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the Hermite type Genocchi polynomials and numbers [6]. In
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1. Introduction

As is well known, the Bernoulli polynomials are defined by the generating function to
be

te®t B(x)t = "
S =P =S B 1)
n=0 :
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with the usual convention about replacing B"(z) by By, (z). In the special case, z = 0,
B, (0) = B,, are called the n-th Bernoulli numbers. From (1), we note that

By =1, (B+1)" = B" =B,(1) — B, =61, (see [2-4]),

where 4, 1, is the Kronecker symbol.
In particular, by (1), we set

x) = Z (7) B,,_ ;7" (see [1 4,9,14]). (2)
1=0

By (2), we see that By, (z) is a monic polynomial of degree n. We recall the Euler poly-
nomials are defined by the generating function to be

2e*t E T 1.6 24
- (@) Z Bn(z)=  (see [1-4,6,9-24]), (3)

with the usual convention about replacing E™(x) by E,(x). In the special case, = 0,
E,(0) = E,, are called the n-th Euler numbers. From (3), we can derive the following
equation:

" /n
E,(x) = E,_ 2t (see [11,14]). 4
();@ - (see [11,14)) 4
Thus by (4), we see that E,(z) is also a monic polynomial of degree n. By (4), we get

Eo=1, (E+1)"+E"=E,(1)+ E, = 2. (5)

Let C be the complex number field and let F be the set of all formal power series in
the variable ¢t over C with

F= {f(t) = i%tk: ax € C}.
k=0 "

We use the notation P = Clz] and P* denotes the vector space of all linear functional
on P.

Let (L | p(x)) be the action of a linear functional L on a polynomial p(z), and we
remind that the vector space operations on P* are defined by

(L+M | p(x)) =(L|p(x))+ (M| p(x)),
<cL | p(:z:)> = c<L | p(sc)> (see [6,18]),

where ¢ is any constant in C.
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The formal power series

f@— Hﬁef (6)
defines a linear functional on P by setting
(f(t)|a"™) =a, foralln=0. (7)
Thus, by (6) and (7), we have
(tk | 2") =nldn e (see [6,18]). (8)

Let fr(t) =Y rog %t’? Then we see that (fr(¢) | z™) = (L | ™) and so as linear
functionals L = fr(t) (see [6,18]). As is known in [18], the map L — fr(t) is a vector
space isomorphism from P* onto . Henceforth, 7 will denote both the algebra of formal
poser series in t and the vector space of all linear functionals on P, and so an element
f(t) of F will be thought of as both a formal power series and a linear functional. We
shall call F the umbral algebra. The umbral calculus is the study of umbral algebra and
modern classical umbral calculus can be described as a systematic study of the class of
Sheffer sequences (see [18]).

The order ord(f(t)) of a nonzero power series f(t) is the smallest integer k for which
the coefficient of t* does not vanish. If a series f(t) is with ord(f(t)) = 1, then f(¢) is

called a delta series. If a series f(t) is with ord(f(t)) =
series (see [6,18]). For f(t),g(t) € F, we have

0, then f(¢) is called an invertible

(F)g(#) | p(x)) = (£(t) | g(D)p(x))  (see [6,18]). (9)

Let us assume that S, (z) denotes a polynomial of degree n. If f(¢) is a delta series and
g(t) is an invertible series, then there exists a unique sequence S,,(z) such that (g(t)f ()" |
Sp(x)) = nlépk, n,k = 0 (see [6]). The sequence S, (x) is called the Sheffer sequence
for (g(t), f(t)), denoted by Sy (z) ~ (g(t), f(¢)). If Sn(x) ~ (1, f(t)), then S, (x) is called
the associated sequence for f(t) or S, (x) is associated to f(¢). If S, (z) ~ (g(¢),t), then
Sp(x) is called the Appell sequence for g(t) or S,(x) is Appell for g(t) (see [6,18]). For

p(z) € P, it is known (see [6,18]) that

(v} = [ ot an (10)
0
(0 | (@) = (050 | ) = (1'0) | p(@)), (1)

and

(" — 1| pla)) = p(y) —pl0) (see [6.15]). (12)
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Let us assume that S,(z) ~ (g(¢), f(t)). Then we have the following equations
(13)—(16):

ity = 32 PO o i sy e 7, (13)
k=0
p(t) _ Z <g(t>f(t;' ‘ p( )>S ($), p(t) c ]P), (14)
k=0 ’
f@)Sn(z) =nS,—1(z) (n€Zy =NU{0}), (15)
and
! eyl () _ Oos’f_(y)k or a
] > 5 forall y € C, (16)

where f(t) is the compositional inverse of f(t) (see [18]).
Let fi(t),..., fm(t) € F. Then as is well known, we have

n , ,
TR R CIES B DI (RN CACIEO R CI N
s tm
where the sum is over all nonnegative integers 41,...,%, such that ¢y +--- 4+ 4, = n
(see [6,18]).

In [6], R. Dere and Y. Simsek have studied applications of umbral algebra to generating
functions for the Hermite type Genocchi polynomials and numbers. In this paper, we
derive some interesting properties of Bernoulli polynomials arising from umbral calculus.
These properties will be used in studying identities on the Bernoulli polynomials
2. Umbral calculus and Bernoulli polynomials

Let P, = {p(z) € Clz]: degp(z) < n} and let S,,(z) ~ (g(t),t). From (16), we have
2" =8S,(x) < 2" =gt)Su(z) (n>=0). (18)

Let us take g(t) = 1(e! — 1) € F. Then g(t) is invertible series. By (1), we get

— B 1
3 —’;f) th= e, (19)
e g(t)
Thus by (19), we have
1
——a" = By(z) (n=>=0), (20)
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and
tB,(r) = B, (x) = nB,_1(x). (21)

From (20) and (21), we note that B, (z) is an Appell sequence for } (e — 1). By (2), we
get

z+y 1
[ Batwydu= - {Buss@ ) = B (@)
x
=y (b1 eyt -1
E:: Tt Bl — Bu(2). (22)
In particular, for y = 1, we have
x+1
t o
B, (z) = 1 B, (u)du = o (23)
By (15), we easily get
Ba(e) =] ——Buia () (24)
n(T) = n+1 n+1(T .

From (24), we can derive the following equation:

<eytt— 1 ‘ Bn(w)> _ <6yt 1 ‘ %HB"“(Q:)> = O/an(u) du. (25)

For r € N, the n-th Bernoulli polynomials of order r are defined by the generating

t
et —

In the special case, z = 0, Bg)(O) = B are called the n-th Bernoulli numbers of

function to be

1) e =% B (x);—n' (see [2,3]). (26)
n=0 ’

order 7. By (26), we get

3

B () = (7)33_)@’“ (see [2,3]). (27)

Note that
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r n
B = Z <l1 Z)le"'Bzr- (28)
Litetly=n Y7770

From (27) and (28), we note that Bff)(ac) is a monic polynomial with coefficients in Q.
By (27), we get

T4y
[ D@ = S (B ) - BUL )
x Kk yt _q
=3 LB, (@) = B (@), (29)
k=1 "
and
BW(z+1) — BM (2) = nB" M (2) (30)
From (29) and (30), we note that
x+1
e —1 (r) (r-1)
T Bi (@)= | By (u)du= B (z). (31)

By (31), we get

B (2) = (L)By D) = (et L 1)T1Bn(x) _ (et 2 1)2«”, (32)

and

t

et — 1

tB()(z) = n( >Tx"1 =nB" (2). (33)

It is easy to show that (ett_1

)" is an invertible series in F. Therefore, by (32) and (33),
we obtain the following lemma.

Lemma 1. Br(f)(x) is the Appell sequence for (ett_l)r_

By (33), we get

B =t B @] w0 34
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Thus, from (34), we have

yt _
() = (e

In the special case, y = 1, we have

e =1 L 1 (r) (r-1)
0

By (17), we get

t\ n t , t A
n P— —_— Z]‘ DR —_— z’r‘
<(et—1> ’ >_ Z , (il,...,i,«><et—1 v > <et—1 v > (36)
n=iy+--+ir
and
¢ t o\
n\ _ n\ _ (r)
ey () ) =m0 -
Thus, from (36) and (37), we have
Z n B. ---B, = B™.
) o\l .y " r n
n=t1+-+ir
Let us take p(x) € P,, with
n
px) = biBi(x). (38)
k=0

From (20) and (21), we note that B,,(z) ~ (%, t). By the definition of Appell sequences,

we get

Bn(x)> =nld,r (n,k=>=0), (39)

n et—]_ n
())y=> b t* | Bi(z) )y =) blloyy = klby. (40)
p > Zl< P l > ;l Ik k
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Thus, by (25) and (40), we get

1 /et—1
by = — tk
b k!< t

b)) = 5 o [ = /lp“ﬂ( ),

(41)

where p*)(u) = {ﬁ%p(u). Therefore, by (38) and (41), we obtain the following theorem.

Theorem 2. Let p(x) € P, with p(x) = > _o bxBr(x). Then we have

1
1 /et —1 1
(k) (*)
by = k,< ; ‘p (x)> k,/p (u) du,

where p® (u) = Lop(u).

Let p(z) = By(f)(a:) € P, with p(z) = >, _, bk Bk(x). Then we have

p® () = k! (Z) B (x),

and

B - (R )

Therefore, by Theorem 2 and (43), we obtain the following corollary.

Corollary 3. For n > 0, we have

0@ =3 () B ) B

k=0

In other words,

B (z Z() nkBk() where n — k > 0.

From the definition of Appell sequences, we note that

2y

BT(LT)(x)> =nlopr  (n,k>0).
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Let p(z) € P, with p(z) = >}, b,(:)B,(:) (x). By (44), we get

<<et - 1>Tt’“ p(x)> = §b§T)< <€tt—_1)rt’“

= o 16 = kv,
=0

B

Thus, by (45), we have

t T
m _ L /e =1\ 4
0 =5 ((5)

Therefore, by (46), we obtain the following theorem.

p(fv)>~

Theorem 4. Let p(z) € P,, with p(x) = > 1, b,(ﬂr)B,ir)(z). Then we have

by = %<<et t_ 1>Tt’€ p(x)>.

Let us consider p(z) = By (z) with

By (x) = p(z) = > "B (x).
k=0

By Theorem 4 and (47), we get

t T
m _ L /fe =1\ 4
=5 ((5)

For k < r, we have

)= ((57) ¢

o= 5 ((S5) ¢ | Bt
= a{e i)
K- k)ll(”f.i;’“) st
- ﬁ;} (;) (—1)" (e | Bpyr_i(z))
_ %Z ()0 Bus st

Bn(x)>.

879

(46)

(47)

(49)
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Let k > r. Then by (48), we get
b(r) _ i t 1 T'tk—r B _ l t 1 T tk—rB
0 = LU =) 8 | Bu(o) = (e = 1) | 8B )

= (" )= =) | Bareato)

Therefore, by (47), (49) and (50), we obtain the following theorem.

Theorem 5. Forn € Z; and r € N, we have

k=0 "\ r—k ) j=0 J
3 (kir) - " r—J (r)
+§ (%) = <])( D" Byyr—k(4) By, (z)

3. Further remarks

For n,m € Z with n —m > 0, we have

- " n\ e " (n—m\
B (@) B, (a) = (Z <Z)Bél”Bz<x>> ( > ( )Bé_TiLPBAx))
=0 p=0 p
2n—m k n m n
- -1 —1
= (") () BB, BB o),
k=0 p=0 p p

where n —m —p > 0.
Let us consider p(z) = E,(x) with

E,(z) =p(z) = Z by, By ().
k=0
Then we have

PP () = (};‘) Eni(a),

and

(51)

(52)
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=B ) ()

n En7k+1(1) - En7k+1 n Enkarl
= = o) Snkl 4
(k) n—k+1 k)n—k+1 (54)

By (52) and (54), we get

= —QZ ( > e kklek(x). (55)

From (55), we can derive the following equation.

(S () ) (5 ()t

1=0 p
mmk m—m n E E
- n—m-—Il+1&n—k+1+1
=4 B Bj_
;) ;( l )(k—l)(n—m—l+1)(n—k+l+1) (@) Bi-i(a),

where n,m € Z4 with n —m > 0.

Remark. Recently, R. Dere, Y. Simsek and H.M. Srivastava have studied special poly-
nomials with viewpoint of umbral calculus (see [5,7,8]).
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