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Abstract

The analogy between the characteristic polynomial of a random unitary matrix
and Riemann’s zeta function was first studied by Keating and Snaith in [69]. For
example, they were able to conjecture the asymptotic form of the moments of the
zeta function high up the critical line from a random matrix calculation. The purpose
of this thesis is to develop the analogy further. In particular, we present a range
of fluctuation and large deviation results for the logarithm of the characteristic
polynomial, as the matrix size tends to infinity. These are then compared with
the zeta function, and a conjecture for the left large deviations of log(|1/2 + it| is
proposed.

This naturally leads to the study discrete moments of the derivative of zeta,
evaluated at the non-trivial zeros, whose asymptotics are then conjectured from
a random matrix calculation. This conjecture is consistent with the earlier large
deviation result, as well as some unconditional theorems.

The Keating-Snaith conjecture and the derivatives conjecture are unified as being
special cases of one particular calculation: the discrete moments of the modulus of
zeta, evaluated close to its non-trivial zeros. Large gaps between zeros of the zeta
function can also be studied using these results.

Finally we use techniques developed in the above work to study the joint moments

of the modulus of zeta with its logarithmic derivative.
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Chapter 1

Introduction and Summary of

Related Work

1.1 The Riemann zeta function

1.1.1 History

The Riemann zeta function is defined for fRe(s) > 1 to be

)= (1)
n=1
1\ L
() 02

The second line is called the Euler product of the Riemann' zeta function. Immedi-
ately we see why the zeta function is important in analytic number theory, for the
Fuler product explicitly gives a connection between natural numbers and primes.
This connection was developed further by Riemann in 1859 when he published an
eight page manuscript, [81], on the connection between the asymptotic value of the
number of primes less than x and properties of zeros of the zeta function. One of
the first things Riemann showed was that ((s) can be meromorphically continued
from Pe(s) > 1 into the whole complex plane C. This fact follows from

e*iﬂ's —s — s—1
((s) = F(l )/C( ) dz (1.3)

27 e? —1

!Though it was discovered by Euler [39] in 1737, 89 years before Riemann was born!



Chapter 1. Introduction and Summary

where C' is the contour starting at 400, going parallel and above the positive real
axis, encircling the origin once in the positive direction on a circle of radius less than
27, and going back, below the positive real axis, to +oco. In fact by deforming the

contour C' Riemann was able to find a functional equation:

((s) = x(s)C(1 = s) (1.4)
where?
x(s) = 257 T sin(7s)I(1 — s) (1.5)
INCEE
= ﬂs—1/2(13(582) (1.6)

From this it follows that ((s) is analytic everywhere, other than for a simple
pole at s = 1, and that it has simple zeros at the negative even integers. Combining
the functional equation with (1.1) means that we effectively know everything about
C(s) for MRe(s) > 1 and Re(s) < 0, and thus it is just the so-called critical strip,
0 < MRe(s) < 1, that remains mysterious. Finally, in his paper, Riemann showed
that ((s) vanishes infinitely often in the critical strip (such points being called the
non-trivial zeros of the Riemann zeta function) and sketched a proof to show that
if no such zero lies on the very edge of the critical strip, (that is, no zero lies on the

line MRe(s) = 1), then the prime number theorem is true, which is to say that

X
m(x) = E 1~ oaa (1.7)
p<x &

p prime

(Actually Riemann did more than this: he gave an exact formula for 7(z) in terms
of logarithmic integrals, and found that Li(z) (which is asymptotic to z/logz)
is the dominant asymptotic term in the expansion if all the non-trivial zeros lie
strictly inside the critical strip). The proof of the prime number theorem was finally
completed in 1896 by de la Vallée Poussin [93] and (independently) Hadamard [49].
There is a much fuller account of the history of the Riemann zeta function given in
Edwards’ book, [38]. A complete account of all the standard results in the theory

of the Riemann zeta function can be found in [90].

2] have translated Riemann’s equations into standard modern mathematical notation. In par-
ticular, Riemann had a different notation for the Euler Gamma function. Riemann’s notation is
preserved in [38].



1.1. The Riemann zeta function

From the functional equation, (1.4), it is clear that
Z(t) = /x(2 —it)¢(L +1it) (1.8)

is real for real ¢ with the useful property that |((1/2 +it)| = |Z(t)|. Note that from
(1.6)
X(3 —it) = 70 (1.9)

where

9(t) = Imlog {w—mr(i + %it)} (1.10)

is taken to be a real continuous function with the initial value ¥(0) = 0.

1.1.2 Zeros of zeta

It is known that ((s) has a countably infinite number of zeros (called the Riemann
zeros or non-trivial zeros) in the critical strip, and that none of them are real (so
the only real zeros of the zeta function are at —2n, n a positive integer). If we
denote the non-trivial zeros by p, = Gp + iy with 71 <0 < v < v < ..., then
what Hadamard and de la Vallée Poussin did in order to complete the proof of the
prime number theorem was to show that 0 < 3, < 1 for all n. Let N(T) be the
number of zeros up to height T, counted according to multiplicity, that is if there
is a double zero at z, say, then p, = pp41 = 2z for some n. It is known [73] that

N(T) = N(T) + S(T) with

N(T):=1+ %19(T) (1.11)
T T 7 1

_ 1 ! - 1.12

27rog27re+8+O<T> (1.12)

being the smoothed mean counting function (J(7") being defined in (1.10)), and

where

1
S(T) := =Jmlog( (3 +iT) (1.13)
T
=0O(logT) (1.14)
describes the fluctuations around the mean. The imaginary part of the logarithm is

defined so that Jmlog((s) varies continuously along the straight lines joining 2 to

2+iT, and 2+4iT to 1/2+1iT, with the initial value of 0 at s = 2. When 1/2 41T is
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a Riemann zero S(T") has a jump discontinuity. This asymptotic formula for N(7T')
can again be found in Riemann’s paper, [81], but it is not rigorously proved there.
Such a proof was first given by von Mangoldt, [73].

Due to the functional equation, if 5 + iy is a zero, then so is 1 — 8 —iy. And
since ((s)* = ((s*), then 8 — iy and 1 — B + iy must also be zeros of ((s). That
is, the zeros are located so as to be symmetric about the real axis, and the line
Re(s) = 3 (the critical line). In [81], Riemann says that it is very probable (“sehr
wahrscheinlich”) that all the zeros lie on the symmetry line, that 3, = % for all n.

This is the Riemann Hypothesis (RH). He goes on to say

“Hiervon ware allerdings ein strenger Beweis zu wiinschen; ich habe in-
dess die Aufsuchung desselben nach einigen fliichtigen vergeblichen Ver-
suchen vorlaufig bei Seite gelassen, da er fiir den néachsten Zweck meiner

Untersuchung entbehrlich schien.”3

As we have seen, the first proofs of the prime number theorem depended on the
fact the no zero lay on the line PRe(s) = 1. It is pleasing to note the connection
is deeper, for the horizontal distribution of zeros and the error term in the prime

number theorem are closely related: The statement

7(z) = Li(z) + O(y/x log x) (1.15)

is equivalent to RH. In fact, it is true that

m(z) = Li(x) + O(2® log ) (1.16)
where
= sup Re(p) =supfy (1.17)
¢(p)=0 n

(so that, unconditionally, % <O <1, and that © = % is the Riemann hypothesis).
Although no valid proof of the Riemann hypothesis has been found, there is

extensive evidence for its truth—for example, the first 1.5 x 10 + 1 zeros lie on the

critical line, and are simple [72], as do 175 million zeros around zero number 10%

[78]. Also, at least 40% of all Riemann zeros lie on the line and are simple [23].

3In English: “Though one would wish for a strict proof here; I have meanwhile temporarily put
aside the search for this after some fleeting futile attempts, as it appears unnecessary for the next
objective of my investigation.” [Which was the proof of the prime number theorem).
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Many of the theorems in analytic number theory are conditional on the truth of
RH, and its manifold ramifications make it perhaps the most important unresolved
question in modern mathematics®.

It is possible to ask much deeper questions about the distribution of zeros, beyond
their horizontal distribution (which is obviously completely solved if one assumes
RH!). Montgomery [76] in 1973 was one of the first people to consider vertical

spacings for the zeros of the zeta function. He considered

Fla,T) = —— 70" w(y —4) (1.18)
nTEm

where w(u) = 4/(4+ u?) is a weighting function, « is real. In order for this to make
sense, N (T') must be nonzero®, which requires T > 71 ~ 14.13. Montgomery proved:
Theorem 1.1. Assume RH. Then for 0 < a <1,

log T
T2

F(o,T) = a+ (14 o(1))—=— +o(1) (1.19)

as T — oo, uniformly for 0 < a < 1.

Furthermore he conjectured that if the primes are distributed sufficiently uni-

formly in arithmetic progressions, then
Conjecture 1.2. For a > 1
F(a,T) =1+ 0(1) (1.20)

as T — oo, uniformly in a. Using the fact that F(a,T) is an even function of a,

Montgomery’s conjecture and theorem together state

5 1
1mp@n:‘ﬂ+m)ﬁﬂﬂg (1.21)

T 1 for |a| > 1

where §(«) is the Dirac delta function.

450 much so that the Clay Mathematical Institute has made the proof of RH and its generalization

to other L—functions one of the problems of the millennium, with a $1,000,000 prize for a valid proof
of it.
°In [76], N(T) is replaced by - log T, but this makes no difference to the large 7' asymptotics.
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Assuming this conjecture, then Montgomery showed, by taking the Fourier trans-

form of F(«,T), that for a < f3,

1 T
Tlfgom {0<’W’§T:“fW‘V”zﬂlogwaﬁ}
/6 (sim(wu))2
= [ 1 (") qu8(e,B) (1.22)
o ™

where 0(a, #) = 1if 0 € [a, §] and zero otherwise. This term reflects the fact that if
a <0 < 3, then the sum includes the terms v = +/.

From (1.12) it is clear that high up the critical line the zeros around height T’
“bunch up” with a density asymptotic to i log 5-- And so scaling the zeros by
this density, that is mapping 7, to 32 log 3%, makes the average distance between
them tend to one. Thus Montgomery’s conjecture essentially says that when the
high non-trivial zeros are scaled so that they have mean spacing equal to one, the

expected® number of scaled zeros less than x away from another scaled zero is

/_i 1 <Sin7$“)>2du +1 (1.23)

We will return to Montgomery’s conjecture later in the chapter.

1.1.3 Moments of |((1/2 + it)|

The Lindelof hypothesis is the conjecture that
((3+1it) = O(t9) (1.24)

for every positive e (which, incidently, is equivalent to ((o + it) = O(t¢) for all
o> 1)

The 2k*" moment (or mean-value) of the modulus of the Riemann zeta function,

/ L) at, (1.25)

were originally studied in an attempt to prove the Lindelof hypothesis, which is
equivalent to I, = O(T°) for all k (see theorem 13.2 of [90], for example). Later on,
deeper results on [ were used as an aid to understanding large values of the zeta

function on the critical line (this problem is discussed in section 3.6.1).

5By expectation we mean sum over many scaled zeros around some large height 7', and divide by
the number zeros summed over. Due to the scaling, the answer should be insensitive to the height
T.
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Some of the known results concerning I, are as follows: Hardy and Littlewood
[52] proved that
L(T) ~logT as T — oo, (1.26)

and Ingham [61] proved
1 4
I(T) ~ 5.2 (log T)*". (1.27)

Conrey and Ghosh [28] have conjectured that

42
(1) ~ Sa(3)(osT), (1.28)
(where a(k) is given below) and Conrey and Gonek [30]7 that
24024
I(T) ~ T a(4)(log T)'°. (1.29)

The Keating-Snaith conjecture comes from a random matrix calculation, and
covers all fixed k with QRe(k) > —1/2. They conjecture

G*(k+1)

ma(k)(log T)» (1.30)

Ii(T) ~

where

a(k) = 1;[ <1 _ ;)k ; (W)zp—m. (1.31)

The evidence for this conjecture (including the random matrix calculations which
lead to it) will be dealt with in more depth in section 1.3.1.
In the cases £ = 1,2 more is known, beyond the leading order term of the

asymptotic expansion.
T
L(T) =log o~ +2y =1+ O(T~15/2(1og T)'11/22) (1.32)

was proved by Ingham [61] with the error term due to Heath-Brown and Huxley
[55]. Heath-Brown [53] has found

I(T) =P, (log QT) + O(T~ /8% (1.33)
™
where .
Py(z) = Z e (1.34)
n=0

" Although [30] was published in 2001, this conjecture was first announced in 1998. In fact, at the
same conference the Keating-Snaith conjecture (conjecture 1.4 in this thesis) was also announced.
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with ¢4 = 57 and 3 = 5 (4 — 1 — 3¢/(2)). Conrey [24] improved this to

Py(x) = go(z) + g1 () (1.35)
with
2e*5((s + 1)%
90(w) = E{:eg. s(s +1)¢(2s+2) (1.36)
and

d? e™e?7 (sC(s+1)? — 2¢(2s + 1) — 25¢(2s + 2))
ds? 2s(s+1)¢(s+2)

g1(z) = (1.37)

5=0
where v = 0.5772... is Euler’s constant.

Apart from k& = 0,1,2, none of the asymptotic formulas for I;(7") have been
proven. However, some bounds on I} (T") have been. For example, Heath-Brown [54]

has shown that, for certain k, T' > 2
A(k)(log T)* < I(T) < B(k)(log T)* (1.38)

where the left hand side holds for all rational & > 0, or (under RH) for all real
k > 0 and the right hand side holds for all k¥ = 1/n, n an integer, or (under RH)
for 0 < k < 2. (So we have I(T) = (logT)** for k = 1/n, n an integer, or (under
RH) for 0 < k < 2). Jutila [65] has shown that the constants A(k) and B(k) can be
made independent of k for k = 1/n.

Under the Riemann Hypothesis, Conrey and Ghosh [26] have shown that, for

any fixed k > 0,

Iu(T) > (F(f(f)]#) + 0(1)> (log T)¥". (1.39)

This has been improved for integer k by Balasubramanian and Ramachandra [4],
who show (independent of any unproved hypothesis) that for any positive integer k,

for loglogT << H < T,

T+H " 2
flI/T ‘C(% + it)‘Qk dt > (F(l(—f)kﬂ) + 0(1)> (IOgH)k . (1.40)

Putting H = T', Conrey and Ghosh’s result is recovered, without requiring RH. But
note that for H < T the order of this lower bound, (log H )kQ, is much less than the

anticipated true order, (log T)k2.
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1.2 Random matrix theory

Random matrix theory (RMT) is essentially the probabilistic study of various en-
sembles of matrices. (An ensemble is a set with an attached probability measure).

See [74, 91] for a review of RMT.

Mathematics Physics
multivariate analysis (1940s) nuclear physics (1950s)
spectral theory (1960s) quantum chaology (1970s)
orthogonal polynomials (1960s) large-colour QCD (1970s)
zeros of zeta and statistical mechanics
L—functions (1970s) of random surfaces (1980s)
combinatorics (1980s) mesoscopics (1980s)
C*-algebras and non-commutative infinite dimensional
probability (1980s) integrable systems (1980s)
geometry of Banach spaces (1990s) | 2D quantum gravity (1990s)
large-n representation theory (1990s) | semiclassical methods (1990s)

Table 1.1: Random matrix theory in mathematics and physics

Table 1.18 shows some of the various areas of applicability of (different ensembles
of) random matrices. See also [79], and its 206 references, for a fuller description of
random matrices and their applications. In this thesis we will only be concerned with
one particular ensemble (the CUE), and one particular application (the Riemann
zeta function). But for completeness we will here define the various circular and
Gaussian ensembles, as well as the ensembles for the classical compact groups. We
will define them in terms of the invariances they possess and state the eigenangle
joint probability density such symmetries induce. Further results for the CUE are

described in the next subsection.

8copied from a talk given by L. Pastur
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Each of the classical compact groups we will deal with is a compact Lie group.
Therefore it has a unique left- (and right-)invariant probability measure, called Haar
measure. The unitary, orthogonal and symplectic group ensemble is the group at-
tached with its respective Haar measure. The calculation of the joint probability
density of the eigenangles under Haar measure is due to Weyl [95].

Unitary. The unitary group, U(N), is the group of all N x N complex matrices
U which satisfy the condition UU' = Iy, where UT denotes the complex transpose of
U, and Iy is the N x N identity matrix. The joint probability density of eigenangles

is

N
1 i6; i0;, |2
vigew 1L [ = TLa (141)
’ n=1

1<j<k<N

Orthogonal. The orthogonal group, O(N), is the group of all N x N real
matrices O which satisfy the condition OO! = Iy, where O denotes transpose of
O. The special orthogonal group, SO(N), is the group of all orthogonal matrices
with determinant +1. Specializing to SO(2N), then the eigenangles are necessarily
paired, in the sense that if €1 is an eigenvalue, then so is e 1. Thus the joint

probability density of eigenangles of SO(2N) under Haar measure is given in terms

of 61, ...,0N, which are restricted to lie between 0 and 7, and it equals
9N2—2N+1 ) N
NN H (cosf; — cosby) H dé, (1.42)
1<j<k<N n=1

Symplectic. The symplectic group, Sp(N), is the group of all 2N x 2N unitary

matrices S with satisfy the condition SJS? = J where

0 I
J= N (1.43)
Iy 0

Again, the eigenangles are paired, and the joint probability density is (in terms of

01,...,0n, which are restricted to lie between 0 and )
2N2 N

NN [T (cos(8;) — cos(6))* T ] sin* 6 d6,, (1.44)
T kN n=1

Other measures can be attached to (V). For example, we could consider the set
of unitary matrices with probability measure invariant under orthogonal transfor-

mations (that is U(N)/O(N)) (this will be called the circular orthogonal ensemble,

10
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or COE) or the set of all unitary matrices with probability measure invariant under
symplectic transformations (that is U4(2N)/Sp(N)) (this will be called the circular
symplectic ensemble or CSE). Each eigenvalue of a CSE matrix has even multiplicity.
The joint probability density of eigenangles of the circular ensembles is
(CUA P
(3NB)(2m)N

1<j<k<N

N

N
s
I] a6~ (1.45)
n=1

where 8 = 1 for COE and 3 = 4 for CSE. The case § = 2 is the circular unitary
ensemble (CUE), which is also the unitary group ensemble. The circular ensembles
were first studied by Dyson in a series of papers, [37].

Another collection of ensembles is the Gaussian ensembles. These were intro-
duced by Wigner to study the energy-level statistics of large nuclei (see [74], for
example).

Gaussian orthogonal ensemble (GOE). The set of all N x N real symmetric
matrices, with attached probability measure that is invariant under H — O~'HO,
with the matrix elements on and above the diagonal being iid random variables.

Gaussian unitary ensemble (GUE). The set of all N x N hermitian matrices
with attached probability measure invariant under H +— U ~'HU, with the real and
imaginary matrix elements on and above the diagonal being iid random variables.

Gaussian symplectic ensemble (GSE). The set of all 2N x 2N self-dual
hermitian'® matrices with the attached probability measure invariant under H +—
ST1HS, with the real and imaginary matrix elements on and above the diagonal
being iid random variables.

The joint probability density of the eigenvalues (which are real numbers, due to
the matrices being hermitian) is proportional to

e_%ﬁzgilx% H |z — x)° (1.46)

i<k
where § = 1 is GOE, g = 2 is GUE and 8 = 4 is GSE. They are called Gaus-
sian ensembles due to the exp(—3/3 SN 22) factor in front of the Vandermonde

determinant.

91t is Wigner who is credited with starting the study of random matrix theory as it is known
today.

10A 9N x 2N hermitian matrix is self-dual if the equivalent N x N quaternion matrix has elements
which satisfy M;; = M;;, where the bar denotes quaternion conjugation. Each eigenvalue of a self-
dual hermitian matrix appears with even multiplicity.

11



Chapter 1. Introduction and Summary

1.2.1 Circular unitary ensemble

The ensemble we use throughout almost all of this report is the circular unitary
ensemble (CUE). We discuss here some of its features in more depth. Much of this
summary can be found in [91] or [74].

Denote the eigenvalues of U € U(N) by exp(ify),...,exp(ify). As has already

been mentioned, the joint probability density of eigenangles is

Pn(61,...,0N) = N'(217r)N H ‘eiei _ et (1.47)
1<j<k<N
= 7 det K (8 — )} (1.49)
where
Ky(0) = - SnV6/2) (1.49)

~ 27 sin(6/2)
(this follows from rearranging the Vandermonde matrices). Almost all the random
matrix calculations in this thesis will be integrating functions of eigenangles against

this measure.

Define

N! i
R;M(el,...,an):w_w/.../ Py (6y,...,0N) db, 1 ...dOy (1.50)

which is like the probability density of finding eigenangles (regardless of labelling)
at each of the angles 601,0s,...,0,, ignoring the position of the remaining N — n
eigenangles. (It is not actually a probability density, due to the lack of normalization.
@

Integrating Ry, ’ over all arguments gives the number of n-tuples of eigenvalues

regardless of labelling, that is, N!/(N — n)!.) It is shown in [74] that

RM (01, 0n) = det {Kn (0 — O) b1 (1.51)

RgN) (01) = % is just the density of eigenvalues on the unit circle. Note it is

independent of position, 6;. Therefore to get a non-trivial limit as N — oo the

eigenangles must be scaled by their density. Writing x; = %9]-, then

2 2
R, (z1,...,2n) :]\}iinngN) (zz;ml,...,]z;xn) (1.52)
= det { K (z; _mk)}lgj,kgn (1.53)

12



1.2. Random matrix theory

where

K(z) = (1.54)

In particular, for a < 3

lim E ! Om,0n + a < (0 — 06 N< = ﬂR d
Nljgo NN#{man-a_(m_ n)_ﬁ} 2(u70) U
/5 (sin(ﬂ'u))2
= 1-— du+d(a, 5) (1.55)

where En denotes expectation with respect to the Haar measure on U (N ), and where

d(a,B) = 1if a < 0 < g and equals 0 otherwise. Ra(u,0) is called the two-point
correlation function. (In fact, for almost all matrices, (1.55) holds without requiring
the average over U(N) to be taken—an example of ergodicity).

The final piece of notation to be introduced here is E(n;s), the limiting prob-
ability of finding exactly n scaled eigenangles in the interval [0,s]. (It is simple
to generalize this to subsets I C R, but that is unnecessary here). In particular,
p(s) = S—;E (05 ) is the limiting probability density of the gap between consecutive
scaled eigenangles. It is known [62] (see [91] for a simpler proof) that

E(0;5) = exp </O7r U(u)du> (1.56)

U
where o(u) is of Painlevé V type, which means it satisfies

(ua”)2 +4 (uo’ — ) (uo’ =+ (')?) =0 (1.57)

o(u) ~ —Lu— #u2 as u — 0 (1.58)

and [40]

o(s) = —&(:S)exp </Oﬂ Mdu) (1.59)

u

where

(u6")® +4 (us' — &) (u6' — & + (5")%) —4(6")° =0 (1.60)

G(u) ~ —tu®  asu—0 (1.61)

As N — oo the spacing distribution and k-point correlation functions in the GUE

are found to be identical to those in the CUE. This is an example of universality.

13



Chapter 1. Introduction and Summary

1.3 RMT and ((1/2 + it)

Comparing (1.55) with (1.22) we see that (conjecturally) the two-point correlation
function for the non-trivial zeros is asymptotically the same as the two-point corre-
lation function for eigenangles of Haar-distributed unitary matrices. This conjecture
can be derived using heuristic methods, see [67, 76|, for example. Furthermore, the
conjecture that the n-point correlation function of the Riemann zeros is asymptoti-
cally the same as the n-point correlation function of CUE eigenvalues for all n has
been proven in restricted ranges [57, 82| (the restriction being essentially the same
as the restriction |a| < 1 in theorem 1.1), and heuristically calculated, [13, 14].
Thus it appears that at the local level, the correlations between the zeros of the
zeta function equal the correlations between eigenangles of unitary matrices. This

theoretical work has been verified by extensive numerical evidence [78].

1.3.1 The characteristic polynomial

In order to develop a heuristic understanding of the value distribution and mo-
ments of the Riemann zeta function on the critical line, Keating and Snaith [69, 86]

considered the characteristic polynomial of an N x N unitary matrix,

Zy(0) = det(I — Ue™ 1) (1.62)
N
= 1— @0 (1.63)
I1( )

Central limit theorems

Note that the law of Zi7(0) over the CUE is independent of # € T (the unit circle).
In [69] it is shown that:
Theorem 1.3.

log Z17(0)

(2

— X +1Y, (1.64)

where X, Y are iid standard normal random variables, and

o=4/3logN. (1.65)

(Baker and Forrester [2] had previously shown that the real and imaginary parts

of log Zy7(0) /o separately converge in distribution to a standard normal random

14



1.3. RMT and ((1/2 + it)

variable using a method similar to that employed by Keating and Snaith to show
convergence of the joint distribution. The central limit theorem for the imaginary
part of the log can be deduced from results on the counting function, due to Wieand
[96, 97] and, for the GUE, to Costin and Lebowitz [33].) In fact, in [69] the variance

of the real and imaginary parts of log Z;7(0) is calculated exactly at finite IV:

E {Relog Zy(0)*} = E {Imlog Zy(0)*} (1.66)
= L(U(N) + v+ NTO () (1.67)
~ %logN = o2, (1.68)

In order to make the imaginary part of the logarithm well-defined, the branch is

chosen so that

N
log Zu(0) = 3 log (1 _ ei<9n—9>) (1.69)
n=1
and
—1m < Jmlog (1 - eiw”_@)> < 3. (1.70)

Compare the above central limit theorem with a central limit theorem, due to
Selberg, for the value distribution of the log of the Riemann zeta function along the

critical line. Selberg proved (see, for example, §4 of [71]) that, for rectangles B C C,

1 log ¢(L + it 1
lim —meas{ T <t<2T : M €eB = 2// e~ @ +%)/2 4y dy.
™JJB

T—oo T \/ 2 loglog T

In order to compare these two central limit theorems, a connection between N

(1.71)

and T must be established. Note that to get a ' — oo limit in (1.22), the zeros are
scaled by their mean density at height T', which is % log % Similarly, in (1.55), the

scaling was the mean density of eigenangles of an N x N unitary matrix, which is

N

5-+ Lhese are the only scaling parameters, so it makes sense to set them equal to

each other, which gives

T
N =log —. (1.72)
2T

With this connection between N and T, the two central limit theorems are consistent.
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Chapter 1. Introduction and Summary

14 + -

10 f

-10 -8 -6 -4 -2 0 2 4 6 8

Figure 1.1: Graph of the negative log of the value distribution for the Riemann Zeta
function (from A. Odlyzko) around the 10%°th zero (red), against the negative log
of the probability density of X (from N. Snaith) with N = 42 (green).

Coram and Diaconis [31] have subsequently shown that making the identification
(1.72) leads to close agreement with empirical statistics other than the characteristic

polynomial.

The Keating-Snaith conjecture

In order the prove the central limit theorem, Keating and Snaith evaluated

E exp (sRelog Zi7(0) + tImlog Zi7(6))

_ G+ 35+ 5it)G(1 + 55 — 3it)G(1 + N)G(1 + N +5) (1.73)
G+ N+3s+3it)G(L+ N+ is — Lit)G(1 + ) '

valid for PRe(s = it) > —1, where G(-) is the Barnes G—function, described in ap-
pendix A, and E denotes expectation over the CUE. When N is large, the asymp-
totics for the G—function imply that

G(1+is+1it)G(1+ 1s - Lit) N2/ /4

E exp (sRe log Zy (6) + tImlog Zy () ~ G+ 5)

(1.74)
uniformly for bounded s, t.
Baker and Forrester [2] have found similar central limit theorems (they con-

sider the real and imaginary parts of log Z;7(0) separately), by calculating the single
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1.3. RMT and ((1/2 + it)

moment generating functions, which we record here as

My (s) := Eexp(sRelog Z;7(0)) (1.75)
e SAD)INCE)
= Jl;[l T2+ 1s) (1.76)
_ G*(1+35)G(N+1)G(N +1+s) .77)
B G(1+38)GAN+1+13s) 7 '
and
Ln(it) := Eex (tJmlog Z(0)) (1.78)
M *(j)
H1 )r(g ~T (1.79)
G(1+ ) (1 — Ji)G2(N +1)
G(N + 1+ 3 )GQ(N +1-3it) (1.80)
Note that My (2k) is the 2™ moment of |Z;7(0)|, and that as N — oo
G2(k + 1) 2 2_
My (2k) = WN’“ + O(NF), (1.81)

Brézin and Hikami [19] have shown that E |Z);(0)|?* (where M is taken from other
B = 2 ensembles, like the GUE) have the same leading order asymptotics as My (2k).

Given the success of log Zy7(0) in modelling log ¢(1/2 + it), it is natural to ask
whether random matrix theory can model the moments of |((1/2 + it)|. However,

the naive approach fails: it is known [61] that

1 T\*
where as
1
E|Zy(0)* = My (4) ~ EN4 (1.83)

and so the CUE model gets the correct rate of growth (since we identify N with
log %), but fails to predict the correct asymptotic result. The reason for the failure
might be explained as follows: Moment generating functions contain much more
information than central limit theorems, in the sense that to get the leading order
term for the moment generating function one would need to know the asymptotic
expansion of the moments of log|¢(1/2 + it)| all the way down to the constant
order term. Random matrix theory only predicts the leading-order term of such an

expansion.
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Chapter 1. Introduction and Summary

The Keating-Snaith conjecture, which has already been introduced in section

1.1.3, “corrects” the random matrix result, My (2k), for the zeta function.

Conjecture 1.4. (Keating & Snaith [69]). For fized k with Re(k) > —1/2,

T 2 k2
;/0 ¢ (& +it)[** dt ~ a(k)m (log ;) (1.84)

as T — oo, where

a(k) = 1;[ (1 - ;)kg mio <Im>2p—m (1.85)

prime

Note that the conjecture agrees with what is already known for the zeta function
when k& = 1,2,3,4 (see section 1.1.3). There are various other theoretical, numerical
and heuristic results suggesting the truth of the Keating-Snaith conjecture. See
[69, 86] for a review of such evidence.

Furthermore, this conjecture is in line with previous results for other statistics
concerning the Riemann zeta function, where long range deviations from random
matrix theory have also been related to the primes [9, 10, 15, 42, 68]. Many of
the conjectures developed in this thesis are similar in form to the Keating-Snaith
conjecture, in the sense that they involve a random matrix factor (derived from a
calculation using Zy(#)) times an arithmetic factor (which is almost always a(k)),
and will in special cases be shown to agree with rigorous theorems about the Riemann

zeta function.

1.4 Probability theory
Let ©Q be a topological space, and let 2 denote the set of all subsets of €.
Definition 1.1. A C 2% is a o-algebra of Q) if

1. Qe A

2. If A € A then A° € A where A¢ is the compliment.

3. A is closed under countable unions and countable intersections.
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1.4. Probability theory

Definition 1.2. The Borel o-algebra associated with the topological space ) is the
o-algebra generated by the open sets (i.e. the smallest o-algebra containing all the

open sets in that topology).

Definition 1.3. A probability measure defined on a o-algebra A of Q is a function
P: A~ [0,1] that satisfies

1. P{Q) =1

2. For every countable sequence {Ap}n>1 of elements of A which are pairwise

disjoint,
IP’{ U An} => P{A,} (1.86)
n=1 n=1

Definition 1.4. Let F be the Borel o-algebra of a topological space F. A function
X : Q— F is a random variable if X~1(A) € A for all A € F.

We write P{X € A} = P{w : X(w) € A} for the probability that a random
variable X takes a value lying in some set A € F.

If F =R?, then the notion of probability density is useful:

Definition 1.5. We say X has a probability density function p : Q +— R% if for all
ANe F

P{X e A} = /Ap(:z) dz. (1.87)

Definition 1.6. E f(X) denotes the expectation of f(X), and if X has a density

function,
BI0) = [ f@no) da. (1.89)

A, X)

Definition 1.7. The moment generating function of X is E e , and the charac-

teristic function of X is EeMX) | where (A, X) = Z;-lzl X
If F =R and ¢(\) = Ee*X then by Fourier inversion, if p(-) exists then

(@) = / T N0 d, (1.89)

2 J_
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Chapter 1. Introduction and Summary

1.4.1 Weak convergence and central limit theorems

Definition 1.8. A sequence of random variables, {Xn}, taking values in some
topological space F is said to converge weakly to X (written Xy = X ) as N — o0

if, for all bounded continuous functions f : F — R,
A}im E f(Xny) =E f(X). (1.90)

Note that the topology determines the set of test functions f(-).
Proving weak convergence using the above definition is usually difficult, so, in

the case F = R?, we use:

Theorem 1.5. If there exists a B > 0 such that for for all A € RY with |\ < B,

lim Ee V) = B < oo (1.91)

N—oo

then Xy — X as N — oo.

For a proof of this fact, see, for example, p.345 of [12].
Remark. If X has a density on R and Xy = X then for any measurable set
A CRY,
P{Xye A} - P{X € A} as N — oc. (1.92)

Central limit theorems (CLT), also called fluctuation theorems, are concerned
with when there exists a sequence of random variables Y,, and a function o = o(N)
such that

| N
Xy = EZYn:>X (1.93)

n=1
Since log Zy7(0) = 25:1 log (1 — €!®n=) it seems natural to use the term central

limit theorem for weak convergence results on log Zy7 ().

Definition 1.9. A normal random variable with mean p and variance o® has prob-

ability density
o
oV 2T

and a standard normal has mean zero and variance 1.

e~ (T=m?/20 (1.94)

Definition 1.10. A standard complex normal random variable is X +1Y where X, Y

are tid standard normal random wvariables.
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1.4. Probability theory

Warning. Some authors adopt the convention that the real and imaginary parts of
a complex normal have variance 1/2.

One particular corollary to theorem 1.5 is that if for each A € R,

lim EeMn = /2 (1.95)

N—oo

then Xy = N(0,1) (that is X converges in distribution to a standard normal

random variable).

1.4.2 Large deviation theory

We present with a quick review of large deviation theory (see, for example, [20, 34]).

Let {Ry}, N =1,2,..., be a sequence of R? valued random variables.

Definition 1.11. The {Rn} satisfies the Large Deviation Principle (LDP) with rate
function I(-) and speed B(N) if, for all measurable ' € R4,

1
. < Tim
$1é11fo I(x) < l}\IfIi)lglof BV logP{RN €T}
1
<limsu logP{Ry € '} < —inf I(xz) (1.96
<limsup L log B (Ry €1) < — i 1(2) (196

where T'° means the interior of the set, and T' means the closure of the set. The
speed must tend to infinity as N — oo (for otherwise we would be in the central

limit regime).
Remark. If inf cro I(2) = inf . I(z), then we have the stronger result

1
lim ——— logP I'}=—inf ] 1.
N BN o8 {Ry €T} =~ inf Iz) (1.97)

The Gartner-Ellis theorem is a list of sufficient conditions for Ry to satisfy an

LDP.

Assumption 1.1. For each A € RY,

= N;OO B(lN) logEexp (B(N)(\, Rn)) (1.98)

exists as an extended real number (that is, in RS U {oco}), where (-,-) denotes the

usual dot product in R?.
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Chapter 1. Introduction and Summary

Assumption 1.2. 0 € DY, where Dy = {A€R? : A(X) < oo} is the effective
domain of A(+).

Assumption 1.3. A(.) is differentiable throughout DY

Assumption 1.4. A(:) is steep, namely, lim,_.o |[VA (A\,)| = 0o whenever {\,} is

a sequence in D} converging to a boundary point of DY .

Assumption 1.5. A(-) is lowersemicontinuous, namely, for all a € [0, 00), the level

set {A € R? : A(\) < a} is a closed subset of R%.

Theorem 1.6. Gartner-Ellis. If assumptions 1.1-1.5 hold, then Ry satisfies an
LDP with speed B(N) and rate function A*(x), where

A*(z) := sup {(\,z) — A(N)}. (1.99)
AeR4

is the Fenchel-Legendre transform of A(\).

In many cases we will consider in this thesis assumptions 1.2 and 1.4 fail. The
following is a version of theorem 1.6 in the case d = 1 which requires weaker as-

sumptions.

Theorem 1.7. If assumption 1.1 holds, then for a < b,

1
li]Ianllop BIV) logP{Ry € [a,b]} < _xélﬁzf,b} A*(x). (1.100)

If, in addition, assumption 1.3 holds, and if
(a,b) C{A'(\) : A € D}, (1.101)
then

1
l}ggofwlogP{RN € (a,b)} > —xei?af’b) A*(x). (1.102)
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1.5. Calculation techniques for random unitary matrices

1.5 Calculation techniques for random unitary matrices

Many of the calculations required in this thesis are of the form

En {ﬁf(ﬂn)} (2r NN'/ /_

where Ey denotes expectation with respect to the CUE, and 0,, are the eigenangles

0 _ o0

e

9 N
I £(6n) 46, (1.103)
n=1

T1<j<k<N

of an N x N unitary matrix.
For certain functions f, such an integration can be evaluated (after a change of

variables) using a form of Selberg’s integral (discussed in chapter 17 of [74]):

Lemma 1.8. (Selberg [84]).

N
/ / 2 — ) *7 H(a + i) (b — izy) Pda, =

o0 1<]<k<N n=1

(2m)N Nt

(a + b)(@FBN—N(N-1)-N

PA+ G+ (a+8—-1—(N+j—1))
i (1 + )T (a =y - jv)

(1.104)

where a,n, o, 3,7 are all complex numbers subject to Re(a), Re(b), Re(a) and Re(H)
all greater than zero, Re(a+ ) > 1 and

~ L %e(y) < min <§e(_o‘i, ?eiﬁi, %e;?;_ﬁl—) D) (1.105)

N

(there’s a slight error in [74] on this condition).
The following lemma is found to be very useful:

Lemma 1.9. Writing Ex to denote expectation with respect to Haar measure over

U(N), then if f(-) is a 2m—periodic function,
N-1 1 N-1 )
_ i0n
En {J;[l f(On — HN)} = NE(N—l) {};[1 ‘1 —e
Proof. By the definition of expectation, and (1.41), we have
N-1
N{H f(9n—9N)} =
n=1
/ / i0; 19k
271' _

™ 1<]<k<N

(en)} (1.106)

=1

3

N N
H f (60— 0n) [] 6. (1.107)
p=1
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Chapter 1. Introduction and Summary

Putting all the £ = N terms from the first product into the second product, this

equals

s LS T e

1<j<k< (N— 1)

. 2
e _ elew‘ £ (0, — 0x) den} dfy  (1.108)

Changing variables to ¢, = 6,, — 0, and using the 2r—periodicity of the integrand,
one can write
N—-1

/ / H ‘ 0 _ o] H

1<j<k<(N n=1

//H

1<j<k<(N-1)

. . 2
eifn _ 6191\” £ (0, — 0x) d6,,

el _ olPk

$n) don

N—-1
? H ‘1 — ¢lon
n=1

NH_ll‘l—e.

= (N = DIm) T By { on 2f(¢n)} (1.109)

n—

which is independent of 6. Therefore (1.108) equals

) . N-1
727TN / E(N—l) { H ‘1 — elon
- n=1

where ¢1,...,¢n_1 are the eigenangles of an (N — 1) x (N — 1) Haar distributed

aﬁn)} dfy (1.110)

unitary matrix. This completes the proof, since the integrand is independent of
On. O
1.5.1 Toeplitz matrices

Let f(-) be a real-valued, 27-periodic, integrable function, and let

A 2Tl' .
fo = 217T/0 f(0)e %0 qp (1.111)

denote its Fourier coefficients. The Nth order Toeplitz determinant with symbol f
is defined by

Dy/[f] = det(fj—r)1<jhn- (1.112)

[18] is a recent review of the Toeplitz literature.

The reason we find Toeplitz matrices useful is:
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1.5. Calculation techniques for random unitary matrices

Lemma 1.10. (Heine’s!! identity). If Ex denotes expectation taken over N x N

Haar distributed unitary matrices, then

N
=En [] £(6n). (1.113)
n=1

Proof. (See, for example, [89]). By (1.41)

N - o N
ngw N, o) / /_ e G — %\ T £(6n) A6, (1.114)

T1<j<k<N n=1

Note that

H e H (eieﬂ' - eie’“) (e*iej - 6719’“) (1.115)

1<j<k<N 1<j<k<N

= det {ei(j_l)e’“}

0; _ 0 2

det {e—i(m—l)""} (1.116)
1<j,k<N 1<mn<N
(the determinants are Vandermonde). Expanding each determinant out in terms of

a sum over the permutation group, this equals

N N
Z Sgn(a) H ei(U(/ﬂ)—l)ek Z SgH(T) H e—i(T(n)—l)Gn
) n=1

oceS(N) k=1 resS(N
N
- ¥ Z sgn(o) sgn(r) [ ] €000 (1.117)
o€S(N) reS(N n=1
Hence
N N
1 i i(lc(n)—1(n
E] r(6n) = Nw)zv/ / > sen(o)sgn(r) [T =70 £(4,,) a0,
n=1 TFUES(N) n=1
TES(N)
(1.118)
sgn(o)sgn(r) oy 1 [
_ sgn(o)sgn(7) v 1 i(o(n)~7(n))6
3 ) 11 - /_We £(6) do (1.119)
o,7€S(N) n=1
N 7r
-y MHL / AT )Mo ppy 4 (1.120)
N! 2m ) _»
o,7€S(N) n=1

by the symmetry induced by the product. Writing o = o(77!), then

1 )
_ - i(a(n)—n)0
E H f(6y) Z sgn(a) o | e f(0) dé (1.121)
n=1 a€S(N) n=1
— Dulf] (1.122)
as required. O

" Though the identity was first written down in 1939 by Szegd [89], he gave the credit to Heine
(who lived from 1821 to 1881).
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Methods of calculating Dy|[f] for certain symbols f (for example, Szegé’s theo-
rem, the Fisher-Hartwig conjecture, and the Basor-Forrester method) will be intro-
duced in the text when required (in section 2.3, lemma 2.1 and lemma 6.2 respec-

tively).

1.6 Notations

Let T = R/27Z be the unit circle. A function is defined on T if it is a 27-periodic
function defined in R.

The following definitions concern limits at infinity:

o f(z) = O(g(x)) as x — oo if there exists a positive constant A such that

@) < 4.

lim SUP, 00 ’ﬁ

~

=0.

o f(x) =o0(g(x)) as x — oo if lim, o ’%

o f(x) = Qg(x)) as © — oo if there exists a positive constant B such that

limsup,_, ’g(—x) > B.

(z

N

o f(z)=g(x)asz — ocoif f=0(g) and f = Q(g).

o f(x)~g(x)asz — o0 iflimxﬂw% =1.

o f(x) < g(x)asx— oc0if f=o0(g).
o f(x) > g(x)asxz— oc0if g=o(f).
o f(zr) << g(x)asz— ooif f=0(g).

e f(x) >> g(x) as x — oo if there exists a positive constant C such that

>C.

.. f(@)
liminf, . ‘ 9(z)

1.7 Overview of this thesis

This thesis splits into two parts. Part one (chapters 2 and 3) develop the theory of
the characteristic polynomial, Z;7(6), in terms of central limit theorems (chapter 2)
and large deviations (chapter 3). Part two (chapters 4,5 and 6) use Zy;(6) as a model

for zeta, obtaining various conjectures in the style of the Keating-Snaith conjecture.
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1.7. Overview of this thesis

LDP log|Z; (1) CLT log | Z}(6:)
LDP log | Zu(0)] »En {[27(00)]7"}
En {12g(0)/*"} En {1Zy(01)*}
- a — 00
a—0
CLT log | Zy(0)| Ex {1Zu(61 + 27;3/N>|2’f}
i
CLT distinct points En {|Zu(0)[*~2"Z'(0)*"}
ergodicity

Figure 1.2: Overview of how results on Relog Zi7(0) relate to each other

1.7.1 Things not considered here

I have concentrated solely on the Riemann zeta function and the unitary group in
this thesis. However, the characteristic polynomial philosophy should apply to many

other interesting problems. For example:

e The characteristic polynomial can be formed in any ensemble, and its prop-
erties studied. Results for the imaginary part of the logarithm, for example,
would then connect up with the work of Wieand [96] on the counting function
in the orthogonal and symplectic group ensemble, as well as the permutation
group, in an analogous manner to how the results in this thesis connect with
her results on the counting function over U(N). The characteristic polynomial
in the permutation group has been studied in [51], and in the orthogonal and

symplectic group ensembles in [70].

e As is mentioned in [60], there is a connection between the functional central

limit theorem in section 2.3 and Brownian motion.
e One can use random matrix theory to study other L—functions. For example,
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Chapter 1. Introduction and Summary

Rudnick and Sarnak [83] showed that the zeros of principal L-functions are
correlated like the eigenangles of the CUE!2. This connection has been gen-
eralized by Katz and Sarnak in [66], where they consider the low-lying zeros
of various families of L—functions, conjecturing that they are modeled by ei-
ther the unitary, orthogonal or symplectic group ensembles, depending on the

family. See also [25, 19, 70].
e [t might be possible to model the Selberg zeta function using these methods.

e There are many connections between random matrix theory and quantum
chaos. For example, deviations from random matrix theory in the counting

function of energy levels is of interest.

12for certain test functions—the restriction being essentially the same as the restriction in Mont-
gomery’s theorem (theorem 1.1 in this thesis)
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Chapter 2

Central Limit Theorems

We define Wiy (0) = log Zy(6)/o, where 0 = y/2log N. Recall that the CLT for
log Z17(0) /o (theorem 1.3) is in good agreement with Selberg’s central limit theorem
for the Riemann zeta function, (1.71), if one accepts the connection N = log %
between random matrix theory and zeta. For this reason (and others) it is of interest
to obtain more detailed fluctuation theorems for log Zy7(f). Such results are the
subject of this chapter.

Our first generalization of theorem 1.3 is to show that W (0), when evaluated
at k distinct points, weakly converges to k i.i.d. standard complex normal random
variables. We then use this to show that the distribution of Wiy (0) when considered
as a random variable over the CUE is asymptotically the same as the value distri-
bution of Wi(#), when thought of as a random variable over 6, for a typical matrix
U. This ergodicity theorem is the main result of this chapter.

Next we show how our results for JmWp;(0) can be used to explain the mysterious
covariance structure which has been observed by Costin and Lebowitz [33] and
Wieand [96, 97] in the eigenvalue counting function. We then discuss the connection
between the counting functions for random unitary matrices and for the Riemann
zeta function, in particular focussing on the number variance, summarising previous
results where long-range deviations from random matrix theory have been studied.

And finally, we also obtain a functional central limit theorem for log Z/(6).

As always, in this chapter we take the underlying probability space for E and P
to be U(N) with Haar measure.

Many of the results in the chapter have previously been published in [60].
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Chapter 2. Central Limit Theorems

2.1 Central limit theorems for Wy (0)

In order to prove the central limit theorems, we need to understand the asymptotic

behaviour of the joint moment generating function:

Lemma 2.1. For any d(N) — oo as N — oo, for any fired s,t € R* with N

sufficiently large such that s; > —d(N) for all j, and for any fized r; distinct in T,

we have
k
E exp Zsjmelog Zy(rj)/d+t;Imlog Zy(rj)/d (2.1)
j=1
k
~ [ [ Eexp (s;9Relog Zy (r;) /d + t;Imlog Zy (r;)/d) (2.2)
j=1
i log N
~ exp Z e (s? —i—t?) . (2.3)
j=1

Proof. This follows from Heine’s identity (lemma 1.10) and a result of Basor [6]
on the asymptotic behaviour of Toeplitz determinants with Fisher-Hartwig symbols.

Heine’s identity says that
k
Eexp [ > s;9elog Zy(r;)/d + t;3mlog Zy(rj) /d | = Dylf] (2.4)

J=1

where Dy[f], defined in (1.112), is the Toeplitz determinant of the symbol

k . s /d . .
£(6) = H ’1 _ i) i/ exp <23m log(1 — 61(97"j))> (2.5)
j=1
k
= T — Oyt (1 — =0y (2.6)

[
Il
-

where aj = s;/2d and [3; = —it;/2d. This is an example of a Fisher-Hartwig symbol.
A review of the literature on Toeplitz determinants of Fisher-Hartwig symbols can
be found in [18]. In particular, Basor [6] proves that as N — oo, if the r; are distinct

in T, the oj > —1/2 are real and the 3; are purely imaginary, then

k
2_ 32
DN[f] NF(alvﬁlarla-"yakvﬂkvrk’)HNaj ﬂja (27)
j=1
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2.1. Central limit theorems for Wy (6)

where

F(al)ﬂlurl) cee ,Oék,,Bk,Tk) =

k
. —(am—PBm)(an+6n +a; + 3 +a; — 0
H ) el(rm—rn)) ( ) ) H G(1+a; +6)G(1+ o — Bj) (2.8)

1<mn<k j=1 G(l + QCM]‘)
m#n

where }arg (1- ei(’"m*“))‘ < 7/2. By closer inspection of the proof of [6], it can
be seen that (2.7) holds uniformly for |a;| < 1/2 — 6, and |B;| < v, for any fixed
8,7 > 0. Uniformity in 3 is worked out carefully in [96, 97] in the case aj = 0 for
each j, and uniformity in « is briefly discussed in [6]. The statement of the lemma

follows from noting that F(0,0,71,...,0,0,7%) = 1. O

Theorem 2.2. If ry,...,r; € T are distinct, then (Wy(r1),..., Wy (rk)) converges

in distribution to k iid standard complex normal random variables.

Proof. Setting d = ¢ in lemma 2.1, we see that the joint moment generating
function of (W (r1),..., Wy (rk)) converges to that of k iid standard complex nor-
mal random variables, which, by theorem 1.5, is sufficient to prove convergence in
distribution. a
Remark. Diaconis and Evans [35] have given an alternative proof of this theorem,
though they define a standard complex normal random variable to be such that the
real and imaginary parts have variance equal to 1/2 rather than 1.

Remark. The case k = 1 of this theorem is theorem 1.3, as found in [69] (but the
method of proof there is very different. They use Selberg’s integral, lemma 1.8, to
calculate the exact moment generating function of log Zy;(r1), (1.73)).

One application of theorem 2.2 is that for a typical matrix U, the value distribu-
tion of Wi7(0) when 6 is chosen uniformly from T is asymptotically the same as the
value distribution of W;(0) when U is chosen according to Haar measure (which is

a standard complex normal random variable, by theorem 1.3 or theorem 2.2 above):

Theorem 2.3. Denote by m the uniform probability measure on T (so that m(df) =
df/2m). The sequence of laws {mo (Wy(0))~'} converges weakly in probability to a

standard complex normal variable.

!This was pointed out to us by Harold Widom, in an email to Neil O’Connell.
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Chapter 2. Central Limit Theorems

What do we mean by this? For any set A C C, (Wy(0))"(A) is the set of all
6 € (—m, 7] such that Wy () € A. So, mo (Wy())~! is the probability distribution
of Wi (0) over 6, for a given matrix U.

Recall theorem 1.5, which states that weak convergence of a family of probability
measures, {u,(-)}, to w(-) is implied by the pointwise convergence of the moment
generating functions, as n — co. However, for each N (the matrix size) we don’t have
just one measure, but an infinite set, as m o (Wy())~! depends on the matrix, not
just on the matrix size. Weak convergence in probability means that the measure
of those matrices which don’t converge weakly to a standard complex normal is
vanishingly small. We will prove theorem 2.3 by showing that for each s, ¢, for any
€ >0,

lim IP’N{

—00

/esi)‘%eWU(H)-i-tﬂmWU(G)m(de) _ e(s2+t2)/2
T

> 6} =0, (2.9)
where Py denotes the probability with respect to Haar measure on U (V).

Proof of theorem 2.3. Set X7(0) = ReWy(0), Yy (0) = ImWy(6) and
ou(s,t) = /Texp (sXu () + tYy(0)) m(d9). (2.10)
By theorem 1.3 (which is the case k = 1 of theorem 2.2),
E ¢y (s, t) = Eexp (sXy(0) + tYy(0)) (2.11)
(8P Ht7)/2. (2.12)
Due to the rotation invariance of the CUE, we have
E {6y (s,1)?} = /T Eexp (sXu(0) + Y0 (0) + sXu (0) + Y (0)) m(d9)  (2.13)
and for fixed 6 # 0, theorem 2.2 gives
Eexp (sXy(0) + Yy (0) + sXp (0) + tYy(0)) — &5 (2.14)

However, since pointwise convergence of the integrand does not imply convergence
of the integral, this is insufficient to show E {¢y (s, t)*} — e’ as N — oo. The

Cauchy-Schwartz inequality gives
E{exp (sXu (0) + tYu(0) + sXu(0) + tYy(0))} <

VE {exp (25 X1 (0) + 2tYu (0)) }VE {exp (25 X0 (0) + 2¢Y1:(0))}

= E {exp (25X (0) 4+ 2tYy(0))} (2.15)
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2.1. Central limit theorems for Wy (6)

and for each € > 0 there exists an Ny(e) such that for all N > Ny the last line
is bounded above by 25" +2% ¢ for all @ by theorem 1.3. Thus, by the bounded

convergence theorem, it is indeed true that
E{¢r(s, )%} — e+ (2.16)

Hence

_ Var gu(s, 1

—0 as N — oo, (2.18)

Py (|pu (s, t) — 2] > ¢) (2.17)

for any € > 0, by Chebyshev’s inequality. Thus, for each s,t, the sequence ¢y (s, t)
converges in probability to els*+t%)/ 2 which is the moment generating function of a
standard complex random variable. This therefore proves the theorem. O
Remark. Theorem 2.3 says that the supremum of the vertical distance? between the
graphs of the cumulative distribution function for each matrix and the cumulative
distribution function of a standard complex normal random variable tends to zero
as N — oo, with probability one.

We will now discuss how these central limit theorems compare with what is
known for the Riemann zeta function

The first connection is Selberg’s distribution theorem for log ((1/2 + it), (1.71).

However, our results suggest that Selberg’s result can be strengthened in at least

two ways. For simplicity, set

_ Jmlog((1/2 +it)
\/%loglogT

First of all, theorem 2.3 shows that the distribution of almost all matrices (which

Yr(t) (2.19)

is an average over the N zeros of log Zy(0)/0) is asymptotically the same as the
distribution obtained from the full unitary group. Therefore, we might expect the
range over which the zeta function is averaged, [T',277], in (1.71) might be able to
be reduced to [T, T+ H|, with H > 1. (Note that theorem 2.3 is a statement about
“almost-all” matrices, which is why we take H > 1 rather than H = 2x, as this

equates to an average over many matrices, hence getting rid of the “almost all”).

2This is known as the Kolmogoroff-Smirnov discrepancy.
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Chapter 2. Central Limit Theorems

There are some known results in this direction: For example, when calculating
the empirical distribution of fMelog((1/2 + it) around the 10?°th zero (which is
plotted in figure 1.1), Odlyzko [78] averaged over only 10% zeros starting at zero
number 1020 + 15,316,087, which equates to T = 1.52 x 10 and H = 148,437.
Also, Selberg [85] has shown that for 7¢ < H < T, a > 1/2 (a > 0 under the

assumption of RH)

T+H
_— 2% (2K)!
i [, Do = g (220)

for k an integer. These are the even integer moments of a standard normal random

variable, thus implying that for a < b,
1
Tlg)goﬁmeas{T<t<T+H 2 Yr(t) € (a,b)} \ﬁ/ e /2 da. (2.21)

Secondly, theorem 2.2 suggests that the distribution of zeta between two blocks
[T,T + H| and [T+ H,T + 2H| should be independent, for any 1 < H < T. Tsang
[92] has shown that for T < H <T,a>1/2, and 0 < h < 1,

(2k)!
k!

(2.22)

T—o0

T+H
lim H/ (Yot + ) — Yo(£)) 2" dt =

which is consistent with the distribution of Y7 (¢ + h) being asymptotically indepen-

dent from Y7(t), although one cannot deduce such a result from (2.22) alone.

2.2 The counting function

For —m < s <t < m, let Cy(s,t) denote the number of eigenangles of U that lie in
the interval (s,t), and define

G (5.4) = Cu(s,t) _l(otg_]\;)N/Qﬂ-'

(2.23)

1
T
Wieand [96, 97] proves that for fixed s, ¢, 5U(5,t) converges in distribution to a
standard normal random variable. In fact she goes much further by proving weak

convergence of Cp (s, t) to a certain Gaussian process C(s, t).

Definition 2.1. A centered Gaussian process is a collection of normal random vari-
ables { X («), o € I}, with mean zero and the property that for any ay,...,a, € 1,

the joint distribution of (X (aq),..., X (am)) is multivariate normal.
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2.2. The counting function

Theorem 2.4. (Wieand [96, 97]). For —m < s <t < 7, the finite dimensional
distributions of the process C~'U(s,t) converge as N — oo to those of a centered

Gaussian process C(s,t) with covariance structure

1 ifs=s,t=1

-1 ifs=tt=4¢

E{C(s,t)C(s', 1)} = % if s=35" orift =1t but not both (2.24)
—3 ifs=1t orift=s" but not both
0 otherwise

(A similar process result had previously been found by Costin and Lebowitz
[33] for GUE matrices, and Soshnikov [87] considers a process result for counting
the number of eigenangles in an interval with a given minimum displacement). To
quote from [96], what these correlations are saying is that “if an interval contains
significantly more than the average number of eigenangles, than an interval next to
it will usually have fewer than the average number, [whereas if an] interval contains
more than the average number, a subset [sharing a common endpoint] usually will
as well”. The surprising thing about these correlations is that they imply that even
if an interval contains more than the average number of eigenangles, then any subset
not sharing a common endpoint will usually still contain its average number. Also,
no matter how close together two intervals are, unless they share an endpoint, then
they are not correlated.

An explanation for this covariance structure can be found using theorem 2.2:

First of all, note that C(s,t) = Y (t) — Y (s) where Y (s) is a centered Gaussian

random variable with covariance structure

ifs=t
E{Y(s)Y(t)} = (2.25)

0 otherwise

D=

Secondly, by rearranging the Fourier expansion of the indicator function,

t—s o~ 1, —iksy i
ﬂ{ee(s,t)} == o + Z ﬂ(e kt _ e k )6 ko (226)
[y
t—s 1 : 1 )
— T~ _ie-t)y . T~ __i(6-s)
oy + 7TJm log(1—e ) 7TJm log(l—e ) (2.27)
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Chapter 2. Central Limit Theorems

Therefore
N
Cu(s,t) =Y g e(s) (2.28)
n=1
= Nt = o)+ Lomlog Zu () — Lamlog Zu(s) (2.29)
_27'(‘ S 7TT’[’lOgU 7TT’(lOg uls), .
and so
~ Jmlog Zy (t Jmlog Z

Viog N Vlog N

Finally, observe that theorem 2.2 applies, and says that the finite dimensional
distributions of %jﬁw converges to those of Y'(#), given in (2.25). (Note that

the scaling is v/log N here, not the usual \/%log N).

2.2.1 The variance of the counting function

The remaining part of this section concerns the calculation of the variance of Cy;(0, 0)
for fixed 6 and also for 6 is the scale of the mean density, and compares these
results with the Riemann zeta function. The variance of the counting function can
be calculated exactly at finite N, making use of the identity 2.29 in terms of the

correlation between Jmlog Zi7(6) and Jmlog Zi;(0) as follows

var {Cy(0,0)} = % E {(Jmlog Zy(#) — Jmlog Zy(0))*} (2.31)
_ % E {(Imlog Zy(0))2} — % E {Jmlog Zy (6)Im log Zy:(0)}
(2.32)

Lemma 2.5.

NZ_I cos(nbh) n 1 i N cos(nf)
n 2 —~ n?

n=1 —

= —3log|2sin(30)| + 3 Ci(N|6]) + 5 cos(NO) — ;N[0 + S N6 Si(N6)

4O (;V) (2.33)

uniformly for —m < 0 < w, where Si(-) is the sine integral and Ci(-) is the cosine

E {Imlog Zy (9)Imlog Z7(0)} =

| =

integral.

Proof.?> Taylor expanding Jmlog (1 — 61(0”_0)) (which is valid other than for a

3This lemma can also be deduced from work of Rains, [80], or, more recently, of Bump, Diaconis
and Keller [21]. A similar statement can be found in [43].
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2.2. The counting function

measure zero set) gives

o0 .
Jmlog Zy(8) = Y ;k e k0 Ty U (2.34)

k=—00

k0

It is well known (see, e.g., [35, 36, 48, 80]) that

min(|n|, N) ifm=-n

E{TxU™ TrU"} = . (2.35)
0 otherwise

(This is essentially just the unscaled form factor, the Fourier transform of Dyson’s

two-point correlation function).

Thus

where

E{Jmlog Zy(0)Imlog Zy(0)}

Z Z 4m1n =m0 g {(Tr ™) (Tr U™)}

"0 R
(2.36)
= 1 —inf _ .
= > T3¢ min(|n|, N) (2.37)
i
1= cos(nf) 1 <= N cos(nb)
== - —_— 2.
2 n * 2 Z n?2 (2.38)
n=1 n=N
Using Euler Maclaurin summation, one can show that for —7m < 6 < m,
cos( n9 1
N NGO N 0| + NOSi(NO — 2.39
Z os(NO) — kvalo] + NOSINO) 40 () (239)
Si(2) —/ Sl (2.40)
0 x

is the sine integral. Using Euler Maclaurin again,

Z s(nh) _ Z s(nh) Z cosflnﬁ) (2.41)

n=1 n=N
—log |2sin(36)| + Ci(N6]) + O < ) (2.42)
where > >0 | <= "0) = —log |2sin(36)| (it is a Claussen sum) and the cosine integral

is

. cosz —1

Ci(z) =~v+logz+ — dz |arg(z)| < (2.43)
0
e}
- —/ O da. (2.44)
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Chapter 2. Central Limit Theorems

This completes the proof. O

Remark. The Taylor expansion of the sine and cosine integrals are

Si(z) = z 4+ O(2%), (2.45)
Ci(z) =logz+~y— izQ +0(2h). (2.46)
and so, letting 6 — 0,
1
E {Imlog Zy(0)*} = 2(log N + 1 +7) + O <N> (2.47)

(which is, of course, well known [2, 69]).

The sine and cosine integrals have an asymptotic expansion as z — +oco of

cosz sinz

. 1
Si(z) ~ g7 P - (2.48)
sinz  cosz
Ci ~ — ce 2.49
i() o T B (2.49)
and so the variance of the counting function is, for fixed 6,
1
var {Cy(0,6)} ~ — (log N + 1+ v+ log|2sin(36)]) . (2.50)

In fact Rains has gone much further, computing an arbitrarily precise asymptotic

expansion for the variance:

Theorem 2.6. (Rains [80]). For any d > 1,

1
var {Cy(0,0)} = 3 [logN +1+ 7+ log|2sin(36)+

N Zd: (1 — 5By + Re(iketN0)27F(1 — k) cot =D (10)
k=2 NF

where By, is the k' Bernoulli number.

+0 (N*(d“)) (2.51)

If we rescale in the mean density, so § = 2ra/N, then Cy(0,27a/N) weakly

converges to an (as yet unknown) discrete random variable with mean « and variance

var{Cy(0,2ra/N)} = % <1 + v+ log(2ma) — Ci(27a) — cos(2ma) 4 12
T
. 1
210 Sl(27TOé)> +0 <N> . (252)
(Again this can be found in [80]).
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2.2. The counting function

It is interesting to compare this with the number variance of the Riemann ze-
ros. Recall that N(T) = N(T) + S(T), with S(T) given by (1.13). S(T) and
%Jm log Zi7(0) play analogous roles, being both imaginary parts of the logarithm
and the error term in the counting function.

The number variance of the Riemann zeros (in the scale of the mean density) is

defined as

1T 2 2
= = t+ —— | — S(¢ dt. 2.
vrtei= g [ {5 (+ ) -5 (259
Using techniques developed in [44], Fujii [41] proved:

Theorem 2.7. (Fujii [41]). Assuming RH and Montgomery’s conjecture, for 0 <
a < logT, Vr(a) equals

1
— {log(2ma) + v — Ci(2mar) 4+ 1 — cos(2mar) + ma - 2na Si(2ra)} +o(1) (2.54)
7r

We see immediately that this result agrees exactly with the random matrix cal-
culation, (2.52), since N = log %, so the comparison is between the number variance
in the scale of the mean density of zeros.

However, as a grows to be on the order of the mean density, random matrix the-
ory only correctly models the leading order term in the fluctuations in the counting
function of Riemann zeros, but not the sub-leading terms. (c.f. the conjecture of

Berry, [9]).

Theorem 2.8. (Fujii [42]) For fized constants A,B > 0, if A < h < BT then,

assuming the Riemann Hypothesis,

;/T(S(t +h) — S(t)%dt = Vp ( (2.55)
0

= %(loglogT—loglC(l+ih)\)+(’)(1) (2.56)

log(T'/27)
2w h>

For h = O(1) and N = log %, we get leading-order agreement with (2.50), but
the sub-leading term involves primes. It is obvious that in this region the RMT—zeta
function analogy will break down: In the CUE « cannot grow larger than 27N due
to periodicity, whereas for the Riemann zeta function, a may grow much larger than
the mean density (and in the above theorem it does!).

The right hand side of (2.54) grows like %loga as a — 00, which is correct

only so long as a << logT (the mean density) since the right-hand side of (2.56)
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Chapter 2. Central Limit Theorems

fluctuates around % loglog T'. (Note that log|¢(1+ih)| = O(logloglogh) as h — oo,
and since h < BT this is subdominant to the loglog T term). This phase transition

in the growth rate had previously been accounted for in a conjecture of Berry [9]:

Conjecture 2.9. (Berry [9].) For any 7 € (0,1) and any a > 0,

Vr(a) =~ % {log(2ma) +~ — Ci(2ma) + 1 — cos(2ma) + 72 — 27mar Si(2mar) }

i e o)
+ — 4 2 Z Z r;);/ﬂ + Ci(2mar) — log(2rar) —v p  (2.57)
p prime
pr<(T/27)"

In particular for fixed 7, if 0 < o < log T, the second term in braces can be shown
to be subdominant to the first term. And if log7T < o < T then the conjecture for
Vr(a) can be shown to be asymptotic to — L loglogT.

Noticing that

V() = a + 2 /Oa(a — ) (R(T)( ) — 1) do (2.58)

where RgT) (x) is the scaled two-point correlation function at finite height 7', Berry’s
conjecture has been sharpened slightly by Bogomolny and Keating [15] who heuris-
tically showed that if L = % log % then

R (z) = 1+ RW(z) + RY™ () (2.59)
with

RY(2) = — e L, s)— > log®p (2.60)

2 2722 ds2 085V ~ (p5 —1)2 . ’
p prime s=1+iz/L
and
off 1 iy |2 . piI/L -1 2
P

(The detailed calculations are given in [68, 10]). Of course, as T — oo, it can be

seen that RéT) (x) = 1— szﬂ

T2

Finally, we compare E{Jmlog Z;;(0)?} with

Theorem 2.10. (Goldston [44]). Assuming RH and Montgomery’s conjecture,

/ S(t)%dt = {loglogT—l-’y—i-l—ZZ( ) }+o(1) (2.62)

m=2 p
(The sign error in [44] is corrected here). This is in agreement with (2.47) only

at leading-order. Primes appear in the sub-leading term.
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2.3. Functional central limit theorem

2.3 Functional central limit theorem

Szegd’s theorem for real-valued functions on T states that if

A(h) = ik|ﬁk|2 < o0, (2.63)
k=1
then
Dy[e"] = exp (Nim AR + 0(1)) (2.64)

as N — oo. Combining this with Heine’s identity (lemma 1.10), we see that if kg = 0
and A(h) < oo, then Tr h(U) is asymptotically normal with zero mean and variance
2A(h). (Many papers have been written about Szeg&’s theorem, see [18, 63, 64, 88|,
and the references contained within those papers, for proofs and generalizations).

Now, Relog Zy(#) = Tr h(U), where h (') = Relog(1— ¢ (=9)) but the Fourier
coefficients hy, are of order 1 /k in this case and A(h) = 400, so we cannot use
Szegd’s theorem to prove results such as theorem 2.2, for example. (Indeed, the
proof of lemma 2.1 required knowledge of how Toeplitz determinants of Fisher-
Hartwig symbols behave as N — oo, and Fisher-Hartwig symbols are such that
Szegd’s theorem does not apply to them).

However, Szegd’s theorem can be applied to obtain a functional central limit
theorem for log Zi;(6). That means there exists a random function F'(f) and a

metric space of functions H, (both identified below) such that

JimE{g(log Zu(0))} = B{a(F(0))} (2.65)

for all bounded continuous functions ¢ : Hf — R (so ¢(+) is a function of a function).

A generalized real-valued function f(#) on T can be identified uniquely with the
infinite sequence of its Fourier coefficients ( fo, fi,- .. ). (Note that for f(-) to be real,
fop = f,;‘) Denote by H§ the space of generalized real-valued functions f(#) on T
with fo = 0 and ||f(0)|la < oo, where ||f(0)]2 = (f(6), f(#))a, the inner product

being
(f(0),90))a= > |k frii (2.66)
g
=20Re Y k¥ figi. (2.67)
k=1
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Chapter 2. Central Limit Theorems

Let R1, Rs, ... be asequence of i.i.d. standard complex normal random variables,

and R_, = R, and define

FO)= > (2 R;‘k’>eik9. (2.68)

oo
Note that -
Relog Zy(0) = > _gg_keiw. (2.69)
k=—o00
k#£0

Lemma 2.11. The finite dimensional distributions of Relog Z7(0) converge weakly

as N — oo to the finite dimensional distribution of F(0) in H.

Proof. This lemma follows from theorem 1.5 and Szegé’s theorem. It amounts to

proving that for any m > 0,

—~TrU! -Tru—™ Ry R, >
e == e 2.70
< 2 2m ) <2\@ 2v/2m ( )

Let f(6) be such that f = 0 for |k| > m and fo = 0. (So f(#) € HZ for any a).
Let E denote expectation over the complex normal random variables. Writing

R, = X +iYx with X and Y} iid standard normal random variables for k = 1,2, ...,

then
2a
(£(6) Z_j kI ﬂk‘ (2.71)
k0
= \2 3 [k:za—l/Q%e( Fo) X + K21 23m( fk)Yk] (2.72)

so, by the independence of X and Yy,

Boxp ((1(0), F(8))0) = [ o+ o1k oo (2.73)
k=1
= oxp (§(/(60), S (O))2a-172) (2.74)

Next, note that

(f(0),Relog Zy(0))e = — Z k221 f, e U® (2.75)
’“;;5”
_Z Z k|21 fethOn (2.76)
ez
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2.3. Functional central limit theorem

so Heine’s identity gives that
Eexp ((f(0), Relog Zy(0))a) = Dy[e"] (2.77)

with Ay, = %1|k]2“_1fk, and thus Szegd’s theorem implies

Eexp ((f(0),Relog Zy(0))e) — exp (Z 1k fy |2> (2.78)
k=1
= €xXp (% f(&) ( )>2a—1/2) (2-79)

which equals (2.74), so (2.70) is true by theorem 1.5, and this proves the lemma.
O

Remark. In the case a = 0, Gangardt [43] has essentially reproven this lemma

using a technique from theoretical physics called bosonization.

Remark. If a < 1/2 then (2.74) remains finite as m — oco. However, there is no

guarantee that the conclusion of theorem 1.5 remains true in that case, so one cannot

conclude that Relog Zy7(#) = F(0). The following theorem shows the conclusion

is valid for a < 0.

Theorem 2.12. For fized a < 0,

Relog Zy () = F(0) (2.80)

; a
in H.

Proof. Prohorov’s theorem, given in section 6 of [11], says that if the finite dimen-
sional distributions of X converge weakly to the finite dimensional distribution of
X, and {Xn} is tight (which means for for every € > 0 there exists a compact set

K such that P{Xy € K} > 1 — ¢ for all N) then Xy converges weakly to X.

Lemma (2.11) shows that the finite dimensional distributions of fRelog Zi(6)
converge to those of F'(f). Thus, all that is required to prove this theorem is to

show that {Melog Zi7(0)} is tight in H.
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Chapter 2. Central Limit Theorems

First, using (2.35),

1 (o]
E ||9Relog Zy(0)]|? = 3 > KPR T U R
k=1

(2.81)

(2.82)

(2.83)

Note that (2.82) is finite for a < 1/2, and that it diverges as N — oo for 0 < a < 1/2.

It is only for a < 0 that the uniform (in N) bound
E ||9%elog Zu (0) |7 < 5¢(1 — 2a)

holds.

Second, for a < 0 and for each ¢ > 0, choose

¢(1—2a)

x >
2¢

and set

K={fcHy : [IF(O)]a <z}

Note that for all N > 1,

P {Relog Zy(0) € K} =1 - P{[|Relog Zy(0)la > }

2
>1— E ||PRelog Z||5

by Chebyshev’s inequality. But by (2.84), and the choice of z,

¢(1—2a)

P{Relog Zy(#) e K} > 1 — 522

>1—c¢

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

for all N. This proves tightness of the sequence {fRelog Zi7(0)}, which proves the

theorem.

Remark. Let ‘H be the Hilbert transform:
—— ka k>0
Hfy = ) :
—ify k<O
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2.3. Functional central limit theorem

Since Jmlog Zy(6) = H(Relog Z17(0)), then if Relog Z17(0) = F(6) one immedi-

ately obtains as a corollary
(Relog Zu(0), Imlog Zy (0)) = (F(0), H(F(9))) (2.92)

in the same topology.
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Chapter 3

Large Deviations

In this chapter we obtain a range of large and moderate deviations results for
log Z17(0).

The central limit theorem for a finite set of distinct points (theorem 2.2) occurs
when log Z7(6) is scaled by A = /log N. Deviations from the central limit theo-
rem are found to have a quadratic rate function (as is anticipated from a normal
distribution) for scalings /log N < A < log N.

If the real and imaginary parts are considered separately and at just one point
(say @ = 0) then it is possible to go much further. Jmlog Z;;(0)/A has a quadratic
rate function for \/logN < A < N, but not at A = N. When A = N, an
explicit expression for the rate function, which occurs at speed B = N2, is given.
Large deviations of Relog Zy7(0)/A to the right have a quadratic rate function for
Viog N < A < N, but not at A = N. An explicit formula for the rate function
when A = N, which again occurs at B = N2, is given. But large deviations
of Relog Zy(0)/A to the left are quadratic only for v/logN < A < logN. For
A > log N they become linear (and occur at speed B = A), the phase transition
being caused by one eigenangle coming too close to 0.

Large deviation estimates for the real and imaginary parts in certain scalings can
be exponentially improved by estimating the probability density using the saddle-
point method. The deviations of PRelog Z;7(0) to the left can be similarly improved
(and indeed calculated exactly) using calculus of residues, the linear rate function
expressing itself as a simple exponential decay in the left tail of the probability

density.
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Chapter 3. Large Deviations

Similar calculations applied to the Riemann zeta function lead to a conjecture
on the probability of log|((1/2 + it)| being very large and negative. The difficulty
of using random matrix theory to conjecture the true rate of growth of |((1/2 + it)|
is also discussed.

Inside the unit circle, log Zy7(0) becomes a continuous function, and the LDP at
scaling A = N and speed B = N? can be calculated using a result due to Hiai and
Petz [58]. Their result also enables us to write down the most likely distribution of
eigenangles, given that such a large deviation has occurred.

The different scalings for left and right deviations of fRelog Zy7(0) makes itself
manifest in the moments: the fixed moments are Gaussian (as N — 00), as they
must be for the central limit theorem to hold. But the high moments are far from
Gaussian, being dominated by the large left tail of the distribution of RRelog Z/(0).

Some of the results in this chapter have previously appeared in [60].

3.1 Large deviations for log Z;;(f) evaluated at distinct

points

Theorem 3.1. For v/logN < A < log N, and for any distinct r1,...,rp € T, the

sequence
Relog Zy(r1) Tmlog Zy(rq) Relog Zy(ry) TImlog Zy(rk) (3.1)
A ’ A Y A ’ A '
satisfies the LDP in R** with speed B = A?/log N and rate function
k
I(@1,y1 - meye) = 325 + 43 (32)
j=1
Proof. By lemma 2.1, if B/A < 1,
k
log E exp Z sjRelog Zy(r;)B/A + t;Imlog Zy (rj) B/A
7j=1
Y, .\ BllogN
~ Z(sj /4] =5 (33)
7=1
so choosing the speed B = %, we see that A(s1,t1,..., Sk, tx) = %Z?Zl(s? + tjz),

and by theorem 1.6 (with d = 2k), the rate function is the convex-dual (Fenchel-

Legendre transform) of this. O
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3.2. Large deviations for Jmlog Z;(0)

Remark. Closer inspection of the proof of lemma 2.1 actually allows A =log N as
a scaling in theorem 3.1, so long as s; > —1 for all j (which means z; > —1/2).
Large deviations results for the counting function can also be deduced, using the

identity (2.29).

Theorem 3.2. For y/logN < A < logN, and —w < s < t < m, the sequence
(Cu(s,t) — (t — s)N/27)/A satisfies the LDP in R with speed B = A%?/log N and
rate function L(z) = m2x?/2.
Proof. By (2.29),

Cu(s,t) — (t—s)2= _ Jmlog Zy(t) — Jmlog Zy (s)

4
A TA (3-4)
and by lemma 2.1, if B = A%/log N,
. Jmlog Zy(t) — Jmlog Zy(s) S
A}gnoo log E exp <)\B < — =53 (3.5)

so long as s, t are distinct in T. The result now follows from theorem 1.6 with d = 1.
O

If one specializes to evaluating log Z;7(6) at only one point!, then it is possible to

go further, due to the existence of an exact moment generating function (1.73), rather
than just an asymptotic one, (lemma 2.1). For simplicity (rather than necessity) we

will consider the real and imaginary parts separately.

3.2 Large deviations for Jmlog Z;(0)

Theorem 3.3. For scalings \/logN < A < N, Jmlog Zy7(0)/A satisfies the LDP
with speed B = —A?/W_1(—A/N) and rate function J(y) = y?. Here W_1 is the
—1-branch of the Lambert-W function, defined in appendix B.

Proof. For a given scaling sequence A(N) we wish to find B(N) such that

1
lim B log Ly(—itB/A) (3.6)

N—oo
exists as a non-trivial pointwise limit, where Ly is given by (1.80). Applying results

from appendix D,

1 N?
log Ly (—itN/x) = 12N? o;x + 0, <x2> (3.7)

!Since the law of log Z7(6) is independent of §, we will set § = 0 without loss of generality.
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Chapter 3. Large Deviations

for all fixed t € R, so long as x > 1.
Thus, putting x = NA/B, it is seen that a non-trivial limit of (3.6) occurs if

B = N?log x/x?, that is, if

A2
"W ()
where W_q is the —1-branch of the Lambert W—function, described in appendix

B. (We need to be on the —1-branch in order for B ~ 1 when A = y/log N, which

B (3.8)

must be the case due to the central limit theorem). Note that the restriction x > 1
implies A < N.

With this B, theorem 1.6 implies the rate function is

J(y) = sup {ty — %tQ} (3.9)
teR
= ¢ (3.10)
as required. O
Remark. If y/log N < A < log N, then B ~ loiglsz as in theorem 3.1.

Theorem 3.3 fails to cover the case A = N (when x = 1). It is found that the

rate function ceases to be quadratic there:

Theorem 3.4. The sequence Jmlog Zy(0)/N satisfies the LDP with speed N? and

rate function given by the convex dual (Fenchel-Legendre transform) of
4
At) = %tz log (1 + t2) — 1log (1 + $t°) + tarctan (3¢) (3.11)

Proof. logEexp(tNJImlog Z;;(0)) = log Ly(—iNt), and the asymptotics (given in
appendix D) imply that

. 1 .
At) = J\}l_rgo N2 log Ly (—iNt) (3.12)
4
= t’log (1 + t2) — 1log (1 + 3t°) + tarctan (3¢) (3.13)

Theorem 1.6 implies that Jmlog Z;(0)/N satisfies an LDP at speed N? with rate

function

4
J(y) = igﬂ}{) {ty — %tQ log <1 + t2> + %log (1+ %tg) — tarctan (ét)} (3.14)

for all y € R. O
Remark. J(y) = oo for |y| > . In fact, since |Jmlog Zy(0)| < N7/2, the scaling

A = N is the maximal non-trivial scaling.
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3.3. Large deviations for Relog Z;;(0)

3.3 Large deviations for fRelog Z;(0)

In this section we will use theorem 1.7 to calculate the LDPs for fRelog Z17(0).
However, we will find that the conditions for that theorem fail at certain points, and

to overcome those restrictions we need the following result:

Theorem 3.5. For any A(N) > log N, and a < b <0,

1 log Z
lim 1og19>{9%°i(](0) € (a, b)} =b (3.15)

Also, for any a < b < —1/2,

log P { Relog Z17(0)
log N

I
Nooo log N

€ (a,b)} =b+1/4 (3.16)

Rephrasing this: For scalings A > log N, Relog Zy7(0) satisfies a partial LDP
at speed A with rate function I(z) = |z| for x < 0. And if A =log N, Relog Zy;(0)
satisfies a partial LDP at speed log N with rate function I(z) = |z| — 1/4 for x <

—-1/2.
Proof. If limsupy_ ., z/log N < —1/2, then
p(z) ~ e®exp (3¢'(—1) + £ log2 — S log ) N4, (3.17)

where p(z) is the probability density function of PRelog Z;7(0). This will be proved
in theorem 3.9.
Therefore, for a < b < —1/2,
log Zr:(0 blog N
P{Mg(a,b)}:/ p(z) dz
10g N alog N
/ 1 1 1/4 b __ ara
exp (3¢'(~1) + fylog 2 — Jlogm) NY/4 (N — N (3.18)

~

1
log N
and the result follows from taking logarithms of both sides. Similarly for A(N) >
log N with a < b < 0. g

These are partial LDPs (partial because they are valid only for left deviations)
occurring at speed B = A for A > log N. The next two theorems show that the
deviations to the right occur at a different speed for A > log N. It is easy to see
that left and right deviations must have, at some point, very different behaviour:

We have shown that for any A there exists a non-trivial LDP to the left, whereas,
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Chapter 3. Large Deviations

since Relog Z7(0) < Nlog?2, the scaling A = N must be the maximal non-trivial
scaling for deviations to the right. (This difference is discussed in more detail in

section 3.3.1.)

Theorem 3.6. For scalings \/log N < A < N, the sequence Relog Zy(0)/A satis-
fies the LDP with speed B = —A%/W_1(—A/N) and rate function given by

(

x? if Vlog N < A < log N
z? x>-1/2
if A=log N
I(z) = —r—1/4 x<-1/2 (3.19)
z? x>0 )
if logN < AN
z <0

Proof. For a given scaling sequence A(N) we wish to find B(/V) such that

1 BfRelog Z,
As) = lim —logEexp <3 Re jf U(0)> (3.20)
Hmy_oo 5 log My (sB/A)  if liminfy_ .o 22 > —1 3.21)
— 3.21

00 otherwise

exists as a non-trivial pointwise limit.

For x(N) > 1 as N — oo, we have for each s,

1 2N?%logx N2 .
1 78 =F=> + O, (—) if Ns/x > —1
B log E exp(sNRelog Zy7(0)/x) = 17 B X
0 if Ns/x < -1
(3.22)

which follows from results summarized in appendix C.
So, as in the proof of theorem 3.3, we need B to be as in (3.8) (which will be
valid for y/log N < A < N).

If we set 0 = liminfy_.o 4, then we have

isz for s > —¢

A(s) = (3.23)
00 for s < —¢6

If /logN < A < log N then § = +co and theorem 1.6 implies that I(z) = 2
for all x € R.
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3.3. Large deviations for Relog Z;;(0)

If A =logN, then 6 = 1/2, and theorem 1.7 applies only for x > —1/2, where
we have I(z) = 2. However, since B ~ log N at this scaling, theorem 3.5 implies
that, for x < —1/2, I(z) = |z| — 1/4.

Finally, if log N < A < N, then § = 0, and I(x) = 22 for x > 0 by theorem 1.7
and I(x) = 0 for x < 0 by theorem 3.5 (since B > A for A > log N).

This completes the proof of theorem 3.6. O

The restriction x > 1 means that theorem 3.6 does not cover the case A = N.
(The deviations to the left are dealt with by theorem 3.5, where they occur at speed
B = N). The following theorem will deal with deviations to the right, which occur
at speed N2.

Theorem 3.7. The sequence Relog Zyy(0)/N satisfies the LDP with speed N* and

rate function given by the convex dual of

(1 +s)%log(1+s) — (14 %s)Qlog (14 3s) — +s*log2s fors>0

A(s) =
o0 for s <0
(3.24)
Proof.
log MNn(Ns) for Ns > —1
log E exp(sNRelog Z17(0)) = (3.25)
00 otherwise

(the asymptotics of My (Ns) are given in appendix C), and so for s > 0,

1
A(s) = ]\}Enoo N2 log My (Ns) (3.26)
=11+ 5)?log(1 + s) — (1+ %5)2 log (1+ 3s) — %52 log 2s, (3.27)

and A(s) = oo for s < 0.

If © > 0, then theorem 1.7 implies that the rate function, I(z), is given by the
convex dual of A(s). If z < 0, then theorem 3.5 implies that I(z) = 0. Thus for
x € R, I(x) is given by the convex dual of A(s), and this completes the proof of
theorem 3.7. O
Remark. I(x) = oo for x > log 2. In fact, Relog Zy7(0) < N log2 for all matrices.
Remark. For all y/log N < A < N even thought the conditions of theorem 1.7 are

not satisfied at some points, it turns out that I(x) is still the convex dual of A(s).
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Chapter 3. Large Deviations

Scaling A(N) Speed B(N) Rate function I(x)
A2
Viog N < A < logN e N x?
x? if x> —1/2
A=logN log N { z| —1/4 ifz<—1/2
_A2 .’132 lfoO
W-1(=A/N) 0 ifz<0
logN < AL N
oo ifx>0
A { | ifz<0
o0 if z > log2
N2 { I(x) if0<z<log2
0 ifz <0
A=N
oo ifx>0
N { 2| ife<0
oo ifx>0
A>N 4 { 2| itz <0

where, for 0 < x < log 2,

I.(x) = sup{)mz — 11+ X)%log(1 4+ A) + (1 + 20)?log(1 + 3A) + 1A% log 2>\}

A>0

Table 3.1: Speed and non-trivial rate function for fRelog Z7(0), at each possible

scaling
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3.3. Large deviations for Relog Z;;(0)

3.3.1 The phase transition

log Z;(0)

There is a phase transition in theorem 3.6, where the rate function of = N

changes
from being quadratic to linear. In this section we will argue that the linear part is
caused by an eigenangle coming close to 0.
If x < 0, then theorem 3.6 says that if A > log IV,
1
A
For any € > 0, the lower bound

log P{Relog Zyy(0) < zA} ~ —|z|. (3.28)

N
P(Relog Z17(0) < zA) > P {log 1—€% < (z—e)A, Zlog 11— €| < eA}
n=2
(3.29)
holds.
Note that for A > /log N
N
P{Zlogu—ei@ny <6A} —1, (3.30)

n=2

(this follows from the central limit theorem) and that 6; is uniformly distributed
on T. Therefore, assuming the two events on the right hand side of (3.29) are

approximately independent, we have
el | 0
_ > —_ — 1 —
l}\rfriloréf I log P{Relog Zy(0) < zA} > l}woréf 1 logP {log |1 —e"t < (x e)A}
= —(|Jz|+¢), (3.31)
and since € is arbitrary, we obtain

1
lim ian log P{Relog Zy;(0) < zA} > —|z|. (3.32)

N—o0
For A > log N this is the correct answer, and so we conclude that the linear rate
function for large deviations to the left is most likely caused by just one eigenangle
coming too close to 0.

Observe that if v/log N < A < log N, the speed is B = A?log N < A, and so

all our estimate achieves is the trivial bound
1
l}\rfn inf B log P{MRelog Zy(0) < zA} > —o0. (3.33)

From this we conclude that for moderate deviations (in the scaling /log N < A <
log N) are not caused by just one eigenangle, but by a conspiracy among many

eigenangles.
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Chapter 3. Large Deviations

3.4 Refined large deviations asymptotics for Jmlog Z;;(0)
The probability density of Jmlog Z;;(0) is given by

q(x) : / ) e ¥ Ln(y) dy. (3.34)

:% -

This integral will be calculated using the saddle-point method, which involves
deforming the contour of integration to pass through the point where the derivative
of —iyx + log Ly (y) vanishes.

Making the ansatz that such a saddle-point will occur for |ys| < 1, then (using
Appendix D on the asymptotics of log Ly(y), and noting that in this case it is

legitimate to differentiate the error terms)

—2ix z?
s=—""——"——+O0 | —= |- 3.35
Y logN+1+’y+ ((logN)3> (3:35)

The assumption on y, will be valid so long as |z| < log N. Taylor expanding around

Y =yYste,

— iyx +log Ly (iy) =
—z2 1

(logN + 1 +7)é + O(e) + O <x2)2> +O (;) (3.36)

logN +1+~ 4 (log N

where the constant in the O(e*) term can be made independent of N. Therefore,

g(z) ~ % /600 oxp (—i(ys + )z + Ly (ys + €)) de (3.37)

€
where €4, is chosen so that it is much bigger than the scale of the standard deviation,
but small enough so that the error terms don’t contribute. Thus, for 1/y/log N <

€00 € 1 we have

(@) ! o ( —a” ) (3.38)
~ X .
! Vr(log N +1+7) P logN + 1+~

which is the density function of a normal random variable with mean zero and
variance 3(log N 4+ 1+ 7).

Under the assumption that 1 < |ys| < VN, then appendix D gives that the
saddle point is the solution of

1 4
iz + Jys(log N — log(iys) +log2 + 1) + O (y) +0 <JZ<;2> =0, (3.39)
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14 T T T

N

2 b ~ . ]

Figure 3.1: Graph of the negative log of the probability density of Jmlog Zy(0)
(from N. Snaith) (green) against its leading order asymptotics (red), for N = 42.

the solution being

2ix w zt
_ 2 M L A
w=3r +0 (%) +0(5aa) (3.40)
where W = W_; (%) is the —1 branch of the Lambert W—function (see appendix

B). Our ansatz on y; is valid so long as log N < = < v/ N. Taylor expanding about
this point, we obtain for y =y, + €
2 2

. . x
—iyz +log Ly (iy) = [W + L

+ Llog(—W) — tlogz + 2(’(—1)}

iw 1 L WY
et (twlo 41
LT <4W+ 1) G4

(omitting the various error terms) so integrating over e from —eo t0 €, with
1/V/log N < €5 < 1, we have

1
~N —
\/77-\/_7 W —1 *p

Combining the above results, we have proven

q(z)

1'2 1'2 1 1

Theorem 3.8. If |z| < log N then

1 —? )
T) ~ exp| ————F 3.43
a() Vr(log N +1+7) p(logN+1+7 (3.43)
and if log N < |z| < VN, then writing W for W_1 (5%),
1 —z? 72 1 1 /
q(z) ~ N exp | 3 + oz 3 log(—=W) — glogz +2¢'(-1) ) . (3.44)
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ete. x poles of My (iy)
3i
—R+4i4ie - I Ay R+1i+ie
! i
“R! R

Figure 3.2: The contour C'
3.5 Refined large deviations asymptotics for $Relog Z;;(0)

3.5.1 Refined large deviations estimates to the left

By Fourier inversion, the probability density of PRelog Z7(0) is given by

o) = [ e My (iy) dy. (3.45)

:% .

where My (iy) = Ee¥%elog Zu0) i given by (1.77).
Theorem 3.9. If limsupy_ . x/log N < —1/2, then
p(z) ~ e”exp (3¢'(—1) + £ log2 — S log ) N4, (3.46)

Proof. We evaluate

1 .
— WMy (iy) d 4
o o € N(ly) Y, (3 7)

where C is the rectangle with vertices —R, R, R+ 1+ €i, —R + i+ €i, for € a fixed
real number subject to 0 < € < 1 (see figure 3.2), and let R — oo. Note that the
contour encloses only the simple pole at y = i.

The asymptotics for G(-) show that the integral on the sides of the contour vanish

as R — oo, which means

p(z) =iRes {e V" Mn(iy)} + E, (3.48)
Yy=1
where
€x+ez o] .
E= / e My (it — 1 —€) dt. (3.49)
2 J_
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3.5. Refined large deviations asymptotics for e log Zy(0)

The pole at y =i is simple, so

G(N)G(N + 1),
G2(N+1) ”i‘e?{a(l —l—iy)} (3:50)

iRes {e*iyxMN(iy)} =e"G? (3)
y=i

. G(N)G(N +1
=e"G?(3) <2) ( T ) (3.51)
G2 (N + %)
~e"exp (3¢'(—1) + £ log2 — S log ) N4, (3.52)
and
6:1:+6x o0 )
|E| < / |Mpy(it — 1 —€)|dt (3.53)
2 J_
erien |62 (3~ Jo) :
~ N1/4+e/2+e /4 loe N —1/2' 3.54
| oms (1og N) (3:54)
(The constant term is well defined for 0 < € < 1).
Thus |E| < e*N'/* when
e N2 A (1og NY 12 <« 1. (3.55)
Thus the error term can be made subdominant if
z 1
li —= :
1]rvnjé10p g N <3 (3.56)
by choosing
0<e<min{—2—4li]{7njéloplogN, 1}, (3.57)
which completes the proof of the theorem. O

For = < 0, it is possible to extend the above argument to include all poles, by
integrating over the rectangle with vertices —R, R, R + iR, —R + iR, and letting

R — oo in order to show that

Theorem 3.10. For x < 0,
p(z) = Z ePn—1)e ng {e**Mn(s—2n+1)}. (3.58)
n=1 =
The problem with this evaluation of p(x) is that if one wishes to treat this as an

asymptotic (i.e. truncatable) sum then z < —log N would be required. The reason

for this is explained in the following theorem:
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Chapter 3. Large Deviations

Theorem 3.11. Forn=1,2,3,... and fixed, N > 1, x < 0 with |z| > 1,

Res {e™*" My (s —2n+ 1)} =

(_l)n—l G? (% — n) ({E + (n — %) log N)2n—2
G(Qn) (2n —2)!

x{1+0(z7")+ 0 ((logN)™")}. (3.59)

N(n—1/2)2 .

Proof. The residue is the s~! term in the Laurent expansion of

e *My(s—2n+1)=
2n—2

GIN+1)G(s+ N —2n+2)G* (35 —n+3) H D(—j+s) (3.60)
j=0

G(s+1)G2 (35 + N —n + 3) exp(sz)

(which comes from (1.77) and the recurrence relation for the G—function). Now,

for j = 0,1,2,..., I'(—j + s) has a simple pole at s = 0 with residue (—1)7/;!.

Therefore,
2n—2 o0
[[TEi+9)= D> s (3.61)
=0 k=—2n+1
with
2n—2 1
agnyr = (=1)"" H il (3.62)
j=0
(-1t (3.63)
G(2n) ’
Now,
G(N+1)G(s+ N —2n+2)G* (3s—n+3
F(s) = (N+1)G(s+ n+2)G? (35 —n+3) (3.64)

G(s+1)G2 (35 + N —n+ 3) exp(sz)
is analytic at s = 0, and we require the Taylor expansion around that point. Actually,

it is easier to get the Taylor expansion of log F'(s):
o0
log F'(s) = Z ars” (3.65)
k=0

where

G(N +1)G(N —2n+2)G? (3 —n)
G2 (N —n+32)

ap = log (3.66)
1
:(n—%)2logN+210gG(g—n)+O<N>, (3.67)
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3.5. Refined large deviations asymptotics for e log Zy(0)

a1=—2+ N -2n+2)+®(3-n)—d(1) - (N -n+3) (3.68)

=—z—(n—3)logN +0O(1), (3.69)
and for k > 2,

ar, = HOF V(N —2n +2) + 52 0* D (3 —n) — LoD (1)

— 52 @D (N —n+3) (3.70)

where &%) (z) := % log G(z). (The asymptotics of ®*)(z) are described in ap-
pendix A). We have ay = }log N + O(1) and a, = O(1) for k > 3. So that a; is
truly large, we require that z/log N is bounded away from —(n — %) as N — oo.

Therefore,

F(s) =e™exp (Z aksk> (3.71)
k=1

= e Z b;s’, (3.72)
§=0
where bp = 1 and
1 1 1,

bj =a; + a1 Z Ak, Ak, + 3l Z Ak Oy Qg + + -+ + ﬁal (3.73)

k14ko=j k1+ka+ko=j

1 . .
= ﬁa{ +0 (ajl a2> . (3.74)
And so,

2n—1
I;»:eg {e**Mn(s — (2n — 1))} = exp(ao) ; a_pbp_1 (3.75)
= exp(ao) {a—2n41b2n—2 + O (b2n-3)} (3.76)
which gives the required result and error terms. O

Remark. Note that for each n,

et Reg {e"My(s— (2n+1))} < e~ Reg {e7*"My(s — (2n— 1))}
s=0 s=0
(3.77)
only if limsupy_, IOgLN < —n, which explains the remark made after theorem 3.10.
It is tedious, but not hard, to obtain much better error terms for the large N

expansions of the residue. For example, take n = 2 then

ng {e™"Mn(s —3)} = €™ (a—3by + a_2b1 + a_1bp) (3.78)
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Chapter 3. Large Deviations

where a3 = —1/2, a_9 = 3v/2 —5/4 and a_1 = —7%/8 — 9v2/4 — 17/8 + 15v/4,

and bg =1, by = a1 and by = ag + %a%, where

1
alz—a:—glogN+gv—g+310g2+(’)(N) (3.79)
1
agzilogN—i+i’y—;log2—1%7r2+(’)<N> (3.80)

Therefore, the residue of e **Mpy(s —3) at s =0 is

GP(=3) (~42* + (~F1og N+ § = §y + Jlog2) a + A4) N/ + O (aN7/")
+0 ((log N)N5/4) (3.81)

where

A= —%(logN)2+ (24 %1og2— 37)log N + 27 — 2log2 — 3—12772

— 9(log2)* — &7° — & + Ivlog2 (3.82)

One can write

p(x) = e” R_eg {e™"My(s—1)} +€** R_eg {e™*"My(s—3)} + Es (3.83)
with
edzter  poo )
By = — / e " My (it — 3 — €) dt, (3.84)
™ —00

for 0 < € < 2. An estimate similar to that used in theorem 3.9 gives that Fs is
subdominant to the first two terms for limsupy_, logLN < —3/2.
The final result in this section is that for small N one can use the method of

residues to calculate p(z) explicitly.

Theorem 3.12. For N =1, and x < log2,

2 e
)= ———— 3.85
Proof. Forn=1,2,...,
I'2-2 1

Res< e % ( 3 n +f) = 3 (3.86)

5=0 F2 (5 —n‘f—is) FQ (E—n) (2”-2)'

1 2n — 2)!

(2n—2) (3.87)

T w2in—i(n — )R
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3.5. Refined large deviations asymptotics for e log Zy(0)

14 T T T T T T T
12 4

10 .

0 1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 4 6

Figure 3.3: Graph of the negative log of the probability density of PRelog Zy(0)
(from N. Snaith) (red) against its leading order asymptotics (green), for N = 42.

and so, by theorem 3.10, for x < 0,

1 ony1)e (20)!

pla) = £ 3 et 359
n=0
2 e’

But actually (3.89) is valid for all z < log2. (Note that RRelog Zy7(0) < log2 for
N =1). To see this, observe

p(x) = %}P’ {log ’1 — €] < x} (3.90)
= %% /_7; L {1og |1—ei%1 <o} 461 (3:91)
= %% arccos (1 — 1e*”) (3.92)
_ iwfﬁ (3.93)

So maybe (by analytic continuation) theorem 3.10 gives p(x) for all z < N log 2,
for all N. O
3.5.2 Refined large deviation estimates to the right

In the previous subsection

pla) = = / e My (iy) dy (3.94)

2 J_ o
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Chapter 3. Large Deviations

was found to be dominated by the pole at y = i when =z < —% log N. Here, the
saddle point method will be used to estimate p(x) for |z| < log N and for log N <«
z < N3,

As is usual in the saddle-point method, the contour of integration will be de-
formed to pass through the point where the Taylor expansion of —iyz + log My (iy)
is stationary. Making the ansatz that such a saddle-point will occur for |ys| < 1,
then using Appendix C on the asymptotics of My (iy) and noting the error terms

are differentiable,

—2ix z?
=—— + 0| —= 3.95
Ys 10gN+1—|—’y+ ((10gN)2> (3.95)
which will be valid so long as |z| < log N. Writing y = ys + € and Taylor expanding

around ys,

1
—@x+bgMN@0:ﬂgﬁiiip;—z&gN+l+vk2+O&% (3.96)

where the constant in the O(e?) term can be made independent of N, and thus,

integrating over (—eéx, €5 ) where 1/y/log N < €5 < 1 we have

1 —a? >
xT) ~ ex 3.97
pl) Vr(log N +1+7) p<10gN+1+7 (3.97)
which is the density function of a normal random variable with mean zero and
variance 3(log N + 1+ 7).
If we make the ansatz that the saddle point, y,, occurs for 1 < ys < ¥/N, then
(again using Appendix C) we need to solve

2 1
m+§%@gN—mg%y4%2+U+o<%>+O<2>=0 (3.98)

the solution being

2ix z? w2
where W = W_; (;—f‘\;”’) is the —1 branch of the Lambert W—function (see appendix

B). Our ansatz on y; is valid so long as log N < = < v/N.
Writing
2ix
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3.6. Large deviations for the zeta function

we find that —iyz + log My (iy) equals

22 1/ 2 2 2
%—iex—i—z (_‘if—i—ie) [logN—log (;/—i—ie) —10g2+§’]

1 / 1 2z . 3 1
+ glog2+ ('(—1) — 13 log W—He +0 ~ O - (3.101)

and expanding this in powers of ¢, it equals

@’ x’ 1 W)+ L 1 i
1 W2 z3 1
2 (1 1 3
+ € <4W +4_96x2>+0(6)+0<N>+0<x> (3.102)

where we have used log(—W) = log4x — log N — 1. Integrating this over (—€xo, €x0)
with respect to ¢, for 1/y/log N < €5, < 1 the saddle-point method gives that p(z)
is asymptotic to

1 x? x?
NVE <W T ope

Together, this proves

+ 1—12 log(—W) — % log z + % log 2 + C’(l)) (3.103)

Theorem 3.13. For |z| < log N,

1 —z? >
x) ~ exp| ———— 3.104
ple) Vr(log N +1+7) p(logN+1+7 ( )
while for log N < © < N1/3,
1 —z? a? 5 1 1 /
p(z) ~ ﬁexp W + SE 15 log(=W) — 5 logz + 15 log2 + ('(—1)

(3.105)

where we have written W for W_y (—64—;\”[).

3.6 Large deviations for the zeta function

3.6.1 Maximum size of |((1/2 + it)|

In this subsection we study how large |¢ (1/2 +it)| can get on 0 < ¢ < T.
Under the Riemann Hypothesis, it is known that (see theorem 14.14 of [90], for

example) as t — oo

. logt
log |¢ (3 +it)] :O<log1g:)gt> (3.106)
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Chapter 3. Large Deviations

(This is stronger that the Lindel6f hypothesis, which conjectures that for any € > 0,
IC(1/2 +it)] < t€ as t — 00).
Balasubramanian and Ramachandra [3] have shown that, independent of RH,

there exists tg such that for t > ¢y

. 3 [ logt
\c(;+1t)|zexp<4 1ogoigt> (3.107)

Montgomery [77] has conjectured that the right-hand side of (3.107) is about the

correct rate of growth.

Jutila [65] has shown that, independent of RH, for T'> 2 and 1 <V <logT

%meas{OStST:‘((%—i—itﬂZV}

(log V)2 logV
< — _— .
< Aexp < loglog T 1+0 oglog T (3.108)

for A a certain constant. This is in agreement with the upper bound in the LDP
for Relog Zyy(0) (theorem 3.6), for scalings between /log N and log N (that is
with exp(v/IoglogT) < V < logT). Selberg’s result (1.71) covers 1 < V <<
exp(y/loglogT) in a more refined manner.

We will use the method of large moments and the Keating-Snaith conjecture
(conjecture 1.4) in an attempt to calculate the maximum value log|( (1/2 + it)|
obtains for ¢ between 0 and T'. The first part of this proof is essentially the same as

that in Conrey and Gonek’s paper [30].

Since
e log |¢ (3 +1it) | = log nax, ¢ (5 +1it) |, (3.109)
and for all k,
1. LTk 5%
logtrer%&% 1€ (5 +it) | > log (T/o ¢ (5 +1it)] dt> (3.110)

it makes sense to maximise the right-hand side with respect to k. Assuming conjec-
ture 1.4 is valid for k = k(T) — oo (and this (false) assumption will be discussed

later), we will maximise

- 1/2k
>N) _

(2log G(1 + k) —log G(1 + 2k) + log a(k) + k*log N) (3.111)

G*(1+k)
<G(1 +an)
1
2k
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3.6. Large deviations for the zeta function

with respect to k, where we have written N for log % for simplicity.

It has been shown [30] that
log a(k) ~ —k?log(2¢” log k) 4 o(k?) for k — oo (3.112)
and from appendix A we have that as kK — oo,
2log G(1 + k) — log G(1 + 2k) = k? (—logk + 3 — 2log2 + o(1)) (3.113)
Therefore log |¢ (% + it) | must get larger than the maximum over k of
—1k (loglogk + logk —log N+~ — 3 + 3log 2 + o(1)) (3.114)
Differentiating this, we wish to solve
1 1 1

—%(loglogk—l—logk —log N +~— % + 3log2) — %k <0 + > =0 (3.115)

We may ignore the (logk)~! term, since by assumption we have k > 1, thus we

wish to solve

loglogk + logk —log N + v — % +3log2 =:log <k£l;§[k> (3.116)
=0 (3.117)

where we have defined B by —log B = v — % + 3log 2. The solution is
goewoy - BN (3.118)

W(BN)
where W (x) is the principal branch of the Lambert W—function. (Note that, for
sufficiently large N, k > 1 as predicted).
Substituting this back into (3.114), we find that log |¢ (% + it) | must get larger

than

BN 3 BN
—7(logW(BN)—|—W(BN)—logN+7—§+3log2> = >

27 (BN) waEN) G

where we have used the fact that logW(BN) =log B 4+ log N — W(BN).
Since B = exp(% —~—3log2), W(BN) =1log N + O(loglog N) and N = log %

we have, to dominant order,

logT
max log ¢ (4 +it) | > exp(3 — v —4log?2) o8

— 3.120
te[0,7) loglogT ( )
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Chapter 3. Large Deviations

which suggests (3.106) is the correct rate of growth. The premultiplying constant is
exp(3 — v — 4log2) ~ 0.0579. (The constant in [30] is out by a factor of 1/e).

However, it follows from lemma 3.14 that for any real continuous function f(-),
L T 1/k
sup |f(z)] = lim (/ | f(x)[F d:c> . (3.121)
2€[0,T] k—oo \ T Jo

Therefore, the true maximum of log |((1/2+it)| for 0 < ¢ < T is the limit as k — oo
of (3.110). Substituting in the Keating-Snaith conjecture, this limit is found to be
—oo. This is because conjecture 1.4 only gives the leading order asymptotics for
large T', and takes no account of large k error terms. We therefore cannot conclude
that the Keating-Snaith conjecture implies (3.106) is the true rate of growth, since

the fact that there existed a maximum of (3.114) means we were working in a regime

where the errors which we ignored (since we don’t know them) are important.

Lemma 3.14. For any real, continuous function f(-),

T
log / |£(t)|Fdt (3.122)
0
s a convex function of k.

Proof. Holders inequality gives for 0 < 6 < 1,

T T
oM (1—0)As 0N /0
/0 FOIP£)] dtg(/o FO) dt)

0

T 1-60
(/ \f(t)|(19)’\1/(19)dt>
0

(3.123)

and so taking logarithms of both sides, we have

T T T
log / |£(£)|PMF0=02241 < glog / |F()[Mrdt + (1 —6) log / |f()2dt (3.124)
0 0 0
which is the definition of convexity. O
Now, (3.110) is true for all k, so if one could find the largest value of k£ for which
Keating-Snaith is valid, then this would still give a lower bound for the maximum

size of the zeta function on the critical line. Lemma 3.14 says that

1 (T
log </ ¢ (& +it)[* dt) (3.125)
T Jo
is a convex function, and we can use this fact to obtain a not-necessarily-not-valid

bound for zeta by finding the point where

2
log (Ma(k)Nk2> (3.126)
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3.6. Large deviations for the zeta function

ceases to be a convex function. This will be the largest value of k for which the
Keating-Snaith conjecture might be valid (we are not saying it is valid at that
point, only that it is not necessarily not valid).

Convexity will cease when

a2 G2(1 + k) .
= —2(loglogk + logk —log N + 3log2 +v) + o(1) (3.128)

using the same methods as above. Writing C' = exp(—3log2 — ) and solving for

the smallest k such that convexity ceases, we find that

CN
k= WEN (3.129)

Assuming the Keating-Snaith conjecture is valid at this point, since (3.110) is valid

for all k, using this value of k£ in (3.114), exactly as we did before, we find that

log T

_— 3.130
loglogT ( )

r%xx} log ’C 1t)’ > exp(log3 — 5log2 — )
te

which still suggests (3.106) is the correct rate of growth. The premultiplying constant
here is exp(log3 — 5log2 — ) ~ 0.0526.

3.6.2 Large left deviations for log|((1/2 + it)|
Define, for x > 0,
1
P(T,z) = Tmeas{t :0<t<T, log‘C(% —I—it)‘ < —33}, (3.131)

so P(T,x) is the proportion of space 0 < ¢t < T where log }C (% + it)‘ < —z.
Recall that

—
P{log|Zy(0)] < —zx} = / / W2 My (iy) dy dz (3.132)

and, as shown in §3.5.1, for z > log IV the Fourier integral is dominated by the
simple pole of My (iy) at y = i.

Recall also conjecture 1.4 which says that for fixed y, as T' — oo,

1T , G2 (1+ iy T\t
T/o exp (iy log |§ (3 +it) }) dt ~ GELHQ?/)) (log 27r> a(3iy), (3.133)
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Chapter 3. Large Deviations

which will play the part of My(iy) in (3.132), with N = log % This suggests that

for large T,

- N U T\
P(T,x) / 7 / Y 1 n 1y)) <log 277) a(3iy) dydz  (3.134)

Note that conjecture 1.4 is for fixed y, whereas the Fourier inversion (needed to
obtain the probability density) involves an integral over all of R. However, we
believe that, for x > 0, the Fourier inversion of conjecture 1.4 is valid, since for
x < loglogT the Fourier integral is dominated by the saddle point near y = 0,
and if z > (% + ¢)loglog T it is dominated by the simple pole at y = i. That is, if
x> (% + €)loglog T, it seems highly plausible that

e
—
S

8
~—

|
®
8

@

no

—~

N[ —

~—
7N\

P~

]

o
N—
—
~
W~
/\
wh—n

) Res {G(ll—i-ly)} +Or (e*3x+e) : (3.135)

and so, writing out G?(1/2) explicitly, we have:

Conjecture 3.15. AsT — oo, if x > (% +¢€)loglogT

1/4
P(T,z) ~ e “exp (3¢'(—1) + {5 log2 — 2 logm) a (—3) <log ) . (3.136)

Comparing this conjecture with theorem 3.9, we see they agree apart from the

a(—1/2) factor. Using figure 1.1, numerically we have for T close to the 102°th zero,
—log P(T, 10) + log P{log | Z/(0)| < —10} ~ 0.087, (3.137)

whereas loga(—1/2) = —0.085. .., which is in good agreement.
That z is restricted to being greater than %log logT is important, since, for
similar reasons to those given in section 3.3 for PRelog Zi7(0), we expect a phase

transition to occur there:

Conjecture 3.16.

lim log P(T, yloglogT) —y? for0<y<3

T—00 loglog T’

(3.138)
i —y  fory> %

Remark. Letting x — oo in conjecture 3.15 one moves well away from the phase-

transition point, and obtains

1/4
lim e”P(T,z) ~ exp (3¢'(—1) + 15 log2 — 5 logm) a (—3) <log 7T> (3.139)

r—00

70



3.7. Inside the circle

as T'— oo. The conjecture in this “safe-form” has previously been published in [59].
If p(z) is the probability density of |((1/2 + it)|, then (3.139) is equivalent to the
conjecture p(0) ~ G?(1/2)a(—1/2) (log %)1/4, which is equation (108) of [69].

3.7 Inside the circle

The sequence of spectral measures

N
1
= 3.140
Sy = 7 20 (3.140)

satisfies the LDP in Mj(T) (the set of all probability measures defined on T) with

speed N2 and good convex rate function given by the logarithmic energy functional

Y(v)=-— /7T /7r log %t — €1%2|/(d6; )v(dba). (3.141)

For a proof of this fact, see [58]. (The analogue of this LDP for the GUE was
obtained in [8]).
Varadhan’s lemma (see, for example, [34]) enables us to calculate the logarithmic

moment generating function (and hence the LDP) for functions of Sy as follows:

Theorem 3.17. For any continuous F : M;(T) — R satisfying the condition

1
lim sup — log E MV F(N) < o0 (3.142)
N—oo N2
for some A > 1, then
1
]\}im W]ogEeN2F(SN) = sup {F(v)—3(v)}. (3.143)
—o0 veM; (T)

Remark. The supremising v can be interpreted as the most likely distribution of
eigenangles given that such a large deviation has occurred.
Now, we can write s9elog Z;7(0)/N + tImlog Zy7(0)/N = F(Sn; s, t), where
F(v;s,t) = / <59%e log <1 - 610) + tJmlog <1 - eie>> v(do), (3.144)
but F' is not continuous in the weak topology (the real part of the log has a singularity
and the imaginary part has a jump discontinuity for all measures whose support

includes 6 = 0), and so Varadhan’s lemma does not apply.
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Chapter 3. Large Deviations

Consider instead, for € > 0, the continuous function

Fe(v;s,t) := /7r (59‘{2 log (1 — e_eew) + tJmlog (1 — 6_6619>) v(df).  (3.145)

—Tr

Then [sPRelog Z.(U) 4 tImlog Z,(U)| /N = F.(Sn;s,t), where

Z(U) = ﬂ (1 - e—ee“’") : (3.146)

n=1
(so that Zy(0) = limeo Z(U), and we are effectively evaluating the log of the

characteristic polynomial inside the unit circle). Applying Varadhan’s lemma, we

obtain
T NsRelog Ze (U)+NtImlog Zc (U
Ac(s,t) == A}Er)loomlogEe sPelog Ze(U) mlog Ze(U) (3.147)
= sup {F(v;s,t)—X(v)}. (3.148)
VGMl(T)
Theorem 3.18. In the restricted range
(2+s5)2+t2<e +e (1+s), (3.149)
sup {Fc(v;s,t)—X(v)} (3.150)

veM; (T)
1s mazximised by the measure having probability density
e? 4+ 1 — 2¢ecos ) — se€ cosf + s — te sin b

p(0) = , , 3.151
©) 27 |e€ —619]2 ( )

the maximum being

1
AE(S,t) = i (82 + tz) log <1_€_2€> . (3152)

Proof. Writing v(df) = p(0)d#, the following optimisation problem must be solved

sup{/ [s%e log(1 — e~ %€') + tImlog(1 — e_geie)} p(0) d
p() ~J=m

+ / / log |el%t — €% |p(6,)p(0y) doy deg} (3.153)

Now,
sMRelog(l — e e¥) + tImlog(l — e <€) = Z [Me_keelke + le_l“elke] ,
k=—0o0
k0
(3.154)
. . 1 . .
log et — 2| = )~ %6_‘k9161k62 (3.155)
k=00
k0
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3.7. Inside the circle

and (since p(#) is 2m-periodic)

p(0) = > pre” (3.156)

k=—00

(with p_j, = pj to make p(-) real). Therefore we must solve

> —ms Amt\ e -2
sup WﬂL? D—ke + —PkP—k

w2 B
k40
-1/ s t
2 - —k —k 2 .2
= xS;:lgi 4m Z s <27r$k6 € — 5 Yke ‘+ap+ yk> , (3.157)
’ k=1
where pr = zj + iy (with z_ = xp and y_ = —yi).

The supremum occurs when

———— (3.158)
47
t

yp = —e ke (3.159)
41

for k = 1,2,.... Substituting these values into (3.157) and using Varadhan’s lemma,

we find that
o)
-1 [/ —s? 12 s2 4 12
_ 2 —2ke —2ke —2ke
Ae(S,t) =4m kgl ? <87‘[‘26 - 8?6 + WG > (3160)
1

This is valid so long as the maximising p(f) is a probability density. For normal-
1

ization py = 5-, and so all that is required for p(¢) to be a probability density is
that
p(6) = L Q%ei 8 ke 4 1 ke ko (3.162)
2 4T 4 '

k=1

1 s —it)e el

_ 14 e 2¢ — 2 “cosf — se” ¢ cos. 92—1— se”2 —te “sinf (3.164)
2 |1 — e~<elf|

is a non-negative function.
Now, it is clear that if the numerator of (3.164) is greater than or equal to zero
at its minimum point, then p(f) is non-negative. The minima and maxima of its

numerator occur when
e (24 s)sinf —te “cosf =0, (3.165)
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Chapter 3. Large Deviations

that is, when

6 = arctan <2 i s> . (3.166)

So for what values of s and ¢ is

t t
14 (14 s)e™2¢ — (2 + s)e " cosarctan — te” “sinarctan
2+s 24s

2+ 5)2 t2
2+9) e~ (3.167)

VTP JRrsP+ e

greater than zero? The answer is when

=1+ (1+s)e*—e*

(24822 +t2<e +e (1+5s) (3.168)

which completes the proof of the theorem. ]

The problem of extending s and ¢ beyond the range given comes from the re-
quirement of finding the maximum over the set of all non-negative functions; only
within the range given does the maximiser lie away from the boundary of this set.

Although Z.(U) — Zy(0) as € — 0, it does not necessarily follow that A¢(s,t) —
A(s,t). However, formally taking the limit, we do obtain A(s,0) = oo for t = 0 and
—2 < s < 0, which is indeed what is found in theorem 3.7 for this range of s at
scaling N and speed N2.

Applying theorem 1.6 to theorem 3.18 we are able to partially calculate the rate

function for the large deviations for log Z.(U), which occurs at speed N2:

1 1 .
]\}E)I})OJ\IQIOgP{NlOgMe(U)‘ € B} = —(x}yI;féBI(:c,y) (3.169)
where
102 42 1
I(z,y) = sup S xs +yt — 3(s° +t7)log | ———- (3.170)
s,tER l—e=
22 + o2

" log (¢2/ (e — 1)) (3.171)

This is valid so long as the point where the supremum of (3.170) occurs, which is

2x
= 3.172
° —log (1 —e~2%¢)’ ( )
2y
t = 3.173
—log (1 —e~2¢)’ ( )
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3.7. Inside the circle

satisfies the conditions of theorem 3.18. Indeed, by looking at log|Z.(U)|, one can
easily see that

log |1 —e €| < %log\ZE(Uﬂ <log|l+e™|, (3.174)

so we conclude that the maximising probability density must change its nature
near the extreme end-points, leading to a finite maximum / minimum values for
log|Z.(U)|/N.

Finally, we remark that

. © —e_‘k‘e .
Re log (1 - 6_6619”) =3 Wak@n, (3.175)
k—=—
RAO
and
" > elkle
Jmlog (1 —e ‘¢ ") = Z 781 " (3.176)
[

so Szeg®’s theorem (see section 2.3) implies that

2 2
: 25 ~ . 1 ° +t
]\}%E{\Ze(U)] exp(2tTm log ZE(U))} - <1_8_2 (3.177)

which, by theorem 1.5, means log Z.(U) = X +1iY where X and Y are iid normal,
with mean 0 and variance —3 log (1 — e~2¢). Note the lack of \/log N normalization,
as required in the case € = 0.

There is an analogous lack of normalization in the zeta function. Bohr and Jessen
[16, 17] showed that for fixed ¢ > 1/2, there exists a continuous function F'(z,o)

such that

%meas {t e [-T,T] : log¢(oc+it) € R} — //R F(z+iy,o)dedy  (3.178)

for any rectangle R C C with sides parallel to the real and imaginary axes. Compare
the lack of \/loglog T' normalization, which is required in Selberg’s result, (1.71), on
the critical line. Moments off the critical line are also known, under the assumption

of RH (see [90]): For fixed o > 1/2,

T x g2
lim 1/0 Clo+it)PFdt=>" d;;g? (3.179)

T—oo 1

n=1
where dj(n) is the coefficient of n~* in the expansion of ((s)* for ¢ > 1. It would
be interesting to compare |Z.(U)|?* when e¢ = §/N for fixed § as N — oo with the
2k moment of |((o + it)| when o = 1/2+6/logT, as T — oo (for some results in

the zeta case, see [46]).
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Chapter 3. Large Deviations

3.8 Moments of Relog Z;/(0)

The large left deviations in Relog Z7(0) have a significant impact in the moments of
Relog Zyy(0). First, we will calculate an exact formula for each moment, and in doing
so provide yet another proof of the central limit theorem of fRelog Z;;(0)/o, where
o is given by (1.65). Then we will demonstrate the effect of the far left deviations,
discussed in section 3.5.1, on the high moments, by asymptotically evaluating their

defining integral.

3.8.1 Exact moments

The moment generating function of Melog Zy7(0) is My(s), (1.77). Hence the &'}

moment is
k d*
M, =E ((im log Zi(0)) ) = Mt (3.180)
And, for k > 1, the k** cumulant is
dk
Qr = W{log Mn(s)} (3.181)
8 s=0
N
- (1 . 2*(’“*1)) 3 wtN() (3.182)

=1

where W(")(.) is the nth polygamma function, described in appendix A. (Note that
the zeroth cumulant is zero for any random variable).

Now, by their definitions,

k=0
log Mn(s) = i &sr (3.184)
—~ 7!
and so,
= Mk k; = Q”" T
Sy S = exp (Z S > (3.185)
k=0 r=1
= || exp <Qrs7ﬂ> (3.186)
7l
r=1
o0 oo 1 , m
— H Z — <Ci|s> (3.187)
r=lm=0 """ ’



3.8. Moments of Relog Zi;(0)

Thus, picking out the terms containing s*, we have:

w6 @) () o

ny! ngl -+ ny!
where the sum runs over all non-negative values of n; (j = 1,2,--- ,k) such that
Z;?:l jnj = k (the number of terms is the partition number of k).
This method is algebraically messy. There is an iterative method, however, which

is far easier to implement on a computer:

Lemma 3.19.
k
k—1
= g ( )Mkj Qj (3.189)
© j—1
Jj=1
with MO =1.

(Note that the @; can be computed relatively easily from (3.182), and stored in
a look-up table.)

Proof.
log M (s) = i Cr (3.190)
o 7!
so that
k
My, = - exp(log Mn(s)) (3.191)
s=0
a1 (4
= dsk-1 ) ds 1 1
qsh—1 {dS{IOgMN(S)}eXP( OgMN(S))} . (3.192)
dk1 (4
= deh1 {ds{lOgMN(S)}MN(S)} - (3.193)
By Leibnitz’s rule,
k-1
k—1\ dm*! dk—1-m
My = log M ()} == AM 194
F m:0< m > dsmﬂ{og N(s )}dsk—l—m{ ~(s)} o (3.194)
k-1
k—1
=2 ( )Qm+1Mk—1—m (3.195)
m=0 m
k
k—1
=>_ < ; ) My Qj (3.196)
- 7 —1
7j=1
m
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Chapter 3. Large Deviations

3.8.2 Comparison with Gaussian moments

The k** moment of a normal random variable with mean zero and variance o2 is

k! k if k
1 /OO xkefx2/202dx — (k/2)! Qk/QU ! even (3197)
—o0

oV2m 0 if & odd

Since the variance of Relog Zi7(0) is Q2, in order to compare with the Gaussian,

we need to compare

1 .
LE if k even

Y _m
o with § (472 2 (3.198)
Q@ 0 if k odd

k fixed, N — oo limit

Since Qo ~ %log N, and Q; = O(1), for any j > 3, we need only consider the term
in (3.188) with the largest exponent of Q2. (Note that @1 = 0).
k—3)/2
For k odd, this term is <@>( <@> « k!

2 6 m
For k even, this term is QS/QW-
Thus
k! ;
M o if k even
ka D XOPIPRE (3.199)
2 0 if £ odd

and so, for k fixed, N tending to infinity, the moments tend to those of the Gaussian.
This is, of course, another proof of the fact M%QZ;(O) converges in distribution
to a standard normal random variable, as found in [2, 69]. (Note that Qo ~ 02, with

o given by (1.65)).

k —o0oand N — oo

In order to obtain the correct limit for varying k and N, we would need to consider
all the elements of the sum. This is very hard, so we only consider the subleading
terms in (s, thus providing an upper bound for how large k can be with respect to
N for the moments to remain Gaussian.

For k£ odd

At what value of k as a function of N is the ng_?’)/ 2@3 term comparable with
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3.8. Moments of Relog Zi;(0)

Qg/ %2 This happens when

32,9 M o ges)p (3.200)

Working to leading order:

k— k — k —
glOng =k(logk —1) — T?, <log (3> - 1) -3 310g2—|—(’)(10gk)

2
(3.201)
k
= §(log k—1—1log2)+ O(logk). (3.202)
Since Q2 ~ log N, this shows that when k£ > loglog N and odd,

My,

i 40 (3.203)
2

For k even

The subleading term is Qék_4) / 2@4. This will be comparable to Qg/ 2 when

!
Q2 ~ % = 4)/2)!27(1%4)/2 (3.204)

or

2log Qg ~ g(logk —1—1log2) + O(logk). (3.205)
Thus, in a similar fashion to the above, the term contributes when
k > loglog N (3.206)
This term will dominate the Gaussian term when

k! k!
9~ (k/272)

(log )™ 55 (k)

(log N)*/2 (3.207)

which will happen for k£ > log V.

Summary

e For k fixed, the k' moment tends to exactly the Gaussian, as N — oo.

e For k = O(loglog N) the other terms are making a non-Gaussian contribution.

(This is probably subdominant for even k).

e For k> log N the moments are no longer Gaussian.

79



Chapter 3. Large Deviations

3.8.3 Asymptotics for large moments

Writing p(x) for the probability density of SRelog Z(0), then the k" moment is
My, = / 2Fp(x)dz. (3.208)
Theorem 3.20. For N fized, and k> 1,

G(N)G(N +1)

My ~ (=) (k + 1)G? (3) EINEY
2

(3.209)

Proof. From §3.3 is is known that, for = > log N, p(—z) > p(z), which implies
that if we hold N fixed and let k£ > 1, then

My, ~ /0 2*p(x)da (3.210)

—00
with an absolute error (which we will, from henceforth, ignore) estimated to be much

much less than
Lk+1)

1 I'k+1) k
2T (k/2 4 1)2k/2

(5log N) (3.211)

(this comes from calculating ﬁ I zke—m?/log Nqg >~ Jo° aFp(z)dz).
Recall that during the proof of theorem 3.9 we showed that for x < 0, |z| > 1

with N fixed,

G(N)G(N +1)
G?(N + 3)

and so, inserting this p(z) into (3.210) (which is justified because the integral is

plx) ~ exp(z)G*(3)

(3.212)

dominated around the point k& = —x, which is large and negative when k£ > 1) and
comparing this with (A.8), we see that

G(N)G(N +1)
G*N+3) '

My, ~ (=1 (k + 1)G2(3) (3.213)

as required. ]

Remark. By the recurrence relation for the G—function, this can be written as

N—-1 .
a~ ey e T 29 (3.214)
7T = +

T (i+5)7

Remark. Allowing N to be large then if k > %logN (c.f. theorem 3.9), one has

My ~ (-D)FT(k+ 1)G* (1) N4, (3.215)
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Chapter 4

The Derivative of the Riemann

Zeta Function

The purpose of this chapter is to study the discrete moments of (’(s),

1 . 2k
To(T) = <o > ¢ (3 +im) [T (4.1)
N(T)
0<yn <T
where N(T) = % log % + O(logT) is the number of Riemann zeros up to height
T.

Ji(T) is clearly defined for all £ > 0, and, on the additional assumption that
all the zeros are simple, for all & < 0. It has previously been studied by Gonek
[45, 46, 47] and Hejhal [56], and is discussed in §2.11 of Odlyzko [78] and §14 of
Titchmarsh [90]. Many of the results in this chapter have previously been published
in [59].

We consider

1< 2k
EQ > |Z0(6n)] (4.2)
n=1
where E denotes expectation taken over the CUE, in the hope that it gives infor-
mation about the universal part of Ji(7), in a similar manner to conjecture 1.4.
This is indeed the case; conjecture 4.3 is very similar in form to the Keating-Snaith
conjecture.
We show that as N — oo, log|Z[;(0,)| asymptotically has mean log N and

variance % log N, and, when properly scaled, tends to a standard normal distribution.
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Chapter 4. The Derivative of the Riemann Zeta Function

Also, we study the asymptotics of the tails of this distribution, when scaled by a
factor much greater than /log N.
4.1 The discrete moments

4.1.1 The random matrix moments

Theorem 4.1. For k bounded with Re(k) > —3/2,

N
1 2% G%(k +2) G(N + 2k + 2)G(N)
En < — 710, 4.
N{an_:l‘ 0(6n)] } G2k+3) NGEN+k+1) (43)
_G(k+2)
S TSI NRRD) g N : 4.4
G(2k + 3) i (4.4)
Proof. Differentiating Zy;(6) with respect to 6, we get
N .
= 12 e H ( = 61(97"79)) , (4.5)
m=1
m#j
and so
| Z4(6,)] = H ‘1 (4.6)
m;én
Due to the rotational invariance of Haar measure,
1 o 2k 2k
E{Nz\zmn)\ }—E{\z;]wmw ! o
n=1
N—-1 . ok
- E{ [T |1 e } (4.8)
m=1
This is in the form where lemma 1.9 applies, and so
2k 1 242
En {1240} =  Eovn {1 Z5(0)*+?} (4.9)

_ G*(k+2) G(N + 2k +2)G(N)
 G(2k+3) NG N +k+1)

(4.10)

which is valid for Re(k) > —3/2. Here U denotes the (N — 1) x (N — 1) unitary
matrix with eigenangles 61,...,0x_1. The evaluation of Ey_y {\Z )PFF2Y s
given by (1.77).

Assuming k to be bounded, then as N — oo, the asymptotics for G, (A.3), imply

G(N + 2k +2)G(N) 1
NGEN T 1) = NF(:+2) <1+0<N>>. (4.11)
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This proves theorem 4.1. a

Remark. If k is a non-negative integer then the recurrence relation for G implies

G?*(k +2) i
4.12
G(2k +3) ]-;[ k+1+] ( )

Remark. By comparing the Taylor expansions of both sides one can show that

G*(k+2) exp (3¢'(~1) + log 7 — 1L log 2 + klog ™ — 3klog 2 — 2k*log 2)
G(2k+3) Ghk+3)G(k+3) ’
(4.13)

which has the advantage of making the poles at k = —%(271 +1),n=123,---,
explicit. (The poles are of order 2n — 1).

The existence of a pole at k = —3/2 in (4.10) means that Ey {\Z&(HN)]%}
diverges (for any N > 2) when Re(k) < —3/2. Its analytic continuation into this
region is given by (4.10).

4.1.2 A heuristic analysis of J;(T)

Recall (3.131), that for = > 0,
1 .
P(T,x) = T meas {t:0<t<T, log ’C (5 + 1t)| < -z}, (4.14)

so P(T,z) is the proportion of space 0 <t < T where ‘C ( )‘ <e ",

In the limit as z — oo, the regions in 0 < t < T where \( (5 +it){ < e’®
each contain exactly one zero, provided all the zeros are simple. At such a zero, we
wish to solve |C ( +i(yn +e€ )} = e~ for €. To do this, we Taylor expand the zeta

function, then take the modulus, obtaining

1€ (L + i +i6)| = le]|¢' (& +im) | + Or (&), (4.15)

x

which equals e™* when

e—.T

and so the length of each region is 2|e| + Or(€?).

+ Or (e72%) (4.16)

Thus,

lim " P(T, ) :% ST (G i) (4.17)

T—00
0<yn <T
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Chapter 4. The Derivative of the Riemann Zeta Function

A different evaluation of P(T’, x) comes from conjecture 3.15, which says

Tr—00

7\ /4

lim e*P(T,x) ~ <log 2) exp (3¢/(—1) + 5 log2 — flogm)a(—3). (4.18)
77

Combining (4.17) and (4.18), we obtain

Conjecture 4.2.

7\ -3/4
J_12(T) ~ exp (3¢'(-1) + L log2 + Llogm) a (—3) <log %) . (4.19)

Note that for k = —1/2, the random matrix moment, (4.4), is asymptotic to
exp (3¢'(—1) + 15 1log2 + 3 log ) N3/4 (4.20)

as N — oo. Since a(k) is exactly the zeta-function-specific term in conjecture 1.4,

and N = log %, this in turn leads us to

Conjecture 4.3. For bounded k such that Re(k) > —3/2,

2 k(k+2)
Te(T) ~ ma(m (log ;) (4.21)

as T — 0.

Comparison with known results

If the tails of the distribution (4.42) are sufficiently small, one might expect [46, 56]
Jo(T) = (log T)Fk+2), (4.22)

We show in §4.2.2 that the singularity at k = —3/2 in (4.19) comes from a large left
tail of the distribution of log|Z’(61)].

Under RH Gonek [45] has proved that J;(T') ~ 5 (log T)3. Under the additional
assumption that all the non-trivial zeros are simple, he has conjectured in [46] that
J-1(T) ~ 5 (logT)~ .

Also, extending a theorem due to Conrey, Ghosh and Gonek (recorded in this
thesis as theorem 5.4) beyond its range of (proven) applicability, conjecture 5.5.1
states that Jo(T') ~ ﬁ (log %)8.

We observe that conjecture 4.3 agrees with all these results.
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4.1. The discrete moments

4.1.3 Discussion on the ‘pole’ at k = —3/2

Due to the divergence of the random matrix average, conjecture 4.3 is restricted to
2k > —3. In this section, we argue that this restriction is necessary.

For k negative, but |k| large, the sum over zeros of the zeta function may be
dominated by the few points where |¢'(1/2 4 1iv,)| is close to zero. These points are
expected to be where two zeros lie very close together (an occurrence of Lehmer’s
phenomena).

Gonek [47], in a talk at the Mathematical Sciences Research Institute (MSRI),
Berkeley, in June 1999, defined

O = inf {9 B +im) =0 (m\a) vn} . (4.23)

He observed that RH implies ® > 0, and that © < 1 if the averaged Mertens
hypothesis holds, that is if

2

X
/ % S un) | de=0Qog X), (4.24)

1 n<x

where p(n) is the Mobius function, that is

1 ifn=1
p(n) = (=1 if n is the product of k distinct prime factors (4.25)
0 otherwise

If © is finite, then for any € > 0, there exists an infinite subsequence of the {7, },
such that

¢ (5 + i) 71> 1@ (4.26)

Choosing a v from this subsequence and setting T = v, we have, for k < 0,

TUT) > 5l (5 +ia) (4.27)
> Ti:;TT—Q’“(@—e). (4.28)

If © > 0, then
= 1207;TT_2’“(9‘6) > (log T)F(k+2) (4.29)
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Chapter 4. The Derivative of the Riemann Zeta Function

when
2% < 1 (4.30)
e’ '
implying that the conjectured scaling (4.22) is too small for 2k < —é. It follows from
theorem 4.1 that the analogue of (4.22) for Zj;(6,) fails for 2k < —3, which implies,
via conjecture 4.3, that © = 1/3. This is precisely the value conjectured by Gonek
[47], and is in line with the fact that Montgomery’s pair correlation conjecture,

(1.22), suggests that © > 1/3.

In the region 2k < —é, all we can say is that for any € > 0
J(T) = Q (TQ\k\G—l—e) . (4.31)
For k < 0 we have the trivial upper bound of
Je(T) = O <T2‘k‘9+f) (4.32)

which comes from noting that |¢/(1/2 +iy,)| "t = O (|7]®F€) for all n.

Remark. If all the zeros are simple, then for & < —%, Ji(T) is still defined, but
our results do not predict its asymptotic behaviour. However, if one redefines Ji(7')
to exclude these rare points where [(’ (1/2 + i7,)| is very close to zero, then RMT

might still predict the universal behaviour.

4.2 The distribution of log|Z’ (U, ;)|

4.2.1 The central limit theorem

Theorem 4.4. For a < b,

Z},(61)
log ’Neﬁo(wlfl) ’

b
lim P € (a,b) p = — e /2 dg. (4.33)

N=oo \/%(logN+3+’y—7r2/2)
Proof. By theorem 4.1,

Fn(A) :==E|Z;(61)

_ G*(2+3)) G(N +2+ NG(N)
- GB+N) GE(N+1+3AN

ks (4.34)

(4.35)
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The cumulants can now be calculated as

C = S {log Fy(\)} (4.36)
dA\n =0
1

= o dD(2) — = D(3) 4 (N 4 2) —

zn—_l@(n—l)(z\/ +1)  (4.37)

where &™) (z) = %log G(z). Expanding these for large N, the mean and the

variance of log | Z};(01)| are
Cy ~logN +~—1, (4.38)
Co ~ 3(log N +~+3 — 7°/2), (4.39)
with the higher cumulants being C;, = O(1).

Therefore, setting A = x/y/Ch,

z (log|Zy; (61)] — C1) 22 /2

lim Eexp =e

N=eo \/%(logN+’y+3—7r2/2)

which is the moment generating function of a standard normal random variable, and

(4.40)

by theorem 1.5 this is sufficient to prove the theorem. a

Theorem 4.4 can be compared with the limiting distribution of log [’ (7).

Theorem 4.5. (Hejhal [56]). If one assumes RH and the ezistence of an o such
that

) 1
lim sup

C
NOTN AT T < <2T. 0 < — < < M
T—oo N(2T)— N(T) ’{n =Tn = US> Tntl — T > }’ < Mc¢

logT
(4.41)
holds uniformly for 0 < ¢ < 1, with M a suitable constant, then, for a < b,

¢'(1/2+ivn)
ﬁlogg—z

\/%loglogT

b
:\/127/ e /2 da. (4.42)
™ Ja

Recalling (1.72), that N = log %, theorem 4.4 is in line with Hejhal’s distribution

1 log
lim ——————|<n: T <~, <27,

76 N(2T) — N(T) € (a,0)

theorem, (4.42). (Note that the O(1) differences in the mean and variance are
subdominant in the large N, large T' limit).

Odlyzko [78] found numerically that, around the 102°th zero, log|¢’| had mean
3.35 and variance 1.14. Compare this to the leading order asymptotic prediction in
(4.42) of 1.91 and 1.89, and the above random matrix theory prediction of 3.33 and

1.21 respectively.
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Chapter 4. The Derivative of the Riemann Zeta Function

4.2.2 Asymptotics for deviations to the left

By the Fourier inversion theorem, the probability density function of log jf{) ég}l))
exists and is given by
1 [ _.
b0 =5 [ eI Ey(iy) dy (4.4
2 J_ o
(so that for any measurable set A, P{log|Z},(61)| — C1 € A} = [, p(t) dt).
Theorem 4.4 implies that for |t| << y/log N,
()~ ——t - (440
~ ex . .
P v7log N P log N

This section calculates p(t) for t < —(3/2+¢€)log N, in a very similar manner to

that used in section 3.5.1.

Theorem 4.6. If limsupy_, bgLN < —3/2,

p(t) ~ N133G2(1/2) (4.45)
Proof. Integrating
1 :
o ce_ly(tml)FN(iy) dy (4.46)

over the rectangle C' with vertices —M, M, M + (34 ¢€)i, —M + (3 + €)i (where € is

a fixed number satisfying 0 < € < 1) and letting M — oo, we see that

p(t) = iRes { VO Ey(ig) | + B, (4.47)
where
E= % /_ : eTWHHIIHC) py iy — 3 — €) dy. (4.48)
Asymptotic analysis shows that
B] < e 90 [~ iy =3~ 9 dy (4.49)
L L@ (539 e BHG1) B+ O3/ 24 A (109 NYL/2 (4.50)
VT | G(—e)

and that

i Res {e_iy(HCl)FN(iy)} ~ 3 N/43T3G2(1/2). (4.51)

If limsupn_, o @ < —3/2, then choosing

0<e< min{—6 — 4lim sup

t
1 4.52
N—oo IOgN ’ } ( )
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4.2. The distribution of log | Z' (U, 61)|

shows that the residue gives the dominant contribution to p(¢) in this region. That

is,

p(t) ~ e3tN9/4e37_3G2(%) (4.53)

if imsupy_, oo ﬁ < —3/2. O
Remark. Note that the divergence of fM(N) |Z1;(01)|?* dun for k < —3/2 is due to
the 3 term in (4.45).

4.2.3 Large deviations

In this section we study the tails of the distribution of log | Z};(61)|, beyond the scope
of the central limit theorem, using large deviation theory. (In fact, we consider the
random variable (log|Z{;(01)| — C1), since this has zero mean). Theorem 4.6 is a
much more refined large deviation result, but it only applies for left deviations at

scalings A <log N.

Define a new family of random variables, Rﬁ, by

Zy;(61)
exp(C1)

AN)

log
Ry =

(4.54)

where A(N) is a given function, much greater than 1/Cs, where C; and Cs are given
by (4.38) and (4.39) respectively.

Denote the logarithmic moment generating function of Rf\‘, by

An()) = log EeMin (4.55)
log F (L N) ~ A0 for AL > 3

_ AN AN AN (4.56)
00 for ﬁ < -3

(recall Fiy(X) is given by (4.35)).

In order to apply theorem 1.7, we need to know the leading-order asymptotics

of Axy(BA). Writing n(N) = %)\ for simplicity, then (4.38) and (A.3) imply that
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Chapter 4. The Derivative of the Riemann Zeta Function

as N — oo, for n > —3,

log F(n) —nC1 = $(N +n+1)?log(N +n) + 5(N — 1)*log N
— (N + %77)2 log(N + %7]) — % log(N +n) — % log N

+ %log(N—k%n) —nlog N —~yn — %772 —logG (3+n)

1
+2logG (24 3n) + O <N> (4.57)

uniform in n for n > —3 + €.

Theorem 4.7. For \/logN < A < N, Ry satisfies a large deviation principle at

speed

A2
- Wi (-A/N)
For \/lTogN < A < log N the rate function is I(x) = 22, for A = log N the rate

function is

B (4.58)

z? forxz > —3/2
I(z) = , (4.59)
3lz| —9/4  forx < —-3/2

and for log N < A < N the rate function is

22 forxz >0

I(x) = . (4.60)
0 forx <0
As in section 3.3, define x (V) to be so that ﬁg%; = % (with x(INV) > 1 as
N — o), then
2Nloex 4 o0y (N2) if AN/x > —3
An(BN) ={* X (XQ) (4.61)
00 if AN/x <=3
A non-trivial limit exists for %A N(BA) if %%gx = 1, which happens when
A2
B=— " (4.62)
~Woi(=%)
With such a B, set ¢ := liminfy_, x/N = liminfy_,o A/B, and define
1
A = lim —=An(B 4.
()= lim LAN(BY) (4.63)
A2 ifA> =30
- (4.64)

00 otherwise
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4.2. The distribution of log | Z' (U, 61)|

o If V/logN < A < log N, then § = co and A(A) = $A? for all . Theorem 1.7

applies in this case, and I(x) = supycp {/\a: — %)\2} = z2.

o If A=1log N then B=1logN and x = N, and so § = 1. Hence

i/\2 if A> -3
AN = (4.65)
00 ifA<-3
SO
x2 if x> —%
I(x) = (4.66)

—3x — % if z < —%
Remark. Note that in this case theorem 1.7 only gives the upper bound,

(1.100), on the probabilities for x < —3/2. However, we know from theorem

4.6 that for z < —3/2,
P{RYEN <} ~ LM PGR ()N, (4.67)
e Iflog N <« A< N, then § =0 and so

A2 ifA>0
AN) = (4.68)
oo ifA<0
If z > 0, theorem 1.7 implies that I(z) = x2, and if z < 0 then theorem 4.6

implies that I(x) = 0.

This completes the proof of the theorem. O
Remark. If A > log N, setting the speed B = A makes § = 1, and thus

1 0 for A > =3
A}im EAN(B)\) = (4.69)
o oo for A< =3

the convex dual of this is

00 for x >0
-3z forz <0

and this can be seen to be the correct rate function at this speed and scaling (even
though theorem 1.7 doesn’t apply) by theorem 4.6, since for A > log N and x < 0
it says that,

P{Ry <z} ~ 2D 3G2 ()N exp(3Ax). (4.71)
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Chapter 4. The Derivative of the Riemann Zeta Function

Theorem 4.8. At scaling A = N and speed B = N?,

I(z) = I.(x) forx>0 (4.72)

0 forx <0

where

I(z) = sup{)\x — L1420 log(14A) + (14 10)? log(1+ 11) + 122 log 2>\}. (4.73)
A>0

Proof. When A = N and B = N?, = N in (4.57), and so

A = Jim. %AN(NZ/\) (4.74)
= 2(14+A)?log(L + A) — (14 $A)*log(1 + $A) — $A%log 2A (4.75)

for A > 0, and A(\) = oo otherwise. Therefore, if z > 0, theorem 1.7 applies, and

we have

I(z) = I.(2). (4.76)

For z < 0, theorem 4.6 implies that I(z) = 0 and this completes the proof. ]

Remark. Assuming x > 0, the supremising A in I.(z) occurs when

1 (A +1)2 A+1
x—2)\10g<)\()\+2) + log Y12 + log 2. (4.77)

Note that the right hand side is an increasing function of A (for A > 0) bounded
between 0 and log 2. This means, for x > log 2 the supremum is co, which is in line

with the fact that log|Z[;(61)] < (N —1)log2 for all U € U(N).
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4.2. The distribution of log | Z' (U, 61)|

Conclusion

For deviations to the right, we must take x > O:

Scaling A(N) Speed B(N) | Rate function A*(x), z >0

\/IOgN<<A<<N ﬁé_) .’E2

2>

A=N N2 {Ic(ﬂ?) if 0 <z <log2

00 if z > log2

Table 4.1: Deviations to the right

For deviations to the left, we must take z < O:

Scaling A(N) Speed B(N) | Rate function A*(z), z < 0
A2
Viog N < A < log N g N x?
z? if =2 <2<0
A=logN log N { 3|x|—% ifasg—%
A > log N A 3|z]

Table 4.2: Deviations to the left

Remark. Note that the LDP for the deviations to the right is identical to that
found for MRelog Zy7(0) in §3.3. The LDP for deviations to the left is very similar,
but the rate function there is linear for < —1/2 rather than z < —3/2, though still
at scaling A = log N. That the rate function of log |Z’(0;)| becomes linear further to
the left than the rate function for log |Z(0)| is consistent with the observation that
the (scaled) value distribution log|¢’(1/2 + i7,)| is closer to the standard normal
curve than log |((1/2 + it)| in Odlyzko’s numerical data (see page 55 of [78]).
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Chapter 4. The Derivative of the Riemann Zeta Function

4.3 Other unitary ensembles

The other unitary ensembles — the COE (8 = 1) and the CSE (5 =

4) — can be

dealt with in the same manner as the CUE (8 = 2), the ensemble considered in all

of the above.

The normalized measures on these spaces are [74]

5 _ (820N FALE Y
dupy = (NB/2)!(2m)N 1§j1<_£§1v‘ }_[1 dé,,

Using Selberg’s integral, lemma 1.8, Keating and Snaith [69] found that

/ | Zu (0
U(N)

= +yﬁ/2 (1+5+jB/2)
1;[ (1+s/2+376/2))*

MN(ﬂ7 S)'
As in §4.1.1, we find that

N
1
=N"\1250,))° A :/ Z1(01)° duf
Jy N VO = [ 12000 0
— |

Calculating the cumulants,
N—2
=D WA+ B+7/2) — U(L+5/2+5/2)
§=0
=log N +0O(1)

N—-2
=Y v+ 8+8/2) - 39D+ /2 + jB/2)

—log N + O(1)

ZQ '—‘T
=

)

CP =S v V(1484 3/2) — 2= DwD(1 4 8/2 + j3/2)

[
Il
o

O(1) forn >3

which shows that

. log | Zy,(61)| — CY L Ly
lim Pg € (a,b) p = / e /2 da.,
N—oo { 025 V2T Ja
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Chapter 5

A Unified Approach for
Moments of |Z;;(f)| and |Z;,6;)]

In this chapter we will use RMT to study the large N asymptotics of

2mo 2k 2mo
YA <9n+> }:EN{‘ZU <01+N>

N
and use those to make a conjecture on the asymptotic behaviour of

B {32

n=1

2k
} (5.1)
1

. 2k
~m D (5 +itm+a/L))| (5:2)
N(T)
0<yn <T

where L = %log% is the mean density of zeros at height 7. In particular we
will show that one can recover both a variant of the Keating-Snaith conjecture
(conjecture 1.4) by letting o — oo, and also conjecture 4.3 (the discrete derivatives
conjecture) by letting v — 0. So this chapter can be thought of as unifying these
two conjectures. These results can also be used to calculate a lower bound for how

large a gap can exist between consecutive scaled zeros of the zeta function.

5.1 The random matrix calculation

Ey {‘ZU <9N n %) ‘%} —Ey {)1 _ e—iy/N‘%]:rI_l1 ‘1 _ ei(On—GN—y/N)’%} (5.3)
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Chapter 5. A Unified Approach

which is in a form where lemma 1.9 applies, and so

EN{‘ZU <9N+ ]%)‘%} N ’28”1 (2N>’2kEN‘1 {‘Zﬁ(ow ‘Zﬁ (J%f)‘%}

(5.4)
where Z; is the characteristic polynomial of an (N — 1) x (N — 1) unitary matrix.

The first theorem deals with the right-hand side of this equation.

Theorem 5.1. For integer k,

o) G*(k+2) G(N +2k+2)G(N)
| }_ G(2k+3) G* N +k+1)

X (z1y2 — 962y1)67i(N71)ﬁ (5.5)

En-1{|Z5(0)" |Z5(8)

where
N-—1
s (2122—]{;)71 ' (k e 1) z\gji n—1)! (eiﬁ -1) o0
wz:i(zﬁ)n '<k+n—1)nx " 5_1>n (5.7)
n=1
N—-2
b= n=0 (21(92—]7——1’_41— n) (k . ) -n— (elﬂ a 1) )
- Z; 21@2?: n) <k ; n) (n+ Dm (-1 69)

Proof By rotation invariance of Haar measure and a little trivial rearrangement,

Byt {250 125(0)[" } = Ev-1 {12500 | 259"} -
= By {250 2500 25 (8
(5.11)

The right-hand side of this is, in the notation of (6.19), e 'V=DAT, 5 (with N
replaced by N — 1, due to the average being over U(N — 1) rather than U(N)).
Lemma 6.3 (which is more general than we need here) evaluates Ty 2. O

Remark Putting # = 0 into theorem 5.1 we see that

xr1Yy2 — T2y1 = 1, (5.12)
and thus,
Covzki2) Gk +2) G(N + 2k +2)G(N)
EN*{‘ZU(O)‘ }_ G2k+2) GAN+k+1) (5.13)
= My_1(2k+2), (5.14)
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5.1. The random matrix calculation

as it should.

Remark. Although not obvious from the definitions of z1, x2, y1, y2 it must be that
(r1y2 — xgyl)e*i(N*I)ﬁ is a real, even function of 3, since the left-hand side of (5.5)
is.

We are now in a position to state and prove our main theorem of this chapter:

Theorem 5.2. For integer k, and |y| < N,

2
Ex {\ZU (0 + %) ]%} ~ ngk(y)N’“z (5.15)
where
Fily) = Aly) cosy—{—l;gg]i) siny + C(y) (5.16)

where A(y), B(y) and C(y) are all polynomials in y with integer coefficients depend-

ing on k only, and are given by

k—1
Aly) = 2(=1)"bany™ (5.17)
n=0
k—1
B(y) = 2(=1)" "ban_1y™" (5.18)
n=1
k
Cly) = (—1)"cony™ (5.19)
n=0
with
k
2k—n—-1)12k+n—r—1)!/k k
b, = 2n —r —1 2
7;) k! k—1)! 2 J\rp1-n)Ermr—D 0 (5:20)
and
min{r,k—1} min{r,k—1}
. 2b2n71 2b2n
= nz::l (2r —2n +1)! % (2r — 2n)! (5:21)
Proof. Set
k=10 (k+n—-1\ ,
— . 22
f(y) nzo(%*”)! o v (5.22)

Replace # with y/N in the definitions of x1,x2,y; and y2 from theorem 5.1. Since

by assumption |y| < N as N — oo, we have
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Chapter 5. A Unified Approach

and so
1”2 2k+; <k+z—1>inyn (5.24)
- (k(Q_k)l')!f(iy), (5.25)
and similarly,
° ' k+n-1 m,n
ngwgl 2k+n < o >n1 Y (5.26)
_ = (2k)! 3 1yf (iy), (5.27)
1 @k (k4. .
o S ) o
_ (2"/‘;1)' £(iy), (5.29)
and
X 2k+1)! (k+n nm
St )0 O o
= W(iyf”(iy) +['(iy))- (5:31)

Thus, defining

Frly) = ke {1 fli) 1" () + v F () ] () = g™ () () | (5:32)

we have
e Y (z1yy — oy1) ~ g/lzlc@k:)‘gjwﬂf(y) (5.33)
(The reason FJ,(y) is defined with the (apparently unnecessary) factors of 32* will
be obvious later).
Also, from the asymptotics for the G—function, one can show that
G(N + 2k + 2)G(N)
G?*(N +k+1)

so, on combining (5.4) with theorem 5.1, and inserting the above asymptotics, we

~ N2 (5.34)

obtain

E {)ZU (91 + %) ’%} ~ RN {\Zﬁ(o)E’“ )Zﬁ (%) ‘2} (5.35)

w2 G2k +2) o

G2k +3)Y ™V (213 — 2211) (5.36)
2
~ WF KN (5.37)
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5.1. The random matrix calculation

This is valid as N — oo, uniformly in y for |y| < N.

Since the LHS of this equation is real, then Fj(y) must be real for real y (we will

use this fact to save us some work later on).

So, to prove theorem 5.2, all that remains is to show that

Fuly) = A(y) cos(y) + igz) sin(y) + C(y) (5.38)

To calculate F(y) observe that from (5.22),

= (k=1 (k+n—-1\ ,
fly) = Z:% @il o )Y (5.39)
= 1
= ——(k -1)--- DHy™ 5.40
;)(%M)!( +n—1) - (n+1)y (5.40)
dk-1 [ &, gkt
= 5.41
dyk-1 (7;0 (2k + n)! (541)
dk—l 0 y"
= 42
dyk—1 (T;) (k+14n)! (5.42)
which is true since the y°, ..., 42 terms vanish on differentiation. The series can

be evaluated exactly as

E o n
-y yﬁ'] (5.43)
n=0

and so
k—1 n
1) = 5o (y,}H [ - ‘Z,D (5.4
n=0
— (k=1\, o (k+m) 5 (2 —n — 1)l yn2k
:mzz:o< m >(_1) Kl 24 k 1+(_1)k7§ (k:—n)' n!
(5.45)
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Inserting this form of f(iy) into (5.32), ¥?* Fx(y) equals

Bt

m=0n= 0
- SO\ (BN ) ()
+ m+n (1 )2k: m—n 2+
mzonz;) ( >(n> k-1l & Y
- : m n k (k‘f‘m) (k‘—l—n) e
_mzo;) ' < ><n> (k—1)! k! (iy)** '
—i LA 2k‘ m—l 2%k — n + 1)! (jy)mtrn—t

(2k —m — 1)! (2k — n)! (iy)m*tn—1
 (k—=m)! (k—n)  mn!
2k —m)! (2k — n)! (1y)m+”1} }
(k—m)! (k—n)!  mln!

i (k= 1\ (k+m)! (2k —n + 1)! (iy)k—m+n=2
+{ZZH)H < m >((l<:—1)).( (k—n)!)( ) a T

m=0n=0
+Zk:]§ ,Hm 2k n— 1! (k+1\ (k+m)! (iy)k—m+n
= = (k —n)! m ) (k—1)! n!
k k—m-+4n—2
k:+m+1 (k+m)! (2k —n)! (iy)
+n;);) < m )(k—l). G—n)l  w
E ok
2k:—n—1) kN (k+m)! (iy)k—mtn-1
k+m
#30 S n E (C)
k
k+m)! (2k —n)! (iy)k—mtn-t
2 1)ktm ( 5.46
ra 3 S (B) B T
For notational (and space!) convenience, we write this as
2k—1 2%k—1
vk (y) —eyZar iy)" +e lyZb iy) +ZCT iy)" (5.47)
r=—1 r=—1 r=—1

The requirement that Fj(y) is real for real y allows us to deduce many things

about the coefficients a,, b, and c.. Namely:

con1=0forn=0,1,...,k (5.48)
asp = bop forn=0,1,...,k—1 (5.49)
aop—1 = —bgn_l for n = 0, 1, .o ,k (550)
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5.1. The random matrix calculation

(later on we will also show that b_; = bgg_1 = 0). Thus we have

y** Fy(y) = 2 cos(y) %(—U"bznyzn + 2sin(y) g(—l)"_lb%—ly%_“r
n=0 n=1
+ Zk:(—l)"@ny%. (5.51)
n=0
From (5.33) and (5.6-5.9) we know that
Fi(y) = (2k)!gzl+1)!y2k +0 <y2k+1> asy — 0 (5.52)

(that is, the first 4k terms of the Taylor expansion of (5.51) vanish) so we can find

¢ in terms of b, by equating coeflicients as follows:

k [%S) (_1)my2m k—1
Z(—l)rcwyw = (Z W) ( 2(_1)n_1b2ny2n> +

r=0 m=0 n=0
00 k-1
(=1)my*mtt n—1 1k
i 2(—1)"bg 17" o (y*) (553
and so, for r=0,...,k—1,
" 2b2n 1 . 2b2n
= —_ — 5.54
@ ;(27"—271—1—1) ;)(27«—271)! (5.54)
and k—1 k—1
— 2b2n_1 - 2b2n
= —_—— — — . 5
2k nzl @r —2n+ 1) ;)(2r—2n)! (5.55)
Thus the problem has been reduced to calculating b,. Note that from (5.46),
2k—1 ko k
(2k —m = 1)! (2k = n)! (i)™
by ( - 5.56
;1 (iy)" ZMZ% Gl () om0 (5:56)
S0
T+1 21€ a— 1)' (2k+a—r—1)! (2a—r—1)
b, = YA —a)l  (k+a—r—1)! al(r+1-a)! for —t=r=k-l (5.57)

(2k—a—1)! (2k4+a—r—1)! (2a—r—1)
k Za:?ﬂrlfk )l (ita—r=D! algri—ay fork<r<2k—1

which can be combined as follows

2k—a—-1)!2k4+a—r—1)! (2a—r—1
br _kz _a)l)((k+a—r—1))! a(!(r+1—a;! (5.58)
: 2k—a—1\(2k+a—-r—1 k!
azzj ar1< k-1 )( k )a!(r—i—l—a)! (5.59)
P2k —a-1)(2k+a—r—1)/k k
-3t k! H (k= 1! )<a><r+1—a>(2a_“1) (5.60)
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for —1 < r <2k —1 (this is okay because (T+]f_a) kills off the terms we don’t want).
By direct calculation, we see that b_; = bor,_1 = 0.

Observing that the b, are integers completes the proof of theorem 5.2. O
Remark. The above large-N asymptotics are uniform in y for |y| < N. This can
be extended to |y| < AN for A < 27 an arbitrary constant as follows: Let § be a
fixed constant subject to 0 < # < 2w. By (5.4) and the results of Basor [6] (which

has already been quoted in the proof of lemma 2.1),

Ex {|ZU (61 + ﬁ)\%} \2 sin (25)| *Ex_1 {\Zg(o)\% |Zﬁ(ﬁ)]2} (5.61)
G2(k: +1)
If one lets y = NG then it is easily checked that
1
Fy,(NB)=140 <N> . (5.63)

So theorem 5.2 gives the correct first order term, for |y| < AN for A < 27 a constant.
Remark. Note that b, is a strictly positive integer for »r = 0,...,2k — 2, and that
the co, are integers also.

Remark An alternative expression is

X (x)sin%(z) + Y (z) sin(2z) + Z(x)

Fr(22) = —F (5.64)
with
X(z) = _2‘;1,52?) (5.65)
Y(z) = 32(22:5) (5.66)
2y = A+ Ol o

all polynomials with coefficients which are smaller than the coefficients of A, B, C.

This means

2
EN{‘ZU (01 +ﬂ

G*k+1 )sin?(ra) + Y (7a) sin(27a) + Z(7a)
G(2k + 1) (ma)2k

N¥ (5.68)
and this is appears to be the most useful and compact way of expressing this result.
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5.2. Conjecture about the zeta function

k X(z) Y (x) Z(x)
1 -1 0 z?
2 222 — 3 3z xt — 322

3| =3z + 7222 — 45 | =122 + 452 | 25 — 32t — 4522

Table 5.1: X,Y, Z for k =1,2,3.

5.2 Conjecture about the zeta function

Conjecture 5.3. For k an integer,

2
1 1, . o G*(k+1) T\*
— = n L ~ Fr(2 log —
N(T) 2 [¢G+itn+a/L) Gk + 1) ) Fi(2ma) (log o
0<y, <T
(5.69)
as T — oo, uniformly in « for |a| < AL, where A < 1 is a constant, L = i log %

is the density of zeros of height T, and a(k) is given by (1.85).

If this conjecture is true, then we are able to prove conjecture 4.3 from chap-
ter 4 (though only for integer k) and a variant of the Keating-Snaith conjecture

(conjecture 1.4), again only for integer k.

Corollary 5.3.1. If RH and conjecture 5.3 are true, then

1 co vk GP(k+2) 7\ k(k+2)
N<T>0<;<T‘C (2 +1m) ™ ~ Garg®) <log27r> (5.70)

Proof. By the definition of differentiation,

1 . a 2k
L2k ey 1S G T+ )]
(¢ (5 + i) [ = L7 lim e (5.71)
(we assume RH so that ¢(1/2 +ivy,) =0). From (5.52) we have
_ F(2na) o KK
1 = —_— 72
im = = M) e 1 1) (5:72)
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Chapter 5. A Unified Approach

so applying conjecture 5.3 and using uniformity to swap the « — 0 and N — oo

limits, we have

1 ) : G (k+1 k! T\
ey, 2, I ™ ~ Gy e ey (937

0<yn <T
(5.73)
_Gk+2) T\
as required. O

Corollary 5.3.2. From conjecture 5.3 it follows that for 8 > 0 fized,

G (k T\*
N(IT)(K;T\C( +ilyn + )" ~ G(;kiga(k) (log%) (5.75)

Proof. Trivial, as

lim Fj(2ra) =1 (5.76)

a—00

and put o = LG in conjecture 5.3.

Remark. Note that the left-hand side of (5.75) behaves like

- / L) at (5.77)

so this can be thought of as a variant of the Keating-Snaith conjecture.

5.2.1 Comparison with the zeta function

Gonek [45] showed, amongst other things, that

. 2
N(lT) >0 G +itn+a/)| ~ (1 - <Sm(7m)) ) log% (5.78)

o
0<y, <T
uniformly in « for |a| < L/2, which is in perfect agreement with conjecture 5.3 when
k=1.
There is no proof of the conjecture for k& = 2 (unlike conjecture 1.4 which is

proven for £k = 1 and 2). But there are theorems along the lines of conjecture 5.3

for k = 2:
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5.2. Conjecture about the zeta function

Theorem 5.4. (Conrey, Ghosh and Gonek [29].) Assume GRH and let A(s) =

Y on<a ™ where x = (%)77 for some n € (0,3). Then,

1)/ (2ma)?+2

1 6 —
N(T)O<WZ,L§T‘CA( —H(%ﬁ_a/L 72 (25 +5)!

+5 : T\
=R T g ) (o) (519

2, 1/9; 3
- +3(2+5
(77 5(2) n’ - 3

uniformly for bounded c.

(We have slightly changed notation from [29], to be consistent with our definition
1 T
of L = 5-log5-).
Putting n = 1 in the above (which, as it stands, is not allowed under the condi-

tions of the theorem) then A(3 + it) = ((3 +it) + O(t~1/?), and we have

o 2 G+t +a/n)P

(T) 0<yn <T
4 X (-1 (2ra)2t? T\*
— 257+ 5j) | log — 5.80
: g o) () 580
Note that
4 e ]+1 2 o)2it2
> T 0% 4 55) =
2 = 2]4—6
ia(2) (27202 — 3)sin?(7a) + 3rasin(27a) + (ra)* — 3(ra)? (5.81)
12 (ra)t

which is what is predicted in conjecture 5.3.
That is, from a purely number theoretical calculation involving no random matrix

theory, we have

Conjecture 5.5. Assuming that n =1 is permissible in theorem 5.4 then

1 L s 1 T\*
NT) Yo lKGHilm+a/D)|" ~ 53 F2(2ma) <10g 27T> (5.82)
0<yn <T
where
Fy(22) = (222 — 3) sin?(x) —1—241' sin(2z) + z* — 322 (5.83)
So, following the proof of corollary 5.3.1, we may deduce
Corollary 5.5.1. If RH and conjecture 5.5 are both true then
1 Col A 1 T\®
— 5 n)| ~———(log— ) . .84
N(T) 2. Gl ~ <°g 277) (5:84)

0<yn <T
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Chapter 5. A Unified Approach

5.3 Large gaps between zeros of the zeta function

Using conjecture 5.3, large gaps between the non-trivial zeros can be studied.

Corollary 5.5.2. Assuming the Riemann hypothesis, if conjecture 5.5 is true, then

for
. 1 Yn
A= limsup(yn+1 — Yn) = log — (5.85)
™

n—oo 2
we have A > 2.7.
Remark. Random matrix theory predicts that A = oo since the spacing distribu-
tion, (1.59), does not have compact support.

Our proof will follow Mueller’s [75, 45] proof for the case k = 1 (Gonek’s result,
(5.78)), where she showed A > 1.9 under the assumption of the Riemann hypothesis.
One of the main reasons Conrey, Ghosh and Gonek proved theorem 5.4 was to prove
that A > 2.68, this time under the assumption of GRH. The best unconditional
result is A > y/11/2 =2.345..., which is due to Hall [50].

Proof. Note that if 5 > A then
Yn+B/2L T
/ IC(3 +it)|* dt > / C(3 +it)|* dt (5.86)
0<yn <T m—B/2L 0

Ingham’s result [61] deals with the right-hand side, saying

o . 1 7\*
s+it)|*dt ~ —=T (log— | . 5.87
[ et inftar~ gt (1o ) (5587
Changing variables in the left-hand integral to ¢t = ~y,, + /L gives

n+B/2L B/2
/W C(3 +it)| dt:/_ S7 ¢ it + /L) da 27

(5.88)
Using conjecture 5.5, this is asymptotic to
1 T\* [#/? 21N (T)
— | log — Fo(2 do———. 5.89
272 <0g 27T> _8/2 2(2ma) alog(T/ZW) (5:89)
Combining these, we see that if 3 > A then
B/2
/ F(2ra) da > 1. (5.90)
-B/2
However, using Maple it is possible to show that
2.7/2
/ F>(2ma) da < 0.994 (5.91)
—2.7/2
and so A > 2.7. O
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Chapter 6

Joint moments of the Riemann
zeta function and its logarithmic

derivative

6.1 Introduction
Recall the definition of Hardy’s function® from (1.8):
Z(t) =\/x(5 —it)¢(5 +it). (6.1)

Z(t) has the useful property that it is real for real ¢, and that |((1/2+it)| = | Z(¢)].
However, |¢'(1/2 +it)| # |Z2/(t)| unless ((1/2 +it) = 0 or ¢ (¢) = 0 (which, for real
t, only occurs when ¢ ~ £6.29).

Observe that

N
* = — e_i(e’”«_e) .
Zi0) =11 (1 ) 6.2)
N
- _eiee—ien _ ei(9n—9) .
nH1 ( ) (1 ) (6.3)
= (—1)N61N96_izg=19"ZU(9), (6.4)

"Hardy’s function is often denoted Z(t), but since we use Z(#) for the characteristic polynomial,
we have introduced the notation Z(t) to avoid confusion. Note that in [56], Hejhal uses V(s) =

Z(4i—is), which is Hardy’s function for s = % + it.
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Chapter 6. Joint moments of |(| and [’ /(|

which implies that for real 6,
Vir(8) i= N2 0 00/2 7, (g) (6.5)

is a real function.

In this chapter we will use random matrix theory to estimate

AU PIe ST
o MR e I (6:6)
" L Z(t)|* Z'(t) tht 6.7
o SE (67)
by studying
E{120(0)2~2"| 2 (0) "} (6.8)
and
E{ Vo )P v )" } (6.9)

As has already been seen, Zy(0) is a good model for (3 + it). We shall argue
that Z;(0) is also a good model for £((3 +it) = i¢/(1/2 + it) (since we consider
¢'(1/2+1it)|, the factor of i is irrelevant?®), but one needs V};(6) in order to correctly
model Z'(t).

6.1.1 Summary of relevant results on the zeta function

Hall [50] has conjectured that

LT 2k=2h 1 2k k42h
T/ ‘C(i"i‘lt)‘ ‘C (§+1t)‘ dt ~ C(h, k) <log 2> : (6.10)
0 T

For integer h and k this conjecture can be shown (see §6.3) to be equivalent to

1 [T oh _ k242h
— / 1Z()F2 2/ )™ dt ~ C(h, k) <log> : (6.11)
T 0 27T

with the C(h, k) given in terms of C(h, k) for h =0, ...k, and vice versa.
For k = 1,2, the problem has been completely solved to leading order in T' (which

is what we want):

e For k = 1, Hardy and Littlewood [52] proved that C'(0,1) = 1 and in [61]
Ingham showed that C(1,1) = 3.

Zbut see §6.3
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6.2. Random matrix results

e For k =2, we have C(0,2) = 5 55 due to Ingham [61], and C(1,2) = 152”2 and

C(2,2) = ﬂg both due to Conrey [22].

1680

The analogous results for Z(t) are easy to deduce from these, and for completeness
we record them here as C'(1,1) = L, C(1,2) = 120 L and C(2,2) = 1120”2
Conrey and Ghosh [27] have proved C(1/2,1) = 64;5, but C(1/2,1) is currently

unknown.
When h = 0 the Keating-Snaith conjecture (conjecture 1.4) explicitly calculates

the constants as
G*(1+k)
G(1+ 2k)

Finally, when k = h, conjecture (6.10) is consistent with the work of Hejhal, [56],

T h24+2h
/ dt <log 2) . (6.13)
T

6.2 Random matrix results

C(0,k) = C(0,k) = a(k). (6.12)

which suggests that

Table 6.1 gives the results for k£ = 1,2, calculated using the method described below.

k| h E{‘ZU ’2k: Qh’Z/ )|2h} E{|VU |2k 2h|V/ )’2h}
110 N N
1)1 iN3 EN3
210 +N* LNt
1 6 1 6
2|1 =N =V
61 8 1 8
202 10080N 6720N

Table 6.1: Table of results for £k = 1 and 2.
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The main result of this section is theorem 6.4, which calculates

. 1 _
F(h,k) = lim o B{|Z0(0)P 2" 25,0 } (6.14)
and
F(h,k) := lim ;E{W (0)2E=2R v, (o)|2h} (6.15)
’ " Nooo NF?+2h v u . '

From this we will conjecture that C(h,k) = F(h,k)a(k) for the Riemann zeta
function, and for Hardy’s function C(h, k) = F/(h, k)a(k). That is,

Conjecture 6.1.

LT 2k=2h 1 .2k Ke42h
T/o ’C(g—l-lt)’ ‘C(§+1t)| ~ F(h,k)a(k) (logﬂ) (6.16)

and
T _ k?+2h
% /0 [Z()F2 |2/ ()| ~ F(h, k)alk) <log %> (6.17)

where a(k) is given by (1.85).

Note that a(1) = 1 and a(2) = %, so, using the results in table 6.1 for & =1
and k = 2, we have perfect agreement with all the results in section 6.1.1, with the

exception of Conrey and Ghosh’s [27] result that

2 _
€ =5 10e2T (6.18)

T
o ECEOTTS

which we are (currently) unable to reproduce in random matrix theory, since all our

results rely on h being an integer. If it could be shown that ﬁ(1/2, 1) = 61;5, then

this would be evidence that conjecture 6.1 holds for all h, k such that h > —1/2 and
k>h-—1/2.
6.2.1 Various lemmas

In this subsection we will evaluate
T = En { 20(0) Z(0)* " Z5:(8)" } (6.19)

for n = 0,...,k. Lemma 6.2 calculates T}, as a k x k determinant, essentially
using Heine’s identity and a very useful trick due to Basor and Forrester [7]. Lemma

6.3 is a continuation of lemma 6.2, evaluating the determinant by row and column
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6.2. Random matrix results

manipulation to show that T}, = My (2k) times a certain n x n determinant, which
is itself just a large polynomial in e'’. Finally, in corollary 6.3.1, this polynomial is

written as an infinite series in (3, and the coefficients are evaluated for large V.

Lemma 6.2. Forn=20,...,k,

A G
( N+k ) (N+2k—1)
Tjp = det | 277! 2honl (6.20)
Rk—n+1,1 " Rk—n+lk
LS 2.k |

with, fori=k—n+1,...;kand j=1,...,k,

N+j—i . .
N+k+j—1\(m+i—k+n—-1\ i3
i = w_1)m 6.21
“ Z<k+i+m—1>< i—k+n—1 >(e ) (6:21)

m=0

Proof. The proof essentially follows Basor and Forrester’s method, [7].

First of all, note that Heine’s identity (lemma 1.10) gives that
Ex { 200" Z(0)* " Z:(8)" } = Dilg] (6.22)
where Dy [g] is the Toeplitz determinant with symbol

9(0) = (1 - e”)k (1 - e—i")k_” (1 . e_ieeiﬁ>n (6.23)

— (—1)keik (eie _ 1) 2k=n (eie _ eiﬁ>n' (6.24)

In order to calculate this, we will let «q, . .., agx be distinct modulo 27, and consider

Dy|f], the Toeplitz determinant with symbol
2k

10) = (~1Fe* ] (eia . ei%‘) . (6.25)
j=1

In [7], Basor and Forrester calculate Toeplitz determinants with such symbols.
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They show that Dy|[f] equals a 2k by 2k determinant:

Dnl[f] = ISmQQk ooy X det
[ 1 o plh=Diar  o(N+k)ior  o(N+k+1)ian o(N+2k—1)iar |
1 cloe ok=Diaz  o(N+k)ies  o(N+k+1Dia o(N+2k—1)ias
1 ook ek—Diage  o(N+kiooy  o(N+k+1)ioy o(N+2k—1)icz
(6.26)
To obtain E {Zy(0)*Z}(0)*"Z}(B3)"} we wish to set oy = ag = -+ = gy, = 0

and agr—_pn+1 = a9 = B. We achieve this by means of L’Hopital’s rule, exactly as

in [7]. First set a; = 0 in p; (for simplicity we will denote the ith row by p;). Then

subtract p; from ps and let ag — 0, noting that

e

lim

az—0 6ia2 —1

inag

-1

-(3)

(6.27)

implies this limit is well defined in all elements in the new second row. Repeat this

procedure for the third row, the fourth row, and so on, up to the (2k — n)

(That is, to p; add

—p1— (€% = 1)py —

and let a; — 0, remembering there is a 1/ (e

nant).
This done,
2k 1
Dylf] = - — X
N[ ] j_2kr;[n+1 (elaj o 1)2k n
[ 1 1
(1) ("7
det (21&?14) (Qkkf;lfl)
1 e(k_l)ia2k—n+1
1 e(k—Diagy

(eiozi o

1)2p3—~-—

2k—n+1<m<n<2k

1
(N+k)

(a5 1)

e(N+k)iozg_ni1

e(N-‘rk)iOzgk

112

(eiai o 1)2'72;)7;_1

1

(eian _ eiam) X

(N+2k71)

()

el

e(N-‘,—Qk—l)iOch

N+2k—1)icog—ny1

th 1ow.

(6.28)

—1)i=! factor outside the determi-

(6._29)
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To p; for i =2k —n+1,...,2k add

(6.30)

and note that the new p; has zero in the first k elements, and that when the (k4 j)th

element is divided by (e!® — 1)%+—"

@ o(N+k+j—1)ia;

2

, it can be written as

2k—n—1
— Zm:[?

m

(N+k+j—1

) (6106:'

—1nm

(6.31)

J
N—k4n+j—1

>

m=0

(N+k+

We now have

2k —n+m

(eioz,- _ 1)2k—n

)(ei“i —1)m

j—1

E { Z0(0)° 25 (0)" " Zi (ann) - Zis(aae) | =

det | (5,5,_1) (s
0 0
0 0

2k—n+1<m<n<2k

(Zk]\ijblil)

2k— 1
25 n+1)

)

Z§2k)

[1

2k

(

(

(6.32)

1
(eian _ eiam)

1
N+2k71)

N+2k71)
2%k—n—1
(2k—n+1)

(6.33)

z](fk)

The first k diagonal elements are 1, with zeros underneath, and so the determi-

nant reduces to a k by k one:

1

(eiozn _ eiam) det

I1

2k—n+1<m<n<2k

(NJrk)

(2 50)

2k—n+1
Zg n+1)

Zg%)

(N+2k71)

(y

(2k—n+1)

2k

(2k)

2k

(6.34)

Finally, set aiop—n+1 = 0 in pg—n+1 of the above determinant, then subtract this

new pp_p+1 from pg_n1o and let agg_nyro — [ ete. (i.e. proceed as before: to row

i, fori=k—n+2,...,k, add

iOé]H_i _

—Ph-n+1 — (€ eiﬂ)Pk—n-&-? -

11

R (eiak+i

3

_ eiﬁ)i—k-I—n—Q

Pi—1 (6.35)
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and let ayy; — [ recalling there is a 1/(el%+i — #)i=F+n=1 factor outside the

determinant). This done, the j' element of row 4, for i = k —n + 1,..., k, equals
N+j—k+n—1 .
, 2k—n+m t—k+n-—1
m=i—k+n—1

which, after a slight renumbering of the sum, is seen to equal z; j defined in (6.21),
and this completes the proof of the lemma. O
Remark. Although we have calculated T}, only for 0 < n < k, it is valid for
0 <n < 2k, and, in fact, we have T}, ,, = eiN(k*")BTk’gk,n.

It is possible to further simplify the determinant appearing in lemma 6.2.

Lemma 6.3.

Tk,n = MN(Qk) det {ai7j}i,j:1,...,n (637)
where My (2k) is given by (1.77) and
. _Ni"' (k—n+i=D! (i+k—n—1+m\ i+m=-1\
Yo (2k—nti—1+4m)! m j—1
N! .
1™ (6.38
X NFj—i—mye T (639
Proof. We start with T}, ,, as given in lemma 6.2. From row ¢ (for ¢ = 1,...,k) pull
out a factor of m, and from column j (for j = 1,...,k) pull out a factor of
% So now we have,
[ 1 . 1 1
N! oo Nk
N—-1)! N+k—2)!
o Gt G rkrnew | R
P GREk+1) GR(N+k+1)
(N—k+n+1)! (N+n)!
20
L 1,7 .
(6.39)
where fori=k—-n+1,...,kand j=1,...,k, xgg-) equals

N+j—i

(N+j-1)! (k+i—1)! (m+i—k‘+n—1

n;)(NH—i—m)!(kH—Hm)! i—k+n-—1 ><€w—1>m (6.40)

From column k subtract column k£ — 1. From column k — 1 subtract column k — 2

etc. The top row becomes 1,0,...,0, and so the above determinant equals a k — 1
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6.2. Random matrix results

by k — 1 determinant:

- X , -
N! (N+k—2)!
2(N71)! 2(N+k73)!
det : : 6.41
(6.41)
N! (N+k—2)!
(k —n — 1) n—pnray (k —n—1)"xran
Y
L (2¥) .
where for i =k —n,....,k—land j=1,...,k—1,
N+j—i . . ,
(1) . (N+j-1)! (k+d)! (m+i-k+n) 5 ym
L — 6.42
ij Z(H_m)(N—i-j—i—m)!(k—Fi—i-m)! i—ktn )€U (642)

m=0

Factor out 7 from row 4, then repeat: subtract column k — 2 from column k — 1 etc.,

the new top row is 1,0,...,0, and expanding about this row, we obtain
_ , , ;
N! N+Ek-3)!
2n=1y1 QEN+k—43!
(k —1)!det : : (6.43)
N! N+k—3)!
2
L 1,7 u
where fori=k—n—1,...,k—2and j=1,...,k— 2,
Nj—i . . )
(2 _ i(i+m>(z+1+m) (N+j=1)! (it
B = (i+1) (N4+j—i—-m)(k+i+1+m)!

" m+i+1l—k+n
i+1—-k+n

)(eiﬂ —1)™ (6.44)

If we repeat this process enough times, then the determinant becomes an n x n

one:
k—n k—n
- ziy i
" )
where fori=1,...,nand j=1,...,n,
$<kn>_N*Zj"'<z'+m>~-<z’+k—n—1+m> (N +j—1)!
i — (@) (i+k—n—-1) (N+j—i—m)!
2k —n+i—1)!

“2k—nti-1+m)
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which simplifies down to

x(k-n):Ni_i (N+j—1! (i+k—n—14m\

J — (N+j—i—m)! m
" 2k —n+i—1)!
(2k—n+i—1+m)

(e 1) (6.47)

Thus, to complete the proof, it remains to show that

- (k—n) — e
G(n+1) det{xw }1§i,j§n det {aistijmr, n- (6.48)
To do this, for j =n,n—1,...,1 define
j—1 .
new colj = Z(—l)l (‘Z)old col;_; (6.49)

=0

(this does not change the value of the determinant). Note that

j—1 ) ) j—1
A\ N4j-i-1 NI |
g(_l)l<l>(l\7+j—l—i—m)! - ll;[l(z+m—l). (6.50)

Multiplying new jth column by 1/(5 — 1)!, for j = 1,...,n (which will come from
1/G(n+1)), we see that x; j = a; ; for 1 <i,j < n, and this completes the proof of
lemma 6.3. O

Corollary 6.3.1. For fized h and fized k,

G*(k+1
Tym ~ G(;k n 1% N* det {bijticijon t On (B2 (6.51)
where, fori,j=1,...,n
2h . : .
2k —n+i—1)! i+k—n—1+m\ [i+m—1),.
by = NB)™ (6.52
A mz::O(Qk‘—n—l—i—1+m)! m jo1 JUNe"T (6:52)

and where ~ means the leading order (in N ) term in each coefficient of 5".

Proof. First of all, recall that

G2(k+1) 42 k2-1
My(2k) = G N +(9(N ) (6.53)
and secondly note that
- ihz (2k —n+i—1)! i+tk—n—1+m\(i+m—1 "
W = (2k—n+i—1+m) m j—1

x NI ((i8)™ + O(B™)) + On (821)(6.54)
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(to get this, first Taylor expand in terms of § and then find the leading order (in

N) term in each coefficient of the Taylor expansion). To show that

det {aivj}lgi,jgn ~ det {bi’j}lgi,jgn (6.55)

multiply row ¢ by % and column j by N7 for each i and j. (This does not effect
the value of the determinant, just the entries in the matrix). O

Remark. The definition of a Schur polynomial in 2k variables is

det{m%‘i+2k7i}1<i,j<2k
Si(z) = L ——= (6.56)
det{z;" " }1<ij<on

where A = (A1, ..., Agg) is a partition (which means that \y > Ay > -+ > Ay, > 0)
and = (z1,...,x9;). The bottom determinant is the usual Vandermonde determi-

nant. Comparing this with (6.26) we see that

DN[f] =S, .no,.0)(€, ... e%F) (6.57)

where the partition is A = 0FN*. Setting oy = --- = agp—p, = 0 and aop_pi1 =

-+ = agg, = [ we have
n=5x(1,...,1,¢% ... €. (6.58)

But evaluating the Schur polynomial as a polynomial in § appears to be just as

difficult as evaluating the determinants, as done above.

6.2.2 Calculating F(h, k)

Keeping the notation of corollary 6.3.1, we write

G*(k+1) e . () ¢; j 2h+1
Thm ~ mN ;ak’n(lNﬁ) +On (ﬁ ) (6.59)

Theorem 6.4. For integer h > 1 and k > h an integer

/ 2h 2h
w0 (E6) - S ()

CGh+1) e o o (2B (2h m(2h—m) k2
Gar s 2 0 () () el oo

n=1m=0

as N — oo.

117



Chapter 6. Joint moments of |(| and [’ /(|

Note that this is actually an analytic function of k for RRe(k) > h — 1/2, but the
restriction of h to be a positive integer is, at least in this method of proof, a genuine
one.

Proof. By the definition of derivative we have

E{Vi (0 V; (00} = lim ;hﬂz {Ve* 2V (8) - o (0)*} (6.61)

— lim ﬁih iz(—l)” (?) E {VU(O)Qk_”VU(ﬁ)”} (6.62)

p—0

From the definitions of Vi;(6) and Zy (), one can see that

Vi (0) ="V (B)" = e N2 74, (0)k 235 (0)F " 23 (B)" (6.63)
and so
2h 2h
2k—2hy s/ 2h | _ 13 _1\n —iNng3/2
(Vo OP V0™ = i 5 3 (1) (21)emsnem,

) oh  2h
- m DD (=t <2h> (2h> (50)™ a2y INEE(6.64)

n=0m=0
(We have cheated slightly here, by writing down the 8 — 0 limit as the coefficient of
$?" in the sum. There is correct so long as there are no terms of O(3?"~1) or less.
But the fact that the derivative is defined means that no such terms can exist). The
n = 0 term does not exist for h # 0 due to the fact that T} o has no 3 dependence.
O
Remark. {|Zy(0)|?*72"|Z{;(0)|*"} can be dealt with using exactly the same ideas,
but the formulae are slightly messier and so are not included here. Such work is
unnecessary, anyway, since the results in §6.3 show that E {|Zy(0)[**=2"|Z{,(0)|*"}
can be calculated from E {V;7(0)%~2"V/,(0)2"}.

6.2.3 Worked example: h =1
From theorem 6.4 we have

1 . .
E {VU(O)%_QV[}(O)Q} = lim (Tm —2¢7NB/2Ty | 4 e_lNﬁTkg) (6.65)

From corollary 6.3.1 we have

2 2 1) _
Tkle(k—i—l)NkzZ (2k —1)! <k+m 1

G g (T s on) - (6oo)

m=0
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and
G*(k+1
T2 ~ G(ék—i—li (2192 — zam1) + On (%) (6.67)
where )
(2k — 2)! (k +m — 2) .
Z (Nig)™ (6.68)
0 2k —2+m)! m
2
(2k — 2)! <k +m — 2> .
=> m(Nig)™ (6.69)
A= 2k -2+ 2k —2+m)! m
2
(2k —1)! (k +m — 1) )
Z (Nig)™ (6.70)
0 (2k — 1+ m) m
2
2k —1) kE+m-—1 . om
Z 2;_1+m) < . )(m+1)(]\hﬂ) (6.71)
Thus
G*k+1) o . 42+ k-2 o,
And so, if we let [8™ : ...]| denote “the coefficient of ™ in ...”, then for large N
we have
: G*(k+1) 1-k 2
2 . —iNB - k242
[ﬂ - e T’“’J G(2k + 1) 2(4k2 — 1)N (6:73)

Similarly, for large N, (6.66) gives

G*(k+1)
G(2k +1)

E+1

Tjoq ~ k¥l
Bl 42k + 1)

NF? (1 + INGB) + N2(iB)? + ON(53)> (6.74)

and so

_i Gz(k + 1) -1 2
2 . —iNB/2 - k242
[5 $ e T ] Gk +1)8@k 1) (6.75)

Since T} o has no  dependence, inserting (6.73) and (6.75) into (6.65), we get

E {VU(O)%_2V(}(O)2} - [52 L e AT, — Qe—iNﬂ/QTk,l] (6.76)

G(2k + 1) 4(4k2 — 1)

(6.77)

To get the corresponding result for |Zy|?*72|Z};|2, we make use of the work in

§6.3, which says

F(1,k) = YF(0,k) + F(1,k) (6.78)
C1Gk+1) | G+l

TAGRk+ 1) Gkt 1)4(4k2 1) (6.79)

G*k+1) K? (6.50)

T GREk+ 1) 4k —1
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The conjecture for the Riemann zeta function would be

L b2 1 g2 G*(k+1) k2 k242
T/o 6 +IOPF2IC (G + i dt ~ Frry g —pah) <10g7r> (6.81)

which agrees with what is known (summarized in §6.1.1), since a(1) =1 and a(2) =

6
2"

6.2.4 General formula: h =2 and h =3

Doing the analogous thing when h = 2, we get

G*k+1) 3 1

F(2,k) = = 82
29 = Gk +1) 16 @k2 — 1)(@kz — 9) (6.82)
and
G*(k+1) 8k*—16k*>—3
F(2,k) = .
2k = Gkt 1) sk — 1)@ = 9) (6.83)
Also, for h = 3,
~ G*(k+1)15 1
F = = 84
(3, ) G(2k + 1) 64 (4k2 — 1)2(4k2 — 25) (6:84)
SO
2 8 6 4 2 _
Pk = G?(k + 1) 32k% — 264k% + 396k* + 37k? — 45 (6.85)

G(2k +1) 8(4k? —1)2(4k2 — 9)(4k2 — 25)
These examples were calculated with the aid of Maple. It appears clear from these
results that theorem 6.4 can be simplified, but for general integer h I am currently

unable to put F(h, k) in to a form similar to the above.

6.3 Converting between the real and complex cases

6.3.1 Converting from F(h, k) to F(h, k)

By logarithmically differentiating the definition of V;(8) we have

V(0 Zi(6
Vgéeg = 1N + zﬁﬁei' (6.86)
But
Vi(0) _ Vi)
W) = Vi) (657
s 2O, 659
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and so
Zy(0)
J =—zN
Jm Zu(6) 5
and
V/ !/
50 _ g 70
Vi (0) Zy (0
Now,
Z/ 2h / 2 Z/ 2 h
1Zy* | 2L = |Zy* (9% U> +<JmU)
Zy 2y

(0

7! 2n 7! 2h—2n

— 7.2k “u N ZU

Z( )’ vl ( eZU> JmZU>
Z( > ‘2k <‘/U>2n N2h—2n

922h—2n
so taking expectations, and letting N — oo, we obtain

FiB = (1) oop.

n=0

Vu

By inverting this we get

F(h,k) =Y (-1)"

6.3.2 Converting from C(h, k) to C(h, k)

(6.89)

(6.90)

(6.91)

(6.92)

(6.93)

(6.94)

(6.95)

Recall the functional equation, (1 — s) = x(1 — s){(s). Logarithmically differenti-

ating this, we get

X 1 ¢ 1 ¢ 1
Ad iy =2 i)+ > (Lt
X (2 ) C (2 ) C (2 )
C/
= 29%2(5 + it)
From this follows two results:
Firstly,
S 1, T
%ez( +lt) N—Elog%,
and secondly, from the definition Z(t) = y/x(3 — it){(3 + it), we have
Z/ / !/
ZO=-5 0 -1+ +it
<~/
= —Jm +it
L > (5 +it).
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Now

IS

so we have

> ()

/ C(b +it)2* |
h

D

n=0

Thus,

By inverting this:

CI

C—/(%Jrit)

1 T

o SRRl
h 1 T ok z!

7 | o (-5

2h

2h
( + it)

(Z) C(n, k)

2h
— P ((me

h h op [~ C, 2n CI
=3 () (mg) (2

dt =

dt ~

lo z
g27r

6.3.3 Explaining the difference

We have

and

But we have

and

(t) ¢?

k2+42n 1
22h—2n

> ()5

el =i
33 08

%eg( +it) ;m%
ng(gﬁz&) —i(t).

1\ 2 N\ 2 h
&)+ (m))
>2h 2n

T

log —
8 2T

@ C(h2—2nn, K

<’5>) (mék +1t))2h2ndt

> 2h—2n

(6.101)

(6.102)

(6.103)

(6.104)

(6.105)

(6.106)

(6.107)

(6.108)

(6.109)

(6.110)



6.3. Converting between the real and complex cases

The resolution of this difference is we should really be considering the function

Celt) = C(5 +1t), (6.111)
since then
/ d . .
Gt) = 2 C(% +it (6.112)
=ic'(3 +it), (6.113)
and so
o Gelt T
ngC ((t)) —1log o (6.114)
and

Gt) _ 2'(t)
%Cc(t) =20 (6.115)

which, since N = log % from (1.72), is in perfect agreement with the random matrix

results. Since we have only considered the modulus of zeta in this chapter, the

missing factors of i are in fact irrelevant.
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Appendix A

The Barnes G—function and the

Euler Gamma function

The Barnes G—function is defined [5] for all z by
G(z+1) = (2m)*? exp (=3 (> +72° +2)) H (1 + %)n em# 2 /2m (A.1)
n=1

where v = 0.5772... is Euler’s constant, or alternatively via the integral

e8] —t 2
logG(z+1) = / t(liw (1—2t— 3227 —e7?)dt — 222(1+9) + %zlog%r
0
(A.2)

where Re(z + 1) > 0.
The G-function has the following properties [5, 94]:
Recurrence relation: G(z + 1) =I'(2)G(z).
Complex conjugation: G*(z) = G(z*).

Asymptotic formula, valid for |z| — oo with |arg(z)| < ,
1

log Gz +1) ~ 22 (% log z — %) + %zlog27r — 1—12 logz+¢'(—-1)+ O <> (A.3)
z

Taylor expansion for |z| < 1,

n

log G(z + 1) = L(log2r — 1)z — L(1 +7)2 + > (~1)"¢(n — 1)% (A.4)
n=3

Special values: G(1) = 1 and G(1/2) = 3¢ (=1/2p=1/491/24,

G(z + 1) has zeros at z = —n of order n, where n =1,2,....
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Logarithmic differentiation can be written in terms of the polygamma functions,

T (2): 1
dm

Lt logG2) =2 (2) (A.5)
where
3O (z) = tlog2m — 2+ 5 + (2 — DTO (). (A.6)
and
() = I

Euler’s Gamma function is discussed in [1]. It is defined for RRe(z) > 0 by

I'(z) = /000 et dt (A.8)

For |z| < co Hankel’s contour integral is

1 i

TG~ Q’JT/C(_t)_ZE_t dt (A.9)

where C starts at +00 on the real axis, circles the origin once in the counterclockwise

direction, and returns to the starting point. With the above, this gives a functional

equation:
T
I'z)I'(l —2) = A.10
(BT -2 = 5 (A.10)
For |z| < 0o, Euler’s infinite product is
L _ zel* ﬁ (1 + E) e=#/m (A.11)
I'(z) n '
n=1
The Gamma function has the following properties:
Recurrence relation: I'(z 4+ 1) = 2I'(2).
Stirling’s asymptotic formula, valid for |z| — oo with |arg(z)| < m,
log'(2) ~ (2 — ) logz — 2z + % log(27) + —— — L—i—
2 2 12z 36023
BQm
<o (A2
* 2m(2m — 1)z2m—1 * ( )
where the By, are the Bernoulli numbers, defined by
(o9}
" t
> Bng=— (A.13)
n=0
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There is a Taylor expansion for |z| < 2:

n

logT(z 4+ 1) = —log(z + 1) + 2(1 =) + Y _(-1)"(¢(n) — 1) (A.14)
n=2

Special values: I'(1) = 1 and I'(1/2) = /7.

I'(z) has simple poles at z = —n, n =10,1,2,... of residue (—1)"/nl.
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Appendix B

The Lambert W—function

The Lambert W-function (sometimes called the Omega function) is defined to be
the solution of
W(z)eV® =z (B.1)

It has a branch point at = 0, and is double real-valued for —e™! < z < 0.

The unique branch that is analytic at the origin is called the principal branch. It
is real in the domain —e™! < z < 0o, with a range —1 to co. The second real branch
is referred to as the —1 branch, denoted W_;. It is real in the domain —e™! < z < 0,
with a range —oo to —1.

The equation

log z = v’ (B.2)

has solution

e () -

There are various asymptotic expansions of the W function:

e Asz — oo,

log 1
W(z) ~ logz — loglog x + 88T (B.4)
log =
e As x — 0 on the principal branch,
W) ~x—a?+ %x?’ (B.5)
e Asx — 0~ on the —1 branch,
log |1
W (x) ~ log |z| — log |log |x|| + W (B.6)
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Appendix C
Asymptotics of log My (x)

My (x) is given by (1.77). From the asymptotics for the G-function, (A.3), we have

for x > —1

log My(z) =2log G (1 + 32) —log G(1 + z) — %xQ + %NQ log N
+ 2(N +2)?log(N +z) — (N + %x)Zlog (N + 3z)

1
+ glog (N + 2) — {5log(N + z) — {5 log N + O <N> (C.1)

where the error term is independent of z.
This may be simplified if we assume that z(N) is restricted to various regimes:

o If |z] < 1 then
log My(z) = $2°(log N +1+7) + O (z°) + O (]t) (C.2)
o If x =0O(1) and > —1 then
log My (x) = %ZL‘Q log N +2log G (14 32) —logG(1+z) + O <Z17> (C.3)

o If 1 < v < /N then

log My (z) = %xQ (logN—logx —log2 + %) + %logQ - %ng—l—gl(—l)
3
T 1
— - C4
o(§)rels) ©

131



Appendix C. Asymptotics of log My (z)

o If x = AN with A = O(1) and A > 0 then

log My () = N {5(1 4 2)1og(1+A) = (1+ 32)"1og (1 + 1)
—1X\log(2)\)} — S log N — Llog A + ¢'(—1)

1
+ tlog(2+ A) — 5 log(14+A) + O <N> (C.5)
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Asymptotics of log L (ix)

Ly(iz) is given by (1.80). From the asymptotics for the G-function, (A.3), if z € R
we have
log Ly (iz) = log G (1 + 3iz) +log G (1 — 3iz) — 22° + N?log N
— % (N + %ix)2log (N + %L’E) — % (N — %ix)Qlog (N — %ur)
- %logN + Llog (N + iiz) + L log (N — Liz) + O <Jif> (D.1)

Constraining x(N) to lie in various regimes simplifies the above considerably:

o If |2| < 1 then

log Ly (iz) = 12?(log N + 1+ 7) + O(z*) + O <]17) (D.2)
o If z = O(1) then
log Ly(iz) = log G (1 + %13@) +logG (1 — %ll‘) + %162 log N + O <]17> (D.3)
o If 1 < |z| < VN then

log Ly (iz) = ixz (log N —logz +log2 + 3) — %logx + %logQ +2¢'(-1)

+0 <§;) +0 (;) (D.4)

o If z = AN with A = O(1) then

log Ly (iz) = N? {X\?log (1 +4A72) — log (1 + +A?) + Atan ™' $A}

— §log N + 5log (1+4XA72) +2('(-1) + O <N> (D.5)
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