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ON PARTLY BILATERAL AND PARTLY UNILATERAL
GENERATING RELATIONS

BY

M. KAMARUJJAMA, M. A. HUSSAIN AND F. AFTAB

Abstract. The main object of the present paper is to derive a new class of gen-
erating functions which is partly bilateral and partly unilateral. Some interesting
special cases of generating functions involving the product of three generalized hy-
pergeometric polynomials are also considered.

1. Introduction

Hubbell and Srivastava [3] introduced an interesting generalization of gener-

alized hypergeometric polynomials, defined by

0 Q:EN 2k

wy Z (RS (1.1)

where {Q,}52 is a suitably bounded sequence and the parameters v and N are
unrestricted, in general.

In fact by suitably choosing the coefficients €2, in (1.1), the generalized poly-
nomial can be applied to numerous other hypergeometric polynomials. The fol-

lowing special cases of (1.1) are given below :

(i) Setting Q) = (*’;c)!lggl()ojcl.?.lc(b;}(ip)k;

wy'(z) = (—V)NxNﬁr,R[(ap); (By),(1+v —N); w_Z], (1.2)
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where the generalized hypergeometric polynomial is given by [8; p. 107 (1.12)].

A(R; —r), (ap);
Lrr[(0p); (B 1+v =N izl = pipFyn 2, (13)
1 +v - N7 (Bq)7

with, as usual, A(N, u) represents the array of N parameters (u+j—1)/N, j=
1,2,...N; N > 1.
(ii) Choosing
(=) rkA + 1) ric(@1)k - () .
BBk (Byk ’

Wy (2) = (—v) " L p[(0p)s (B), 1 +v = N5z7?, (1.4)

Qg =

where the generalized hypergeometric polynomials is defined by [8; p. 107 (1.11)].

.7:7«):1{[(041)); (ﬁq), 1+v—N: (I,‘:| = 2R+qu+1 lA(R; _'f')a A(R; A +7")a (ap);x] .

l4+v— Na (Bq)7
(1.5)
Pathan and Yasmeen [4] modified Exton’s [2; p. 147 (3)] result by defining

m* =max{0,—m} and

m m & —n T]:r : *
) = D) fm )l = Y ﬁ itn>m
r=m*
=0 f0<n<m® (e ifn+m<0<n). (1.6)

All factorials occurring in this definition have meaning.

Now an interesting double generating function can be written as

exp(s +t—xt/s) = i": i": s""F)M (), (1.7)

A
by using the modified definition of F,"(z). The fact that generating relation of
the type (1.7) for many classes of polynomials are generally not known, suggests
that a set of generating relations also exists which may be obtained in a similar
manner. In an attempt to obtain such relations, we have found a new generating

relation involving the product of three generalized polynomials which is partly
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bilateral and partly unilateral.

rz

wﬁ(y)wé‘v(z)w?{(—;)
— — e s y—Zmz—Zn
= W)m(w)n(mry™ RzN+R(—x)Rm;oo n;ﬂ 1—v—Mn(l—p—N),
(B N = e s i _
kzz:()(l_l/_M‘i‘m)k(lj??—R)k(_x R (1.8)

provided that both sides of (1.8) exist.

2. Derivation of the Main Generating Function

If the function

Viz,y,2) = wiy (y)wy (2)wg(=—)

is expanded as a double series of powers y and z, we have

Vi(z,y,z)
00 Q///(_$)R—2k 00 Q(yM—R—2i+2k 9] ZN+R—2j—2k
=W u(Wxmr Y 7 z b gy B
kz:%(l—ﬁ—R)kg(l—y—M)z = I(1— = N)j

Replace ¢ — k and j + k, respectively, by m and n, then after rearrangement
justified by the absolute convergence as the above series. We are thus led finally
to the generating relation (1.8).

Equation (1.8) gives many generating function for well known polynomials.

We presenting some interesting special cases here.

3. Special Cases
On setting

(=7)ny, ((ew))k v Py me) (@) etk
R((fo)k T A R (0) ik

v _ CDmsmor (@))n—k

N N (A

n
Qk —
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in (1.8) and using a relation (1.2) we get the following generating relation involv-

ing a product of three generalized hypergeometric polynomials:

Ly [(ai); (bj), 1 +v—M: y—2]
Eq,M2[(Ct); (ds), 1+ W — N, 272]
Lraml(ew); (fo)y14+n— R; (x_yz)—2]
M1m( Q)M2n((ai))m((ct))ny*2m272n
m;‘x’ ”z’;’l + v = M)n(1+ p = N)u((b5))m((ds))nm!n!

A(my; —p+Mym), A(Mz;—r), (a;)+m
A(M2;1+q_M2n)a (bj)+na 1_(01)_

Mi+Ms+its+ut2E Myt j+ito+s

1_(ds)_na €u, M+N—’I’L, —n;

—1)Metlsgm2) (3.1)
(fv), 1+n—R,14+v—M+m, m+1;
Again in (1.8), setting

qr — (5T aekAs + 1) argr((ew))

’ KY(fu))k ’
r_ EP) ity A+ P) aymo k) (@) mk
mk (m 4+ £)H(bj))m+k ’
v (=) Mz (n—k) (A2 + @) Mty (n—r) () ) n—rk
ok (n — k) ((ds))n, '

Using a relation (1.4) and replacing y 2, z~2 and 22 respectively by y, z

and —z, we get

Farl@i); (b)), 1 +v— M :y]- F*[(er); (ds), 1+ — N 2 2] -
Flipl(e u>;<f,,>,1+n—R;—%]

P)Mym (= )M2n(>\1 +P)mm (A2 + @aon((cr))n Y™ Z"
m—z_:oonz;n (L4 v = M)m(1+ 1= N)n((b;))m((ds))nm!in!
A(My;—p+Mim), A(Mi;Ai+p+Mim),
oM +2Ma+itstut2FoMs+j+i4+v+3 A(My: 1+ g Myn). A(My: 1— Ny —q— M),

A(Ms; —r), A(Ms; A3 + 1), (a;) +m, 1—(ds) —n,
(b])+m? 1—(01)—71, (fv)a 1+V_M+ma
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eu, pH+N—n,—n;
(—1)i=s=1g | . (3.2)
1+n—-R, m+1;
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