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I. INTRODUCTION

Thc rnain goal of this papcr is to usc urubral ca.lorlrrs to obtàix scvcral ncw a,n<l intcrcsfirry

identities of Sheffer polynomials. Umbral calculus has been rncd il nttrncrotrs problcrlr,s of

applicd mathenìàtics, tlìcorctical physics, r).pproxilnàtior thoory, a,ul scvcra,l <livcrsc mcas

of r:rathcrna,tics, likc rrnrr,lysis, cornbinatorics, st*tistics alrd topology. Di Btrcchianico itrxl

t,ocbe present more than five hundred old and new findings related to Lhe study of Sheffer

polytrorninì scrlucDccs. lbr cxrunl>lc, appÌications of runhnrl calculrrs to thc physics of gascs

ca,l bc foruxl irrs uxl runbral tccluri<1rrcs havr: bccrr rscd ilr grotrp thcory ntrd <1tt:ulttrln

rììcclìànicÉ by Bicdcnham ct al.5li. C)thcr irmtanccs of thc rclation bctu/ccn ttrrilrrrtl ca,lctthrs

ruxl physics cmr bc foruul in13 (scc nÌso thc rcfcrclccs thcrcin), whcrc Gzyl lirrkcri trurlxa.l

calorhrs trr thc Hamiltoniar a1>proach in physics arrd qtra,nturn tncchartics, arxl irt26'27, wltcrc

Morikana prcscntotl appliertiorr {or rrrnlrrri,l ca,lcrrhrs il statistical physics. Unliraì calotlus,

in particular Sheffer sequences, has also been applied to the rronnal ordcring of cxprcssiotrs

irrvolvirrg bosonic crotr.tiorr mrrl a,rurilúla,tiou opcratorsT'8.

ln this pzrpcr, urnbral calcultrs is cortsirlcrc<l for sornc spccitr,l Sheffer polynomials (to be

defined in Section Ii) s:uch as trlnknùts-Euk':r'Ttolyn,onriaLs, BunoulliTtoly'nont,io,lt, Cho,nghtxt

prilqn,omials, Dach,c.e. polyn,ornio,Is and. Be-gscl pol,y'n,onr'io'1,s.

Tlrroughouttlúspàpo. wcÍresruDctìvrt À € Cwith À11. l-ora e lR, thoftnÓr:n,ius-Eu,ler

7xl,yn,o'm,io,Is are defined by the generating function

(H)" "' : E a["r1,,1.r;{,

( t \"o*=fs-1*r1r1l.
\"' - r,/ ,L,^-" ' 'rt!'

(1)

(scr:rJo,rt,r:1. ln thc spcciaì c?ì"sc r :0, ÈÍ")(01À) : Ht")(x) a.r'c c?lllcd tlta n,-tJt ,[ù"ohcn,hrt-

Eulet ntmrbttx ol orricr o. Writing thc ìcltìand si<lc of (1) às à prodllct of a scrics in I

(involving I/,(Í)(.\)), thrìt rcprcscrrts thc lcft ftrctor. and a l>owcr scrics of thc cxporrcntia,l

fìlrctiou (thert rcprcscnts thc right iactor), and colnparing with thc rigltt-ha,rrd sidc of (l),

wc gcf

tr /_-\
Hji)(rtÀ): I (i)"Í1-,^1,"' (2)

À=O \/

Tltc Bun,ou,lli polynomio,Is of ordcr a are defined by the generating function

(3)



(scc:r.rr'ts;, arrl t,I':t: Eu,Ì,u' polyn,onúrL,l,s of ortlcr a alc givcl hy

f 2 l',.'' : \-- L')o'r,, 
t

\7 + t/ ' : 
k''; r')ii' ('rl

(sccr{). Thc (llt,o,n,qlt,u; yxl:yn,rtrrr,io,l,s oJ t}tc surrnd, I',i,n,d, are defined by the generating îunction

|| L\J +l

,t','r",, '')-ci,11')r-. (5)
I --Àtt ,\ f, ' r:

v,lrcrc lÀl < 1 (sr:c2'18). "llx: Do,rAu:1nlyn,ont,i,o,l,.s tuc givr:rt by

1-Lf/jl:ì/1r f\'_\- ît''

lfÀir t, \-tl : Ln^'h'lx)i (6)

(scc2'17). T\rc Poi,ssort,-Clut,rl,i,e. sr4ru:rtu: is givcrr by

)--o,,,"11 , 'ftl)"
7ar': \n/

(scc2t)'21"ttt'3r1. We shail also need a solution of the Bessel differential equa,tio:r

givcn b1,

.y2,i'- '21,., t)'i - rt\tt - l)tt 0

trtr\ 5- 
(t,-/l! 

1'rt
f1,{,, - /,)!l.'! \2/

givr:n sequences of Sheffer polynomials {4,(rl}">n:lnrl {.9,,(:r:)}"26. $ic arc irrtcrcstctl irr

finding constants rin,À. $1rclì ti1àt

c',,(r;a)- 

= 

(;l ( 1)"-t'o,-t'(r:)t.- (,,"tt-'r o1,,'- r;) , (7)

lrolrls fbr:rlÌ rr € l$6. ltr this contcx[, such art irlcntitl. r'i]l ìrc c:a,llcrl thc (5,,',R.,,.\-íd.ut,t:il!

anrl thc r;,.1. u,íÌl Ìrc r::lìlcrl utrt,n,u:ti,ort, uyn,.strt,n,l:s. Thc rnosl; fir,rrrotrs c*lrr4rlc of srrch arr

(S,,;.R,,)-icicntitu- is conttcctr:cl to 5r(ri.À). thc Sfirìrrrg nrrrlrrs ol thc sccorul kirxl. Thc

clcscriptiou grvr:n by .larrrcs Stirlirrg on hou, to cotrplllc thcsc l'ahrcs irrakcs it cÌc:lr tha,t Lo

dÍrl rtot lsc fhc rccurrcrtcc rrfn,tir:rr of fhc Stillirrg Iurtttbcrs of thc scconrl kirxl wbich S:lk:r

olrtrr,ilc<l in 1782. To rcixl rrrorc:llnut hou, Jarros SLirlirrg rrscrl thc f:lllirrg polvnorrri:lls fbr

:rccclcr:rtirrg thc corrvr:rgcrrcc of scrir:s, scc thc trrrglisìr tlarrsl:ltion of Metltod,us Difierenti,alis

nitìr :lnrrotrrtjotrs by Tncrrllc:ra. Dcspitc Stirlirrg's c:irlicr rliscovcr), of thc rahu:s of Stirlirrg

rururrbcrs of thc scconrl kind. Sakl dcscrvcs crrrlìt fbr bcirrg the first one to a,ssociate a

corrrbin:ltorial rrrca,rrrrrg to thcso vahrcs, nÌrich rlrc 1ìo\Àr rrnnrccl allcr J:rnrcs Stirlirg. Jarncs

Stirlirrg shou,cd

S.(t:) -, f r;,,1.,81.(:r)

f' :lsr(n,A:)e:)r,,,

(11)

(12 )

(forthcuol:rtiol-scc1ìlìcncxtscc[ion) u,ltcrcaI0.rt.eZ+-NU{0}ar,l(r:)7.-
r(r 1) (r Àj + 1). It lbllows ljrat

rl r+
fc,,1r'n1-:,',',,,', (B)

;i, /''r \a /

(scc20'rr':0'rrt1. !ì'orn (7):uxl (B), ur: rlclivc thc gcncratirrg fìrrrctiott of Poiston,-Cltntl,i,r:'r

7td,'yn,orn,io,l,s:

(e)

r,hich is thc (/': (r:),,)-i<lcrìtit),. ldclìtity (12) hàs lrr:rrr cotrsirlclr:rl, cxtcnrlrxl :uxl gcrrcrtlÌizcrl

by irrrrny rcsc:lrchcrs (scc;12). Fbr inst:lrrcc. irrT (scc nlso23). lrlcltity (12) h:r,s bccu picscrrl;ccl

as rronrtaì ordcriug of thc opcrtrtor (XD)" (hcrc -t atxl I) are deflned as (Xp)(r:) - L:1t(.ì1

tt,wI (D7t)(1:) - *t,0'), fbr arry fbnna.l powcr scrics,2(:r)):

(xD),'--f ,r,,,. t,)x] DL.1scc, (tq. (zr))).

Notc tìra,t to irrtcprct (12) ìn a, rlircct f:rshion :rs ir, rclntiort fbr rrornrtll olrlcrirrg ol)cliìtols. orrr

sr:ts:r: : XD:rnrl uscsi tirc rciatiott (XD)t, - XD(XD -1)(XD 2) . (XD /r:-l-1) - Xt':Dt'l

illrcnr.ly krrou,rr to Gcorgr: Booh iu thc 186fls. lrr thc prr:scrrt pàper, we briefly consider a few

rcl:ltcrl couscrlrcrrccs of (11) lbr irorrl:ll ordr:rirrg, scc: c.g.j Thcoictn IV.1.

Tltc airn ofthc prcsctrí 1;;lpcr is to prcscrìl scvr:ral non, (5,;À,,)-iclcntitics by thc usc of

umbral calculus. At first,, in the next section, we present the necessary definitions, notation

:uxl rcstrlts fîonr urrrlrrnÌ rllgclrril tlrxl runlrrnl calcrrhn. Thcl. rn Scctiorr 3. r'r: prr:scrrt scvcrril

(S,,;,R,,)-nlctitics ruhcrc 5,, iur,I F,, nrc telartciI to t]tr' ;tlrovr: Itolynorlrill". ]'itrally. in Sr:ctiorr

(10 )

Tbc a,irn of tìrc plcscnt p:4>cr is to dcrhrcc solrìc 1ìc\{ irlcrrtitics bctu,ccrr sorrrc pirrtir:rrl:lr

classes of Sheffer polynomials by using umblal calculus technirSrcs. \:[orc prcciscly. fbr tu.o



4, wc cstablish a, coturcctiott bctwccn our (Srri ff,lielcntitics an<l thc problcrl of norrrraJ

ordcring.

IL UMBRAL CALCULUS

Let II be the algebra of polynomials in a single variable v ovcr c and let II. bc thc vcctor

space of all linea.r functionals on II. The action of a linear functioDal l, oD a polynonúrrJ

p(:r) is tlcnotccl lty (Ll1t(r)), and the vector space structure on II* is defined by

(:L + ti L' l1t(x)l -- t:(Llp(t:)) + / (L,ftt(t:)\ .

whcrc r:. r:' ino rury two corrrplcx corritrults (scczo'lr'irl'ilt;. r,ct îl dcnotc thc algcbra of fonntrl
powcr *crics irr a singlc vtrriablc f:

( 
-p, IH: \f A): I"*Ei lar e c l. (r3)

(Àlo)
Thc fo'nal pou'cr scrics in thc variablc f define a linear functional on rI by setting

(f (t)lx") : a^, ror 'all rt' ) 0. (scero'zr'r0':rr;. G4)

By (13) aIxl (14), wc cer.sily gct

(#lr") : rr,!d,.s.. for rrll rr,, È ) 0, (noc20':t':to'st;. (15)

whcrc ó,,p is thc Kroncckcr's sy'rnbol.

Lar f1,(t): Dzn(rl"o)f,. Fiorn (lb), wc havc (ft,(f)lr") : (Llr"l. So, rhc rrulp

L e t.,(t) is a vector space isomorphism from fI" orto Î/. Hcnccforth. ?/ is tho'ght of rr"s

stt of lroth fourral powcr scrics il,nrl lincar fìurcliona,ls, wc ca,ll 'll t,ha tmlbtal o,ktr:bm,. Tlrc
u,m,bro,I ca,l,cu,l,tn is the strrdy of urntrra,l a,lgcbrrr.

Tbc nrder o(f (*)) of thc Dorì-zcro powcr scrics /(ú) is thc smaltcst intcgcr À; for which thc
coefficient of # docs not va;rish (sccco'zr':o'n;. ff O(Í(t)): 1 (rcsl:ccrivcl4, O(Í(t)) : 0),

tltcn /(f) is cnllc<l a d,úlo, (raspcclivcly, ru irntr;rtable) smics.

Srrpposc tltat O(f (t)): 1 a,ntl O(S(t)):0. thcn thcrc cxists *r. urricluc Éc(l1rc1rcc S,,(r:) of
polynonúaìs srrch that (g(t)U(t))hl9"(r)) : nl6,*, v-hcrc n,A > 0. Thc se.qucncc S"(z)
is ctr.ìlc<I t,ba Sheffer scqìrcncc fot fu(t),f (t)) whic} is <Ionotcd lry S"(.r) - (S@,Í(t))
(scc2o,21,i10,31 ).

lbr /(l) e Tl ald. pQ:) € II, we have

(altlp(n)) : p(s), (r(t)s(t)b@)l : (s(t)lf (t)e(r)1,

ral:loalf,tl{, r,@:L(t''ú,(ùr#, eT)E^;:-
(scc20'21':ro'3t;. Fiom (17), wc dcrìvc

(*lt(r)) - p(À)(0), (rlp(u)(")) : p(*)(0). (18)

whcroptÀ)(g) dcnotcs thc À-th dcrilativc of p(:r:) with rcspcct to r î\t,:Í,= 0. Thus. by (18),

wc htrvc

tÈp(r) : ylx)q,1 : 
afLn@1, 

fbr all /, ) 0. (smro :z.rs :rr;. (19)

Lct S"(r) - (s(t), Í(t)). Thcn wc barc

],=",ro: I s,f v)1, (20)sj(t)) E"-"'"'kt'
for all 37 € C, whcro /-(f) is tho compositiorlrl irrvcrsc nf,f(Í) (scc20 22'2e 31).

lbr ,9"(:r:) * fu(t), f (t)) ruxl R"(rN - (h(t),!.(t)),lat

S,(r): Ir-+Àr(r),

,,,.u = 1(o(,Ili!!u<n t))*1,,,\ ,fr \s(/tr)) " /

(16)

(21)

thcn wc havc

(22)

(scczo'zt':to'sr;. Thc crluations (21) and (22) arc irnportart, to dcrivc orr ulain rcsults il llús

pflpcr.

ilL IDENTITmS AND SHEFFER SEQUENCES OF POLYNOMIALS

ln tlús scction, wc prcscnt scvcral (.9,;.R")-idcntitics bascd on (22), wlrcrc {R,}"20 an.i

{S"}">n are b^/o sequences of Shefer polynomials.



A. Bessel function

The solution of the Bessel differential equation y,,(:r:) is callctr Bessr:l fu,nl:tiop,. It is rvcll

knowrr that

f' gn- 1(7f:r) - ( l./ - r2/2). (sccjro.jrr). (23)

By (20) ard (23). wc gct fn., ,., 
rhyyaQ/ti1fi : é:(r-v/r4r) . Fot r,, - (1. t) and :r,,y,,_1(tl*) -

(r,t - 12lz), tc.t,

í' :f.'c"'fiÀ''!tn=1(rlt:) (24)

Thcn, by (22). wc havc

,u,o: *.ft t212)A,ln") - *rru,rr' tl2)hl{)

. /rr\: ( 1)'(;)((f , 2)r.12t't.,'-t1- ( ,),,(;) 'f.cu1,.,2) (,,- ,,,,-^,)

(-t)'li')î /"-r\
1'7 -C'(t'''( 

o )\c'-t'r'-r-,,
/',.\ t)-À'

(il)E c,'(;zt( 
o '')t-'r"-'

wharc c1.(1;2) is thc Poisson-charlior polyrnrni*Ì. Thcrcfbrc, tty (24), wa obtain thc fbllow_
ing rcsult,

Theorem III.I ltorn>0,
n n- j

,,, - t !{-r),,-,c,rr,r\(,,:.\ (,, lr') ./,i,1._1ir7rr.

Fbr arr a.bit*rr:, r . filt*íl"rr,,, ,,,rn,,,,,oo,i l,rr)n pnt/y'nrr.iot scqrcrcc. rrrc ,-rh rcrur
of q.lrich is givcn by A"(r;b) : x"(,r - bn)n.-r - Q,l;cbI), (s,,a:o,l,iu,rÌ1). Lct

r" -f+,,tAt(r;b). (2b)

Thcr. by usi:rg thnt f, - (1,t), (16) a,lrl (22), wc obrain

"".,, = fr1{r,"t''i.r") 
:11y',rr" ,,1- (',i,\qer"tt ,.,, ry: (;')t",t"-'ór: \A'l \4,/'

Thcrcforc, l;y (25), \rc càn Étàtr-" thc lbllowing rcmllt.

B. Laguerre polynomial

Laguerre poìynomials are defined by

L,i:r) = 
F_+(_-l), 

., - (, +) 1scc2ù.2r:,r'1

Lct

,r,, :f 6,^Ir(r).

Thcrr, by rrsirrg tha,t r" - Q,t), (16) àrd (22), wc obra,in

' Ir ,=\'."\=qIrrA-1-r\rr, 
,,,r':"t.:-\\-ii' /=-Ti-a\ t /,

: Îir I ( ' i- 
,)"no''-'- (-r);('t À )r(;) (; - i)

Thcrcfbrc. by (26), wc cal sta,tc thc lbllowìrrg rcsult.

Theorem III.3 lbr n > 0,

"' = ft-r)'i,, - t)rli') li1 
- ]),,,,,7- \Ail \,( _ r/

C. Bernoulli polynomÍal

Corrsiclcr P,Q:) - ((-#)' i r' € lR, rtrcl by (3) ar<{ (20) wc sct

f n r, r$ ,! r1",{': I ",î',,,#l>r) h |'(r'-rl' 
Eí

Hcrrcc, P,,{z) :aP1*;-((+)' , r",

B(')r,t : \-",-^,,. "rr r,.r
v^-L\Ll r' I

r::0

8

Theorem îI1.2 !\tr n, > I,

tÌ|- \ = )- li')l'-t,htr-t(.r _trt,1r.-r
:-'- \hi I

(26)

(27)



'flrcrr, bv (16), il2) a,r(l (2jl), uc oLt,irin

|// /\", t\L/.rr .ttt,\
n\{,., 

',) 
'' ''':''') :"-(t/:-=;-'tt:i'\'r\)

(. 1)irltr.1tl ll/,rrr., ,,,1\Ì.: \ :1,

{ lt, li') r(r'',,'tt(r,,n:,),r, r})\t;/ 7i r.

r rr'(i') i.r,,,r,(" . 
*) ,,t'rìl;t, ,rr t1)\r/î \ | t'

r ri'(i')f ,,,r'.r,1" . ') nl"t, ,t tt
\L/-ù \ / t '

'fÌrorfbrc. ll' (27). nr'(.Íì1r stiìl,o ilrc followirrg L.t:snìt.

'Ilteorenr lIî,4 l,lt.rt > l.).

1t n_t,Biii|),,ir,,)'(il) (/,, ;,)a,,, 2)r3::tt.,( t):r,,.u1,(tf)).

D. ('lr.rrglx'c ,,.,';,:-; 

\r '/ \ | /

Ciorsirìcr [/,,(r) ^, (l f let. rr- t). t,ìrcrr lr1, (tr) arrtì (10) ur, gcl;

y,l,r,r* - -q++- = t. t'
t:t\ \' IÌ - 1 ilF + tr = It'àr(riìi7'

Hcrrr:o. (/,,(r'j ' C:1r,,(tt1\ ^,(l l,\,:,,r., l). lrr

l" T r,,.1..('lt/.l!\)

Th:rr. lr1' rrsiug Lhc Jilct l,hat r,', ,.. (l,f ). (t(;) au(l (12). nc obt,airr

l. ., t+) \,',,,u-iJ((i i),r')(r' t)/1.,')';ii"((,t 11/1.r.,,) + à(1., 
- 1)rrr,,r,y.

usirrg thc lact t.lrat qll - )Jr.n l$ffit'' tr". nlror s:(nr. r;) is trrrf sr,irrilg rnrrinr. oí trrr

sccorrrl kirrl. rc olrlrr,iu

(,,.t rl r ,ir f 
sr.(1 ' 1:/')r,t'u,,"' )11 - tr;5:lr.r l.r l l'-.r lt,t't |.t.,,

A (t L\'. _--, (r , I , l)!

rl ' )rf s.l,/ifi| (!"1 ,,i'' ^tt ,,"f '," ' lr, '.'., " (tt 
t t ,,)

'(1 t ,\),5r(1.L,) +.\(t, + li5!0r.t: I l).

'I'hc'rrforr.. ìrv (!S i rr, (riuì slil.tc tJr' lolìrnr.irrg r.r'srùt.

'Iheorern III.5 l,it n. Z().

1" - (1 + l) f slf". t;)C',r,.(r.l.l) . ,\f lt, + t).5r(r. L: + lJ(,trr.(tr.it).

Lct 

r':o 1 :t)

IJ:,')(:t) ,f,;,.t Cttt.l, À). (:tf))

Sincr:('1,,(.r',\) .-,(l+,\e/.r/ l),ur,lljjl ,t.,t,lf-';t\'.t) .".,6;t;rr.irr.;y(l{ì),rr,l (2?).

ll r:r1,

"'" - i((+)'(r | \€i )(" 'r'l'")
t.lsirg l,hc lhcl tlrut 1+!: - Ir1,, 3ffir, / . rvlrcrl St(nt. Ì,i) rs t;lÌc Stirlirìg rrurbcr, ol tlrc

sccorrl kird. u.c nlrtairr

Iii#((+)'r, ,,.'r", )
-' t':: t :"'!(lt + )e'itr-À /:i'')1r 11?, (.{t t li)l

)- t.lí l;l tr,'rltJtitt.,t), ,rf .s:(1 
,, 

/..1 r(/,,r18,"ì(., , lr)f.-, (i l'\'. ?, rr tl)i
,._1. -. , ,. , 1. t , ,t_t ,

5-')rl1 Ir',r'l(t,,tJB',)(,.),/,1f -s:(/ r/ I'I(l ,rl3t,)1.,. lr)î, (i, tll ?, 1r r.)! \' ",' "

- Ls,(,+r,,À)(r 
,, 

,,)lr::,,, + ral,,),_,1r;),

Tlrcrclirrc. lrr, (29), uic (jiìl) stat,(. LIrr. followiug tr:-qrrlt.

flreorcrrr IILG kitt-n. > ll.

Ltllttl ..f !*1t + r' t)( ,l , )t"l'], , + 
^R::t 

t ,(r))crr1,(,r:l)).

(28 )

t0



E, Daehee polynomial

Clonsitlcr T,(.r) - ("+*,t), rhcn by (6) anct (20) wc scr

)--cr'r$ I -^-Fr(r -'\) /11 t\':fat"r,rt*.
-t^, n" =a:À)il - r) \Î=/ lln ^:

Hrr:,c<:,7,,(t:) - 4,(r,if) - ($+ H). "*,

HP (1: À) : i r',,,*D 7,(rlù).

Thcn, by rrsilg rhc fhct rhar H{{ì @lx1- ((+*)',4 (16) àDd (22), rnc obrairr

o,,,-i((H)-'(H)",,)
: + (($])r1s'tt)1i .u\h. \\f: -" r/ I

Usirrg rhc L)cr rhai nl,') 1*1x1: Dí=n (7)uf,),.1x1,tÌ, *a gct

' i ll)r;s,r^r/l:l- l)'' ",\6l:6. k\t),,". \^/ 
\\.,,.+ 1/ I

t r fì r:r.'-."(.r,) I f yZ\',.,,\.:Ék\t)""-n'" 
\\Zr.' )' I

Sincc for', af)A')#: ffi: t,,an#S#, rvc havc al:)1r1 - ((#)' ,t)
rhc facr rhnr (rl - 1),' : D>n (l;)(.-11r,-i,,i, . *, t"t

1,, I It 1)^=, f 
,j) 

( k\ uf7,t 1x1 a\ \ 
19.,:"r : Efr k!,r,, .\, 

) \, )",
'Ihc.rcforc, try (30), lsc cà1ì stuìtc thc followirrg rcsult.

Theorem III.7 Fbr n, ) 0,

usirg thc fhct thàt # - L,.nffffito*', rvhcrc s2(nt,tt:) is rhc stirrirrg rnrrrrbcr o{

thc scconrl kirxl. rvc obtrril

r1Ì

""'^' 
-- *tE+## (i) u!!or)1x11ti+r'1ulht 117

: +'iir,u n *,u( ;\ ( , !- ,\,y:; r^)at2o-i2t, 4--1 ;= \,,/ \J -,7

lhc'cforc. ìry (30). * 
"n,, 

**lU- ,n,,'*t,,, ,.r,'.ìr. 

'/

Theorem IIT,8 l.\tr n. > 0,

n tt t-k 
/.,\/ ! \

u!!1r1x1- I I I r-^ (';) ( , -,)súi + r.,r,t)ufj,r)(x1ujlo,on,,1,yx1.
l:ù/ 0l:t) \'/ w I ri'

F, Hermite polynomial

Thc Hcrrrritc polytronria,ls H,,(r) ara givcn try H,,(:r) - (eL'/a.tl2). Lat,

(30)

H,(t) : I ra,.ail' 11 1"- 1(t f t;).
l::0

Thcn, by (22), (16) trnd (23). wc olrrairr

(31)

Thus, by

Using thc {a,ct that

I1 1')



wc gct

-,-r1"- (l) 
",'.t, 

i,- w5#ao"' | 1r - 1;"-r ;

: ,- ll,l î S' ( ù-- .-rcr(rtt' -..2i:r)rril f', - *1.
\:/ 7oîí Jt\nt- zJ)t \,Ì) /

Thcrcforc. l'ry (31), wc caut stàtc thc fbllowing r.csuh.

Theorem îII,9 tr'or n > 0,

ì ù-Èkî/21
H,,(r) --É t É W(;) (,; ) " 

g*_,01r)
,':0 tÈ0 i:0

G. Chebyshev polynomials of the second kind

Tlrc. Clu:byslx:u ynlynonrials tf th,c sct:ond hinrl, arc defined by U,(cosl): "n!h*at)' fn. ,' t
0. tJvi<lcntly, U,(.r) is a polynonfal of dcgrcc r in r with lnteger coefficients. For example,

Un(n) : 1', U1@) : 2r, Ut@) : /'n2 l, rr.rrd in goncral, U"(r) : 2nU,-t(r) - tl"-r(*).
Chcl.ryshcv poÌynomirùs wcrc iuvcltc<I fbr tho nccds of approxirrntiorr thcory, but arc also

wiclcly rrsccl iIt various othcr brurr-'hcs of urathcrnntics, irrcludilg algcbur,, cornbinntorics. anci

nturrbcr thcory (scc28).

Lat a: r+ 1/:FT, g::r_,tFf nntl 7: \/r T. Flour thc abovc rccrrrroncc

rcltr,tion it is not hrud to scc tha,t

r-,
Lu,@)# : ""i=PF"u' - aer 

-.,,Pe-Í,,o.
"ìo

wlriclr irrrplics ilrat U,,(.r) - (*J_r+,r)
By (23) wc har.o t)tat r"p,,-{lf r) - (1, ú - ú2/2). Annunrc

u,(.r) -- | ta.arÀ' g {t I r).
L:O

13

Thcn, by (22), xc havc

r /aetr -_9"" ft_r?/z)alr,,\'-r'= F. \-zr /
, r-,r,f,\ Fg$-2) (aett - oea,.r,,-i1r,-r'\r_^,\À/k-.Z_\__r. " /

(-1)r' É'\ 'i n.(r'r,1"; *') 
(aeo-nt - pe-t't+t)t1+n-t'-ty --T\n)a \ r ./

which, by (16), inpiics

,,,,.,, = (') F,-r,"-'n ,o i2)(" "a) 
a(1 - 7)n-À-r - p(l + ?)"-r'-'

\À,/ ft' -'\ ( ) 21

By n sirnplc irxhrctíorr. wc ha,vc

(1 -?)"'-(1 +7)"':_ 

-,,-, 

/ 1 \
21 -{2-rz" U^-t\lFF)'

(l-11n'r(1 -rr)"'-,-.(l\-+n-r,,/1\
, =vz-îz r-\ffi)-vz-r' u^-\ffi),

which lcads to

o(r-t)'" -00+ù^
'/4

: _a=-t (_2u,^_,(,+l +u",_,r+)) (34ì
\vz-r'' \vz-ì:'/ \vz-.t://

Theorem IIÎ.LO llty' o,ll n,2 0,

" l!:! /nr - L\ /,\ l
u,,(r)' f | !{- r)'-' o c o1r.; 21 (' ; " ) (' ;\ v"-r-,e) | tt' y1-- y\r / t ).

Àl-,q \ L /\ft/ I

uturr: V,o(r): t/î=7t^-t (i-,u,,-, (rr+) +u,"-r(#)).

IV. NORMAL ORDERJNG

Sirrcc thc sorrúnrr.l work of Katriclla thc conrbilatorinJ *pccts of rronnal or<icriug :rrbitrory

worris irr thc crca,tion rrn<l anrrihilrr,tion opcràto$ nt ancl ,r, of a singlc-nrorlc bosol ha,vittg thc

trnra,l conurnrtation rclations

la,, dl : aol - ,tla : l, la,, al: 0, [al, ar] : 0

t4

(33)

(32)

(35)



Irtr,vc lrr:crr strrilill irrtcnsivcly, sr1q7'8.r'r'rc.r:2n'lìil 'ì1ìLI lcfcrctrccs fhcrcitt. Rcc::r.ll t,lttú, n,ornn,l,

uùt.ilt41 N(t'(a.. dl)) is a frnrclionir,l rcprcscrf;rltiou of i:rrr opcrillor funcl;ion l'(o. nl) in which

irll thc crcàtion ol)crrìlors stànrl to tllc lclt of thc annihila,tiorì opcr'àtors. 1"or ittstiltx-'c,

Kzltricll'l shoq,crl that norural ordctiltg of (ata)" is givcl bv

.M[(ara)"] - 
: 

O,",À;)(ar)rnr'.

Using thc lrropcr'l;ir:s of cnhcrcllt sta,tcs (lbr r:xaurtplc. scr:7 (Ap1>crrrlix A)). rc olrtairr

(2111"1" z): f 1:1iorn1" 4: - r?I'/('/-1). (sc07 (Eq. 35)).

;Í 
,t!

Choosing z such that l"l' : t, thc liglrt-lrrrrxl srrlc rs tlrc cxpottcnti:ll gotcta,tittg ftutctiolt of

t,ln. Bd.l, ntun,lnrs 8,,. Tlns. olc rlitoctl.v olrtrrirrs (:l.V"l:) - 8,,. n'hclc \rc hàvc ilìtto(hlc(rl

t|c nrrrnbcr opcru,tor ,V : o,la. Thìn connccl;io:t bclwcctt Bcll ntunbcrs tttttl cxpcr:tation vnlttr:s

of thc rurrrrbcr oporàtor wilù rcspr-.ct to cohclcrrt stiìtcs *':ls nlso obsorvctl by Katriclls.

In7 (scc:rlso8), it is sbornt thfrt if Si,,(ri) ,- (!l(t),/(fl) nrrrl il thc actiolr of,l/ a,rrrl P

orr S"(r') satisf.v (llS")(r'; - $,*1(:r:) tr,Irtl (P.9,,)(r:) - nS. Jt,). t|cn P : /(D) rirrl

.V - ( X - rigiì -l*. u.ìrcrc D is thc rlcrivrrl;ivc ol)cr'àtor. X is l,hc rnultiyrÌicatiorr opclal,or,1,. "rDì / r,tDì. ,.,.,.

rra,rncìy (D2)(r') = fttr:) art<l (Xp)(:r:)) : :rp(x:), arrd /'lt) tlctrotcs tltc dcrivu,tivc ol f (f)

rcspcct to f. Tlrc opcratol 11 is allso ctìlad Shefier slry'úrrrrl thc ilbovc forttttrlar is rt t'clì kttorutt

rcsrrlt of rurrlrla,l crr,lcttlttsr;ll (Tìrcorcln 3.7.1). Note thrr,t t'c ciut lorrnnlìy tritc 5',(r:) - ^1'1''l

(whcrc 56(r) : l), i.c., thr-. scqncrrcc S,,(:r:) is gcrcra,trxi succcssivcly bJ' zr,pplicatiorr of -11.

[,trr irrstnncc, il XI :2X -.D arrrl P - àD. tìxrr S,,(r:) - H,,(r:) (Hclrnitc polyrro:ni*ìs). As

orrr.rthclcx.ltrplc, lctll: -XD2+(2X- l)D-X+ lantlP: -&: D1'1 Di, tlrr,n

5', (:r) : rr,!1,,, (r:) (Lngrcrrt: polyrrolrtials).

Thcopcra,tors iy'zr,nd Pdefine an ac:tionon the indexnof thc ryt,rtsi-nunrtrn.i.al,5,,(:r:). This

rcsrrrrlrlcs thc prol.lr:rty of thc r4rcratols al alr<l a irr Fbt:k sJ;ilcc givcn by aj In) : t/lt +aln,+l)

znxl alrr.) - tf"l,, - l). This sltggcsi;s lhc {ollou'iIrg collcspotxlir,trcc P o t.. trl * aJ ruxl

S.(t:) *. l) fbr all n > 0 (fbr rnorc <lct:riÌs, u'c rcfcr thc lc:lrlcr to7 (Sr:r:tioIr 5.2.3) or8)

' / nt+) -.L. 'l'lrcrr I,hn iìl)o\ic cr)rrcsl)ourlcrcc willt P - D, tl - XLa\ ittq.t\:r-Ut : \li - 1fi7 7 ., r"r

antl ,9,,(r:) = r" sltows lLa.l; itr gcrrrln,l S,(r) : lllrJ\),X)]"'1, hr:lcc

[ì1".1(o, rJ)]"10) - S,,(ar)10)

As a rclrrtiorr fbr r:ohcrclt st?ltcs olr0 obíliIts. tìrcrclbrrr

(zlltut 
" 
1 fu , a1)1" l0) - g, (z-) (zl u). (36)

Ex1;orrcrrtiatilg trlo.rlo,a.1) rr,trd tsirtg (20) fbr thc gclt<:r:rtitrg lìrrrctiotr of thc $,(;*). orrrr

olltairrs

(37)

This rcsrrlt can lx: r:xtnuclrrl to a,gctrcral utirtrix cÌcrttrrtt (zlo\lf ik"or) z') by rrsirrg l:') -
('-l''1212É'"t10). giving a,ftcr: sorrrc trrliotts algclrrrr (? (scctiol 5.3))

(:le^M" t k' rt | 
1"' 7 = l#Gú,'z. 

Irtx+ | tz' ))'\ Qlz'), (38)

wlrclc(zl:') -('z+z'-t"'"-i"'isthccohcrcrrtstrr,tcsovcllal4riugfactor. Lr,írrsrr:trrnto(36).

lf 5,,(r) - (!JO,J(t)) arxl ft,(z) - (h(t),((t)). thcl tlrc i<lcutitv S,,(:r:) : !il*,,r:,,.1.,11.(r:)

with r:,,,r. givrn irr (22) ca,rr lrc u-rittrrt as

\zlM".t@,,o,1))"10) -S,,(:-)(:lo) :t,,,.^.^,(2.)(:lrt) -f,,,,.1.\"llú,'tt,.t(a,a,I)lt"10>,
lr:0 À:{)

wLich slrou.s tla,l; orn i<lcrrtitics can llc irrtcrprctrrl :i.s ir. ttrtrslbnttntirrrr bcÍru-.ctr

(zlltl".1(a..a11]"ltl) ald (z [,aIi,.1(o,at)lÀ]0) ot, bctm'cctt thc opcrator flrlctions l\lo.s@,-at)1"

arxl [1.f,.1(a.al)]r'lJrcrnsr:lr.cs. Lct rrs slrr,tc this rcl:ltiorr cxplicilJy iu thc fbllor,iug thcolcrl.

'flteorem IY.1 Let the lwo Shefler sequences S,,(") - fu(t).J(t)) an.d, R,A:\ - (h(t).t(t))

ln r:lo,l:rrl, lry S,,(r) : fi'*,., r;',1.À1.(r). Th,r:n, ort,c h,o's

(zl r,rM..r(o",r ) 
16y : ffi ,,"" r,^, qr;91

t,i4, r 
( o, or ) l " : É * ( ^\l!ù 

v t r alr ; 
u 
1,' ) [ 

r 4,., io o \lt " + o (3e)

ltllt',.rfr],tn,otcs|lnun1xlsitiorm'lirnlcl.scoJ.fo'n,d,0dl:nlir:son'o7ntn'fù.so'!isJyn'qO|0)

0,Corlsuyt'tll'tl'71.tttlt,r:nr:tlo,|,u'rl,trl],Ílc|ttlu:rt,|Jt,t:uit,au,tllto'tr*(z']

-lL 1 / t,t il,\\ \
(:llr/q r(o.,?rij"l0) I; ( 

=*#(/(/(r)))r 1., " ) (.illl,,,{n.,,r)'ulo1. ( r0l
;;^: \g{Jtr| /

Lct rrs crrrsirlr:r tìu: prlrticul:ir c:r.sc u'ltcrr: &(",) = /'. i.a..5,,(r): fi*,rr;,.1.:r1'. l'or

It1.(:r) : n:r', onc ltir,s ln - (Lf,), i.c., /r(t) - L atrtl ll(t) - S. Ìl foìlou,s t'Lta't, I'Ly.1(o.oI) : (Ì.

tllrs

(zJIrì4,.f(ú., ot)lrl0) : (e-)r (zl0)

r5 t6



The c,,efficicrrLs r',,,/, ir* gi'or irr r,rris r.irso In * (Íij#,rtlí)ilrr.,-', ) = i (;irrllrr rr^r , ")
srr tbal;

(zl[,\1,,r(an])l"lt)) fl.-),7 r \
1:î)- !=r\;?uttr,,t',n',

Lr:t tts lttakc colt:ìct tr'itlì fhc rtolrrrtll ortlcr:irrg plucrrlilc. Al)ov-.. wc lrrlvr: rlcrntrrl ror a,

gctrr:rtrl r4rclirtol fìu:ct jol !'(.o,. nt) its :utrlttllly ollcrrrl ftrun ,A/(1.'(o. ct)) = 1,, ( r,.. aI ). n,hich is

olrtiiilrrrl l4r lvrvilg aìl alrlrihilatiorr Òlxrríìtors rr to tLc liglrt. rrsirrg tìrc cotrulrrtatiotr rolaliorr.

lVe may additionalìy define the opefàtjoll : C.i(a,.a]): r,|ic| urrl1s lprnrally orrlcr G(a.al)
u'ithorrt takilrg ilto a,ct:otrttt tltc cotrtrnrrtiltiol lclat;ion (i.r:., trcilt a ilrrd riÌ irs ccrnulrrting

objccts). Thc rrolrnzrl orrlcring pr.olrlcrrr lbr, È'(c.nl) is solvr:d if we can fincì al c,1>erator

G@..at1f'ol uùit:ìr l.'(ct.aI) :. G(t,.a,I) : is satisfiecl. Now, i1, is a well hnovm resuil, that il
(zlP'(.a,.d)lz') -- G(zr,z')\::lz'). thcr.A,f(.t,'(n.at)) :: G1at,a; :. Th1s, ur c:rrr ur.írc (1,38) 1,s

(scr:7 (ftilra,tiorr (5.23)) ol8)

N(r:^tut" ttutt)7 - rl.f(r+./(a)) aJ .. (41)

By (39) arxl tìrc tcsttlís ilt tLc lttcvious scctiorrs, u.c ca,rr olrta,in sor,crill rricc rronlill orrlcrilg
irlcrrtitir:s. lrr tlrc foììowirrg. $î 1)r.csr.ltt scvcriil r:xillrplcs.

Exarnple IY.2 Lr:|. {,J,f ) : (I.t) t,n,rl, (lt.,ll) : (1,t * t2 12). no llo.1(a,.n,I) -. a) ltnl,

116.1(o,ul):al(l-n)-r':all,.,rrt,i.I.ltur.bt1 Sutiotr,,ll.1u,n,tl,(39).utcobl:t,in,

f,ir)" I(11) t',',.,,',n l",')t r),,-r(orn .,ì ,)' ' e.\fJt.o\'/r)\

7,lt,r:r:4trals'irln,rn'tlttt.iqlt,tJt'orl,tl'út],r:ìrnA:s

ttto,ta,s (zl n,ntÌ l0). tttr r:t:1nr:srsi,rrt, (:l k,1(l -o)-t)'' 10) nllurl t.o 1a.e-)e)0). rilrtr:1t1; n.
7tolr1n,ont,iul, of rl,r.r1rr:r, A:. I,'rn r::rnntyilr:. iJ k: - 1. ttn:t, (zlaI(l, 

")-tli)) - (zloll0) : z,'(zl0)

rltu: to ct'10) : 0 f\r.t' ) 7. ,5irrú,l,rr,tl,y. ,iJ A: - 2. thtt, (zl (al1l -a)-t)'?]0) : (:lat(r *
a)-rall0) : (z]at(t t n)al lO). uitur: ttr: ltn,tr: u,r;r:d, ttult rtnll}) :0 Jòr r > 2. It JilLnt-, ttut.t

(zl (ot(t-.-n) t)']0) :((r-), lz^)(:01. ht,tlu:sont.r:Jo,slitut,tnr:rl,t:tt:rttúrt,t:sJrtA::3t.lt.n,.t.

(zl (a,t(t-a)-t;nl0) :((r-)''+3(z*)!-F:ìz-)(:10). In, 11t:rt..rtl,.tlu:altnt:t:ryto,tiott.tlitr:s
t/\?r1,,

('")" : I (11) I",rr,rr (" , ''\r-t\" 't',r,.).É,\^,/7., \ / /
CornpaJ^ilt'ql.ll'isttlithTll'(:0,I1I|l[II.1,un.scctlt,n,tp'.(:",)=-(zr)l'a1'._]Ifz*)ltir:tt

tlze BesseL ftrn.ctior,. defhrcd in (10).

Exarrrple IY.3 Lr:t (s,f\ : (.t,t) tr,n,rl, (h.t) - (t,tle t')). * IIn..r@.at) .., o1 (r,nd,

I11,.1(o,.o)) -. nl(I . o,)-! - r1 I,,,.nfi t'1.)a,:i . Tlutr. b,11 ,in:tirur, J.i! 0,n,1, (Jg). utr: oltto,in,

Exanrple IY.4 bt (5,Í) - (t,t) ani. (h.{l) - (I 1- ),er.tL t). so }Io.set,.tti) : ì n,r,.,t,

lll1,.1ftt.rtt1 - nln-" fr. T1,.,r,,,. lrg ,1rr:tion 3.4t ftit.d (:J9). ru, rilrtoirt

1,11' : i11r i.\),52(r..l,r) +,\(L;+ t)S2(n,À: I t)) ( ot"' - --ì-)' I o.
\ rî^e /

Exurrple fY.5 Lr:t(g.f):(.r'.,'/t.t:12)o,n,r:Ì,(tt. lt):(II-f, l2J.sollo.s(o.d\-2nl-rt
o,n,d, I.[1,.1(n.. a.l 1 - rll ( 1 -- ,:r ) 

-1 - t) \.,.,, rti . Tlt,ut,. by Su1ùn. 3.6 srtJ, (,99). ttr: obto,.i:n,

n n-r" fntz) ,(2rl'I-rt.)":'r'W(;)(,-,){"'.'-.,),),-ro'
l::() aÌ=t) ./:0

W|t,r:n,r:lll,|,u,u,trLl,|ttultt:,tt,tIt,r:stl,tcti(ztln,d,i0}.t}t,clrJl-ln,rtrl'

ArrtmJ,in,q to'- (t-er:ti,ort 5.1.1), thí.s cun be sitrrpli,Jìert to tI,,(:*)(:0). ult,,rr: H,, d':ntftcs

thr: tr.-th Hernrite polynonzic,,L Llsmg.from tlze f.rst etatnple that (z)(nt(.1*o)-1)r']0) -
(2.)r'y1 (I I z*\(,zJQ) . tlti,s yi,r:l,rt.s

il n-t" lnll2l I
H,(2.)..=tt t ( I)"-"'-O("'- 

.2i; l)',!2' (',:\ (" À){.'),y,.-,i17..),

r':r) ?r:o /:s i!(trt' - 2i)l \i'/ \ r'r ) '- ' "' -r*r - ''

utlt,itlt. i; tltt utrt,trtr,ts of Tlutnvnt. III.9.

Ackncrwlecìgernents. Tho itttlltors urrtrkl likr: lo llurnh tlrr: :urorryrrrorrs rclìrlrr: Iol srrggcst-

ing several modifications whiclr helped to improve the paper'.
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