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It is shown that the polynomials { Lo -*x(x)1=  defined by

N+1
L:-Mo‘MlanN(x): Z Ak-DkL:,“)(x)
k=0

for certain real coefficients {4,}"s are orthogonal with respect to the inner
product

{frgr= _[x x%e " -f(x)g(x)dx+ Y M, -f(0)g"(0),
0

v=0

1
Te+1)

wherc a> —1, NeN and M,>0 for all ve{0,1,2,..,N}. For thesc new
polynomials {LxMo-*--Mux(x)1® —an orthogonality relation and a second order
differential equation are derived. Further we obtain a representation as a ,_ ,Fy,,
hypergeometric series and a (2N + 3)-terms recurrence relation, which gives rise to
a Christoffel-Darboux type formula.  © 1990 Academic Press. Inc.

1. INTRODUCTION

In [8, 9] H. L. Krall introduced polynomials which are orthogonal with
respect to a weight function consisting of a classical weight function
together with a delta function at the endpoint(s) of the interval of
orthogonality. These polynomials were described in more detail by
A.M. Krall in [7].

In [6] T.H. Koornwinder studied the more general polynomials
which are orthogonal on the interval [ —1, 1] with respect to the weight
function (1—x)*(1+x) + M -6(x+1)+ N-5(x—1). These polynomials
are generalizations of the classical Jacobi polynomials {P®#(x)}=_,. In
[1] H. Bavinck and H. G. Meijer studied further generalizations of these
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polynomials in the ultraspherical case (@ = f§); they computed the polyno-
mials which are orthogonal with respect to the inner product

I2a+1)

1
@A g>=2—2;ﬁTz(g+—l)-Ll (1—x%)*f(x) g(x) dx

+M-[A-1)g(—=1)+/(1)g(1)]
+N-Lf (=D (=D +f (1) g'(1)],

where a > ~1, M >0, and N> 0.

As a limit case T. H. Koornwinder found the polynomials {L>"(x)} _,
which are orthogonal on [0, c0) with respect to the weight function
x%e~*+ N-8(x). These polynomials are generalizations of the classical
(generalized) Laguerre polynomials {L{’(x)}7*_,. In [5] we listed the
most important properties of Koornwinder’s generalized Laguerre polyno-
mials. And in [4] R. Koekoek and H. G. Meijer found further generaliza-
tions of these polynomials orthogonal with respect to the inner product

{fg>= x'e " f(x) g(x) dx + M- f(0)g(0)+ N-£(0) g'(0),

Ia+1) 'L |
where > —1, M >0, and N=0.

Now it is the aim of the present paper to find the polynomials which are
orthogonal with respect to the inner product

figy= J xS e drt T ML S0 0L (1)
v=0

1
Ta+1)

where > —1, NeN, and M, >0 for all ve {0, 1, 2, .., N}. We define
N+1

L:.Mo,M].M.MN(x)z Z Ak.DkLL“’(x)_ (12)

k=0

We show that the coefficients {4}y, can be chosen in such a way that
the polynomials {LZMoMu-M¥(x)1 —are orthogonal with respect to the
inner product (1.1). For N =1 these polynomials reduce to the polynomials
found in [4] and for N=0 we have Koornwinder’s generalized Laguerre
polynomials.

2. THE CLASSICAL LAGUERRE POLYNOMIALS

First we state some properties of the classical Laguerre polynomials. For
details the reader is referred to [2, 10].
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Let a> —1. The classical Laguerre polynomials {L{(x)}7_, are
orthogonal on the interval [0, o) with respect to the weight function

x%~*. Their orthogonality relation is

1
Ta+1)

7wt L L () dx = (n \ a) S
0

Further we have

LL”(O):<n+a>.

n

They can be defined by Rodrigues’ formula
1 _
L= x %" _Dn[e—,\xn+al

"on!

Further we have a representation as a hypergeometric series

Li.x)(x)=<n:a> G F(=nma+ 1 x)

and the explicit representation

Note that

- x" + lower order terms.

They satisfy a linear second order differential equation
x-y'+(@+1—x)-p'+n-y=0

and a three term recurrence relation

(n+1) L& (x)+(x—=2n—0a—1)-L(x)+ (n+a)- Ly (x)=0

with L&(x)=1 and L{(x)=a+1—x.
Further we have a Christoffel-Darboux formula

LI B CTEA T AL
(x_y)(n:a).kzo X ((3;()+; (»)
<)

=(n+1)-[L ((P)LP0x) = L) (x) L))

(2.1)

(2.2)

(24)

(2.8)
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In the so-called confluent form it reads

)&

k

d
L" ( ) L(:)( ) L(z)

_(n+1) I:Ln+l(x)'i d n+1

o (x )]- (29)

Finally we mention the simple differentiation formula £ L‘*(x)=
~ L'**Y(x) or more generally for k <n

DFL M (x)=(—1)*.L=*0(x). (2.10)

This gives us for the definition (1.2)

min(n, N+ 1)
Lpsodnetx)= Y (DA L0k, (2101)

k=0

3. THE COEFFICIENTS {4, } Y7}

Now we try to define the coefficients {4,}*) in such a way that
the polynomials {LXM>Mv-My(x)}* = defined by (1.2) or (2.11) are
orthogonal with respect to the inner product (1.1).

Let n> 1 and let p denote an arbitrary polynomial of degree <n—1. We
want to determine the coefficients {A4,}Y*,), not all zero, such that
{p, LpMoMeMyvy =, Then {L%MoMuMy(x)l> s a set of orthogonal
polynomials with respect to the inner product (1.1).

Suppose that the polynomial p can be written as p(x)=x""".¢4(x) for
some polynomial ¢q. Then degree [¢]<n—N-—2and n>N+2.

In that case we have for k<n

JO xaemx '[)(X)Lil“j—kk)(x) deJ’O xa+ke7x _xN+ 1—k ~q(x)Lf,“fkk)(X) dx

which equals zero in view of the orthogonality property of the classical
Laguerre polynomials, since degree [x™*' *.q(x)]=N+1—Fk+
degree[qg]<n—k—1.

Further we have for p(x)=x"*'.g(x):

p0)Y=0 forall ve{0,1,2,.., N}

So we have (p, LyMeMiMy% = if p(x)=x"*!.q(x) for some polyno-
mial g. We conclude: if the coefficients {4 k}” *o are chosen in such a way
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that ( p, L*MeM:-Mv —( for the polynomials p(x)=x", m=0,1,2,..,N

<n-—1.
Let p(x)=x™ with me {0, 1,2, .., N}. Then degree[ p]<n—1 implies
n=m+ 1. And for k <n we have

J ‘x“e’x-p(x)LL“fk’"(x)dxzf x**tme = * . L=+ (x) dx.
0 4]

For m >k we find

€N

o)
IO xa+mefx 'Liga~+kk)(x) dX=J xa+k€———x _xmfk 'szj—kk)(X) a’x=0
0

since m—k<n—k—1.
Now we use (24) and the well-known summation formula
2Fi(=n, b;¢;1)=(c—b),/(c), to find

©
f x2tme—x LB (x) dx
0

_(n+a>."z"(—n+k)j-r(a+m+j+1)
n—k (a+k+1),-!

j=0

n—

=<"“’"‘1>.r(m+a+1). (3.1)

For m < k <n this formula can be found too by using Rodrigues’ formula
(2.3) for the classical Laguerre polynomials and integration by parts. But
later on we use (3.1) for m=n.

Further we have
for v#m
for v=m.

0
o4

Hence, (x™, L>MoMt—-My(x)%=0 for m=0, 1,2, .., N implies, by using
(2.2),

f'(m+ot+l) min{n, N+ 1)

. (n—m—1 m
il (—1) ( >~Ak+(~1) -m!-M,

n—k

k=m+1

min(n, N+ 1)
X Z (“l)k'(nn+a )-Ak=0

k=0
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for m=0,1,2,..,N. For n<N, m should run to n—1. In that case,
however, the coefficients {A4,}*), | in (1.2) are arbitrary. We use this
freedom asking for

m+a\ & n—m—1 "
< ) ) (—1)k'< n—k )'AH‘(*]) M,

m k=m+1

xN\il(—nk.( nta )-Ak=0 (32)

o n—m—k

for m=0, 1,2, .., N; the number of extra conditions being equal to the
number of free parameters. With (3.2) we have found a homogencous
system of N+ 1 equations for the N+2 coefficients {A,}~*,. So there
exists a nontrivial solution.

Note that for m= N in (3.2) we obtain

N+ua N n+o
( N >-AN+1=MN-£:0(—1)"-<n_N_k)-Ak for n=N+1.

Hence, Ay =0 for M, =0.

We choose the coefficients {4, ]}, in such a way that (3.2) is valid for
all n. With this choice we have added some conditions on the coefficients
{A,}¥+),, in the case n< N. These conditions imply that A, =0 for
ke{n+2,n+3,.,N+1} and ("}*)-A,., =M, A, in the case n<N.
Thus we find the relation ("} %) (A, + A, 2+ -+ Ay, )=M, - A, for
n < N, this implies that the right-hand side of (4.1) has the same form for
all n.

From the definition (1.2) it is clear that degree [L*M>Mt-My(x)]gn,
but since (p, L2MoMu-Mv% —( for every polynomial p with degree
<n—1 we conclude that degree [L>*oMr—Mv(x)]=n,

For the coefficient k, of x” in the polynomial L**oM-Mv(x) we easily
find, by using (2.5),

—_—

—1)
k=

= Aq, (33)
n:

from (1.2). Hence 4,+#0.

We remark that the coefficients are uniquely determined except for a multi-
plicative constant. We choose that constant in such a way that L*»%%%(x) =
L!”(x). This proves that the polynomials {L>»**-M~(x)}>= defined by
(1.2) with coefficients {4}y, satisfying (3.2) are orthogonal with respect
to (1.1).
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4. THE SQUARED NORM

First of all we prove that

(L% Mo M M L;*M"’M"""MN>=<n:a)~A0~(A0+A1+ v+ An )
(4.1)
From this we see that
Ay-(Ag+ A+ -+ Ay, 1)>0. 4.2)

By using (3.3) we easily see that

—1)”
(LEMoM My LMo M My, ___( n') Ay (x", LeMoMeMy(x)S - (43)

Now we use definition (2.11) to find, with (3.1),

<xn La,Mo,Ml,...,MN(x)>___Nz+l (‘l)k ‘A 'J~oo xa+ne~x L(a+k)(x)dx
s Loy = f(a+1) k 0 n—k
TMa+a+1) Y&
(=1 —— 44
(== X A (44)

for n> N+ 1. Hence with (4.3) and (4.4) we have proved (4.1) in the case
nz=N+1
In the case #n< N we find

I 1y 2
Iintoatl) T A+ (=1)-nl-M,- Ao

n o, Mo, M1, ... My =(—1)".
e, L (0> =(~1y - TR Y

Now we apply (3.2) for m=n to see that
N+1
M, Ay = <n+a> T A,
k=n+1
Hence

I'a+a+1) &

(LMot (x)y = (= 1) Y A+ (=1

Tat+ 1) =,
N+1
x("+“>. Y AL (4.5)
n k=n+1

And with (4.3) and (4.5) we have proved {4.1) and therefore {4.2).
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So we have obtained the following orthogonality relation

1

F(a + l)fo xmerx 'L:;"MO"MI""’MN(X) LZ’MO'MI""'MN(X) dX

N
+ Z M, - (D"L:MO,ML---.MN)(O) . (DVLZ'MO’M"""MN)(O)

v =0

n+o
=( " >'A0‘(A0+A1+ ot Ay 1) O

This can be seen as a generalization of (2.1).

5. A DIFFERENTIAL EQUATION

In [4] we found a second order differential equation for our polynomials
in the case N=1. The same method can be used in the general case, but
in {37 J. Koekoek gave a simple proof of the differential equation. We give
this proof here.

We prove the following

THEOREM.  The polynomials { L>™MoMuv~My(x)1 " satisfy a second order
differential equation of the form

X -pa(x) -y (x) = pi(x) - y'(x) + 1 po(x) - p(x) =0, (5.1)
where {p.(x)}7_, are polynomials with
PaAx)=Ag- (Aog+ A1+ -+ +Apn, 1) -xV T+ lower order terms
pix)=Ao-(Ao+ A+ ---An, ) - XV 2+ lower order terms ~ (5.2)
Po(x)=Ag-(Ag+ A, + --- + Ay, ) - XV 1 + lower order terms.

Proof. We start with the differential equation (2.6) for the classical
Laguerre polynomials

2

d d
g () _ g (x) LT (@) _
X s L, (x)+(x+1—x) L (x)+n L¥(x)=0. (5.3)

Differentiation of (5.3) leads to

x-DFTPLI(x)+ (a+k+1—x)- DL (x) + (n—k) - D*L™P(x) =0
(5.4)
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for ke N. By using k=N—1 in (5.4) we find
N
x -L:’MO’MI""’MN(X)= Z bk(X) _DkLLot)(x)’
k=0

where
b (x)=A,-x, k=0,1,2,.,N-2
by ((x)=Ay_ - x—(n=N+1)-Ay,y
by(x)=Ay-x—(a+N—x) Ay,

Then we use k= N—2 in (5.4) to obtain

where
b¥(x)=x-b(x), k=0,1,2,.,N-3

b} (xy=x-by H(x}—(n—=N+2)-by(x)
b ((x)=x-by_((x)=(a+N=1=x) -by(x).

Repeating this process we finally obtain, by using k=0 in (5.4),

d
XN LMo M MY(x) = go(x) - LiP(x) + g4 (x) T LF(x)  (55)

for some polynomials ¢, and ¢, with

(5.6)

go(x) = Ay - x" + lower order terms
g, (x)=(A4,+ A+ - + Ay, 1)-x" +lower order terms.

Differentiation of (5.5) gives

xN i L:’MO’MI""’MN(X) + N_xN—l . L:’MO’MI’""MN(X)

dx

d d?
=qo(x) - L;2(x) + [9o(x) + ¢1(x)]-— L2(x)+¢:(x)— L2(x).

Now we multiply by x and use (5.3) and (5.5) to find

d d
N LMo MMy = po(x) - LX)+ ri(x) - — L{P(x), (5.7)
dx dx
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where
rolx)=x - gofx) — N - golx) =1 -q,{x) (58)
x)=x-go(x)+x-qi(x)+(x—x—N—1)-q,(x).
It follows from (5.6) and (5.8) that
ro(x)=—n- (A, + A+ - + Ay, ) - x" + lower order terms (59)
r(x)=(Ao+ A, +A,4+ - + A4y, ,)-x¥*" +lower order terms.

In the same way we obtain from (5.7} by using (5.3)

d? d
s L Mo M MY (x) = (x) - LEP(x) + 51(x) - =- LiP(x),  (5.10)
dx dx

N+2

where

:so(x)=x-r6(x)—(N+1)"o(x)_"’r‘(x) (5.11)

six)=x-rolx)+x-r(x)+ (x—a—N=2)-r(x).
And with (5.9) and (5.11) we have

so{xy=—n-(Ag+ A, + A, + - + Ay, ;)-x¥" '+ lower order terms

N (5.12)
Sixy=(Ag+A,+A4,+ - + Ay, ,)-xV"? +lower order terms.

Now we eliminate the derivative of the classical Laguerre polynomial from
(5.5) and (5.7) to find

[go(x)ri(x) = qi(x)ro(x)] - L7 (x)

d
=X Ly () LM ) — g ) - L3 MO )],

Since L(0)=("}*) we conclude that

%(x)"l(x)“ql(x)"o(x)sz‘Pz(x) (5.13)

for some polynomial p,.
In the same way we obtain from (5.5) and (5.10)

Go(x)$1(x) = q1(x)so(x) = x" - p,(x) (5.14)
for some polynomial p,. And from (5.7) and (5.10) it follows that

rofx)sy(x) = ry{x)sefx) =n-x"*"- po(x) (5.15)

409/153/2-19
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for some polynomial p,. Here we used the fact that for n=0 we have
go(x)=A4o-xV and  re(x)=s50(x)=0

which follows from (5.5), (5.8), and (5.11).
In view of (5.5), (5.7), and (5.10) the determinant

L) gl) )
d ;
XS LM ) ) ()
d2
XN+2'd 2LuMOM1 Mu(x)  solx)  si(x)

must be zero. The first column can be divided by x". Hence, we find by
using (5.13), (5.14), and (5.15)

L’a;,Mo,le--MN(x) go(x) q,(x)

d

o X‘ECL;MO,MIMMN(X) ro(x) ry(x)
d2

x?- FL“M"M""'M”(X) so(x)  5,(x)

d’ d
=X Pz(x) - L“ Mo Miv My(xy — xV* L. pi(x) e LMo Mo Mg )

+xN+1 - 'Po(x) .LZ«MO‘M].--..MN(X)'

This proves (5.1). Now (5.2) follows from (5.13), (5.14), and (5.15) by
using (5.6), (5.9), and (5.12). This proves the theorem.

6. REPRESENTATION AS HYPERGEOMETRIC SERIES

From (1.2) and (2.4) we obtain

N+
L:zM()Ml“.,MN( <n+d) Z Ak D F( n OC+1 x)
<n+oc) E":Cm x”
N+t (

sz 2 ( _n)m+k .

k=0

where

At Dpys

( n)m N+1

_mkzo(m«n)k m+a+k+1)y iy A
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From (4.2) it follows that 4o+ A, + --- + Ay, 1 #0. So we may write

(=n)y  (m+Bo)m+p,)---(m+fn)
(x+N+2), (x+ 1)y,

Cn1=(AO+A1+ +AN+1)'

for certain f,eC, j=0,1,2,..,N. Since m+f,=8,-(B;+1),,/(B;)m for
B;#0, —1, =2, ... we find in that case

+ o
LZ.MO.MI,...,MN(X)___f:f_ll) ﬂN,(" ) )‘(A0+A1+ e+ Ay )
N+1

Tl +1, +1,..., ‘+‘1
XN+2FN+2< . Bo b by Ix) (6.1)

o+ N+2, 80, Bis s Bu

For —f,e N we must take the analytic continuation of (6.1).
We remark that (6.1) is a generalization of (2.4).

7. RECURRENCE RELATION

All sets of polynomials which are orthogonal with respect to a positive
weight function satisfy a three term recurrence relation. The classical
Laguerre polynomials for instance, satisfy (2.7). The polynomials
{L=MoMiMy(x)} = in general fail to have this property, but we can
prove the following

THEOREM. The polynomials {L%MoMv--My(xyt> = satisfy a (2N + 3)-
terms recurrence relation of the form

n+N+1
YN, LZ‘MO'MI'""MN(X) — Z E;(n) . LZ‘MO‘M"""M”(JC). (71)
k=n—N-—1

Proof. Since xV* . LxMoMv--My(x) is a polynomial of degree n+ N+ 1
we may write
n+N+1
N+1 | La,Mo,Ml-...,MN(x) = Z ELn) ) LZ‘MO'Ml""‘MN(x) (72)

k=0

X

for some coefficients E{"eR, k=0,1,2, ..,n+ N+ 1.
Taking the inner product with L%»>*1-—M~(x) on both sides of (7.2) we
find by using (1.1)

<La’MU’M1'""MN, La,Mo,Ml,..,,MN> ~E(")
m m m
— <XN+1 'LZ'MO"MI““'MN(X), L;;MO’MI'""MN(X)>

— <xN+1 .L:MQ,ML...,MN(X)’ LZ'MO’MI ----- MN(X)>. (73)



588 ROELOF KOEKOEK

In view of the orthogonality property of the polynomials
{L@MoMe-My(x)} = we conclude that E|’=0 for N+ 1+m<n—1 or
m<n—N-—2. This proves (7.1). Comparing the leading coefficients on
both sides of (7.1) we obtain by using (3.3)

£ k, =(_1),\,+]'(n+N-|-1)! Ay(n)

(A PV n! Ao(n+N+l)¢

Here we wrote Aq(n) instead of 4,, since 4, depends on .
If we define

An = <La,M0,M1,“.,MN’ L%MU~M1‘~--MN>
n-+o
:( " )'AO'(AO+A1+ o+ Ayiy)

then we find for E{ ,, | by using (7.3) and (3.3)

kan"»] 'An

EM =
roNt An7N~l'kn

#0.

The (2N + 3) — terms recurrence relation (7.1) clearly is a generalization of
27).

8. A CHRISTOFFEL-DARBOUX TYPE FORMULA

From the recurrence relation (7.1) we easily obtain

k+N+1

— Z E,(:) A [L:;M“’M"”"MN(X)LZ’MO‘-M["'“ MN(y)
m=k—N—1
_Li:M(),Ml.M,MN(y) Lz,M(),Mh.,.,MN(x)]. (81)

Now we use (7.3) to see that E®/4, = E{™/4,,. So it follows from (8.1) by
using
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since the first sum at the right-hand side vanishes, that

n
(XN+1 _yN+!) . Z A,:l _Lz,Mo.Mz,...,MN(x)Lz,Mo.Ml....,MN(y)
k=0
n E+N+1 E(k)
m

=Y Y [N M) LMt )

k=0 m=n+1 Ak

LM M) LMo M M) ] (8.2)

This can be seen as a Christoffel-Darboux type formula. Note that (8.2) is
a generalization of (2.8). We remark that for » > N we may write

n k+N+1 n k+N+1
k=0 m=n+1 k=n-N m=n+1

The right-hand side of (8.2) consists of at most 3-(N+1)}(N+2)
summands opposed to the single bracketed “term” in the classical
Christoffel-Darboux formula. And if n < N, there are fewer terms.

If we divide by x—y and let y tend to x then we obtain the so-called
confluent form of the Christoffel-Darboux type formula

(N+ 1)~XN- Z Ak—l . {L:'MO'M"""MN(X)}Z
k=0
n k4+N+1 E(k) d

= Z Z _A_ . I:Li'Mo,le,MN(x) a Li;MO'Ml'“"M-’V(x)

k=0 m=n+1 k

d
_ L::MO’M]'""MN(X) . E LZ,MO.ML...,M.V(X)J. (83)

Note that (8.3) is a generalization of (2.9).

9. ANOTHER DEFINITION

Instead of by (1.2) or by (2.11) the polynomials {L%M»M0-Mr(x)le=
can be defined by

N+1

LyMoMueMy(x) = Y By - xk. DALE¥)(x). (9.1)
k=0

As before we write by using (2.10)

min{n, N + 1)
LZ M(),Ml,---vMN(x) — Z (_ 1 )k . Bk . xk . LE,“,kak)(x). (92)

k=0
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By comparing (1.2) and (9.2) we see that

N+1

Ay = Z (—”)k‘(‘“])k'Bk

k=0

and by using (2.2)

n+o ! , [(n+a
(0 B TR TR (i D

k=0

The definition (9.1) can be proved by using the same method as in
Section 3. Now we find

1 N+l n—m—1
- 1)k T(m+k 1)-B
RCESTI A ( n—k > (m+k+otl)-Be
i m\/n+oa+k
-Yy"-m'-M,, - k! -B, =0
+( ) m m kgo (k>( n—m > k

for m=0, 1,2, .., N. This is a homogeneous system of N+ | equations for
the N + 2 coefficients { B} ,. Hence there is a nontrivial solution.
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