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¢-ANALOGUE OF EULER-BARNES’
NUMBERS AND POLYNOMIALS

LEECHAE JANG AND TAEKYUN KIM

ABSTRACT. Recently, Kim[2,6] has introduced an interesting Euler-
Barnes’ numbers and polynomials. In this paper, we construct the
g-analogue of Euler-Barnes’ numbers and polynomials, and inves-
tigate their properties.

1. Introduction

Let w,ay,az, -+ ,a, be complex numbers such that a;(# 0) for each
1 =1,2,---,r. Then the Euler-Barnes’ polynomials of w with parame-
ters a1, as, - ,a, are defined as
(1 —u)" "

oo
et = ZH,SLT)(M,U | ai,a2, - ,a,)—

nl’

[Tj—i(e®" —u) o
for uw € C with |u| > 1, cf.[6]. In the special case w = 0, the above
polynomials are called the r-th Euler-Barnes’ numbers. We write

Hjl’l’)(u | ay,ag,--- 7a7‘) = Hq(mT)(Ouu ‘ a1,a2,- - 7ar)-

Throughout this paper, the symbols Z, Z,,, Q,, C and C, will respec-
tively denote the ring of rational integers, the ring of p-adic integers, the
field of p-adic numbers, the complex number field and the completion
of algebraic closure of Q. Let v, be the normalized exponential valua-
tion of C, with |p|, = p~»®) = p=1 When one talks of g-extension, ¢
is variously considered as an indeterminate, a complex number ¢ € C,
or p-adic number ¢ € C,, cf. [2-5]. If ¢ € C, one normally assumes
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l¢f < 1. If ¢ € C,, one normally assumes |1 — ¢, < p 7T, so that
q* = exp(zlogq). In this paper we use the notation:

X

1—gq
1—g¢q

[x] =[x :q] = , cf. [1,2,8].
The ordinary Euler numbers F,, are defined by the generating function
in the complex number field as

tm

9 oS
€t+1 - Z Emﬁv (|t| <7T)7 cf. [9]

m=0

Let uw be an algebraic in complex number field. Then Frobenius-Euler
numbers are defined as

1—u

=Y Huw)ly, (<), et [9.10]

t
e U
n=0

Note that H,(—1) = E,. Also, Carlitz defined the g-analogue of
Frobenius-Euler numbers and polynomials as follows:

Ho(u:q)=1, (qH + 1)* —uH(u:q) =0if k > 1,
where u is a complex number with |u| > 1:
Hy(u,z: q) = (¢"H + [z])* if k >0, cf. [2,11],

with the usual convention about replacing H*(u : q¢) by Hy(u : q). For
any positive integer N, z € C,,

N
Z =
IU’Z(a +p p) [pN . Z]
can be extended to distribution on Z,, cf. [1,2,7,13]. Let UD(Z,) be
denoted by the set of uniformly differentiable functions on Z,. Then
this distribution admits the following integral for f € UD(Z,):

pN -1
L(f)z/Z f(x)d“z(m):zv@lo[pzvl;z] D fla)z", of. [1,2,12].

The purpose of this paper is to construct the g-analogue of Euler-
Barnes’ numbers and investigate their properties.
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2. g-analogue of multiple Euler numbers and polynomials

Let d be a fixed integer and let p be a fixed prime number. We set
X = lim(z/dp"'Z),
N

X = U a+ dpZ,,
0<a<dp
(a,p)=1

a+dp™7,={rec X |z=a (mod dp")},

where a € Z lies in 0 < a < dp™

Let u € C, with |1 — u/|, > 1 for each positive integer f and let
ai,az,--- ,a, be non-zero p-adic integers. For w € Z,, we consider
the g-analogue of Euler-Barnes’ polynomials by using p-adic invariant
integrals as follows: For ¢ € C, with |1 — ¢, < p_liip, define

Hsz)(waan | a1,aA2," - )QT‘)
T n
(1) =/ / [w—I—Zajxj:q] Apiy (1)« - dpay ().
Zp Zp j=1
—_———
r times

By (1), we note that

/ / [w—FZajx].q} pn (1) - - - dpi ()

rtlmes
pN -1 r n
. 1 ST @
:thi g w-|—§ a;xj:q| usi=1"
N—oo [pN :u]” :
Z1, =0 Jj=1

P21 " /n 1 "
- w2 agey), 0T @
X (S0 () e i)
o ze=0 \1=0
> l lw 1
[[= (1 =g ) )’

where (7) is binomial coefficient. Therefore we obtain the following:

I

—~
(N
)
~—~—
3| =3
I[]=
Ry
~ 3
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THEOREM 1. Forn > 0, we have

H'r(zr)(wauvq ‘ A1, 7ar)

_(1—U)Tn N\ N 1
- <1—q>nl§£<Z>( Ve (nglu—qlam))'

Moreover,

lirr{Hq(f)(w,u,q lay, - ,ar) = HD(w,u™ a1, ar).
q;}

REMARK. (1) In the special case w = 0, we write
H7(7,T)(u)q ‘ A, 7a7') == H7(1T)(Oau7q ’ Ay, 7(17")‘
(2) Note that limg_ H\ (u,q | 1) = H,(u™1), of. [8,9].

Let G((f) (t,u | ay,as,--- ,a,) be the generating function of o (u,q |
Ay, -+ 7a7’):
+k

[eS)
G((IT)(t7u ’ Ay, 7a7’) = ZHIET)(U7Q | Ay, aar)gv
k=0

for ¢ € C, with |1 —¢|, < 1, u € C, with |1 — u/|, > 1. Then we have

00 k

r t

- ZHIE )(uvq | ag, - 7ar)y

k=0 )
oo

S (1 —u) A [k A 1 th
- L (6)e (Hl—q>k

k=0 =0 =1
0o T J 4
¢ 1 1 12
_ _ Tol—q _
(1 —w)er 2}(1111_(1%) (1_q> a2
j= =

Therefore we obtain the following:

THEOREM 2. For q € C,, with [1—g|, <1, u € Cp, with [l —u/[, > 1,
we have

G(T) = %1 roo - 1 1 jtj
q (tau‘ala"'ﬂl?“)_eiq( _u) Z Hl—qj“lu 1—gq F

7=0 \l=1
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COROLLARY 3. Forq € C, with [1—q|, < 1,u € C, with [l —ul, > 1,
we have

Gér)($7t7u ‘ Ay, aar)

oo

m
— ZHér)(J;,u’q ’ ay, - 7ar)m
n=0
0o s J j
, 1 1 4
=eTa(l—u)" ' ( ) .
jgo(ll}l_qﬂllu> 1—q ]'
Note that
—1\r

i GO N el vt

;L}Hﬁ Gq <$7t7u ’ arg, 7a7") - H;‘Zl(eajt _ u—l) €

By (1), the Euler-Barnes’ polynomials of & can be rewritten as

= n n— w T
AP g a ) =3 (3 )lws " e O o)
k=0

From the above Eq.(1), we have the distribution relation for the g-
analogue of Euler-Barnes’polynomials as follows:

THEOREM 4. For f € N, we have

1
TH'r(LT)(w’uvq | g, - ’CLT)

1)
f-1 uz;:1ij
@ =V X G

i1, ip=0

w+ Y aji;
« HO <Z}—1“7uf7qf g, ,ar> |

For k>0, f € N, we set

oo« qlFu® a1x N N
(3) Ez(fc)u,q(x + fkap) = [1_uf]pNH151) fp%,ufp ,qu ! a |,

and this can be extended to a distribution on X. We show that Eq(ﬁl,q
is a distribution on X. For this, it suffices to check that

p—1
SEE (@+ifpN + fpN T 2,) = ES) (@ + f72,).
1=0



496 Leechae Jang and Taekyun Kim

By (2), we easily see that

p—1 . Nagk a1r )
S ) <pr g )

— 1— (upr)p D

1 (1) alx N N
= T e (e e )

Therefore, we have

p—1

SEE (x+ifp" + fpNtz,)
1=0

PV grutetie)

1 —ufpP™*

=0

y (ar(x+ifpN N1 N1
x HIE: : ( (pr+1 ),,U/fp 7qu ’ a

) = uwzi ARWIE quN]k (upr)i
)

1— (upr)p

)

0
AL +iaq
1 N N N
% lg (JII’Z)’(ufp ", (¢P VP | a4y

u?fpN cql* oy [ arx N N
- 1[—ufPN] Hé)(pr’Ufp ,qu |a1>

= Eélf(gl,q(x + fkaP)'
Next we show that |ES), [, < 1. Indeed,

Eg:cc)u,q(x + prZp)
k k u®
o o 1k—1 N . i aixzi
(5) - 2_% <l> <1 _upr> [are = g [fp™  dl'q
X Hi(l) <upr,quN | al) .

By induction on i, we see that

T

‘UHQ) (upr’quN | a1> <1, for all ¢,

N )
1 —ufp »
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where we use the assumption |1 — u/|, > 1, it follows that we have

(6) ‘Efﬁ)u (@ +ifp" + fpNz,) ;

<1

Thus Efﬁhq is a measure on X. This measure yields an integral for
each non-negative integers k as follows:

ProrosITION 5. For k > 0, we have
[ BB = [ At = o )
X
It is easy to see that

Hy(u,q|a;) =1.

We may now mention the following formula which is easy to prove by
(5) and (6):
uF

k N 1k
Efu)zlq(ﬂf‘FfP Zyp) = a1 : q T ufr™

+ [fpY : q] x (p-integral).

Hence, we obtain the following :

(k) () = L arx : q|* x
/XdEualqm /X[ O dp(z)

1—u

1 1
= EH’E )(U,q | a1).

From the above definition, we have the following:

THEOREM 6. Let a1,as,--- ,a, be p-adic integers. Then we obtain:

1 T
<1—u> Hli;)((uvq lar, -+, ar)

d—1 r

@ = god X e ()

i1, ,1r=0 j=1

a;l
H(r) (z:d”’ d,qd‘al,-” ’ar>'
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Note that

1
(8) [ x@UBE, (@) = 1 (el

Let w be denoted as the Teichmuller character mod p (if p = 2,
mod 4). For x € X*, we set

(x:q) =

Note that [(z : ¢) — 1|, < p_ﬁ, (z: q)° is defined as exp(slog,( : q))
for |s|, < 1. For s € Zj, define

*

Lpga, (u]s,x) = / (a1 : @) °x(z)dpy(x).

Then we have

1
1 uLP,q a (u:—k, )
1 _a x®)p:d*
= 17H,g>)<(u,q | a1) L H}E,i(“" ¢ | ay)

Indeed,we see

/ A : q) xw" (2)dpr (@)
= /X x(@)[ar2 : q)*dpu(z) — x(p)[p : q]

pl—u
1—uP

[l Yl o)

Since [{(a1z : ¢) — 1|, < p 7T for x € X*, we obtain
(a1x: ¢)*" =1 (mod p").
For k =k’ (mod (p— 1)p™), we have

Lyga, (u: —k, xwt) = Ly ga, (u: —k’,xwk,) (mod p").
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