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1 Introduction
As is well known, the Narumi polynomials of order « are defined by the generating func-
tion to be

ot N e S @
(10g(1+t)> (1+2) ‘;NH (x)n! (see [1]). "

Let r € Z.¢. We consider the polynomials N,(x|a;,...,a,) and N,,(xlal, ...,d,), respec-
tively, called the Barnes-type Narumi polynomials of the first kind and those of the second
kind and respectively given by

LA+ 8)% -1 . 00 p

g(log(l—+t))(1+t) —;Nn(xlal,...,a,)a @
and

: (1L+0% -1 x _ o ¢ "

H(W)ﬂ”) =2 Rl -

where ay,a5,...,a, #0.
When x =0,

N,(a,...,a,) =N,(0lay,...,a,)
and
Nn(ﬂlr .. ~;ar) = Nn(0|al; oo ’ﬂr)

are respectively called the Barnes-type Narumi numbers of the first kind and those of the
second kind.
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Note that

N, (x]1,...,1) =NV (%),
N ——

r

N, (x1,...,1) = N (x)
N——

r

and

A

Nu(x[1,...,1) = N (x - 7).
——
In the previous paper [2], N,(,“)(x) was denoted by N,(,_D‘) and called the Narumi polyno-
mial of order «.
The Bernoulli polynomials are defined by the generating function to be

[ee]

&= Y Blo)= (see [3-6)) )

n=0

t

el -1

When x = 0, B, = B,(0) are called the Bernoulli numbers. In [7], it is known that the
Cauchy numbers are given by

_t vyt )
log(1+¢) e "’

It is well known that the Stirling number of the first kind is given by
#)p=xx-1)---(x-—n+1)= ZSl(n, Dxt (n=>0) (see [1,2, 7-11]). (6)

1=0

From (6), we have
% I
(log1+)" = nt 3 8iL w5 (12 0) @)
I=n :

Let C be the complex number field and let F be the set of all formal power series in the
variable ¢:

0ok
F= :f(t) = Zﬂk%‘“k GC}'
k=0 ’

Let P = C[x] and let P* be the vector space of all linear functionals on P. (L|p(x)) de-
notes the action of the linear functional L on p(x) which satisfies (L + M|p(x)) = (L|p(x)) +
(M|p(x)), and (cL|p(x)) = c(L|p(x)), where c is a complex constant. The linear functional
(f(®)]-) on P is defined by (f(¢)|x") = a,, (n > 0), where f(¢) € F. Thus, we note that

(tk|x”> =n'8,x (m,k>0), (8)

where 6, is the Kronecker symbol (see [12-18]).
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For f1(t) = > 120 “‘,:k)tk, we have (f;(¢)|x") = (L|x"). So, the map L > f(¢) is a vector
space isomorphism from P* onto F. Henceforth, F denotes both the algebra of formal

power series in ¢ and the vector space of all linear functionals on P, and so an element
f(t) of F will be thought of as both a formal power series and a linear functional. We
call F the umbral algebra. The order o(f(£)) of a power series f(£) # O is the smallest in-
teger for which the coefficient of tX does not vanish. If o(f(£)) = 1, then f(¢) is called a
delta series; if o(f(¢)) = 0, then g(¢) is called an invertible series. Let f(t),g(t) € F with
o(f(¢)) =1 and o(g(¢)) = 0. Then there exists a unique sequence s,(x) (degs,(x) = n) such
that (g(£)f (£)¥|s,(x)) = n!8,.x for n,k > 0. The sequence s, (x) is called the Sheffer sequence
for (g(¢),f(¢)) which is denoted by s,,(x) ~ (g(£),f(2)).
For f(t),g(t) € F and p(x) € P, we have

(f(0g®)p@)) = (f(D)IgOpx) = (g@)If (Dpx)) 9)
and
f) = Z(f(t)lxk)ﬁ,
k=0 (10)

From (10), we can derive the following equation (11):

d*p(x)
dxk

tpx) = p(x) = &'p(x) =plx+y) (see[1]). (11)
Let s,(x) ~ (g(¢),f(t)). Then the following will be used:

1

Z( >(f(t)|x" Nsy(), (12)
=0

where f(t) is the compositional inverse of f(¢) with f(f(£)) = f(f(¢)) = ¢,

o]

xf (£ "
meﬂ) =§sn(x)a forall x € C, (13)
1£( £V [ 17
FO90 = nsia) (w21, 5=y SOTOR 1)
=0 )
) =Y (’;)s/(x)pn_;(y>, where p, (x) = g(£)su(), (15)
j=0
d,
[@pt0) = (0 ), where a0 = L0 (16)

and

Sn+1(x)=< g m) T 12 0) e 1,19), a7)
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Let us assume that s, (x) ~ (g(¢),f(¢)) and r,(x) ~ (h(¢), [(t)). Then we have

5®) =) Cumrm(®) (1= 0), (18)
where
IR YLIC) .
C"’m_m!<g(f(t))l(f(t)) x> (see [1, 5]). 19)

From (2), (3) and (13), we note that

N,(x|ay, ... a,) ~ (1—[<ea/f— 1>,et _ 1) (20)

j=1
and
r .
.\ te“t
Ny (xlas, ..., a,) ~ (ﬂ(m)et _1), (21)

In this paper, we study the Barnes-type Narumi polynomials with umbral calculus view-
point. From our study, we derive various identities of the Barnes-type Narumi polynomi-
als.

2 Barnes-type Narumi polynomials
From (21), we note that

l_[(e“/tt— 1>Nn(x|a1, cna) ~ (L 1) (22)
j=1

and
@)~ (L€ - 1). (23)

Thus, by (22) and (23), we get

N,(x|ay,...,a,) = ( 1)

Zsl n,m ]_[(e ) . (24)

j=1

Note that
r ait 00 h+1 00 1+1
et — 1) (Z a; ; ) ( ar ; )
I (A ) (o
i ( t ot (L +1) = (Z +1)

11+1 lr+1

Z Z (h+ 1 l +1)! 2 (25)

Doy =0 Iy 4+ +1p=i
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From (24) and (25), we have

ll+1 Lr+1
e ay i m
N,(xlas,...,a,) = Zsl(n;m)z Z mtx
i=0 L+-+lp=i r ’
“ “ i! i+r m
smmy s ¥ ( )(7)
— pn (i+n) N h+1,..,L+1)\ i
% aiﬁl . a£,+1xm—i
n n (m )
= Z{Z Z Sl(l’l m)i( L+r)'
i=0 \m=i lj++lp=m—i ’

m—i+r M\ ner |
cear . 26
X<11+1, l+1>( )al A }x (26)

By (21), we see that

r

te%t \ ~
]_[(e,;—_1>Nn(x|a1, coan)~ (Le -1),

(27)
j=1

and we recall (23).

Thus, we have

) et 1 s (€ -1
Nn(x|a1:~-:ar) = H(W>(x)n =e =17 1_[ : (X)n

Jj=1 Jj=1

ST 4
= e LYIN, (x|ay,. .., a,)

i{z Z Sl(n,m)ﬂ

—7 !
m=i [{+-+lp=m—i (Wl l+}").

y m-—i+r m diﬁlmaiﬁl e lea,txl
h+1,...,0.+1)\ i

S1(n, m) im — i)

!
i=0 mzll+ +lrmz ( l+l”)

m—i+r m\ 41 Ll ! l
ooar — . 28
* <ll+1 l,+1><i)a1 “r }(x ;}:,) 28)

or

Ryl ) = H(ete—_1><x> - 1‘[(6_ — 1)(x)n

Jj=1 Jj=1

ZSl(n, ) Z( (l N r),
i+r m h+l L+l m—i
x Z 4<i1+1 ,z,+1>< )al e

H++lp=i
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n n i ( l)'
[Z Z (-1) Sl(l’l»m)m

i=0 Um=i h++l=m—i

m—itr M\ ne | he| i
X a;  -oealtrxl 29
(h+Luqh+l><i>l r } @9

Therefore, by (26), (28) and (29), we obtain the following theorem.

Theorem 1 For n > 0, we have

n n (m —1)!
Nn(xml,...,ar):Z{Z Z Si(m, m)(izir)'

i=0 Um=i h+-+lp=m—i

m-—i+r m 1 :
x ’ aiﬁ ___alrr+1 p
h+1,...,0+1)\ i

and

: N (i)
Nn(x|al,...,ar)=2{z Z Sl(”’m)h

i=0 Um=i l[j+-+lp=m—i

. i
m—i+r m\ i il
X a; ---a x— a;
(h+Luqh+1><i>l ’ }( %;’)

i {z S s em)

i=0 Um=i [j+-+lp=m—i

" (m —i)! m—i+r m Sy O
m—i+r)\L+1,....L+1)\j /)" r ‘

From (14), we can derive the following equation (30):

Nﬂxmh“qag::E:%<II(%£§%%%1)GOg1+t»7y»xﬁ (30)
j=0 j=1
where
LA+ )Y -1
</ ( log(1 +¢t) ) log(1 + t)) >
(1 +0% - o
< og(l+ ) (log(1 +8))x >
A+0)% -
< log(1+t) )’ Zsll])l'x>
-1y (7)51(1, PNilar,....a). (31)

=

Thus, by (30) and (31), we obtain the following theorem.
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Theorem 2 For n > 0, we have

N,(xlay,...,a,) = Z{Z <7>Sl(l’j)Nn—l(alvH:“r)}xj
j=0

l=j

By the same methods as in (28), (29) and (30), we get

N,(x|ay,...,a,)

n n . ]
S5 (D)5t ao) (- 5a)
i=1

j=0 Ui

5|

j=0

Z (’;)Sl(l,j)],\\[nl(alr-”’ar)}xj' (32)

I=j
¢ >

< i!
! 1+t)% -
:<l_[ 10g1+t) >(1+t)y

By (8), we get

D18

Nn(ylalv---:ﬂr) Nz(}’|ﬂ1, :ar)

N
<)

g
St
o)

= O)m (;)Nn—m(ﬂlr«n:ﬂr) (33)
0

m=

j=1

! (1+t“1—
10g1+t)

j=1

m=

R n\ v (A +8)% -1
Son ({15

and
¢

— xn
i!

71
T+)% -
log(l+ )1+ % )(1 iy

Nn(ylal,..,,a,) = Ni(y|a1,...,a,)

M2

;
gl
(i

Tf
o

i >

- (”)@»ﬁ@ﬂAah””u». (34)

r

T+)% -
log(1 + £)(1 + £)* )

j=1

R n\ [~ 1+8)% -1
- o(y)m (m><!:1[(log(l +1)(1+ t)”/')

m=

m
m=0

Therefore, by (33) and (34), we obtain the following theorem.
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Theorem 3 For n > 0, we have

n

Nn(x|ﬂl:'~:ar) = Z (Z)Nn—m(dlvn:ar)(x)m

m=0

and

n

Nn(x|ﬂ1) (XX3 rar) = Z (;)Nnm(ﬂlr ceed ar)(x)m~

m=0

From (15), we note that

" (n
N g = 3 (N Glan a0 (35)
j=0
and
N, (x +ylay,...,a,) = (?)I{[j(xlal, o @)V (36)
j=0

By (14), we get
(¢ ~1)N,(xlay,...,a,) = nN,1 (xlay, ..., a,) (37)
and

(¢ ~1)N,(xlay,...,a,) = eNy(xlay,...,a,) = Ny(x|ay, ..., a)

=N,(x +1|ay,...,a,) - N(x|ay,...,a,). (38)
From (37) and (38), we have
N,(x +1lay,...,a,) — N,(x|ay,...,a,) = unN,_1(x|a1, ..., a,). (39)
By the same method as (39), we get
N,,(x +1|ay,...,a,) —Nn(x|al, e dy) = nNy,_l(xml, e ly). (40)

Recall that N,,(x|ay,...,a,) ~ (H;Zl(;),et -1).

ea/t—l
From (17), we can derive the following equation (41):

gt
g(t)

Nn+1(x|ﬂlr~-;ﬂr) :an(x_Hﬂlw--)ar)_e_t Nn(x|ﬂlr'~-;ar)' (4‘1)

Now, we observe that

/

g (t) / r » / . . a‘eajt
gto) ~ loes®) = (”‘)gt =) log(e - 1)) s

j=1

S Ty = 1) — 1 - taje)
(Tl 1) ’

(42)
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where

ajte* _ Z;zl ]_[i#j(e"” —Dfe%" -1 - a;te”’"}

r
r— , .
/=Z1 eyt -1 [T-,(e%" - 1)

]

~ _%(Z;:l aasy -+ 'dj—la]zdj+l . .ar)t'url + .

(mas - - a,)t"

:—%(Za,«)t+~~ (43)
j=1

has at least the order 1.
By (42) and (43), we get

N,(x|ay,...,a,)

, a‘eaft
"= 2 éﬁf,l |G , ;
— T (S S ()i )

i=0 U /=i

n n n r— er—l aétfait
= { (Z)SI(L l‘)an(a1¢---:ﬂr)}$xi

i=0 \ [=i t

n n r ait i+1
_ n ) ate”’” \ x
= . { ‘ (Z)Sl(lxl)Nn—l(alyon:dr)}(r_Zeait_1>l.+1

i=0 I=i j=1

1 " (n , ivl -\ — (_ﬂ/t)m i+1
=, H—li“ (l)Sl(l,z)N,,_l(al,...,a,)}(rx —ZZBW, - x

j=1 m=0
n o
<Z)Sl(l’ l)Nn—l(ali--';ﬂr)}
I=i
i+1

i +1 :
x (_l)m <l . )Bmﬂ;anl_m

|
I
I
Iy =
~
+’>—t
[—
e,
=

~
T

=1 m=1

- _ % {Z <7>Sl(l, DN,_i(as,. --»ﬂr)}

=i

~.

r i .
X +1 .
x (_1)1+1—m (l )dll'+1_mBi+1—mxm- (44)

Therefore, by (41) and (44), we obtain the following theorem.
Theorem 4 For n > 0, we have

Nn+1(x|al; cee :ﬂr)

N A AR .
:xN,,(x—1|al,...,a,)+Z{ZZ;E(1>( " )51(1,1)

m=0

X Bi+1—m(_“/)i+limNn—l(ﬂlx s ar) } (x - l)m
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By the same method as the proof of Theorem 4, we get

](],m(xml, vy ly) = <x - Za;)](]n(x —1lay,...,a,)

j=1

ST

m=0 Ui=m [=i j=1

X Bi+1—m(_aj)i+l_m[\\[n—l(al» oo dy) } (x—1)".

From (12) and (20), we can derive the following equation (46):

X qym-1
(F@)lx"") = (log@ + H)|x") = <Z %t’” A"

m=1

Thus, by (46), we get
d Gy
a L(x|a, ..., a,) IZ (1)( )" n-1-1)Ni(x|ay,...,a,)

n-1 (_1 n-Il-1

=n! ; 10— D) Nj(x|ai,...,a,).

By the same method as (47), we get

n-1 n—l—l

d .
d_an(x|alru-,ﬂr) Z

=0

Nl (xlay,...,ar).

From (8), we note that, for n > 1,

‘

(1+t)“ -1
10g(1+t) )( Y

Nn(ﬂﬂb oo ;ﬂr)

_<ZN'(_y|ﬂ1: ’ar)t_l

1+)% -1 el
<8 ( Tog(l+ 0 )(l+t)y) x >
4 (1 +1)% -
<1 log(1 +¢t) )(8t(1 +ty ) >
1+)% -1 )
+<<&(10g1+ﬂ )>a+tyx >

(1+0)% -1
:yNn,l(y—llal,...,a,) + <(at(m))(l + t)y

x”‘1>.

l> = ()" m-1-1)

(45)

(46)

(47)

(48)

(49)
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Now, we observe that

L (A% -1
atﬂ( log(1 +¢) )

L+0)% -1\ a(l+1)% ogl+¢£) — (1 +1)% — 1)1+z
Z 1_[( log(1 +¢t) > (log(1 + ¢))?

j=1 i#

L1 (s -1\ K 4+ 0)Y 1
_1—+ti1< log(1 +1¢) ) ,1{(1+t)“i—1_log(1+t)}

J

ajt(1+t) K ¢
1 (L)% -1 ZJ il ;+t % 1 log<1+t>}
1+t i log(1 +¢t) t

; (50)

where

" [ @t + )Y
;{(Ht)"/—l log(1+t } (Z“’>t+ (51)

is a series with order greater than or equal to 1.
By (50) and (51), we get
xn—l>

<(an(%))ut)
:<1l[((1+t)“z’—1>(1+t)y 2 1{‘:{”1—7)1 log(ﬁ}xn_l>
L I\ logt+6) ) 1+t t
- %<H(%) L2y ]ZI{ gji(lt):ftzﬂ; o rs }x>
e ey
AT oo )]
5B (elat A oo
> (e 1St ool

1 r n " A
= ; aCIN,_(y +aj —lay,...,d,...,a,)
j=1 =0

t M
log(1 + t)x >

1 xn—l>

|
S| N

~
N

- <Z>C1Ny,_l(y—l|ﬂ1,...,6lr), (52)
1=0

where 21,» means that ; is omitted.

Page 11 of 19
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Therefore, by (49) and (52), we obtain the following theorem.

Theorem 5 For n > 1, we have

N, (xl|ay,...,ar) = xN,_1(x - 1|ay, ..., a,)

+_ZZ( )a}C;N,, (& +aj—1lay,...,a,...,a,)

j=1 1=0
__Z< )Can lx 1|ulr !ar)’

where C, are the Cauchy numbers with the generating function given by

[e¢]

t t"
— = C,—.
log(1 +¢t) ; n!

By the same method as the proof of Theorem 5, we get

N, (xla, ..., a,) = ( Za,) 1x = 1|ay,...,a,)
__Z( )Can lx 1|ulr !ar)
1 r n " ) R
-~ Z Z (l>tle1an(x— lay,...,a...,a). (53)

j=1 =0

Now we compute the following formula (54) in two different ways:

LA+ 0)% -1 m|

On the one hand,
<Q(%)(log(l +)” x”>
(S bS]
w3y (7)51(1, m)<ﬂ<%> xn_,>

I=m

-my <’;)51(1, mN,_i(av,....a,)
I

n—

I
3 3

=m!

2\

<7)Sl(n — I, m)Ni(ay,...,a,). (55)
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On the other hand,
LA+ t)Y -1 m|
<!,_1[(710g(1 D )(log(l +1))" |« >
LA+ 8% -1 m
= <8t (l—[<(10-;(t++t)> (log(l + t)) ) x""l>
j=1
T(A+0)Y -1 | e
:<1_[(10+g(17+t))(8t((]og(1+t)) ) 1>
j=1

T(A+0)Y -1 m|
+<<8tn< log(1+ 1) )>(log(1+t)) i 1>.

j=1
xn1>

log(1 + t)m‘lx”_1>

Note that

<Q(%)(at((log(l+t))m»
<g<%>(l +8)7(m - 1)!122151(1,144 - 1)%xn—1>
" , 1)51(1, m— 1)<!:[<%>(1 +0)! x”‘l">

n-1
l )Sl(l’ m— l)Nn—l—l(_Hﬂl’ ceey “r)

3

and

(0% -1 m|

- (L)Y -1 - t

j=1

n-1 n-1
=m! < / )Sl(l,m)

LA+ -1 3
X<i=1< log(1 +¢) )(1+t)

R <n - 1) Si(1,m)
= m! z

n—1

t

I=m

Zr {u/t(ht)a/ _ ¢ }
J=1Y 1+ -1 log(l+t) x"11>

Page 13 0f 19
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n-1
23 ()5
l=m
d logl+8) y—/(Q+8)%-1 a1
]Z;a,< 1+8)% - 1,:1[< log(1 +1¢) >(1+t)
t n—1
log(1 + t)x

L)1 .
r<l_[( log(1 +¢t) >(1+t)
n-1 n r n-1
" Z(z)*w ’”){Z % C( ) Niilay 1y, ..., . ay)
k=0

L L+ )% [ gt + )% t i
% <11_1[< log(1 + 1) ) +9) ;{(IH‘)“J'—I - 10g(1+t)]x >

X

¢ xn—l
log(1 +¢t)

i=1
I=m j=1

n—1
—-r Ck( ) u—1-k(—1]ay, .. ,ﬂr)}~ (58)
k=0

Therefore, by (55), (56), (57) and (58), we obtain the following theorem.

Theorem 6 Forn—1>m > 1, we have

I
=
Il |
= 3
N
N
|
—
N~
g
T
~

—_

3
=
=
S
2
N

By the same method as the proof of Theorem 6, we get

<n> (n—1L,m)Ny(ay, ..., a,)

=0

E

n-m _ 1 A
_ (nl >Sl(n—l—l,m—l)Nl(—1|a1,...,a,)
=0

r n-1 n-l
1 n\[n-1 N .
+ - E <l)< k )ajcn_l_k51(l,m)Nk(—1|ﬂ1,...,ﬂj,...,ar)
j =m k=0

n j=1 1
; n-1 n-1 " n—l )
_; (1)( k )Cn—l—ksl(l:m)Nk(_“ﬂl;"'rﬂr)
I=m k=0
S, (- Sy =1 =1, m)Ni(~1 ) (59)
jzzla, ; ( / ) 1(n ,m)Ni(-1|ay,...,a,),

wheren—-1>m>1.
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Let us consider the following two Sheffer sequences:

d t
Nn(x|ﬂ1,...,ﬂr) ~ (H(eajt _1>1et - 1)

j=1

and (23).
We let

N,,(x|al, .. .,ﬂr) = Z Cn,m(x)m'
m=0

From (18) and (19), we note that
1[5/ Q+t)% -1\,
Com = %<[1[( log(1+¢t) >t
n LA+ t)Y -1
i (’“><H( log(1+1) )
= (H)Nn_m(al,...,ar).
m

Therefore, by (61) and (62), we obtain the following theorem.

xn>
-

Theorem 7 For n > 0, we have

n

Nn(x|ﬂl:'~:ar) = Z (Z)Nn—m(dlvn:ar)(x)m'

m=0
By the same method as the proof of Theorem 7, we get
n

Nn(xml:u-’ar) = Z (Z)Nn—m(dlw--’ﬂr)(x)m'

m=0

For
r t ;
N, (x|ay,...,a,) ~ l—[ el -1
j=1
and
e -1\’ )
HYw) ~ (75 ) £) +eCwithasl,

let us assume that

n
Ny(@lay,...,ar) = Y ComH (x]2),

m=0

(60)

(62)

(63)

(64)
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where H{)(x|1) are the Frobenius-Euler polynomials of order s defined by the generating

function as
1-2\* 00 o
Xt _ (s) e
(ef _)\) e¥ = ZHn (x|k)n!.
n=0
From (18) and (19), we note that

1 L (A+0)% -1 m S
Cn,m = I’I’l‘(l—)\.)s <£[< lOg(1+[f) )(log(1+t)) (1—)\+t)

~ 1 LA+ 0)% -1
_m!(l_k)sm( log(1+t)>log(1+t)

x">
> (1- A)s'jtjx">

ins,n

j=0
— ;”*Zm S>(1 )\.)S_/( )
©oml(1 - ) " (l - n);
LA+ 0)% -1 ol
" <H(W>(l"gﬂ +0)" | >
= y
" mi(- 2y ; (,) A =27 (n)jm!
n—j—-m "o
X Z ( })Sl(l’l —j—1L,mNai,...,a,)
1=0
_ n_mn-m-j C) (Vl —/)
j=0  1=0 / [
X (n);(L=2)781(n —j - L, m)Ni(ay, .., a,). (65)

Therefore, by (64) and (65), we obtain the following theorem.
Theorem 8 For n > 0, we have

Nn(x|"lly .. .,(l,«)

FEE O

j=0 I=

X Sy(n—j- l,m)N;(ul,...,ar)]Hfj)(xM).

By the same method as the proof of Theorem 8, we get

A

N,(x|ay,...,a,)

EEE 07

j=0 I=

x (1=2)7Si(n—j - LmNyay,.. xﬂr)} W xIn). (66)
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Now, we consider the following two Sheffer sequences:

N,(x|ai,...,a,) ~ (H(ea/tt_ 1>,et _ 1) (67)

j=1

and

BY (x) ~ ((ett_ly,ef - 1),

where BY (x) are the Bernoulli polynomials of order s given by the generating function as

t
et —

Let us assume that

s ) £

Xt _ (s) v

1) e¥ = E B (x) o
n=0

Ny &lar,....a,) = Y CpuB) (). (68)

m=0

By (18) and (19), we get

1 /{~/A+8)% -
Com = %<[1[< log(1 + t)

t S
(log(1 + t)) (710g(1 " t)>

\_/\_/

_ 1 LA+ 8)% -1 ; -
) ;m( og g ) loet+ )" (m) ¥ >
1 [y (A+2)9 - 1> ot
S | -
m!<1’—1< log(1 +12) (log(1+ )" kX:o: kot >
L3 (M) %) m| nk
A
_ 1 nm (n)C(S) ,n—m—k <n k)g(n [ - k,mN,
o ’ a,...,ay)
i k=0 k ; l 1
n—m n—m-k " n—k
= Z (k)( ! )C;:)Sl(n—k—l,m)N;(al,...,a,), (69)
k=0 [=0

where C;f) are the Cauchy numbers of the first kind of order s defined by the generating

function as

¢ R ¢
(log(1+t)> 20: ’

Therefore, by (68) and (69), we obtain the following theorem.

Page 17 of 19


http://www.advancesindifferenceequations.com/content/2014/1/182

Kim and Kim Advances in Difference Equations 2014, 2014:182 Page 18 of 19
http://www.advancesindifferenceequations.com/content/2014/1/182

Theorem 9 For n > 0, we have

n n-mn

—m—k
N, (x|a,...,a,) = Z Z (Z) (”;k)(cis)

m=0 \ k=0 [=0

x S1(n—k -1, m)Ny(ay,...,a,) { B (x).

m

By the same method as the proof of Theorem 9, we get

n [ n-mn-m-k
N n\ (n—k\ s
Nn(x|ﬂly-uyar) = Z — (k)( l )Cg()

m=0 L k=0 [

x 81(n—k—L,m)Ny(ay,...,a,) { BY (x).
Recently, several authors have studied umbral calculus (see [1-5, 7-18, 20]).
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