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1. Introduction

Let {P,(x)} be monic orthogonal polynomials associated with a weight function w(x) on (0, c0),

that is

/Pm(X)Pn(X)W(X)dX: &ndm.n- (11)
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Following the notation in [15] the P,’s must satisfy a three term recurrence relation of the form

XPp(x) = Ppy1(%) + otn Pu(X) + BaPn_1(x), (1.2)

with o € R and B, > 0, n > 0. The norms {¢,} are related to the recursion coefficients via [15]

tn=pB1B2- bn. (1.3)

A weight function w leads to two potential functions u and v defined by

Dg-1w(x) Dow(x)
__“q __Yq
ux) = W v(gx) = W (14)
where Dy is the g-difference operator
qu(x)=M, x#0. (1.5)
qx — x
The two potential functions are related via
_ u(x)
v = 1+ 1 =1/q)xux)’ (16)
Ismail, Johnston and Mansour [16] proved the following theorem.
Theorem 1.1. Let u and v be as in (1.4) and define
qloggPZOw(0) _ 1 fu(qx)—u(y)
Ay¥) =————+ — | —————P(y)Py dy, 1.7
() = Qo &) ey W Pu(y/@w(y)dy (1.7)
log Py (0)Py_1(0)w (0 1 7 _
By () i= 18I O Ln 1 OWO) —/MPn(y)Pn_l(y/q)wmdy, (18)
= q@inx fn—1 g ax-y
loggP2(0)w(0 T —
Culx) o= LELLOWO) [ YO =V 3y Patayw(y)dy, (19)
(I —q)gnx ¢n ,
10gq P (0) Pa_1 (0)w (0 T v —
Da(x) o= 11084Pn O n 1 Ow(O) L/MMy)PM(qy)w(y)dy, (110)
(1= q@)n-1x Sn—1 . X—qy

if w is defined on (0, co) and continuous at x = 0 from the right. If w is defined on R and is continuous at

x = 0, then we replace fooo by fR and delete the boundary terms in (1.7)-(1.10). We then have the structure
relations

Dg-1Pn(x) = BnCn(X) Pn—1(X) — Dn(X) Pn(X), (111)

DgPn(x) = BnAn(X) Pn—1(x) — Bn(X) Pn(X). (112)
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Moreover the functions Ap(x), Bn(x), Ch(X) and Dy (x) satisfy the pairs of recursions

Bni1(X) 4+ Bn(X) = (X — ) An(X) +X(q — 1) Xn:Aj(X) — u(gx), (113)
j=0
1+ (x—an)Bny1(¥) — (qX — an) Bn(¥) = Bnt1Ant1(X) — BnAn—1(X), (1.14)
Dni1(%) + Dn(x) = (x — an) Ca (%) +x(1/q — l)Xn:Cj(X) —v(x), (1.15)
j=0
(X —an)Dn1 () — (x/q — atn) Dn(¥) = =1 + B 1Cp1 (X) — BnCa1(X), (1.16)

where oy, and By, are as in (1.2).

This generalizes earlier results in [4,5,14]. We now define a discrete analogue of the Painlevé prop-
erty [7].

Definition 1.2. Let f(xp, Xp41,...,X04m) =0, n=1,2, ..., be a difference equation. We say that the
equation has the discrete Painlevé property (singularity confinement) if x, is such that it results in
a singularity for x,.1, then there is a natural number p such that this singularity is confined to
Xn+41, Xn42, - - ., Xn4p. Furthermore xp4p11 depends only on xp, X;—1, ....

Géza Freud considered the class of weight functions

Wom(x) = Clx|” exp(—x*™), p>—1, m>0, —c0 <x < 00, (117)

where C is a positive constant. During the period 1973-1976, Freud formulated two conjectures that
have generated considerable interest till the present day. These conjectures led to many developments
in orthogonal polynomials and approximation theory and were proved using potential theoretic and
weighted polynomial approximation techniques. The first conjecture, see [8,11,9], concerns the largest
zero Xu(wpm) of Py(x). He conjectured that X,(w,n) has the asymptotic behavior

1/2m
L I"(m)
1 1/2my — __ 118
o n(Wom) ﬁF((Zm 11)/2) (118)
The second conjecture was formulated in 1976, [12] and states that
—1/m —1/m
rQe 1 2 (2
lim n=V/™g, = _r@m+1) _|[2Lem , meN, (1.19)
n—00 rmroIm+1) I2(m)

where {8} are the recursion coefficients of the corresponding monic orthogonal polynomials. It was
suggested by Ullman that the same conjectures hold for all m > 1 (not necessarily an integer). These
conjectures were proved in several steps. The first breakthrough was introduced by Magnus in 1985-
1986 when w(x) = exp(—P(x)) and P(x) is a polynomial of degree 2m, see [24,25]. Mhaskar, Lubinsky
and Saff [22] proved (1.19) for the general class of weights of the form g(x)e—"® where g is a Jacobi
type weight and P is not necessarily a polynomial but certain assumptions are made on P. As for
the conjecture (1.18), it was proved in several steps by many mathematicians and Rakhmanov in [31]
completed the last step. Surveys of this topic are available in [21] and [23].
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A g-analogue of the exponential function is

°° n
X
eq(x) =1+ gl <1, xl <1 (1.20)
! ;(1—q>(1—q2>---(1—qn)
Euler proved that [1,13]
oo
e =1/](1—xq"). (121)
n=0
It is clear from (1.20) that
lim eq((1—q)x) =e*. (1.22)
q—1-

In this paper we study the recursion coefficients g, of the polynomials orthogonal with respect to
a g-analogue of the Freud weights. Precisely we study the B;’s corresponding to the weight functions

oo
1
win(X; @) =Cn | | Tea gtz *<Rm>1, (1.23)
n=0
where 0 <q<1,a>0and m=1,2,.... The normalization constant C;; makes f]R wnx;q)dx=1.In

view of Egs. (1.20)-(1.22) the weight function wp(x; q) is indeed a g-analogue of the Freud weight
Cm exp(—ax?™/2m). A calculation for the moment sequence and the constant Cp will be given in
Section 2. From (1.4), the weight wp,(x; q) leads to the potential function v, (x) defined by

DqWin(X; Q) = —Vm(@)Wm(X; @), i€ vm(x) = ax*™ 1. (1.24)

The structure relations (1.11)-(1.12) or the recursions (1.13)-(1.14) lead to nonlinear recurrence
relations satisfied by the By’s. The nonlinear difference equations which arise this way always seem
to have the discrete Painlevé property and we believe this may be a general phenomenon.

To denote the dependence on a weight function w, we shall use the notations Sn(w), Pn(x, w),
and X;(w) for the recursion coefficients f,, the orthogonal polynomials P,(x) associated with the
weight w, and the largest zero X, of P,(x), respectively. In Section 3 we derive the nonlinear
difference equation satisfied by Sp(wp,) which is a g-analogue of the celebrated Freud’s equation
introduced by Magnus in [24-26]. In Section 4 we introduce upper bounds for the L, norm of a
weighted polynomial Pwy, in terms of the L, norm of Pwy, over some finite interval. As an appli-
cation we introduce upper and lower bounds for g,(wp) and X,(wp), where X;(wy) denotes the
largest zero of P,(wp; X). The determination of the large n asymptotic behavior of the recursion co-
efficients B,(wm) as well as the Plancherel-Rotach asymptotics of the polynomials P, (x, wy;) and the
largest zeros Xp(wy) will be given in Section 5. In Section 6, we give special interest to the case
m = 2. In this case, the nonlinear difference equation is

1— qn q—2n , ) n—1
=q°[xn +x Xn—1— (1 — Xk, 1.25
1—q ax, q°[xn + Xnt11+ Xn—1 ( Q)I;_l k ( )
forn=1,2,..., where the empty sum is zero and xp := 0. Eq. (1.25) implies the third order difference

equation
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1— qn+1 q—2n—2 1— qn q—2n

2
Xn42 = Xp—1 + , 1.26
q“Xnt2 = Xn—1 TEr— T~ (1.26)
forn=2,3,.... Observe that when ¢ — 1~ Eq. (1.25) tends to the discrete DPI equation
n = axn[Xn + Xn 1+ Xn-11, (1.27)

originally derived by Freud and later appeared in the physics literature as the string equation. Lew
and Quarles [19] studied the more general nonlinear difference equation

Cn = Xn[Xn + Xpt1 +Xp-1], n=2,3,..., (1.28)

for a given positive sequence c,. Motivated by their work we study, in Section 7, the difference equa-
tion

n—1

C
x_n =q2[Xn +Xpp1] +Xno1 — (1 _qz) Zxk, n=2,3,...,
" k=1
(o8] 2
— =q°[x1 +x2], (1.29)
X1
which implies
C C
Progz=xn 1+ L~ n=23,..,
Xn+1  Xn
C c
=2 -—, (130)
X2 X1

where ¢, is a given sequence of positive terms. It is important to note that (1.30) implies (1.29) only
if we assume the initial condition

1 =q*x1[x1 +x2]. (131)

Finally, Section 8 contains some remarks about some approximation problems related to the
weights wp,(x; q) and more generalized weights.

2. Notation and moments

Throughout this paper we shall use the following notations. If f(z) is an entire function, then
M(r, f) will denote the maximum of the function f(z) on |z| =1, r > 0. We write ¢ () ~ ¥ (r) if

o),/ Y(r)—1asr— oo.

We also follow the standard notation for g-series as in [1,13],

n—1

@@o:=1. @qQn:=[](1-ad"). n>o0. (2.1)
k=0

We shall also use the notation

n
Pp(x) = ch,kxn_k, Cno:=1. (2.2)
k=0
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Note that the three term recurrence relation implies that

n—1
Bo:=0, Cn1=— Zotk, n>0, co,1:=0. (2.3)
k=0

Moreover we have
n—1 n—1
a=—Y F—y 1, n>1, c1=0 (2.4)
k=1 k=1

The g-analogue of the product rule is

Dq(f(xg() = f(ax)Dqg(x) + g(x)Dg f (x). (2.5)
The following lemma from [16] will be used in the sequel.

Lemma 2.1. Let the functions f and g be defined and continuous on R. Assume that the improper Riemann
integrals of the functions f(x)g(x), f(x)g(qx) and f(x/q)g(x) exist on R. Then

1
/f(x)Dqg(x)dx:—E/g(x)Dq_J(x)dx. (2.6)
R R

We shall consider only even weight functions, hence P,(—x) = (—1)"P,(x) and we conclude that
op = 0. Recall the integral evaluation [13]

a—1 1-«a
; T
laq)= [ 2 B |- SV 27)
J (=Y:Doo (4; Poo  sinma
We now evaluate the moments
MUn(Wi) 1= f X"win (x; q) dx. (2.8)
R

It is clear that pop4+1(wp) =0, while

® x2n
W) = 2C dx.
Han(Wm) mO/ (_aq2m—1(l _ q)sz; q2m)oo

A change of variable and the use of (2.7) identify the above integral as

Lt (q2m—2n—1; q2m) n/m
— 2m—1 m o0
Han(Wm) = Cn(0C1 = )a™ ) = S+ D j2m

Thus
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yem (@™ ¢ sinm/2m

_ 2m—1
Cm = (a1 —q)g*"") L e —- (2.9)
and
2m—-2n—1. 4,2m :
_ 2m

W) = (a(1 — q)g2m-1y"/m @ 4o SinT/ . 210
Han(Wm) = (a1 —)g*™") PN snan D/ (2.10)

It is clear that
B1(Wm) = p2(wm). (211)

Remark 2.2. Let H be the space of all polynomials. Since, for each m € N, the moment functional

Lin(f) :=/f(><)wm(x;q)dx, feH,

is positive definite, then the sequence wo,(wr) should be positive. This implies

(@¥"2" 1 ¢*™)__sin[(2n + 1) /2m] >0, Vn,meN. (212)
One can verify that (2.12) holds by direct calculations.
3. q-Analogue of Freud’s equation

Let B = (a1, ay,...) be the recurrence coefficients that appear in the three term recurrence rela-
tions

XPn(X) = A1 D1 (X) + An(OPn—1(X),  an = /B, (3.1)

where {p,(x)} are the orthonormal polynomial sequence associated with the weights w ,;;(x) defined
in (1.17). In [24], Magnus proved that the sequence g satisfies what he called Freud’s equation. Indeed,
he proved that the sequence 8 satisfies the equation

Fa(B) =n+ p odd (n), Fp(B) :=2may / XPM=1Py 1 (X) Pr()W pm (%) dX, (3.2)

where n=1,2,...,and odd (n) =1 if n is odd; 0 if n is even. Moreover the integral on the left-hand
side of (3.2) is equal to (A2m*1)n,n_1, which represents the element at row n and column n — 1 of the
infinite matrix A2™~1, where A is the Jacobi matrix

0 a; O
a 0 a

0 a 0

associated with (3.1). Magnus derived also Freud’s equation for weights of the form exp(—P(x)) and
P(x) is a polynomial of degree 2m in [25,26].
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In this section we shall derive a g-analogue of Freud’s equation for orthogonal polynomials asso-
ciated to the weights wp(x; q). We start with calculating the value of the integration A, defined
by

o0
Anjk = / XK Py (0w (x) dx, (3.3)
—00

where w(x) is an even weight function and P,(x) are the sequence of orthogonal polynomials sat-
isfy (1.2). Then

0, k<O,
An,k - { ;ﬂs k —0. (34)

In the following we shall calculate the value when k > 0. Since w(x) is even, then P,(x) are symmetric
polynomials and Ap +1 =0 for ke N. If k=2, then A, satisfies the recurrence relation

An2  An-12
fn fn—l

= Bn+1- (3.5)

Solving the previous first order difference equation gives

n+1

An
2 > Bi. (3.6)
o

Lemma 3.1. Ifin (3.3) w(x) is even, then

n+1  jg+1 j2+1
An,zk

tn =Y D D> BB (37)

k=1jk-1=1  j1=1

Proof. We prove this lemma by induction on k. From (3.6) it holds for k = 1. Assume that (3.7) holds
for all n € N at k =m. Since

o0
Ajoamiz = / TP () w(x) d, (3.8)
—00

then substituting with xP;(x) = Pj;1(x) + 8jPj—1(x) in (3.8) gives

o o0
Ajomiz = / XMEIHIP (0w () dx + B / XMEHP G (w(x) dx,
—0o0

—00

=Aji1.2m + BjAj-1,2m+2. (3.9)

Thus W satisfies the difference equation

Ajomy2  Aj-12m2 5 Ajt1,2m
_ = Bis1 )

(3.10)
gj £j—1 $it1
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Then summing on the two sides over j, j=1,2,...,n, gives
A A i Ajt1.2
2m+2 0,2m+2 j+1,
n2m+2 _ A0.2m+ +Zﬂj+]u, (3.11)
n %o =1 §j+1

Since P1(x) =x and & =1, then

oo
A A
Aoami2 _ f KT Py (O w(xX) dx = fr 2
—00

%o &
Thus
1
Anomi2 o Akpiom o, Akam
— :E Beri——=) B——. (3.12)
n k=0 * Ck+1 I; g k

Consequently the lemma follows from the induction hypothesis. O

Lemma 3.2. If in (1.1) w(x) is even, then P,(x) = Z,[f__/g] cn,ka”‘z",

n—1 Jk—=2 j3=2 J2—2
k
k=D D B D Bi Y B Y Bis (313)
Jk=2k—1 Jk—1=2k=3 j2=3 ji=1

k=0,1,...,[n/2].

Proof. Since w(x) is even, then o;; = 0 in (1.2). Hence by equating the coefficients of x*~2¢+1 in (1.2)
gives

Cn2k — Cn+1.2k = —PnCn—12k—2, k=1,2,.... (3.14)
So the lemma follows by induction since from (2.4) with a; =0 it holds at k=1. O
Theorem 3.3. For each m € N, the sequence ,(wn,) satisfies the q-Freud equation
2m—1

1-¢" , aq
q g
1—q Cn—1

/ X1 Py (%) Pr—1(qX) Wi (x; q) d. (3.15)

—00
Proof. The polynomial Dg-1Pn(x) can be expanded in terms of the polynomials {P j(x)}’].;(lJ as
n—1
Dg-1Pa(®) =) _a;P;(x), (3.16)

j=0

for some real constants {a j}’}.;g). A direct calculation gives

1—qg"
= =gt (317)
1—q~ 1—q

On the other hand we have
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00

1
apn—1 = —C ) / qul Pp(X) Pp1 (X) wm (X; q) dx
e

o0

_ = / Pa(X)Dq (Pt (Wi (x: ) dx

aq™

-2 / X2 Py (%) P (@X) Wi (x; ) dx,
-

where we used the orthogonality, the g-product rule (2.5), (1.24), and Lemma 2.1. O

Corollary 3.4. The q-analogue of Freud’s equation (3.15) can be written as

1-q" _
4 =Fal),
m—1 A .
_ _ 2m—2k—2
Fo(B) = aqzm 2,311 q 2kCn—],ZkL, meN.
—o n
Proof. Since

n—1

Pro1(@0) =) cno1.2k(q0)" 1,
k=0

then from (3.15) and the orthogonality we obtain

1—q" g2 i 2m—2k—2
1= qg "= 4—7 Zq7 Cn—1,2k / XTHEM=E2P, () win (x; ) dx.
q -1 12 e

Consequently,

-1 0
1-q" _,, qzm‘z g —2k n+2m—2k—2
q = g_—] E q “"Cn—1,2k / X Pp(x)wm(x; q) dx
1 k=0 %0

1-¢
2m—2 m-1
q ok An2m—2k—2
= B> 4 *eng s,
Cn—l k=0 é‘n

completing the proof. O

Example. For the weight w1 (x; q), Fn(B) =apy for all n € N.
For the weight w;(x; q),

aqzﬁn(ﬂn-t-l + B+ Bn-1), n=1,2,

Fn(B) = n 9 —n—
@ ag®Bu (51 B —a 2 X B, n>2,

which coincides with (1.25).

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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For ws(x; q), we have for n > 3,

n+1 n-3 n—2 -
Fp(B) =aq ﬂn|:2,3j +22ﬂjl3]+1 + +q Zﬂ] Zﬂr+,3n+1/3n+2
j=1 j=1

n—2 n—2 2
+ BBz — (@2 =1)Bup1 +Bu+ o) Y Bj —q‘z(Zﬂ,) }
j=1

j=1

and forn=1, 2,

n+1
Fn(B) =aq*B [Zﬂz +2Zﬁjﬂ,ﬂ + But1 B +/3n+1ﬁn+2:| (3.23)
j=1 j=1

Remark 3.5. The matrix

J(B):= [akm], nk=1,2,...,
aak

associated with the Freud’s equation of the weights w,n, is symmetric and positive definite. These
properties play an essential role in the proof of Freud conjecture (1.19) introduced by Magnus in [24].
Unfortunately this is not the case for the matrix J(8) associated with the weights wy,(x; q). For
example, if we take m =2 and calculate the corresponding matrix J(8) we shall find that the entity

dFn(B)
daq

ai =—2a(1 - ¢*)aid} <O0.
Hence J(B) cannot be positive definite.

4. Bounds for B, (wy) and X, (W)

In this section we give upper and lower bounds for the sequence {8,(wr)}. The proof depends on
a g-analogue of the following theorem introduced by Lubinsky in [20, Lemma 6.1].

Theorem 4.1. Let W (x) denote a function positive in R and Q (x) = — log W (x). Assume that:

i Q (x) is bounded in each finite interval and limy—. o Q (x)/log |x| =
ii Q”(x) is continuous in R/(—A, A) for some A > 0 and Q" (x) is not identically zero there.
iii There exist C1 > 0 and C, > 0 such that for & > Cq,

3EM1(5)floglxI/€}/Q (0 <1, |x| = G,

where

M€ =max{|Q'w)|: A< ul<E}, &>A.

If qn denotes the roots of the equation

qnM1(qn) =n,
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then

IPWlL, @ < (14+ CKT)IPW |1, (~Kgn.Kqn)- (4.1)
for all polynomials P of degree < n, and for p1 < p < 0o, while K # K (P, P3).

It is worthy to mention that Freud in [10, Theorem 2.6] derived the inequality (4.1) by using
different technique for the special case p =2 for the class of weights w(x) = exp(—Q (x)), where
Q (x) is an even function, positive, and differentiable and Q’(x) is positive and increasing to cc. Then
he gave an upper bound for the recursion coefficients g, of the corresponding orthogonal polynomials.
Actually, he proved that there exists a constant Cy such that

Bn < CoG2y,

where g, is the unique positive number that satisfy g,Q’(gs) = n. He also gave estimates for the

largest zero for P,(w?) on [9]. Magnus in [25] applied Theorem 4.1 in case of p =2 to calculate an

upper bound for the sequence 8,(w), where w = exp(—Q (x)) and Q (x) is a polynomial of degree 2m.
The proof of Theorem 4.1 and its g-analogue depends on Cartan’s lemma:

Lemma 4.2 (Cartan’s lemma). Let z1, ..., z, be given points in C and H > 0 be given. Then there exist closed
disks A+, ..., Am, m < n, such that the sum of the radii of the disks A1, ..., Ap is not bigger than 2H and

[T1z=zl>H/e) z¢| A, (4.2)

j=1

Ramis [33] defined the g-exponential growth of a certain class of entire functions. He assumed
that g is a real number satisfies |gq| > 1. But his definition can be modified for |gq| < 1.

Definition 4.3. Let ¢ be a positive real number. An entire function f has g-exponential growth of
order o and a finite type, if there exist constants K > 0, «, such that

—g(los T
|f(0] < K|x|“q 2" Toea (4.3)

Lemma 4.4. The reciprocal of the weight functions wy, (x; q) have q-exponential growth of order 2m.

_gkk=bm k(k—1)m

Ty (@(1 = x*™M), then

Proof. Since 1/wm(x;q) =Y oy (
0, n#2mk, keN,

o0
1/ wn(x; @)=Y apxX", ap=13 gvzme/2m-1)
m '12:(:) " " &Zm;qu)n/Zm (a(l - Q))n/2m~

Consequently

—m/4

(qu : qu)Oo

(n-m)2
lan| < q am a/?™ neN.

This latter inequality is equivalent to that 1/wy, is an entire function of g-exponential growth of
order 2m, see [33, p. 60]. O
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Remark 4.5. Since for each m € N, the function 1/wy,(x; q) is a solution of the functional equation

¥y — (1+ag®™ ' (1 - q)x*™) y(qx) = 0. (4.4)

Bergweiler, Ishizaki, and Yanagihara in [2] proved, in general, if y(x) is a solution of the functional
equation

Y@ +a(x)y(@x) =0, xeC
where a1 (x) is a polynomial of degree p, then for sufficiently large r

—0

logmax{|yx)|: x| =7} ~ (logr)?, o = degree a; (x).

2logq

Then Lemma 4.4 follows since degree a;(x) =2m and

logmax{|y()|: |x| =r} = max{log|y(x)|: |x| =r}.
In the following by P, we mean the space of all polynomials of degree less than or equal to n.
Theorem 4.6. Let W be a function of q-exponential growth of order o, o > 0, and let Q = —log |W |. Assume

that Q is an increasing function on R*. If s, := qu, then for 0 < p < oo there exist positive constants
C:=C(p) and K > 1 such that foralln > [1/,/p1+1

2
IIPWIILPP(R) <(1+C(pkKk™ p)IIPWIpr(_KSn,Ksn), (4.5)
forall P € P.

Proof. Let P € P, and write

k

P =c] Jx—x),

i=1

where k <n and c # 0. We group the zeros of P as follows. For 1 <i < j, |x;| < 2sy, and for j <i <k,
|xj| > 2s,. Let |x|] > 2s; and |u] < sp. Then if 1<i < j,

X — Xj X Xj x|+ 2s 2|x
=il _ X+l _ 25 21x]

< < < , (4.6)
u—xi|  [u—xl [u—xi|  u—x

while if j <i <k,

X =l 1/ 1250 I 47
=il w1 (ulj2sn) s

Let H :=s,/2, from Cartan’s lemma, there exist intervals I1,...,I;, | <k, and the sum of the radii of
these intervals is less than 2H such that

i H\/J !
nlu—xi|><—>, ueM:=(=sns0) — | JIr. (4.8)
i=1 €

r=1
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Obviously the Lebesgue measure of M is at least s;. Consequently from (4.6)-(4.8), we obtain

P =l—I —xil g K—xil
|

P — —
IPl g =Xl 20 Tu—xil

k
L@ |x|) (e/H) <2|x|> 0]
S S

n n

k
< <4e|x|> . (4.9)
Sn

Since Q (x) is an increasing function on [0, co), then for 0 < u < sp,

| n 2
Q) < Q(sw) < M(sn. Q) ~ —%, (410)

for sufficiently large n. Then there exists a constant Cg such that for all n € N we have

‘o
o (logsp)? 2 12
M(sn, Q() < Co S log1/q) (10ga ) (411)

G
for all n € N. Hence for all u € M and |x| > (l/q)%sn we obtain

exp(Q () < exp<n log| |) (4.12)

Sn

Since, from (4.10),

Q@I _

IxI>oc (log |X[)

then for fixed s,

. 402 log? s, log(|x|/sp)
lim

[x]—00 Q (X)

=0.

Therefore we can choose positive constants C; and C, such that for s, > Cq,

402 (log? sy) log(|X|/sn)
Q)

<log*(1/q), x| > Casn. (4.13)
Consequently

exp(—Q (x) < exp( 4n? log u) (4.14)
Combining (4.9), (4.12), and (4.14) we obtain for fixed p, 0 < p < o0, u € M and

C
x| > max{4e, (1/q)WO,C2}5n
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that

POW@®| _ <4e|x|>keX (_3n2 o m)
pPaww| s, ) 7P ® s

de|x\" P
<< | |> exp(—3n210gu)
Sn Sn

< exp(nlog4e) exp (n log Lﬂ> exp <—3n2 log Lﬂ)
n n

< exp <2n log Lﬂ) exp (—Bn2 log lX') < exp(—n2 log Lﬂ) (4.15)
n

Sn "
where we used that log(|x|/sp) > log4e. Thus
2
P(x)W (x X sn\"
M < exp(—n2 log U) = (—") . (4.16)
[PW)W (u)] Sn x|
Now assume that |x| > Ksp, with K is large enough. Let 0 < p < oo, we have from (4.16) that
s \"P
f |POW (0)|” dx < inf{|P@)W w)|": u e M} / <—”> dx.

x|
IXI>Ksn 1> Ksn

Since M has a Lebesgue measure at least s, then
f\P(u)W(u)V’du > spinf{[P)W @)|”: ue M}, (417)
M

and since for n > [1/,/p1+1,

n?p co
S 2 1
/ L dx=25ﬁp/ — dx
[X] Xn°p
[X|=Ksn Ksp
=2s,(np — 1) 'K'P, (418)

then

/ |P(X)W(x)|pdx<2(n2p—1)_1K1’"2p/|P(u)W(u)|pdu, n>[1//pl+1. (419)
|X|>Ksn M

This completes the proof of the theorem. O

Theorem 4.7. There exists a positive constant K1, such that

Bn(Wm) < K1mg 2™, n=1,2,3,.... (4.20)
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Proof. Since the sequence {P,(x)};2, of the orthogonal polynomials associated with the weight wp,
satisfies the three term recurrence relation

XPp(x) = Ppnp1(X) + Bn (W) P11 (%), (4.21)
then we have
X*PE(x) = P21 (%) + 2Bn(Wm) P (X) Pn1 (%) + BE(Wm) PE_; (x). (4.22)
Consequently
1 o0
Bu-t P = - / X2 P2 ()W (x; g) dx. (4.23)

Let W(x) = v/Wn(x;q). Then, from Lemma 4.4, 1/W has q exponential growth of order m. Then
applying Theorem 4.6 with p =2, we conclude that there exist positive constants C > 0 and K > 0
such that, for all n > 1, we have

00 Ksnt1
/ X2 P2 (X)W (x; q)dx < C / X2 P2 (X)W (x; q) dx
-0 —Ksp41
Ksp41
<CK3s2 4 / P2(x)wm (x; q) dx
—Ksp41
o
< CKzsﬁ+1 / P% X)wn(x;q)dx = CK2sﬁH§n. (4.24)
—0o0
Combining Eqs. (4.23) and (4.24) we obtain
KZ
B < 67q<—2"+2>/m, neN. O (4.25)

Theorem 4.8. For each m € N, there exists a positive constant Ky m such that

Bn(Wi) = Komq™ 2™, n=1,2,.... (4.26)

Proof. From Theorem 4.7, there exists a positive constant K1, such that

Bi <Kimq 2™, jeN. (4.27)

Then applying this inequality on the right-hand side of (3.13) and (3.7) we can prove by using induc-
tion on k that

2k%/m
k q /

—2nk/m
Lm (g2/m; q2jm), 1 ’ (4.28)

[cnokl < K
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and

A —k(k+1)/m
| An, 2k <K] q

l< —2nk/m.
|&n] M (q*/m; q2/m)y

Substituting with these upper bounds in (3.18) yields

m—1

<
ad—q)lpal 1

_ o, 2
(1—ghHg " m-1m-1__4 "+ 0 m—1]  k—1)/m 2k/m
1m (,2/m. g2/m Z I q q
(@™ q*™)m—1 ko 1g

k=0

—2 2
cgm_ Tt
S ULmo42/m. g2/m

(@*/™; g%/ ™)y

(_qZ/m; q2/m)m_]'
Consequently

By > 1-4q" (qZ/m; qz/m)mfl —2n/m
a(l — Kt (=a*/™: g% ™M)m ’

proving the existence of K3, and the theorem. O
Freud in 1973 [8] proved the following theorem.

Theorem 4.9. Let w(x) be even weight function and let

I;(w) = max \//3_,,

1<vn—-1
Then
I(w) < Xp(w) < 2I(w).
Theorem 4.10. There are constants L1 and L, such that

Lig7"™ < Xp(Wi) < Lg™™™, n=1,2,....

Proof. The proof is an immediate consequence of Theorems 4.8 and 4.9. O

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

Another way to get a lower bound for X,(w) is based on (2.10) and the following lemma intro-

duced by Freud in [8].

Lemma 4.11. For every even w, we have

Man—2(Wn)

X2(w) > )
a(w) Han—a(wW)

(4.35)
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5. Asymptotics of B, (W)

In this section we shall prove by assuming a certain smoothing condition that the sequence
{Bn(wm)} or simply {B8,} of solutions of (3.18) satisfies

iy i L (51)
e a1 —q) ‘

for sufficiently large n. First Theorem 4.8 let assuming that the solution {8y} satisfies

. Bnr1(wp) —2/m
1 —_— = , 5.2
”l)ngo Bn(Wm) 1 (>2)

is reasonable. Unfortunately we could not prove that the sequence B, (wp,) should satisfy this smooth-
ing condition.

Lemma 5.1. Under the condition (5.2) we have

N L5t Baajn I
Cn2k ~ (—=1) W, k=1,2,...,[n/2], (5.3)
for all sufficiently large n.

Proof. The sequence cj y satisfies the recurrence relation
Cn+1.2k — Cn2k = PnCn—12k—2, NeN, k=1,2,...,[n/2]. (5.4)
We shall prove this lemma by induction on k. If k =1, then we have from (5.4) that
Cn,2 — Cn—1,2 = —Pn-1. (5.5)
Dividing on B,—1 gives

cn2  Pn-2Cn-12

=-1.
,31171 ﬂnfl ﬂnfz

Thus from (5.2)

. Cn,2 -1
lim — = T ome
n—oo By 1 1—q /m

proving (5.3) at k =1. Now we assume that (5.3) holds at k =r, then replacing n in (5.4) with n — 1
and setting k =r + 1, we obtain

Cnar42 _ Pnatnzor Cnrare2 (56)
Bn—1Cn—2,2r  Bn—1Cn—2,2r Pn—2Cn—32r

From (5.2) and (5.3) we conclude

. Bn—2Cn—22r
lim — 2(r+1)/m.
n—o0 By 1Cp—12r
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Consequently

. Cn,2r+2 1

lim : =— . 5.7
n—>00 fn_1Cn—2.2r 1 — g2(r+D/m (5.7)
Thus from the hypothesis induction we get

r+1 ﬂnfl ﬁn73 e ﬂn72r71
(@™ 2™ 41

Cn2r2 = (—1)
for sufficiently large n and the lemma follows. O
Lemma 5.2. Under the condition (5.2) we have

An,2k ~ ﬂn-&-kﬂn-&-k—l "'ﬂn-H
n (g?/™; q2/m)y,

(5.8)

for every k € N and for all sufficiently large n.

Proof. From (3.10), the sequence A y/¢n satisfies the recurrence relation

An,Zk Anfl,zk _

Any1,2k—2
By ——————.
n Cn—1 Cn+1

(5.9)

We shall prove this lemma by induction on k. If k =1, then we have

An2  An-12
gn §n—1

= Bn+1- (5.10)
Dividing on Bp+1 gives

An,z/fn_ ﬂn An—1,2/§n—1

=1.
Bn+1 Bn+1 Bn-1

Thus from (5.2)

A 1
lim n,2/§n _ . )
n—>o0  Bniq 1—g?/m

Now we assume that (5.8) holds at k =r, then from (5.9) with k =r + 1, we obtain

An,2r+2/§'n _ ,3n An,2r/§n An—1.2r+2/§n—1 _
,311+1 [An+1,2r/§n+1] ,3n+1 An+1,2r/§n+1 ﬁn[An,Zr/Cn]

(5.11)

From (5.2) and (5.8) we conclude

lim ,311 An,Zr/fn — q2(r+1)/m'
n—00 Bni1 Ant1,2r/Cnt1
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Consequently

lim An,2r+2/§n _ 1

n—>00 Bo1[Ansa,2r/Snpr] 1 —g20HD/m’

Thus from the hypothesis induction we get

An,2r+1 ~ ,3n+k.3n+k—1 te ,3n+1
tn (@™ 2™ 41

for sufficiently large n and the lemma follows. O
Theorem 5.3. The sequence defined in (5.1) is an approximate solution of (3.18).

Proof. From (5.1) we can assume that

B~ " B
for sufficiently large n. Substituting from (5.13) on (5.8) and (5.3) we obtain

—k(k+1)/m 2(k%4k)/m

An,ZkN k 4d r 4

~ (1)K
o P gy o1 (=D"B

Substituting from the previous two equations on (3.18), we obtain

m—1 k(k—1)/m

_ q
Fa(B) ~q™ 1B Y (=)
" " ,; @™ g2/ ™) m_1 k(@™ g2/ M)

where we used the identity

C p® v

X
(p; P)n =0 (p; Dk(D; PIn—k

So B, should satisfy the asymptotics

1—qg"
aqul rlln ~ n _qq qun,

then we obtain (5.1) for n large enough and the theorem follows. O

" (q2/m; g2/my,

q2k/m — aqm—1ﬂg1’

(5.12)

(513)

(5.14)

(5.15)

Remark 5.4. It is worth noting that in (5.1) if we calculate the limits of the two sides as ¢ — 17, we

obtain

n 1/m
lim Bn(wm; q) ~ (—) )
q—>1- a

where limg_,1- Bz(Wm; q) represents the coefficients in the three term recurrence relations of the
polynomials orthogonal with respect to the weight functions exp(—ax2™/2m). Obviously this consis-

tent with Freud conjecture (1.19).
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In the remaining of this section we derive Plancherel-Rotach type asymptotics for the polynomials
P, (x) orthogonal with respect to the weight wy, (x; q). The term Plancherel-Rotach asymptotics refers
to asymptotics around the largest and smallest zeros. Qui and Wong [30], and Deift et al. [6] derived
the Plancherel-Rotach type asymptotics for the set of polynomials orthogonal with respect to general
exponential weights.

Ismail introduced the following conjecture in [15, pp. 649-650]. If a sequence of orthogonal poly-
nomials {Hp(x)};2, satisfies the three term recurrence relation

XHp (%) = Hng1 (%) + o Hp (%) + "85 Hao1 (%),

Ho(x) =1, Hi(x) =x — oo, (5.16)
where
q ey — 0, Sh—1 asn— oo,
and
am(t:q) =q "2t —q"?/t, t#£0,
then
n%/2
Jim = Ha( (0) = Aq(1/6%), (517)
where Aq is the g-Airy function defined by
= (—Dkg
Aq(z)=gmz , zeC. (5.18)

In [17] Ismail, Li, and Rahman proved the conjecture in case « = 0. They proved the following theo-
rem.

n2
Theorem 5.5. Let S, (t) = "t—n/an(x,1 t)), t #0. Then
: 2
Mim_Sn(6) = Aq(1/6%). £50, (5.19)

where the convergence is locally uniform on C \ {0}.
Moreover if xn 1 > X2 > - -+ > Xn.n are the zeros of Hy(2), then

lim q"2|xy k| = 1<k<n, (5.20)
n—oo

1
Vi@’

where

0 <i1(q) <iaq) <

are the zeros of Aq(2).
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As an application on Theorem 5.5 we introduce the following theorem.

Theorem 5.6. Let {Py(x; wm)}52 , be the set of orthogonal polynomial corresponding to the weight function
wn(x; q), and let

X1,n(Wm) > X2 n(Wm) > -+ > Xpn(Wn),

be the zeros of Py (x; Wr). Then

n2/mgam=1c1 — g))y"/2m t: g2/m 1
lim @17 1 =a) P, <wm; RICT i ) = Agm (—2> t#£0,  (5.21)
n— o0 tn 2m/aqm71 1-q) t

where the convergence is locally uniform on C \ {0}. Moreover

. 1
lim qn/m |Xn k| =

. (5.22)
n—o0 2agm=1(1 — q)y/ix(g%/™)

Proof. From (5.1), the orthogonal polynomial sequence {P(x; wy,)} satisfies the three term recurrence
relation

g™
XPp(x; wi) = Ppi1 (X W) + ———=6nPn—1(x; wpy), (5.23)
aq(1—q)

where 8, — 1 as n — oo. Set am := “/ag™=1(1 — q). Then multiply the two sides of (5.23) by /!
and set

hn(x) == oy Pa(x; W),

then we obtain

Xtmhn (X) = hp1(X) 4+ @2 ™8phn (%), (5.24)

Replace x with x/a;; in the previous equation, then the sequence Hp(x) := h,(x/oy) satisfies the
three term recurrence relation

xHn(0) = Hnp1(X) +q 728 Hno1 (0, lim 8y =1. (5.25)

Since

(477 qZ/m)) (5.26)

Hn(Xn(t)):Olg—,Pn<Wm§ o
m

then applying Theorem 5.5 yields (5.21) and (5.22). O
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6. The casem =2

Theorem 6.1. The nonlinear recursion (1.25) is satisfied by the recursion coefficients {8} of the polynomials
orthogonal with respect to w (X; q).

Proof. A proof is already given in [16] but we shall give a new proof of this result for completeness.
In [16] it was proved that

Dn(x) = ag"™*! pux,
Ca(®) =aq" ' [x* + Ba + @*Bnt1 + (1 — ¢%) et 2] (6.1)
Now apply (1.16). The coefficients of x2 in the result cancel and the constant term gives
1=aq""2 B[ Bor1 + P Busz + (1= ¢°)cnr22]
—aq"Ba[Bn-1+ ¢ + (1 — ¢°)cn2].
To find a first integral of the above equation use (2.4) to write it in the telescoping form
q"/a =" Bus1[q% (Bus1 + Bus2) + B + (1 — ¢°)cni1 2]
— ¢ Bal Bu1+ 0% (Ba + Bs1) + (1—0%)cn 2],
and the telescopy proves the theorem. O
Theorem 6.2. The difference equation (1.26) has the discrete Painlevé property.

Proof. Assume that xy1 = €, where € will eventually tend to 0. Then we get

1— N+1y,—2N-2 1— Ny,—2N
qsz+2=XN_]+( q ) _(d—-q")q

ae(1—q) a(l —q)xn
1 _qN+2 (] _ qN+1)q—2N—2
2 2
X =X € — O(€9),
q"XN+3 N+l_qN+] a1 —q)e + O(€%)
(1 =gt
qZXN+4=—q Zwé—f-(?(ez),
-2 N+3 Ny,—2n—2
2 qg-1—-q"") ) (1—-q")q 2
= 7 - 4+ 0O(e%).
q°XN+s Tt e (¢?)

Now we distinguish between two cases.

2

_gNyg—2N . .
Case 1: xy_1xN # %. So we see that as € — 0 the indeterminate form for xy,4 becomes O,

but it does not give a new singularity for xys5 since xy+5 does not tend to zero as € — 0.
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. 1_gNyg—2N
Case 2: xy_1xNy = %

. We shall continue computing few more xy;'s. Indeed, we have
o (1 _ qNJrZ)E (1 _ qN+])(~l _ qN+5) q72N76
(1—gN+h (1-(1—q"+3)  ae

N-1 2 —2N-6

2 g (1-q91-q9) [N+ 5]4[N + 1]qq 2
X =- € — O(€e?),
q"XN+7 1 - qN+1)(] _ qN+5) a[N +3]q6 + ( )
s(1=g"Ha—-g"*®)
1- qN-H)(] _ qN+5)
2 ¢ *1-q"?  A-¢""Ha-q"")

q"XN+9 = N+ N+ N5, 4

1—¢q 1 —=g"H(A —g"")

N6 =0 XN +4 +0(e),

€+ 0(€?),

q2XN+8 =—q

e+q v +0(e?). O

Remark 6.3. Professor Y. Ohta has kindly pointed out that the third order difference equation (1.26)

can be integrated to a second order equation. To see this multiply (1.26) by 1 —a(1 — q)q®" 2 xnXn41
produces a telescoping series which leads to
2 n+1 1-q"q™ 242
Q" Xn41+q " Xn+Xp—1= 1-q ax +a(l—q)q Xn—1XnXn+1 + C, (6.2)
- n

for a constant C. The initial values of 8, make C =0 and we are led to the second order equation

1— qn q—2n

1—q axy

xng1 + 0 X+ Xnm1 = +a(1 — Qq*" 2 xn_1Xn¥ns1, n> 1. (6.3)

In (6.3) we let y, = q"xs+/aq(1 — q) and arrive at

(1= ynynt1) (A = yayn—1) =q"(1+ y3). (6.4)

Identity (6.4) is derived in [16] by a different approach. This is a special case of the g-discrete from
of P34 equation [32], Eq. (6.3)

Ynr1Yn — D@n—1yn— D =q"yn — ) (yn — 1/0), (6.5)

with c=i.
It is worth noting that (1.26) is a special case of the g-deformed discrete Painlevé I

1—a™ /(1 — n+1 1—ag™/(1 — n
q( ")/ A= +ag™  (1-g")/( q)+0“1. (6.6)

—n—1 2
Bq" " (Xng2 — q7Xn—1) =
Xn41 Xn

Indeed (1.26) is (6.6) when q is replaced by g~! and then we substitute with the special values o = 0,
B =aq?. This equation was mentioned by Nijhoff in [28] who proved its integrability and introduced
its corresponding Lax pairs. The authors of [18] proved that (6.5) is the integrated form of (6.6) where

n=—, Yn = AénXn, Ar=1-q)Bu, m=o(l-q) —1,

and the constant ¢ plays the rule of the integration constant.
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Remark 6.4. Lew and Quarles gave sufficient conditions that guarantee the uniqueness of positive so-
lutions of (1.28). One of these condition is that limp— oo Cyt1/cn > 0. This confirms that (1.27) has a
unique positive solution. Another uniqueness proof for (1.27) is given by Névai in [27]. The unique-
ness question of positive solution of (1.29) and similar ones, cf. [3] has not been answered yet. The
authors of [3] introduced a stable method for computing the recurrence coefficients of the difference
equations

o o —o
q* —yn)@* —cyn)q™%, forevenn, (6.7)

q“ﬂﬁwmﬂ+fﬂﬁhw4+f*%a y) (1 = cyn) for odd n
- Jn —Ltyn), )

where ¢ <0, o > —1. Eq. (6.4) is slightly different from (6.7) but their stable method is still valid for
it.

7. Solutions of (1.29)-(1.30)
We first consider the cases when (1.30) has constant solutions.

Theorem 7.1. The constant sequence x, = X, n = 1,2, ..., satisfies (1.30) if and only if ¢, .1 = cq +n(q? —
1)X?, and c1 is arbitrary. On the other hand x, = X,n=1, 2, ..., satisfies (1.29) if and only if

c1=2¢°X? and cpy1=[2¢° +1+n(g* —1)]x% (7.1)
Proof. The proof follows easily from Egs. (1.29)-(1.30). O

We next consider the case when ¢, = A, and A is a positive constant. The initial conditions
in (1.29) and (1.30) are too restrictive so we shall only consider the equations

A n+1 n—2
— = ZZxk—Zxk, n>2, (7.2)
Xn
k=1 k=1
5 A A
q°Xny2 =Xn—1 + -—, n>1 (7.3)
Xn+1 Xn

Theorem 7.2. If the difference equation (7.2) or (7.3) has a periodic solution {x;: 1 < k} of period p, p > 2
then 2521 xr = 0. If in addition to Eq. (7.3) we assume that

A A
3= — — —, (7.4)

then the resulting problem has no finite periodic solutions.

Proof. Assume (7.2) has a periodic solution of period p. Then

A A n+p+1 n+p—2 p
0= - =q Zxk— Zxk:(qz—l)Zxk.
Xn+p *n k=n+2 k=n—1 k=1

Hence Z,’::l X, = 0. Similarly for (7.3), just sum the equations for k <n <k+ p —1 and the same

result follows. Under the additional assumption (7.4) we find from (7.3) that A = q®x2x2x3/ (X1 — X3).
Now Eq. (7.3) implies
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2
q~X1X2X3 Xn — Xn41

qzxn+2 =Xp—-1+ n>1.

XnXn+1 X1 — X2

The choice n =kp + 1 in the above equation gives x, =0, so at least one element of the sequence
becomes infinite. Proof is complete. O

Rewrite (1.29) in the form

A A n+1 n—2
;=QZ[X1+X2], =) n- ) M n>1, (7.5)
" k=1 k=1

with the empty sum defined as zero. On the other hand Eq. (1.30) becomes

A A ) A
@x3=———, @Xnp2=Xp-1+ -—, n>1 (7.6)
X2 X1 Xn+1  Xn

Theorem 7.3. Eq. (7.5) or (7.6) has a periodic solution {x;: 1 < k} of period p, p > 2 then Z,le X =0,
provided that the initial condition (1.31) holds.

Proof. Assume (7.5) has a periodic solution of period p. Then

A A n+p+1 n+p—2 p
0=———=a" ) xu— D> xu=(@-1)Y x
n+p n k=n+2 k=n—-1 k=1

Hence 2521 Xk = 0 and the proof is complete in the case (7.5). The equivalence of Egs. (7.5) and (7.6)
under the assumption (1.31) completes the proof. O

A direct calculation easily shows that neither Eq. (7.5) nor (7.6) has any periodic solutions. There
are no periodic solutions of period 3 either. To see this first evaluate A as q2x1x2x3/(X; — x2) from
the first equation in (7.6). With this value of A let n =4 in the second equation in (7.6). The result is

which is not possible.
8. Concluding remarks

This section includes some general remarks. It turned out for the authors the problem of con-
sidering more general weights than wy,(x; q). By general here we mean class of weights which tend
to exp(—P(x)) and P(x) as a polynomial when q tend to 1 from the left. As an example we shall
consider in this section the weight function

1

00
;a,by=C ;
w(x;a,b) 1_[ [1+a(l— q)q2n+1x2 + b(] _ q)q4n+3x4]

n=0

(8.1)

where a and b are positive constants, x € R, and C is a normalization constant to make |, w(x;
a,bydx=1.
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A calculation gives

V(X) = ax + bx>. (8.2)

Using the definitions of C,(x) and D, (x) in (1.9)-(1.10) we find that

Du(x) = bqn+].3nxy
Ca(®) = aq™™ +bg" T [ + Bn + @ Bnt1 + (1 — a%)cn2]- (83)

The moments (i, are given by

M2n =fx2”w(x;a,b)dx, Mant1 = 0. (8.4)
R

Theorem 8.1. The B,’s associated with the weight w(x, a, b) satisfy the nonlinear difference equation

1—q" q—Zn n—1
—q % =a+bq’[Xn + Xnp1]+bxa 1 —b(1-¢%) D xi. (8.5)
- n k=1
forn=2,3,..., and the initial conditions
Po=0, Pi=u2.  b@Ba+p)=a+q%/p. (8.6)

Moreover the B,,’s also satisfy the third order difference equation

1— qn+1 q72n72 1— qn qun
2
X = Xp— — s 8.7
q"Xn42 n—1-+ 1-q bxant 1—q bx, (8.7)

forn=23,....

Proof. Applying (1.16) with C,(x) and D,(x) as in (8.3) we find that the x*> terms cancel but the
constant term implies
q" =bq*"2Bni1 [ Bt + @*Buaz + (1 — 4%)cns2.2]
- bﬁnqzn [qzﬂn + Bn-1+ (1 - qz)Cn,Z] + aq2n+25n+l - annIBn’

which in view of (2.4) can be written in the telescoping form

q" =bq* "2 Bri1[a® Bri1 + @Bz + B+ (1 — ) cns1.2]
- bﬂnqzn [qzﬂn + +q2,3n+l + Bn-1+ (1 - qz)Cn,z] + aq2n+2ﬂn+1 - aqznﬁn,

and the results follow. O

We can reduce the third order difference equation (8.7) to the nonhomogeneous second order
difference equation

n 2n

1-q"q
1—q bx,

@*xn1 + " k0 + X1 = +b(1 — O xn—1%nXn11 +a/b. (8.8)
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The proof consists of multiplying Eq. (1.26) by 1 — b(1 — q)q?"*2x,x,,1 to produce a telescoping
series which leads to

n ,—2n

1-q"q
1—q bx,

@*xns1 + 4" %y + x01 = +b(1 — )¢ Xp_1XnXn11 + C, (8.9)

for a constant C. The constant C can be evaluated from the initial conditions (8.6) and is found to
be equal to a/b. Similar to (8.8) if we substitute with y, = q"x,/bq(1 —q), we get the g-discrete
form P34 Eq. (6.5) with

1 1—q
— 2 _ —
c._z(ai 82—4), s=a ba

To the best we know, there are still several open questions in approximation theory concerning
the weights wy,(x; q). We exposed to one of them which is the weighted polynomial inequality we
gave in Section 4. We shall prove in the following that the corresponding Bernstein’s approximation
problem has a positive solution where the Bernstein’s approximation problem is described as:

Let W :R — [0, 1] be measurable. When is it true that for every function f:R — R with

lim (fW)(x) =0,
|x]—00
there exists a sequence of polynomials {P,}32, with
i — =07
nhjgoﬂ f P”)WHLQO(]R) =07

If it is true then we say that the Bernstein’s approximation problem has a positive solution. See Lu-
binsky survey of weighted polynomial approximation with exponential weights [21] and the reference
within it.

We shall use the following theorem of Pollard [29], see also [21, p. 4].

Theorem 8.2. Let W : R — (0, 1] be continuous and satisfy

lim "W (x)=0, n=0,1,2,....

|x]—00
There is a positive answer to Bernstein’s problem if and only if both
T —logW
—lo t
/ —1sW® 4 _ o (8.10)

14+1t2

—0Q0

and there exists a sequence of polynomials {P,} such that for each x,

lim P,()W(x) =1, (8.11)
n—oo
while
sup || Pp WL wr) < 00. (8.12)

n=1
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In this section, we shall prove that for the weights wp(x; q) defined in (1.23) the Bernstein’s
approximation problem has a positive solution.

Theorem 8.3. Let wp, (X; q) be the weights defined in (1.23). Then the corresponding Bernstein’s approximation
has a positive solution.

Proof. First we shall prove (8.10). One can verify by using the calculus of residue that

4 ¢ lo 14a 2m—1 1— 2mjt2m
/ ogwm(Q) /’Zbo 8( ¢ (—-ay )dt:am (8.13)

o142 1+4¢2

—0o0

m=1,2,.... Define Py(x) = [[f_; (1 +ag*™ ' (1 — q)g>™*x*™). Then P,(x) is a polynomial in x*™ of
degree n.
Now
1

o0 [Tespsq (1+ag?m=1(1 — Qg2mkxemy ~

llm Pr(x)wpn(x;q) = 11

and

1
supy [Pn(x)wn(x; =su =
P{’ n(X) W q)’} xeﬂg l—[’Cjoan(] + ag2m—1(1 — g)g2mkx2m)

Hence the conditions (8.11) and (8.12) are satisfied and the theorem follows. O
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