m”;q)m—i_l(qa“”;q)iq,(;‘),(am,m y
i=0 i1 (1—q)m
X (1=q"" ) (DRLY) (¢ '2q) +
S Tm — 1 (qnferQ; Q)m—i<qa+m; Q)z 7(1‘)7( )i ) )
" [ ' } g )Ter(DIL)) (¢ s g
2 i, (= (Di137) (a”w5a)
m2 (qn—m-i-l; q)m (a) m2 (qa-i-m; Q)m —(m)—(a-i-m)m ) B
= ("L " 1\ DLy ) (g " q) +
(1—gm ) (1= q)m (D L) ( )
L mi (@ Dm-1 (@ @ m-im1 (™™ ) () —frmi
= (690G D (I—gq)m
< [¢(1 =" (=g + (1= )1 — ¢ (DILE) (g ;)
2 ("™ (@) 2 (¢“T™ D —(™)~(atm) N /-
— m-it Mmoo . m 2 atm)m (ymr (o m,..
e T (z:9) + ¢ T ¢ (D L) (a7 q) +
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m—1 n—m-+1. a+m. .
> m] (q FDm—=i(@" "™ @i () (atm)i (i (@) (i
m DZLOC (3 .
+q Z_;[ZL G q (DiLE) (g5 )

a+m.

1 4)i (I —(a+m)i i 1 ( —i
)i ()=t (DI L) (g3 ).

_ mei{m] (" Omilq

i lq (1_Q)m

1=0

This equals (6.2.4) for k = m. This completes the proof of (6.2.4).
Finally, we will prove relation (6.2.5). We define

Ci(r) = (1= )¢ Ma* (DELL™Y) (¢7F219), k=0,1,2,. ..
Di(x) = ¢~®) (DI (¢7'x: q), i=0,1,2,....

This implies that (6.2.4) can be written as
Crlz) = [ ] (@ Qumi(q* ™5 @)ig” M Dy(), k=0,1,2, ... (6.2.7)
=0 t q

It is not difficult to see that the system defined by (6.2.7) has a unique solution for
{D;(x)};=,- We will show that this solution is given by

Di(z) :q(é)+<a+1>ii(—1)i+j H e (")) Ci(z), i=0,1,2,.... (6.2.8)

= 14 (@H50)(q* 2% q)iy

To prove this we substitute (6.2.8) in the right-hand side of (6.2.7)

Sp() = Xk:i(_l)i+jq(;)+(g)—(k—l)i [k] [Z] (" Qri(®™5 Q)i )iy C;(z)

== i, LJ (¢°*7;0); (¢ q)i—y

and show that this equals Cy(x).
From (5.2.2), (5.2.3) and (5.2.4) we obtain

n—i+1.

noktL k—i(q Q)i = (¢ Q) k—j

(q ' q

and

(1) m H _ m (@5 Dis ()-(3) -k,

i, 71y (@i
We use this to find after changing the order of summation

Sk(x):ilk] %92<§)_jkcj($)i (@7 q@)i—j(¢*™; q)s

(¢°*5 9); = (@ )i (4 9)iy
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Now we use (5.2.2) and the summation formula (5.2.6) to find for the second sum

T(]Jg) = zk:((qj k?‘])z j(q ’q) i

= (@ q)i (4 @)img

a+k

a+k+j

—J ik
etk 2 (@R 9)ilg 1 Q)i
= (¢“™9)jq .
( ) ; (@**2+Y:q)i(q; )i
j—k
‘ q,q>

(@ @)y
(qa+2]+l Q)k: j’

which equals zero for j =0,1,2,...,k — 1. So we have

sile) = 3[4 W ey

(¢°*7:q);
a+k

Eqaﬂf,q;kq% 2)HHR G (2) = Cula).

a+k+7
,qoT
a+2j+1

— (qa+k )jq] ¢1< q

a+k,

= (¢"";q);¢

n—k+1.

This proves (6.2.5).

6.3 Representation as basic hypergeometric series

If we write

+1. m
La,Mo,Ml ..... Mn (l', q) — (qa ;q)n Z Cmq (n+a+1) (1 - q) xm

(G Dn = (@ @)m
then it follows from (6.1.2) and (5.3.1), by using (5.2.2) and (5.2.3) that

N+1

Cm = 2

= (@@ Omr

(@™ q)m
(qa+1 Q)m+N+1 k=0

(@™ Otk nk=(5) 4,

2

k:
T k(T O n-kg” (Q)Ak.

Note that
NA+1

F(z) =Y (¢ (@™ 2 @) vi1-1q" k=(5) 4,
k=0

is a polynomial in z of degree at most N + 1. The coefficient of VT in F(z) equals

N+

Z oz+1)k: Ak

(_1)N+1q(N+1 )(at+1)+(V)
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Note that it follows from (6.1.3) and (6.1.4) that

N+1
Z q" () 4, # 0.
This implies that all zeros of F'(z) can be written as (complex) powers of ¢. If
N+1
Z g ()4, 20, (6.3.1)
then the polynomial F'(z) has degree N + 1. In that case we may write
N+1 i
F(g™) = 3 (@ ulg® ™ g g™ () A,
k=0

= (qu A )1—q (1 —¢") (1= ") x

(@ Q)@ QO (@O O

(@ (@™ @ - (€% O
for some complex 3;, 7 =0,1,2,..., N. Hence, by using

X

a+N+2

(@ Qv = (@5 @) v (g s Q)m,s

which follows directly from (5.2.2), we have
1 — gP)(1 = gP%).-. (1 — gfn) /VAL
(1 —g%)( 1Q) ( q)<z nk(k)Ak>X
(@t @) N+

LS,M(),Ml ..... MN (x’q) —
k=0
(qO"H; q)n n qﬁo-&-l’ q/31+17 . qﬁN—H

N L L N a+N+2 Bo B
N q 7q 7q 7"'7q

(43 0)n ¢;—(1— q)q”*“*%) . (6.3.2)

If (6.3.1) is not satisfied, then F'(z) is a polynomial of a degree less than N + 1. In that
case we find a representation as a ¢ basic hypergeometric series where £ < N + 2 in a
similar way.

6.4 A second order qg-difference equation

In this section we will show that the polynomials {La Mo, My, My (5, q)} o satisfy a second

order g-difference equation. The method found in [9] can be applied in this case too. We
prove the following theorem.

Theorem 6.1. The polynomials {Lﬁ’MO’Ml """ My (w;q)}w_o satisfy a second order g-
difference equation of the form

Py () DZLGMOM M (32 g) — Py() (D Lig Mo MMV ) (qas ) +

Py(z) LoMoMu My (g0 ) = 0 (6.4.1)
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where Py(x), Py(x) and Py(x) are polynomials with

N+1
Po(z) = ¢t Ay (Z q" -(3) A k) N+ lower order terms

N+1

Py(x) = ¢“ T A (Z q" -4 k) #NT? 4+ Jower order terms (6.4.2)

N+1
(Z q"l‘C Ak> Nt Jower order terms

and

1— qa+N+2

Pi(qx) = D Py(x) + lq‘”NHx — 1
—q

] Py(x). (6.4.3)

Proof. We consider the g-difference equation (5.3.7) for the g-Laguerre polynomials.
By using the fact that

L&V (g i q) = L (w59) + ¢ (1 = @)z (D, L) (g7 59)

which follows directly from (5.2.7), we write this g-difference equation (5.3.7) in the fol-
lowing form

— «a — 1-— qa-i-l n+a « —
¢ *x (DRLY) (g %) + ll—q —q"" :v] (D) (g w59) +
1 _ n
+ 7qqo‘+1L$f‘) (x;q) = 0. (6.4.4)

If we let D} act on (6.4.4) and use the g-analogue of Leibniz’ rule (5.2.11) we obtain

k42 1 () —k—2 o |1 — g ! nta k4171 () —k—1
I(Dq Ln)(q z;q) +q 17_61—61 Z (Dq Ln)(q T;q) +
1— n—k
+ lf’qq“”’“*ff (DELW) (g *a5q) =0, k=0,1,2,.... (6.4.5)

Now we consider the definition (6.1.2). We multiply by z and use (6.4.5) for k = N —1
to find

LMo Mo MN (g0 gy = 37 by () (DSLS)) (¢ "2 q) (6.4.6)
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where
_ —k(a+k) .
br(7) = q Apz, k=0,1,2,...,N =2
—(N=1)(a _ B 1 . n—N+1
by_1(z) =¢q (N=1)(a+N 1)AN,1:15 _ qa+3N (N+1)(Q+NH)%AN+1
—N(a _ o 1 — qa+N .
by (x) = ¢ N Ay — g (NHDHN) l1—q 1 ] ANt

Now we multiply (6.4.6) by x and use (6.4.5) for k = N — 2 to obtain

LM 5 g) = 3 bu(e) (DALE) (07423 0)
k=0
where
bp(z) = xbr(x), k=0,1,2,...,N — 3

a+3N—3bN (I)

_ qa+N71
i q”*”‘x] by ().

Repeating this process we finally obtain by using (6.4.5) for k£ =0

N LMo M MY () = po(2) L (;.q) + pa () (DL (g7 23 ) (6.4.7)

b1 (2) = by (2) — ¢ [1

for some polynomials py(z) and p;(z) which satisfy

po(r) = Agx™ + lower order terms

N+1 (6.4.8)
pi(z) = g~ (nra+D) (Z q”k Ak> 2" + lower order terms.
Now we use the g-product rule (5.2.10) to obtain from (6.4.7)
1— N
: q fole,Mo,Ml ..... MN(qx;q) 4 xNDng,MO,Ml ..... MN<:L,; 9)
—q
= Dypo(x) L (23 0) + [po(@) + Dypn ()] (D,LYY) (w3 ) +
+q 'pi(w) (DILY) (g7 q).
We multiply by z and replace z by ¢~ 'z to obtain
N
1—gq N J oMo, Mi,....My (z:q) + q—N—lxN-&-l (Dng,MO,Ml ..... MN) (q—ll,; q)
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— ¢ & (Dypo) (¢ 'x) L\ (w; q) +
+q7'2 [polg ') + (Dgpy) (¢ '2)] (D L) (¢ '3 ) +
+q (g ) (DL (a7 %23 q).
Now we use (6.4.4) and (6.4.7) to find

(DL o) (g s ) = o) LY (5.0) + 71 () (D L) (a7 ') (64.9)

n

where
N+1 1 ~1 L—q" 1 1—g"
ro(x) =" g7 @ (Dgpo) (47 0) = 57— —4""pila" @) | =4 1_qpo(:c)
- - 6.4.10
rile) = ¢ [pola~0) + (Dyp) (a71)] + (0410
Cpn L ] ) - A )
1—¢q ! 1—gq !
By using (6.4.8) and (6.4.10) we easily see that
1 — N+1
ro(x) = 17 gt (Z an Ak> 2" + lower order terms
—q
(6.4.11)
N+1
<Z q" Ak> 2N 4+ lower order terms.
In the same way we obtain from (6.4.9)
- QNH N a,Mo,Mi,..., —1,.N+1 21 o, Mo,Mi,....My -1
T4 " D, Ly Mv(zq) +q (Dan ) )

Multiplying by = and applying (6.4.4) again gives us by using (6.4.9)

N2 (DSLS’MO’MI """ MN) (7225 q) = so(x) LY (25 q) + 51() (Dngf‘)) (¢7'z;q)  (6.4.12)

n

where

n

N+2 -1 L—q" aya (1 21—
so(r) =q z (Dgro) (¢~ @) — 1—g¢ ¢“ri(gx)| —q 17_qro(33)

si(z) = ¢V 22 [ro(q'z) + (Dyry) fq_lx)} n (6.4.13)
ol

21_qN+1
l—gq

r(x).

- qn+ax‘| 7‘1((]_127) —q
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By using (6.4.11) we easily see that

1 —qg" N+1
so(z) = — d gt <Z q”k_@Ak 2Nt lower order terms
k=0

l—q
(6.4.14)
N+1 .
s1(x) = ¢"Tot? (Z q”k_<2)Ak> N2 1 lower order terms.
k=0

Elimination of (Dng")> (¢ 'z;q) from (6.4.7), (6.4.9) and (6.4.12) gives us in view of
(5.3.6)

po(x)ri(z) — pr(a)ro(a) = 2™ Py (x)
po(x)s1(z) — pr()so(z) =« Py () (6.4.15)
o()s1(2) = ra(o)sa(o) = LR o)

for some polynomials Py (z), Py(z) and Bj(z). Here we used the fact that for n = 0 it
follows from (6.4.7) that po(z) = Agz™. Therefore we have from (6.4.10) and (6.4.13) :
ro(z) = so(z) = 0.

Now we conclude from (6.4.7), (6.4.9) and (6.4.12), by using (6.4.15)

2N [eMo,Mi,..., MN(;c;q) po(z) p1(2)

1 _ n
1 : q x2N+1P8<(x)Lz,MO,M1 ..... MN(x;q)'
—q

q*x3q) = Ly™oMo MY (gas ) — q(1 = q)a (Dy LMo (ga; g)
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which follows directly from (5.2.7), to find

1 — g"
1 —qq Py (q*) Ly Mot (g q) = 0
which proves (6.4.1) if we define

NPy (2) = ¢ P3 (¢'x)
NP () = P (@) + q(1 — "2 Py (¢ (6.4.16)

¢ PRy() = P ("),
It easily follows from (6.4.15), (6.4.8), (6.4.11) and (6.4.14) that

N+1
Pj(x) = ¢*t3 A (Z g () k) ¥+ + lower order terms
N+1
Pi(z) = ¢"T*2A4, (Z q" k) N2 + lower order terms (6.4.17)
N+1 B
Py(z) = (Z q" (5) k) VT + lower order terms.

Now (6.4.2) follows from (6.4.16) and (6.4.17).
It remains to show that (6.4.3) is true. To prove this we note, by using (5.2.7) and
(6.4.16), that (6.4.3) is equivalent to

(1—q)[Pf(gz) + (1 — ¢")zF;(gz)]
NPy (2) — ¢*Py(qz) + (1 — @)¢* TV e Py (2). (6.4.18)
Now we will prove (6.4.18).

From (6.4.10) it follows by using the definition (5.2.7) that

a+N+2

(1 —q)ro(gz) = ¢"'po(x) — qpolqz) — (1 — ¢")q p1(z)

(= a)nifaw) = (1 = g™ amla) + ¢ pi(e) — amlgm) ¥ (6.4.19)
+(1- q)qn+a+N+2xp1(x),
Now we use (6.4.15) and (6.4.19) to see that
x [P*(qw) + (1= q")xP;(qx)]
¢ [po(qz)s1(gz) — pr(gz)so(qr)] + (1 — q)g ™" [ro(gz)s1(qz) — ri(qw)so(ge)]
= [po —(1- qn)qaﬂpl(:v)] s1(qw) +

— {(1 — q)zpo(z) + ¢“pi(z) + (1 — ¢)g" T ap, (m)} so(qx). (6.4.20)
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By using (6.4.13) and (5.2.7) we find

(1= q)solqz) = ¢" ro(x) — ¢*ro(qz) — (1 — ¢")g* V()

(1= @)sia2) = (1= a)g"*aro(ax) + g™V n(2) — ralar) + (0421
+ (1 = )" N e (2).

Hence, by using (6.4.20) and (6.4.21) we obtain

(1 —q)a™ [Py (qz) + (1 — ¢")a Py (q)]

g* " po(w)r1(x) — pa(a)ro(@)] + (1 = @)g* ™ a [po(2)r1 (x) — pa(a)ro(w)] +

+ [(1 = @)epo(x) + 4" Ppi(w) + (1 = @)g" api ()] rogw) +
— |@po(x) = (1= ¢")g* ps ()] r1(g2).

Finally, we use (6.4.19) and (6.4.15) to find

(1= @)™ [P (qz) + (1 - ¢")2F (q2)]
g* " po(@)ri (x) — pa(a)ro(@)] + (1 — @)g" " [po ()1 () — pr(2)ro(2)] +

+[(1=a)qg N“n(qx) +q ¥ 2pi(gz)] o(qz) +
— (1= @)™ ro(gz) + ¢V polgr)| m(gx)

N o ()1 () — pl( Jro(@)] + (1 = q)g* ™ a [po(2)r1 (x) — pa(a)ro(w)] +

= g
— ¢ N [polqz)ri(qz) — pilqz)ro(qa)]

= 2V ¢ (@) + (1 - q)g™ Ve Py (x) - ¢ Py (aw)] -

This proves (6.4.18) and therefore (6.4.3).
This completes the proof of the theorem.

6.5 Recurrence relation

In this section we will prove the following theorem.

Theorem 6.2. The polynomials {L%’MO’Ml """ My (g; q)}C>O . satisfy a (2N + 3)-term
recurrence relation of the form

J:N+1L27M07M1 ..... MN (.I,q)
n+N-+1
- 3 B poMoMu My () =0,1,2, ... (6.5.1)

k=max(0,n—N—1)

N+1 1 a,Mo,My,....MN
n

Proof. Since x (x;q) is a polynomial of degree n + N + 1 we have

n+N+1
N+ LMo M, M Z B poMoMi My (0 0y oy —=0,1,2, ... (6.5.2)
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for some real coefficients E,ﬁ”’, k=0,1,2,...,n4+ N + 1.
Taking the inner product with L%M0-Mi-My (7. ¢) on both sides of (6.5.2) we find by
using (6.1.1) forn =0,1,2,...and m=0,1,2,....n+ N+ 1:

< La,Mo,M1 ,,,,, MN(x;Q),L?,{MO’Ml ~~~~~ My x'q) >, .E(”)
= < $N+1Lg7M07M1 ----- My

— < .CL‘N+1L7?7ZMO7M1 ..... MN

clude that E™ = 0 for m + N + 1 < n. This proves (6.5.1).

The coefficients {Ak},]j:’:)l in the definition (6.1.2) depend on n. To distinguish two
coefficients with the same index, but depending on a different value of n we will write
Ai(n) instead of Ag. Comparing the leading coefficients on both sides of (6.5.2) we obtain
by using this notation and (6.1.6)
kn

n+N+1

E(”) —
n+N+1 k

= (=1)NFlgm(VEDErrat N (@ )ne Ao(n) 40, n=01,2,..
(1 —g)N+t Ag(n+ N +1) ’ 1,2,

If we define

(anrl. q> N+1 i
A, = < L[oMoMis, MN(I;q),La,MO,Ml ..... MN(x;q> >q = Dy (Z an(g)Ak>
k=0

(¢ ng"
then we find by using (6.5.3), (6.1.6) and the orthogonality that

kn—N—lAn

EMy =
N=t knAn—N—l

#0,n=N+1,N+2....

6.6 A Christoffel-Darboux type formula

From the recurrence relation (6.5.1) we easily obtain

(ZL’N+1 B yN—H) Lg’MO’Ml ~~~~~ My (I; q)Lg’MO’Ml ~~~~~ My (y; q)
k+N+1
=X Bt g LN (y.g)

m=max(0,k—N—1)
— LMo M (e ) LMo M MY (g )| k= 0,1,2,.... (6.6.1)

k=0
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n k+N+1

=2 X

k=0 m=max(0,k—N—1)

S5
5‘33

forn=0,1,2,....
Now we use (6.5.3) to see that

“mo Tk k- N—-1<m<k+N+1, km=0,1,2,....
Ak Am

Now we have the following situations :
For n < N we have

=k+N-+1
mT m=k+N+
m=k
N+1
n
m=k—N-—1
0 n N+l Sk
n k+N-+1 n  k+N+1 n  k+N+1

D YD YD XD DY -3

k=0 m:max(o,kafl) k=0 m=0 k=0 m=n-+1 =0 m=n-+1

and for n > N + 1 we have
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=k+N+1
mT m=k+N+
m=k
N+1
m=k—N-1
0 n—-N-1 N+1 n — k
n k+N+1 n n n k+N+1 n k+N+1
> => )R I DD DRI DD Di
k=0 m=max(0,k—N—1) k=0 m=max(0,k—N—-1) k=n—N m=n+l k=n—N m=n+1

So it follows from (6.6.1) by using this observation that

(1 o) 3o L s L g
k=0 A
n FN+1 (k) M
= XX et N g LM MY (g ) +

k=max(0,n—N) m=n+1
— LMo MM (g g) oMo MM ()| (6.6.2)

for n = 0,1,2,.... This can be considered as a generalization of the Christoffel-Darboux
formula (5.3.8) for the g-Laguerre polynomials.

If we divide the Christoffel-Darboux type formula (6.6.2) by x — y and let y tend to x
then we find the confluent form

La,Mo,Ml,...,MN (J} q)}2

(N+1)xN§n:{ i

k=0 Ay
n k+N+1 E k) et o d
— Z Z m [L}j’ 0,M1,..., N<x;q)d7LTar;Mo,M1,...,MN<x; q)+
k=max(0,n—N) m=n+1 k x
d
— LMoot MV (15 ) LMo M MY (a5 )

for n =0,1,2,.... This formula can be considered as a generalization of (5.3.9).



Chapter 7

A special case

7.1 The definition, the orthogonality relations and
some elementary properties

In this chapter we consider a special case of the inner product (6.1.1). We consider the
inner product

[e.e]

<f7g>q:F 04+1 / 1—qxq) f@)g(z)de +

'3 L MF(0)9(0) + N (D,f) (0) (Dyg) (0),  (T-11)

a>—1, M>0 and N > 0.

In this chapter we always write M and N instead of M and M, respectively.

Note that the definition (5.2.7) implies that (D, f) (0) := f'(0).

We have an explicit representation for the polynomials {L%M’N (m;q)}zo_o which are
orthogonal with respect to this inner product (7.1.1).

For N > 0 the inner product (7.1.1) cannot be obtained from any weight function,
since then < 1,22 > # < z,2 >. We will investigate some properties of the polynomi-
als {Lg’M’N (z; q)}ooio. In this section we give the definition, the orthogonality relations
and some element%}y properties and in the next section we give some results concern-
ing the zeros of these polynomials. The system of equations (6.1.9) can quite easily be
solved explicitly in this case, so that we have an explicit representation for the polynomials

{LaMN (23q)}
The polynomials {L%M’N (; q)}oi0 which are orthogonal with respect to this inner
product (7.1.1) are defined by

LM N(wig) = AoLY (w3q) + Arg ) (D, L) (47 q) +
+ A, q 2(a+2) <D§L7(La)) (q72x; q) (7].2)
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where
AO — 1 + M(qa+2; Q)n,1
(q; q)nil n a+2 a+1 a+3
+Nq2a+3(1 —q¢")(1—=q¢*") —q(1 = ¢)(1 — ¢*™") (¢*"°; @)n—2 N
(1- qz“)(l - q“jj) » (45 @)n—2
L MNGE (1—-4q) (@ @)1 (¢ @n—2
() (1 —(ql““)(l 1—)6(1“@ gq; On-1 (¢ Q)n—2
4“7 q)n o —q" ) (@ @) n
Ay = M——"" 4 Ng**+? T . + (7.1.3)
(¢ Dn (1—q¢**Y) (¢;q)n-1 o "
n MNq2a+2<1 —q)(1—¢*) (¢ @)n (¢ @)n2
) (1—=¢)2  (¢;0)n (G Q-2
A2 — Nq2a+2 (1 - q) (qa—i— ;q>n71
(1 —=q¢“™) (¢ @)
2 a+1 a+3
+ MNq2a+2 (1 - CI) (q >Q)n (q 7Q)n—1
(1=¢)? (¢:9)n (¢ @)n

For N = 0 this leads to

M M,0 (qa+2§ q)n—1 (a)
Ly (wsq) o= L™ () = |1+ MW Ly (w;q) +
"D )\ [ -
+ M((q_q)>q (o) (Dqu(z )) (¢ w3 9),
which is a g-analogue of Koornwinder’s generalized Laguerre polynomial L& () defined
by (3.1.3).

Since 0 < ¢ < 1 and o > —1 we have
l—g<1—¢" for n>2 and q(1—¢*") =q—q¢*"?<1—q¢*™
Hence
(1—q¢")(1—¢*") —q(1 —q)(1 —¢*™) >0 for n>2.
So it follows from (7.1.3) that
Ag>1, A >0 and Ay > 0. (7.1.4)

The orthogonality relations (6.1.3) and (6.1.4) reduce to the following orthogonality

relations :

a+1.
) n n—
500 4 (g + g Ay + 2 As) G,
(¢:9)nq

where the inner product <, >, is defined by (7.1.1) and

< LM (i q), Ly (239) >4 =

1 fe’e) qk’a—i-k
A 2 (—c(1 = q)d*;q9)

k=—0oc0

+ MLGMN (03 g) L™ N (0; ) + N (DyLg™™V) (05 q) (DL ™) (0; )

LM (eg™; q) LM (eq; q) +

a+1.
= o (Ao A1+ )G
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where A is given by (5.3.4) and ¢ > 0 is an arbitrary constant. In terms of the g-integral
defined by (5.2.12) the latter orthogonality relation yields

[e.o]

1 / t M,N M,N
— Lo (et q) L™ (et q)d gt +

+ MLEMN(0; )Ly N (05 ) + N (DL N) (059) (Do L) (0; )

a+1.
= Dy (g4 g7 A+ A2

(¢;9)ng™

where A* is defined by (5.3.5).
From the definition (7.1.2) we find by using (5.3.6), (5.3.10) and (7.1.3)

a+4.
1 ’Q)“] (7.1.5)
=g (¢ q@)n—2

La,M,N(O_ q) = (qa+1§ Qn ll _ Nq2a+4 1-q (q
" (¢ @)n
and

a+2. 1— a+1. a+3.
(Dng’M’N) (O;q) _ ot (q 7Q>n—1 _ Mqa+1 q (q 7Q)n (q 7Q>n—1.

q
(@5 @)n—1 L=t (¢ On (@ @)n1

(7.1.6)

The second representation (6.2.1) in this case reads

LM N (wg) = BoLl®(wq) + 4~ Byw (D,LE) (g7 M) +
+q % Bya? (DL (¢ q),

where
BO =1— Nq2a+4 —q (qa+4; q>n72
1 — ¢ (¢ @)n—2
B — Mgl L4 (¢*5q)n L+ N (1—q) (1 —q*") (¢°" q)n—2
L= M T e (g 1 — gotl)(] — gat3 .
q (4; @) (1 =) (1 = q**3) (45 q@)n—2
B2 _ Nq4a+7 (1 - Q)3 (qa+2; q)nfl
(1—qot)(1 —q>2)(1 — qj”) (45 @)1 1 \
b MNGHT (1—-q) (@ @)n (@75 @
(1=q™)2(1—q*)(1—¢*"3) (O (¢ Dn-1

The (formal) representation as basic hypergeometric series (6.3.2) in this case reads

a+1. 1— a+4.
Lz’M’N(I; Q) — (q )Q)n [1 - Nq2a+4 q : (q 7(])71—2] %
(4 @)n L—q*™ (q;q)n—2

—n B+l 41
" 4" g
X303 < % q

q;—(1— Q)Q”+a+1x> :
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for some complex 3 and v which satisfy

(qa+1 + qa+2)A0 + (1 + qn+a+2)A1 + (qn—l + qn)A2

>0
Ag+q" Ay + ¢? A

¢’ +q =

and ot 3 )
54 O A TP A+ Ay

= > 0.
T A A A

The following example shows that ¢ and ¢” need not to be real. If we take o = 0,
M =0, N =1and n = 1, then it follows from (7.1.3) that Ay = 1, A; = 0 and Ay = ¢*.
So we have in that case

2 2
RN (€ S oD SR G o)
¢ +q 1T uddi 114
Hence )
2 2
6 N (p. N2 4B ST (=)
¢ —q) =(d"+q") —4¢"¢ = —————5— <0
( ) ( ) (1+q3)2

7.2 The zeros

We will prove the following theorem concerning the zeros of the polynomial L& (z; q).

Theorem 7.1. The polynomial LY (z;q) has n real and simple zeros. At least n—1
of these zeros are positive.

In other words : at most one zero of L&MN (g;

x;q) lies in (—o0,0].

Proof. For n > 1 we have < 1, LMV (x:¢) >, = 0. Hence

o0

LM (22 q)dx + M LMY (0, 9) = 0.

I'(— a—i—lO/ 1—qa:q)

This implies that the polynomial L&M:N(z;¢q) changes sign on (0,00) at least once. Sup-
pose that @y, s, ...,z are those zeros of LN (x:q) which are positive and have odd

multiplicity. Define
p(@) o= kn(z — 21) (2 — 22) -+ (2 — ),
where k,, denotes the leading coefficient in the polynomial L&V (z; ). This implies that

p(z) LM N (2:9) > 0 for all > 0.

Now we define
h(x) := (z + d)p(z)
in such a way that (D,h) (0) = 0. Hence, by using (5.2.7)

0 = (Dgh) (0) = #'(0) = dp'(0) + p(0).
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Since ) i . . .
p
20) —{dxln|p(x)|}x:0:—(xl+$2+ +!Ek;)<0
we have
20
40
Hence

h(x) LMY (2;¢) > 0 for all o > 0.
This implies that

<hLO‘MN>
o0

a,M,N( .. a,M,N (.

o + N 0/ = g MO @ o+ MBO) LY (03) > 0
Hence, degree[h] > n which implies that & > n — 1. This implies that all zeros of
LeMN (72 ¢) must be simple.

So we have : at most one zero of L&M:N(z;¢) is located outside the interval (0,0c0).
This immediately implies that all zeros of L& (z;q) are real. This proves the theorem.

Now we examine the nonpositive zero of LN (x; q) in somewhat greater detail. From
(6.1.6) it follows, by using (7.1.4), that LN (z;q) > 0 for all z < —B if B > 0 is
sufficiently large. Hence, the polynomial L&Y (z;¢) has a zero in (—o0, 0] if and only if
LeMN(0; ) < 0. Now we use (7.1.5) to conclude that the polynomial L% (z;q) has a
nonpositive zero if and only if

1—q (" q)n—
20+4 )
1 — Ngq = (G0 <0. (7.2.1)
This implies that N > 0 and n > 2. We define
¢ q)n-
flm) = L 02
(¢; @)n—2
Then we have () . roto
q°" - —q
f(n+1) = o L = f(n) > f(n), (7.2.2)

sincen+a+2>n+1>n—1. Hence f(n) is an increasing function. But

a+4.
J 100 =

Now we look at . i
F(a,q, N) =1 — Nq2a+4 —dq (q 7q)

7.2.3
I—q¢*" (¢:9) (7.2:3)
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Since . "
lim q2a+4 —q (q 7Q)00 -0
al0 =g+ (¢;9)o0
for all & > —1 this need not to be negative even for large values of N. For each N there is a
value of ¢ with 0 < ¢ < 1 such that F(a,q, N) > 0, where F(a, q, N) is defined by (7.2.3).
This implies that we cannot guarantee the existence of a nonpositive zero for N > 0 and

n sufficiently large as in the case of the polynomials {L%M’N (x)}oo_o. Note that

LoMN (z) = lim LeMN (z:q).

But in view of (7.2.1) and (7.2.2) it is clear that if L>™N(z;¢) has a nonpositive zero

o M,N
for some positive integer n, then Ly (z;¢) has one too. Moreover, we have : the

polynomial L&M:N (z;¢) has a nonpositive zero for every sufficiently large n if and only if
F(a,q,N) <0, where F(a,q,N) is defined by (7.2.3).
Now we prove the following theorem.

Theorem 7.2. If the polynomial LN (z; q) has a nonpositive zero x,,, then we have

for M >0 :
1,/N< <0
— =<z, <0.
2V M —

Proof. Suppose that the polynomial L&M:¥(z;¢) has a nonpositive zero x,. Then it
is clear that N > 0 and n > 2.
Let z1, 9, ..., 2,1 be the positive zeros of L&Y (z: ) and define

r(z):=(r—x1)(x —x2) -+ (x — Tp_1).
Then we have in view of (6.1.6)
LEMN (2:q) = kpr(z) (@ — 2,), 2, < 0. (7.2.4)

Since degree([r(z)] =n — 1 we have

0 = <), L2MN(z;q) >,
= Ly(—a) i il r2(z)(x — z,)dx
= e D | A gmay @
— Mk, r*(0)x, + Nk, (0) [r(0) — 2,7(0)] . (7.2.5)

Here we used the fact that (D,r) (0) = /(0). Since the integral in (7.2.5) is positive we
conclude that
—M7?*(0)x, + N7'(0) [r(0) — 2,7/(0)] < 0.

Hence
0< = [M{r(0)}* + N {(0)}] & < =Nr(0)r'(0) = N [r(0)r'(0)],
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since r(0) and 7'(0) have opposite signs. Now it follows that
—2VMN [r(0)r'(0)] @ < — [M {r(0)}* + N {r'(0)}*] 2, < N |r(0)(0)].

Hence

—2VMNz, < N.

This implies that for M > 0 the zero x,, is bounded :

LIN <0
o\ ==

Finally we prove the following result.

This proves the theorem.

Theorem 7.3. Suppose that the polynomial LN (x;q) has a zero z, in (—o0,0].
Let 1 < x5 < --- < x,_1 denote the positive zeros of Lz’M’N(x; q). Then we have

0< -z, < 2. (7.2.6)

Proof. For z,, = 0 (7.2.6) is trivial. So we assume that x, < 0. From (7.1.6) it follows
that (DngvaN) (0:q) < 0 for n = 1,2,3,.... This implies, by using (7.2.4) and (5.2.7),
that

kn [1(0) — 2,7 (0)] < 0.

we obtain

n—1 1 1 1
(_1) knxixe Tp1 |14+xp| —+—+---+
Ty T2 Tp—1
Now we use (6.1.6) and the fact that Ay > 1 to conclude that

11 1
To|—+—+ -+ > —1.

X1 X2 Tp—1

Since x,, < 0 this implies

1 1 1 1 1
- — 4+ —++ > —
Ty T1 T2 Tn—1 1
Hence
—Ty < 7.

This proves (7.2.6) and therefore the theorem.
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Summary

We study polynomials {L%MO’M““’MN (x)}oo o which are orthogonal with respect to the

n=

inner product

17 al
<h9>=faay / se f(@)g(ahde + 3 Mo S (0)g")(0),

a>-1, Ne{0,1,2,...} and M, >0 for v €{0,1,2,...,N}.

o0

These polynomials are generalizations of the classical Laguerre polynomials {L;"‘) (1’)} 70

n=0
found in [1] since L&M00--0(z) = LM (g).

Since the inner product above cannot be obtained from any weight function in general
the classical theory of orthogonal polynomials cannot be applied to derive properties of

these new orthogonal polynomials {Lf{vaMl """ My (:c)}oo

In this thesis we give two definitions, an orthogorgﬁty relation and a representation
as hypergeometric function for these polynomials. Moreover, we derive a second order
differential equation, a recurrence relation and a Christoffel-Darboux type formula for
these polynomials {L%MO’M“"’MN (x)}ooio.

In some special cases some results g&ncerning the zeros of these orthogonal polynomials
are given.

Finally, a differential equation is proved for Koornwinder’s generalized Laguerre poly-
nomials {L%M (x)}ooio which is of infinite order if M > 0 and o > —1 is not an integer.

For o € {0,1,2,... nzhis differential equation is of finite order 2ac+4 provided that M > 0.

The second part of this thesis deals with some g-analogues {L%MO’M““’MN (; q)}ooio of

the polynomials {L%MO’M“"’MN (x)}oo , described in the first part. These q-analogues are
n—=
generalizations of the q-Laguerre polynomials {L,(f‘) (z; q)}OO , studied by Moak in [2].
n—=
For these orthogonal polynomials two definitions, two orthogonality relations and a
representation as basic hypergeometric function are given. Moreover, we prove a second
order g-difference equation, a recurrence relation and a Christoffel-Darboux type formula

for these polynomials {L%M07M17""MN (; q)}ooio.
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In a special case we derive some results concerning the zeros of these generalized q-
Laguerre polynomials.

[1] : T.H. KOORNWINDER : Orthogonal polynomials with weight function (1—x)*(1+z)°
+ Mé(x+ 1)+ Né(x — 1). Canadian Mathematical Bulletin 27(2), 1984, 205-214.

[2] : D.S. MoAK : The g-analogue of the Laguerre polynomials. Journal of Mathematical
Analysis and Applications 81, 1981, 20-47.



Samenvatting

In dit proefschrift bestuderen we polynomen {L%M‘)’Ml’"'?MN (I)}Oo

n=

. die orthogonaal zijn
met betrekking tot het inwendig product

o0 N
I =D / pte f(@)gla)de + 30 Mof(0)"0),

a>-1, Ne{0,1,2,...} and M, >0 for v €{0,1,2,...,N}.

[e.9]

Deze polynomen zijn generalisaties van de klassieke Laguerre polynomen {L,(f“) (:E)} o

want L&00-0(x) = L@ (z) en van de gegeneraliseerde Laguerre polynomen {Lﬁ’M (x)}nio
die gevonden werden door Koornwinder in [1] omdat L&M00--0(z) = LM (g).

Omdat het bovenstaand inwendig product in het algemeen niet kan worden verkregen
uit een gewichtsfunctie kan de klassieke theorie van de orthogonale polynomen niet worden
toegepast om eigenschappen van deze nieuwe orthogonale polynomen af te leiden.

In dit proefschrift geven we twee definities, een orthogonaliteitsrelatie en een represen-
tatie als hypergeometrische functie. Bovendien leiden we een tweede orde differentiaalver-
gelijking af voor deze polynomen {L%MO’Ml """ My (ac)}::o, evenals een recurrente betrekking
en een soort Christoffel-Darboux formule.

In sommige speciale gevallen worden enkele resultaten betreffende de nulpunten van

deze orthogonale polynomen afgeleid.

Tenslotte wordt nog een differentiaalvergelijking voor de polynomen {Lﬁ7M (x)} _, Van
Koornwinder bewezen. Deze differentiaalvergelijking is van oneindige orde als M > 0 en
a > —1 geen geheel getal is. Voor a € {0,1,2,...} is deze differentiaalvergelijking van de

(eindige) orde 2« + 4 als M > 0.

[e o]

Deel twee van dit proefschrift gaat over g-uitbreidingen {Lg7M07M17""MN (; q)} , van
n=

de polynomen {L%M“M“"’MN (:L‘)}oo , uit het eerste deel. Deze g-analoga zijn generalisaties
n=

van de g-Laguerre polynomen {Lga) (x; q)}oo_0 die werden bestudeerd door Moak in [2].

Voor deze orthogonale polynomen worden twee definities, twee orthogonaliteitsrela-
ties en een representatie als g-hypergeometrische functie bewezen. Bovendien worden een
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tweede orde g-differentie vergelijking, een recurrente betrekking en een soort Christoffel-
Darboux formule afgeleid voor deze polynomen {L%M‘)’Ml """ Mx (2 q) ZO_O.

In een speciaal geval leiden we nog enkele resultaten af omtrent de nulpunten van deze
gegeneraliseerde g-Laguerre polynomen.

[1] : T.H. KOORNWINDER : Orthogonal polynomials with weight function (1—x)*(1+x)°
+ Mo(x + 1) + Né(x — 1). Canadian Mathematical Bulletin 27(2), 1984, 205-214.

[2] : D.S. MoAK : The g-analogue of the Laguerre polynomials. Journal of Mathematical
Analysis and Applications 81, 1981, 20-47.
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