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Abstract
In this paper, we present new generalizations of the Lucas numbers by ma-
trix representation, using Generalized Lucas Polynomials. These new general-
1zations include more powerful relationships with generalizations of Fibonacci
numbers. We give some properties of these new generalizations and obtain
some relations between the generalized order-k Lucas numbers and the gener-
alized order-k Fibonacci numbers. In addition, we obtain Binet formula and
combinatorial representation for generalized order-k Lucas numbers by using

properties of generalized Fibonacci numbers.
Keywords: Fibonacci numbers, Lucas numbers, k sequences of the gener-
alized order-k Fibonacci numbers, k sequences of the generalized order-k Lucas

numbers.
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1 Background and Notation

The well-known Fibonacci sequence { f,,} is defined recursively by the equation

fn = fnfl + fn727 for n > 2

where fo = 0, fi = 1 and Lucas sequence {l,} is defined recursively by the
equation

ln = ln,1 + ln,Q, for n > 2
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where [ =2, [ = 1.

There are various types of generalizations of Fibonacci and Lucas numbers.
Falcon and Plaza [3] defined Fibonacci k-numbers {Fj .}, for k > 1, F. o = 0,
Fri =1and Fy,, = kFyn-1 + Fipno for n > 2. It is easy to see that for
k = 1 Fibonacci k-sequence is reduced to the usual Fibonacci sequence and
for £ = 2, it is reduced to the usual Pell sequence. In [14], authors defined
a generalized Fibonacci sequence as F, 1 = pF, + qF,_1, where p and ¢ are
natural numbers, which serve as the control parameters. Akbulak and Bozkurt
[1] defined order-m generalized Fibonacci k-numbers and obtained sums, some
identities and the generalized Binet formula of these numbers. In [15], authors
studied on Fibonacci and Lucas p-numbers and their Binet formulas. In [17],
authors defined bivariate Fibonacci and Lucas p-polynomials and studied on
these polynomials.

Miles [13] defined generalized order-k Fibonacci numbers (GOEF) as,

k
fomn = frmy (1)

j=1
for n > k > 2, with boundary conditions: fr1 = fro = frs == fex—2 =0,

frgp—1 = fope =1
Er [2] defined k sequences of the generalized order-k Fibonacci numbers (kSOEF')

as; forn >0,1<:<k
k

fkln = Z ijk,in—j (2)

j=1
with boundary conditions for 1 — k <n <0,

; 1 if i=1-n,
fk,n:{()

otherwise,

where ¢; (1 < j < k) are constant coefficients, f,’, is the n-th term of i-th
sequence of order k£ generalization. k-th column of this generalization involves
the Miles generalization for i = k, i.e. f§, = fersn—2. Er [2] showed

Foy = ARy
where
[ c1 e 3 o0 a1 |
1 0 O 0 0
A= 1 0 0 0
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is a k X k companion matrix and

~ fknfl fknfl fknfl
Fn = : : . . (3)
k
fl:;,n—k:+1 fl?,n—kﬂ T fk,n—k+1

is a k x k matrix. Karaduman [5] showed FT" = A and F” = A" for ¢; = 1,
(1 <j < k). Kalman [4] derived the Binet formula by using Vandermonde
matrix as

fk,n = Z j:(y(;z) (4)

=1

where \; (1 < i < k) are roots of the polynomial

P(x;ty, ty, ... 1) =2 —tyaFt — o — 1y (5)

.....

of kSOEF and Plx) is the derivative of the polynomial (5).

Kih¢ and Tasa [6] studied on F}" and ff, and gave some formulas and
properties concerning kSOKF. One of these is Binet formula for kSOEF. That
is,

o det(VY) ;
Jin = det(V) (6)

In addition, Kili¢ and Tagc1 [7] defined the generalized order-k Pell num-
bers (GOkP) and Tagcr and Kilig [16] defined the generalized order-k Lucas
numbers. In [8], authors studied on generalized Pell (p,i)—numbers. In [9],
authors studied on the m-extension of the Fibonacci and Lucas p-numbers.

MacHenry [10] defined generalized Fibonacci polynomials (Fj ,(t)), Lucas
polynomials (G, (t)) and obtained important relations between them. Fy ,,(¢)
is defined inductively by

Fin(t) = 0, n<0
Fio(t) = 1
Fya t) = 1

)

(
(
Fint1(t) = t1Fpn(t) + -+ teFrn—k+1(2)

where t = (t1,ta,. .., tg).
G.n(t) is defined inductively by

ka(t) = 0, n <0
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Gro(t) = &k

Gra(t) = t

Gk,n<t> = kal,n(t)a 1<n<k
(t)

= tGrna(t) + -+ Grn-is1(t), n > k.

In addition, in [12], authors obtained Fj,(t) and Gy, (t) as

Fon) =310 Yo g (7)
" S\ ap )t TR

and

Guntt) =X 1 (1 e ®)

77777

where a; are nonnegative integers for all ¢ (1 < i < k), with initial conditions
given by

Frot)=1, F_1(t) =0, ..., Fj_p41(t) =0
and
Gro(t) =k, Gp_1(t) =0, -+, Gr_g1(t) =0.
Throughout this paper, the notations a + n and |a| are used instead of

J
bonacci polynomials is given in [12] as

k k
ja; = n and Y aj, respectively. A combinatorial representation for Fi-
=1 j=1

(5] . | ,
Fonlt) = 3 (-1 ( nj )F??ﬂ(—w )

for n is an integer, where {%1 =k, either n = 2k or n = 2k — 1.
In [11], matrices A% and D) are defined by using the following matrix,

0 1 0 0 ]
0 1 0
Aw=1] 1+ 1
0 0 0 ... 1
e teer o ... b

They also record the orbit of the k-th row vector of A under the action
of Ay, below Ay, and the orbit of the first row of A(;) under the action of
A(’kl) on the first row of Ay is recorded above A, and consider the oo x k
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matrix whose row vectors are the elements of the doubly infinite orbit of A,
acting on any one of them. For k = 3, A‘E,j) looks like this

S(eni2y  —Sn1)  S(-n)

S-312)  —S(31)  S(-3)

1 0 0
o 0 1 0
(3~ 0 0 1

t3 to 1

Stn-1,12) —Sm-1,1) Sn-1)
Swmiy —Swmy S

and
(=D ' Stprar-y o (D) T Smpyrby o Skt

Afy =

(—1)k_15(n71k—1) ce (—1)]“_]5(”711%]') e S(n)
where .

Strary = (=1)" > t;Sm_j), 0<r <n. (10)
j=r+1

Derivative of the core polynomial P(z;ty,ta,...,tx) = ¥ — 2t — ... — 1,
is P(r) = ka* ' —t;(k — 1)2*2 — ... — t;_1, which is represented by the
vector (—tx—_1,...,—t1(k—1),k), and the orbit of this vector under the action

of A gives the standard matrix representation D). Right hand column of
Al contains sequence of the generalized Fibonacci polynomials Fi(t) and
tr(Afy)) = Gin(t), where Gy, (t) is the generalized Lucas polynomials, which
is also a t-linear recursion. In addition, the right hand column of Dy contains
the generalized Lucas polynomials Gy, ().

We obtain (—1)"Sg1ry = fihnr, from A%y, forn >0, ¢, =t (1 <i < k)
and 0 <r < k—1. Moreover, AE’,‘Q) is reduced to GOKP when t;y =2 and t; =1
(for 2 < i < k).

Generalized Fibonacci polynomials are reduced, by suitable substitutions,
to Fibonacci k-numbers {Fj,} , generalized Fibonacci sequence, Fibonacci p-
numbers, generalized Pell (p, i)—numbers and bivariate Fibonacci p-polynomials
ete.

Likewise, Generalized Lucas polynomials are reduced, by suitable substi-
tutions, to Lucas p numbers, m-extension of the Lucas p-numbers, bivari-
ate Lucas p-polynomials, Lucas p-polynomials, Lucas polynomials, Lucas p-
numbers, Lucas numbers, bivariate Pell-Lucas p-polynomials, bivariate Pell-
Lucas polynomials, Pell-Lucas p-polynomials, Pell-Lucas polynomials, First
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kind Chebyshev polynomials, Jacobsthal-Lucas polynomials and Pell-Lucas
numbers etc. It is known that, numbers and polynomials listed above have
applications, especially in theoretical physics for modeling processes. This
analogy shows the importance of the matrix Af) and Generalized Fibonacci
and Lucas polynomials. However, Lucas generalization in [16] is not compati-
ble with the matrix A((),j) and Generalized Lucas polynomials. For that reason,
we studied on generalized order-k£ Lucas numbers [, and k sequences of the
generalized order-£k Lucas numbers li,n with the help of generalized Lucas poly-
nomials Gy, (t) and the matrix D).

In this paper, after presenting a matrix representation of lfw, we derived
a relation between GOKF and generalized order-k£ Lucas numbers, as well as
a relation between k sequences of the generalized order-£ Lucas numbers and
ESOEF. Since many properties, applications of Fibonacci numbers and those
of its generalizations are known, these relations are very important. Using
these relations, properties and applications of Fibonacci numbers and its gen-
eralizations can be transferred to Lucas numbers and its generalizations. In
addition to obtaining these relations, we give a generalized Binet formula and
combinatorial representation for k sequences of the generalized order-k Lucas
numbers with the help of properties of generalized Fibonacci numbers.

2 New Generalizations of Lucas Numbers

This section contains new generalizations of Lucas numbers with the help of
Lucas polynomials.

Definition 2.1 Forts =1, 1 < s <k, the Lucas polynomials Gy, (t) and
Dy together are reduced to

k
lk,n = Z lk,nfj (11)
j=1
with boundary conditions
lk,l—k = lk’g_k =...= lk,—l = —1 and lk,O = k?,

which is called generalized order-k Lucas numbers (GOkL). When k = 2, it is
reduced to ordinary Lucas numbers.

Definition 2.2 Positive direction of Dy forts =1,1<s <k, is

k
;c,n = Z l;an—j (12)
j=1
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forn >0 and 1 <1 <k, with boundary conditions

| i ifi—n<k,
lin =19 —2n+i ifi—n=Fk,
k—i—1 ifi—n>k

for1—k <n <0, where lfm is the n-th term of i-th sequence. This generaliza-
tion is called k sequences of the generalized order-k Lucas numbers (kSOkL).

Although definitions look similar, the initial conditions of this generaliza-
tion are different from the generalization in [16]. These initial conditions arise
from Lucas polynomials and D).

When i = £ = 2, we obtain ordinary Lucas numbers and for i = k, we
obtain If ,, = Iy, from the definition.

Example 2.3 Substituting k = 3 and v = 2 we obtain the generalized order-
3 Lucas sequence as;

B ,=0 0B =4 8By=-21,=2 1,=4 1;=4, ...
Lemma 2.4 Matriz multiplication and (12) can be used to obtain

where
111 ...1 1]
1 00 .00 1 é
N ) co I :
N .o 0
_0 00 ... 1 O_kxk kxk

where I is a (k—1) x (k — 1) identity matriz, and the matriz L}, is;

1 2 k
lkn lim e lin
I Ii I
~ n—1 n—1 e n—1
LY = , . . (14)
I} 12 I¥
kn—k+1 kn—k+1 - kn—k+1

which is contained by k X k block of D, fort;=1,1<:<k.
Lemma 2.5 Let Ay and L) be as in (13) and (14), respectively. Then,

~ _ n+lgrn~
n+l = A]. LO
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where
[ -1 -2 -3 oo —(k=2) —(k—-1) k i
—1 -2 -3 o —(k=2) k+1 -1
I~ : : : k+2 0 -1
0~ —1 -2 2k—3 ... 1 0 —1
—1 2k—2 k—4 ... : : :
2k—1 k-3 k—4 ... 1 0 —1 L
L 4 kxk

Proof 2.6 It is clear that LY = ALy and Ly, = Ay Ly. So by induction
and properties of matrix multiplication, we have the result.
Lemma 2.7 Let F” and L), be as in (3) and (14), respectively. Then
Ly =F"Ly.
Proof 2.8 Proof is trivial from F' = A% (see [5]) and Lemma 2.5.

Example 2.9 From Lemma 2.7 for k = 2, we have

l%,n l%,n _ f21,n f22,n -1 2
l%,nfl lg,nfl f21,n71 f22,n71 3 -1
Therefore, lg,n = 2y, — f22n Since fy, = f22’nJrl for all positive integers n
then we have

2 2 2
l2,n = 2f2,n+1 - fz,n

where 13, and f%, are ordinary Lucas and Fibonacci numbers, respectively.
For k = 3, we have

1 2 3 1 2 3
l3,n l3,n l3,n f3,n f3,n fS,n -1 =2 3
1 2 3 _ 1 2 3
lS,nfl l3,n71 l3,n71 - fS,nfl fS,nfl f3,n71 —1 4 —1
1 2 3 1 2 3
l3,n72 l3,n72 l3,n72 f3,n72 f3,n72 f3,n72 i) 0 -1

Therefore, lg’,n = 3]“}},“ — f:in — fz;in. Since for k = 3, fin = fgnﬂ and
fan = fan 1+ 301 = 15,4 f3,_1 for all positive integers n we have

3 3 3 3
l3,n - 3f3,n+1 - 2f3,n - f3,n71‘

Theorem 2.10 Fori=k,n>0andc;, =---=cp =1,
k
lz'i,n = kflf,n—&—l - Z(k —J+ 1)fl§,n+2—j- (15)

=2
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Proof 2.11 We use mathematical induction to prove the equality

k
lllzn - kflf,n%»l - Z(k _.] + 1)fl§,n+27j'

Jj=2

First, we have If =k, fo =0 and ff, =1 for all positive integers k > 2,
from the definition of kSOkL and kSOKF. So, the equation (15) is true for
n =20, ie.,

lllz,o = kf/]:1 — (k- 1)f1§,0 T f]§7_]<;+2 =k1+0=%k.

Now, suppose that the equation holds for all positive integers less than or equal
to n i.e., for all integer n

k
lkn = k?fll;,nﬂ - Z(k —J+ 1)fll:,n+2—j

=2
Then, from (2) and (12), for c; = -+ = ¢, = 1, we get;
lllz n+l = lllz,n + lllz,nfl + lllj,n72 +eeet lk n—k+1
= (kflf,nﬂ — (k- 1)fl§n — = fk,nfk+2) +
(kf:,n - (k - 1)fl]:,n71 - flf,nfk+l) +
+ (kflf,nfk+2 - (k - 1)fl]:,nfk+1 - flf,n72k+3)
= kflf,n+2 - (k - 1)fl§,n+1 - flf,nkarS
k
= kfif,nw - Z(k' —-J+ 1)fl];,n+3—j'
=2

Hence, the equation holds for (n + 1) and proof is complete.

Since f,fn = [rmtk—2 and l’,jm = lj.n, the following relation is obvious

k
lk,n = kfk,nJrkfl - Z(k - j + 1)fk,n+kfj~

=2

The following theorem shows that, the equality (15) is valid for Generalized
Fibonacci and Lucas polynomials as well.

Theorem 2.12 For k > 2 and n > 0,

k
Gk,n()—kan Z _]+1 Jj— 1Fkn+l ](t)

Jj=2
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Proof 2.13 Proof is by induction as Theorem 2.10.
Theorem 2.14 Fori=k andn > 0,

k
l]lz,n = ijlf,n-l—l—j‘ (16)
j=1

Proof 2.15 Proof is by induction as Theorem 2.10.

Lemma 2.16 For k > 2, i-th sequences of kSOkL, in terms of the k-th
sequences of kSOkL, is

- ifi=1
L, = mél b ifl<i<k . (17)
U ifi =k

Theorem 2.17 i-th sequences of kSOkL can be written in terms of the k-th

sequences of kSOKF (which is equal to GOkF with index iteration) in various
ways;

Fork>3 and 1 <i<k
ki1

; k
bon= > difiny
=i

where 1 <1 <k, n >0 and constant coefficients

JG+1)

2 fl1<j<i
d; = i<(12+11>)_<(9f12)<(§f’f11>) ifi+t1<j<k-1
+ —3)(j—1i+ . . .
S — fk<j<k+i-1
ii)Fork>2and1<i<k
k
kfen = 2 (k= + D ffnpy ifi=1
]:

bn = X Bl = X N k=it D f gy 1<i<h

m=1 j=2

k
kflf,nJrl - ZQ(k - j + 1)fl§,n+27j Zfl =k

=

iii)Fork>2and 1 <1<k

k
> d e ifi=1
7=1
;f,n = Zl lefll;n_m_j_;,_l Zf l<i<k .
m=1j)=
k
2 I fhme1—; ifi=k
j:
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Proof 2.18 i) Proof is from Theorem 2.1/ and Lemma 2.16.
i1) Proof is from Theorem 2.10 and Lemma 2.16.
i1i) Proof is from Theorem 2.14 and Lemma 2.16.

Example 2.19 Let us obtain l,im fork =4, n =4 and i = 3 by using
Theorem 2.17-11i.

3 4 3

52,4 - Z Zj‘fzizlfmfjJrl = Z (ffAfm + in?;fm + 3f4i2fm + 4ff,17m>

m=1 j=1 m=1
= ff,:s + 2ff,2 + 3ff,1 + 4ff,o + ff,z + inl + ff,l =11
since ff,o =0, ff@ = ffz =1 and f44,3 =2.

Theorem 2.20 For integers m,n and 1 <i < k —1, we have

7 J k k+i—1 k
biam = 2y 2S00+ 32 (U Z fa)+ 2 ey 20 f2)
j=1 s=1 j=i+1 s=j—i+1 j=k+1 s:j7i+1

Where, we assume that, the sum is equal to zero, if the subscript is greater
than the superscript in the sum.

Proof 2.21 We know from Lemma 2.5 that L, = F"Lg. So,
Ly = I Ly = ALY = ATAT'LG = AVLY, = FT LT

From this matrix product and Lemma 2.16 we obtain

li,n—i—m - linllzcm +flfnl§€m k+1
fk,n( k,m—1+ +lkm z) +fl§n(km k+ +lkm k—i— 1)

- lllzm—lfr{+lllz,m—2(fkn+fkn) ' km 1(fkn+fkn +fk,n>+
llljm i—1 (flgn—'—flf,n +fk2+1) +lkm k( lf;c,nH_l +fl§,n)+
lkm k— 1( . Z+2 +fkn) +l kym—k—i— 1fkn

k+i— 1
Jj= 1 j= H—l t=j—1i+1 J= k+1 t=j—1i+1

Example 2.22 Let us obtain l,imm fork=5,1=3,n=3 and m = 4,
by using Theorem 2.20;

j 5 j
l§,3+4 = l?—Zl§4 ]Zf53 +>( 155:4 j Z f53 "‘Z 155:4 j Z f53
Jj=1 = Jj=4

t=7—2 t=5—2
= lg,3f5,3 + l572(f5,3 + f5,3) + ls,1(f5,3 + f5,3 + f573) + ls,o(f5,3 + f5,3 + fé,:a)

: 71(f5?,3 + f§,3 + f553) + lg,fz(fé,s + f§3) + lg,fzfzas,:s
= 284+24+12+55—-9—-5—-2=103.



74 Kenan Kaygisiz et al.

2.1 Binet Formula

In this subsection, we give two different Binet formula to find any term of
kESOEL. We have the following corollary by (4) and Theorem 2.17-iii.

Corollary 2.23 For all positive integers m,n and 1 < i < k we obtain,

jgljigl ()]\;();z_)] fO?" 1=1
. k k n—m—
lpn = Zl zljzl(A P(Ai)m rlcich
m=1j= 1=
ko ko i |
ngj i§1 ()\ZP)Y(A;) fori=k

We have the following Corollary by (6) and Theorem 2.17-iii.

Corollary 2.24 For all positive integers m,n and 1 < i < k we obtain,

ko dettv? )

k,n—j —
]Eljidet(v) fori=1
i koodetv) ) ,
L., = ——promt e for 1l <i <k .
> ?5 i)
GeUVye o i1q) s
42:21] det(v) fori==k

2.2 Combinatorial Representation of the Generalized
Order-£ Fibonacci and Lucas Numbers

In this subsection, we obtain some combinatorial representations of i-th se-

quences of kESOLF and kSOKL with the help of combinatorial representations

of Generalized Fibonacci and Lucas polynomials.

i-th sequences of kSOKF can be stated in terms of k-th sequences of kSOLKF
as follows. For ¢; =1 (1 <i < k),

k—i+1

i k
fk:,zn = Z fk;,n—m+1-
m=1

Through this equality, studies on k-th sequences are portable to i-th(1 < i < k)
sequence. For t; = ¢; (1 <1 < k), Fn—1(t) is reduced to sequence fy . So for

o k—igl
ti=c (1<i<k), fi'= X tirm-1)Frn-mt1(t), and using (7) we have
’ m=1

] k—i+1 |CL|
= tz m— : 18
Jin= 2 Uismon 2 <a1 ak) (18)

aF(n—m) \
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We remind once more that, Generalized Fibonacci polynomials, by suit-
able substitutions, are reduced to Fibonacci k-numbers {Fj,}, generalized
Fibonacci sequence, order-m generalized Fibonacci k-numbers, m-extension of
the Fibonacci p-numbers, Fibonacci p-numbers, generalized Pell (p, i)—numbers
and bivariate Fibonacci p polynomials, generalized Order-k Pell Numbers etc.
Hence, (18) is applicable for any sequences and polynomials mentioned above,
and other Fibonacci like sequences and polynomials.

Then, we have the following corollary using Theorem2.17. #i:.

Corollary 2.25 For all positive integers m,n and 1 < i < k we obtain,

n—1 |CL| L
= ifi=1
al—(%:—l) lal < ai,...,ag ) /
; i _ |al . .
L= LU ifl<i<k .
kun mzzl al—(nzfm) lal ( ay,... g /
|a| .
e ifi=k
P ( ar.._ax /

Proof 2.26 For t; = 1(1 < i < k), Gy is reduced to I} ,. So, by using
(8)and (17) the proof is completed.

Corollary 2.27 For all positive integers m,n and 1 < i < k we obtain,

. |a| .
3 > ifi=1
j:1] a-(n—1—j) \ @1,..,0k /
D B S ol ifl<i<k
km ™ m=1j=1 J ak(n—m—j) as,...,ak '
L |al .
ifi=Fk
£0.2, () !

Proof 2.28 Proof is trivial from (7) and (17).

Corollary 2.29 Let l%,n be the second sequence of the 2SO2L. Then,

) 2 ) I_n%-l n _] — s
l2,n = J Z ( s )
1 s=0

n

where ( Z ) is combinations s of n objects, such that ( < > =0ifn<s.

Proof 2.30 If we write t; = ¢;(1 < i < k) in (9), Fon_1(t) is reduced to
the sequence f,. Proof is completed by using f¢, (c; =1 for 1 <i < k) and
Theorem 2.17-111.
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3 Conclusion

There are a number of studies on Fibonacci numbers, golden ratio and general-
ized Fibonacci numbers. Lately, researchers realized that generalized Fibonacci
and Lucas polynomials are important for Fibonacci and Lucas generalizations.
In this article, we generalized the Lucas numbers by the help of generalized
Lucas polynomials and matrix Dj,. We obtained some relations between gen-
eralized Fibonacci and Lucas numbers. Using these relations, properties and
applications of Fibonacci numbers can be transferred to Lucas numbers and its
generalizations. Since our definitions are polynomial based, it has a great num-
ber of application areas and it is more suitable to extend studies on number
sequences.

Acknowledgement 3.1 The authors are grateful for financial support from
the Research Fund of Gaziosmanpasa University under grand no:2009/46.
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