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Here, we present a connection between a sequence of polynomials generated by a linear recurrence
relation of order 2 and sequences of the generalized Gegenbauer-Humbert polynomials. Many
new and known transfer formulas between non-Gegenbauer-Humbert polynomials and gener-
alized Gegenbauer-Humbert polynomials are given. The applications of the relationship to the
construction of identities of polynomial sequences defined by linear recurrence relations are also
discussed.

1. Introduction

Many number and polynomial sequences can be defined, characterized, evaluated, and clas-
sified by linear recurrence relations with certain orders. A polynomial sequence {a,(x)} is
called a sequence of order 2 if it satisfies the linear recurrence relation of order 2

an(x) = p(X)an-1 +q(x)an2(x), n=2, (1.1)

for some coefficient p(x) #0 and g(x) #0 and initial conditions ag(x) and a; (x). To construct
an explicit formula of its general term, one may use a generating function, characteristic equa-
tion, or a matrix method (see Comtet [1], Hsu [2], Strang [3], Wilf [4], etc.). In [5], the authors
presented a new method to construct an explicit formula of {a,(x)} generated by (1.1). For
the sake of the reader’s convenience, we cite this result as follows.
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Proposition 1.1. Let {a,(x)} be a sequence of order 2 satisfying the linear recurrence relation (1.1),
then

ai(x) - p(x)ao(x)\ 3 ai(x) —a(x)ap(x)\ ,, )
an(x) = < a(x) - p(x) )a (x) ( a(x) - f(x) )ﬁ (x)  ifalx)#p(x),

nai(x)a™(x) — (n - 1)ap(x)a™(x) if a(x) = p(x),
(1.2)

where a(x) and B(x) are roots of > — p(x)t — q(x) = 0, namely,

a0 = 5 (P + P +490), B =5 (P -\ a@). )

In [6], Aharonov et al. have proved that the solution of any sequence of numbers that
satisfies a recurrence relation of order 2 with constant coefficients and initial conditions ag = 0
and a; = 1, called the primary solution, can be expressed in terms of Chebyshev polynomial
values. For instance, the authors show F,, = i "U,(i/2) and L,, = 2i "T,(i/2), where F,, and
L, are, respectively, Fibonacci numbers and Lucas numbers, and T,(x) and U, (x) are the
Chebyshev polynomials of the first kind and the second kind, respectively. Some identities
drawn from those relations were given by Beardon in [7]. Marr and Vineyard in [8] use the
relationship to establish explicit expression of five-diagonal Toeplitz determinants. In [5], the
authors presented a new method to construct an explicit formula of {a,(x)} generated by
(1.1). Inspired with those results, in [9], The authors and Weng established a relationship
between the number sequences defined by recurrence relation (1.1) and the generalized
Gegenbauer-Humbert polynomial value sequences. The results are suitable for all such
number sequences defined by (1.1) with arbitrary initial conditions ay and a;, which includes
the results in [6, 7] as the special cases. Many new and known formulas of Fibonacci, Lucas,
Pell, and Jacobsthal numbers in terms of the generalized Gegenbauer-Humbert polynomial
values were presented in [9]. In this paper, we will give an alternative form of (1.2) and
find a relationship between all polynomial sequences defined by (1.1) and the generalized
Gegenbauer-Humbert polynomial sequences.

A sequence of the generalized Gegenbauer-Humbert polynomials {P,f’y ’C(x)}n20 is
defined by the expansion (see, e.g., [1], Gould [10], and the authors with Hsu [11])

o) = (C-2xt+yP) = TB e, (14)

n>0

where A > 0, y and C #0 are real numbers. As special cases of (1.4), we consider P,f’y 'C(x) as
follows (see [11]):

P (x) = Un(x), Chebyshev polynomial of the second kind,
Prll/z,l,l (x) = ¢n(x), Legendre polynomial,

Pl (x) = Ppuq (), Pell polynomial,

Py '(x/2) = Fpi1(x), Fibonacci polynomial,

Py ((x/2) +1) = By(x), Morgan-Voyc polynomial, [12] by Koshy,
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piA! (x/2) = D11 (x), Fermat polynomial of the first kind,

P,ll’za’z(x) = D, (x, a), Dickson polynomial of the second kind,

a#0 (see, e.g., [13]) by Lidl et al.,

where a is a real parameter, and F,, = F,,(1) is the Fibonacci number. In particular, ify = C =1,
the corresponding polynomials are called Gegenbauer polynomials (see [1]). More results on
the Gegenbauer-type polynomials can be found in Hsu [14] and Hsu and Shiue [15], and so
forth, it is interesting that for each generalized Gegenbauer-Humbert polynomial sequence
there exists a nongeneralized Gegenbauer-Humbert polynomial sequence, for instance,
corresponding to the Chebyshev polynomials of the second kind, Pell polynomials, Fibonacci
polynomials, Fermat polynomials of the first kind, and the Dickson polynomials of the second
kind, we have the Chebyshev polynomials of the first kind, Pell-Lucas polynomials (see [16]
by Horadam and Mahon), Lucas polynomials, the Fermat polynomials of the second kind
(see [17] by Horadam), and the Dickson polynomials of the first kind, respectively.

Similarly, for a class of the generalized Gegenbauer-Humbert polynomial sequences
defined by

WC, oy A htn=1_yc 20+n -2 yc
Py (x) = ZxTPn_1 x) - y—Cn P (x), (1.5)
for all n > 2 with initial conditions
Py (x) = ®(0) = C,
(1.6)

PV (x) = @(0) = 20xC,

the following theorem is obtained.

Theorem 1.2 (see [5]). Let x# =+ +/Cy. The generalized Gegenbauer-Humbert polynomials

{Pi’y’c(x) }uso defined by expansion (1.4) can be expressed as

<x+\/x2—Cy>n+l—<x— x2—Cy>n+1 Ly
24/x2 - Cy . o

In next section, we will use an alternative form of (1.2) to establish a relationship
between the polynomial sequences defined by recurrence relation (1.1) and the generalized
Gegenbauer-Humbert polynomial sequences defined by (1.5). Many new and known
formulas of polynomials in terms of the generalized Gegenbauer-Humbert polynomials and
applications of the established relationship to the construction of identities of polynomial
sequences will be presented in Section 3.

P () = C
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2. Main Results

We now modify the explicit formula of the polynomial sequences defined by linear recurrence
relation (1.2) of order 2. If a(x) # f(x), the first formula in (1.2) can be written as

2.1)

a1 (x) ((@())" = (B(x)") = a0(¥)a(x) () ( (@)™ = (p(x))"")
a(x) - p(x) '

an(x) =

Noting that —a(x)f(x) = a(x)(a(x) - p(x)) = p(x)(B(x) — p(x)), we may further write the
above expression of a,(x) as

an(x) = m |10 (@) = (B(x))") + ap (@) a(x) (a(x) - p(x)
x(@(x))"" = ag(x)p() (B(x) = p(x)) (B())" "] (22)
a0 () (@)™ = (B())""") + (a1(x) - ap(X)p()) ((a(x))" - (B(x))")

a(x) = p(x)

Denote r(x) = x + 1/x2 - Cy and s(x) = x — {/x2 - Cy. To find a transfer formula
between expressions (1.7) and (2.2), we set

a(x) = %, P(x) = %, (2.3)

for a nonzero real or complex-valued function k(x), which are two roots of >—p(x)t—g(x) = 0.
Thus, adding and multiplying two equations of (2.3) side by side, we obtain

a(x) + B(x) = px) = %

c (2.4)
sy CY
a(x)p(x) = =q(x) k)
The above system implies
_ ) Y
k(x) ==+ (0’ (2.5)
and at
POk _ pe), [Cy 26)

2 2 =
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r(x) and s(x) give expressions of a(x) and p(x) as

_r(#p0)/2)v/Cy7 =t ) s((p(x)/2)V/Cy/ = q())
a(x P(x) = . (2.7)

+/Cy/ - q(x) +/Cy/ —q(x)

It is clear that a(x) and B(x) satisfy a(x) + f(x) = p(x) and a(x)p(x) = —q(x).
We first consider the case of k(x) = /=Cy/q(x) . Substituting the corresponding (2.7)
with positive sign into (2.2), we have

ao (x) (r"* (x) = 8" (x)) + k(x) (a1(x) — ap(x)p(x)) (r" (x) — 5" (x))
k" (x) (r (x) = s(x))

- " k
=a0(x)C"+2< %?) P;,y,c< (x)p (x))

n-1
- k
+ (a1(x) = ao(x)p(x))C"* < —?:(;)> Pyllly{c< (X)zp(x)> (2.8)

= ﬂo(x)cn+2<v qC(x > 1yc<pT \/ —q(x) >

+(al(x)—ao(x)P(x))C"”< q(X> P P(zx) Cy >

an(x) =

=q(x)
Similarly, for k(x) = —\/-Cy/q(x), we have

_ n+ —q(x) ’ 1y,C P(x) Cy
an(x)_aO(x)C 2<_ C—y> Pny <_T _q(x)>

n-1
_ C
+(a1(x)—ao(x)P(x))C”+1<— —Z’:(yx)> Pi’yl’c<‘@ —q(yx>>'

(2.9)

Therefore, we obtain our main result.
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Theorem 2.1. Let sequence {a,(x)},sq be defined by a,(x) = p(x)an-1(x) + q(x)a,2(x) (n > 2)
with initial conditions ag(x) and a;(x), then a,(x) can be presented as

_ n+ —q(x) ' 1,y,C p(x)
an(x) = ap(x)C 2<* Ty > o < —q(x)>

n-1
- -q(X) P
+ (a1(x) = ap(x)p(x))C"*! <i C—y> Pn—l < —q(x)>

where {Pi’y “} is the sequence of any generalized Gegenbauer-Humbert polynomials with A = 1. In
particular, a,(x) can be expressed in terms of {Py"' = U,), the sequence of the Chebyshev poly-
nomials of the second kind,

au(x) = ag(x) (i\/—q<x>)"un< 2\5%>

n-1
- (90 o ()

which is a special case of (2.10) for (y,C) = (1,1).

(2.10)

(2.11)

Corollary 2.2. For (y,C) = (-1,1),(1,1),(2,1),and (2a,2) (a#0), respectively, from (2.10), one
has transfer formulas
- P(x) >

() = ao(x) (+/4(2) m(i 5%)
n-1
+ (@) - ao<x>zo<x>)(i =) Pn( ;’&)
an(x)—ao(x) :i: —q(x <:|: p(x) —2>

+ (a1(x) - ao(x)p(x))<:|: —q(x)) Bn—1<:|: p(x) _2>’

an(x):ao(x)< q(x > n+1<ip ”—q(x >

an(x) —aO(x) :t q(x P

v
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n-1
+(al(x)—ao(x)r’(x))<i‘\/%m> q)n(ip(x) _qz(x)>,
ay(x) =4ap(x)| £ L(x) nDn +p(x) 2 4
a —q(x)’

n-1
+4(a1(x) — ag(x)p(x)) <:|: —T(x)> D, <:tp(x) %, a>,

(2.12)

where U, (x), Py(x), Fn(x), @, (x), and D, (x, a) are the Chebyshev polynomials of the second order,
Pell polynomials, Fibonacci polynomials, Fermat polynomials, and the Dickson polynomials of the
second kind, respectively.

Example 2.3. As the first example, we consider the Chebyshev polynomials of the first kind
Tn(x) = cos(narc cos x) satisfying recurrence relation (1.1) with p(x) = 2x and g = -1 and
initial conditions Ty (x) = 1 and T1(x) = x. From Corollary 2.2, we have

Tu(x) = Un(x) = xUp-1(x),

Tu(x) = (-1)"(Un(-x) + xUp-1(x)),

T (x) = ()" Py (Fxi) — x ()" Py (Fxi),

Ty (x) = (i)™ Fpyq (F2xi) — x ()" F, (F2xi),

To(x) = (£1)" By (#2x = 2) = (£1)" ' xBy1 (22x - 2), (2.13)
Tu(x) = By (£2x - 2) — xB,_1 (£2x - 2),

To(x) = <i\%>n®n+1 <=|:2\ﬁx> - x(i\%)nlq)n (:Fz\fzx),

T, (x) = <:l:\/%>nDn (F2+/ax, a) - x(:l:\/%yl_anl (F2+/ax, a),

in which the first relation is equivalent to the well-known result 2T, (x) = U, (x) — U, (x)
due to

ZTn(x) = Zun(x) - 2xUy (x) = un(x) + (zxun—l (%) - un—Z(x)) - 2xUy (JC) (214)

For the special cases of ag(x) and a;(x), we have the following corollaries.
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Corollary 2.4. Let sequence {a,(x)}, be defined by a,(x) = p(x)a,-1(x) + g(x)ap2(x) (n > 2)
with initial conditions ag(x) = 0 and a;(x) = d. Then

00 = d(2y/0009) "t (55720,

an(x) = @/@) < 21-;(6% >

a,(x) = d( q(x)> < 56(]% >

a(x) = <i\/_q? ) <i % _2>, (2.15)

n-1
_ 1/—q(JC) | 2
an(x)_d<i > > (I)n<:|:p(x) %)1
n-1
an(x)=4d<:|: %(x)> D, 1 <:tp(x)\/%,a>.

Corollary 2.5. Let sequence {a,(x)},sq be defined by a,(x) = p(x)an-1(x) + q(x)ay—2(x) (n > 2)
with initial conditions ag(x) = ¢ and a,(x) = cp(x), then

an(x) =c<:l:\/—q(x)>nun< 5 P(:zx >

_ " p(x)
an(x) _C<i q(x)> Pn+1<:|:2 q(x)>,
an(x) = C<i q(x)>nFn+1 <i p‘;)(?c) >/

i 3 0 ) (2.16)
an(x) = c(:l:\/ q(x)> B, <:|: e 2>,

We now give another special case of Theorem 2.1 for the sequence defined by (1.1)
with initial cases ap(x) = 2 and a;(x) = p(x).
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Corollary 2.6. Let sequence {a,(x)},sq be defined by a,(x) = p(x)an-1(x) + q(x)a,—2(x) (n > 2)
with initial conditions ag(x) = 2 and a;(x) = p(x).

Then
_ - ! p(x)
an =221/ ) un<i2 m>
~ - o p(x)
P (/9 ) un_1<i2 \/W>
_ ! p(x)
an(x)_2<:|: q(x)) Pn+1<:|:2 r(x)>
~ - p(x)
peo(+ q(x)) Pn<i2 \/W>
_ " p(x)
an<x>—2(i q(x)) Fn+1<i m)
~ " p(x)
P(x)<i q(x)> Fn<im>,
_ - " p(x) (2.17)
an(x)—2<:|:m> Bn<:|: i 2>
~ - o p(x)
P(x)<i\/ q(x)) Bn_1<im 2>,
an(x)=2<:l: %(x)> CDn+1<:l:p(x) —q2(x)>
( ) n-1
—q(x 2
—p(x><i T> q)n(ip(x) _q(x)>,
a,(x) =23 :I:‘VL(JC) nDn<:|:p(x) a a)
a -q(x)’
n-1
—p(x)Z2 + L(x) Dn_1<:|:p(x) 4 ,a>.
" a —q(x)

an(x) = 2<:|:\/—q(x)) T, <i2\’/9%>, (2.18)

where T, (x) are the Chebyshev polynomials of the first kind.

In addition, one has
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Proof. 1t is sufficient to prove the positive case of (2.18). From the first formula shown in
Corollary 2.6 and the recurrence relation U, (x) = 2xU,-1(x) — U, (x), one easily sees

d p(x) p) _P@
)= (/- 2U, - Un-
o) = ( "(x’>L <2\/—q<x>> V=0) <2\/W>]
Loy (P px) P9
_ - ou, () - (u, ( 2 u,._
(\/%) L <2\/W> < <2\/W>+ 2<2\/W>>]

(/- T, (_pe) N _rx)
- (Vo) Lu"<2v—q<x>> u"‘2<2v—q<x>>]'

From the first formula of Example 2.3, the above last expression of a, (x) implies the positive
case of (2.18). The negative case can be proved similarly. O

(2.19)

Example 2.7. As an example, the Lucas polynomial sequence {L,(x)} defined by (1.1) with
p(x) = x and g(x) = 1 and initial conditions Ly(x) = 2 and L;(x) = x has an explicit formula
for its general term

Ln(x) = 2(xi)"T, (;g) (2.20)
Using Corollary 2.6, we also have
Lo(x) = 260U (75 ) = x()" U (7 ),

La(x) = 2P (25 ) = xPu(25 ),
Ly(x) = 2Fp41 (£x) — xFp(£x),

L, (x) = 2(%i)" By (Fxi — 2) — x(%i)" ' Byy_1 (Fxi — 2), (221)

. n . n-1
1 . 1 .
L,(x) = 2<i7§> D, 1 (?ﬁxt) - x(i\—f2> @, <=F\@x1>,
. n . n-1
L,(x) =23 (i\/LE> D, (¥Vaxi, a) — x2* <:|:\/LE> D,_1(¥axi, a).
From Theorem 2.1, one may obtain transfer formulas between generalized Gegen-

bauer-Humbert polynomials.

3. Examples and Applications

We first give some examples of Theorem 2.1 for sequences {a,(x)} defined by (1.1).
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Example 3.1. The Chebyshev polynomials of the third kind and fourth kind satisfy the same
recurrence relationship as the Chebyshev polynomials of the first kind with the same constant
initial term 1 and different linear initial terms, 2x —1 and 2x + 1, respectively (see, e.g., Mason
and Handscomb [18] and Rivlin [19]). Hence, the Chebyshev polynomials of the third kind,
T,ES) (x), and the Chebyshev polynomials of the fourth kind, Tr(l4)(x), when x?#1, have the
following expressions using the argument shown in [5]:

2 _ _ 2_ 11—
10 () = YL ) e YL G a),
2vx?r -1 2vx2 -1 51)
2 _ 2 1 —x — .
T ):.Zi;_;Liﬁ:il<x+ x2_1>n4_zzg__L_z;_1<x__V§3:3>n'
2vx? -1 2v/x2 -1

Similarly to the Chebyshev polynomials of the first kind (see Example 2.3), we can
transfer T,(l3) (x) and T,54) (x) to the generalized Gegenbauer-Humbert polynomials with A =1,

T, (x) = Uy (%) = Uy (%),

T (x) = (=1)" (U (=) + U1 (),

T (x) = ()" Py (Faxi) — (£i)" " Py (Fxi),
T (x) = (28)" Fpr (F2xi) — ()" LF,y (F2xi),

T (x) = (£1)"B,(£2x — 2) — (£1)" ' B, (£2x — 2),

TP (x) = <i\/%>ncpn+1 <:F2ﬁx) - <i\/%>n1q>n <:F2ﬁx),

TO(x) = (1\%1)”@ (r2vax,a) - (

T (%) = Uy (x) + Uy (x),

1 n-1
t——) D,a(¥2Vax,a),
) .
Ty (x) = (=1)" (Un(-) - Uy (%)),
TS (x) = ()" Pr (Fxi) + (i)™ Py (Fxi),

TS (x) = (ki) " Fpupr (F2x0i) + ()" F,y (F2xi),

T (x) = (£1)"B,(£2x — 2) + (£1)" ' By (£2x — 2),
T (x) = <i\%>n®m <¢2\/§x> + <i\%>n1®n <¢2\/§x>,

T (x) = (ii>nDn (F2vax, a) + <

n-1
Via > D,-1(¥2Vax, a).

1
4+ —
Via
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From the above formulas, one may obtain some identities between the Chebyshev poly-
nomials of different kinds. For instance,

TP (x) + TV (x) = 2U,,(x),
To(x) + 2T (x) = (1+ x)Uy(x), (3.3)
T (x) = *T3” (%) = (1 = )Un(x).

Since T, (x) = cosnf, U,(x) = sin(n + 1)0/ sin 6, Tf)(x) = cos(n+1/2)0/ cos(1/2)6,

and T,54) (x) = sin(n +1/2)0/ sin(1/2)0, where x = cos 0, the above identities of Chebyshev
polynomials also present the following identities of trigonometric functions, respectively,

cos(n+1/2)0 sin(n+1/2)0 _sin(n+1)0

©0s(1/2)0 | sn(1/2)0  ° sin@
sin(n+1/2)0 sin(n+1)0
cos nb + cos 6 Sn(1/20 - (1 + cos 9)—sin6 , (3.4)
sin(n+1/2)0 B sin(n +1)0
cosnb — cos GW = (]. COS Q)W

Example 3.2. Consider the Jacobsthal polynomials {J,(x)} defined by (1.1) with coefficients
p(x) =1 and g(x) = 2x and initial conditions Jo(x) = J1(x) = 1. One may use Corollary 2.5 to
obtain transfer formulas

Ju(x) = (i\/ﬂ)"un<i2 \/17>
Ju() = (+v/2x) "Pm(izlﬁ
Julx) = (2v2%) Fm(i 12x>
, (3.5)
Ju(x) = i\/j Bn ﬂ:\/ﬁ )
Ju(x) = (2:v) ‘I’n+1<i ! )

[—2x [a
]n(x)zz <:|: 7> Dn<:|: _—2x,a>.

The first formula and its inverse (see the first formula below) were given on [20, page 76] by
Riordan using a different method. The positive case of the third formula is easily to be trans-
ferred to the formula of Theorem 1 in [21], where they used a different recurrence relation
with p(x) = 1 and g(x) = x for constructing the Jacobsthal polynomials. Reference [20] also
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gave the inverse formula to present U, (x) in terms of J,(x). Actually, we can easily have the
inverse formulas of U,,(x), Py11(x), Fpi1(x), @41 (x), and D, (x, a) in terms of [,,(x) as follows:

U (x) = (23)" ], (—#)

P (x) = (2x)"]n<$>,
Fpia(x) =x" ]y (%

n 1
Bu(x) = (x +2) ]n<—m>,

Gpi1 (x) = x" ]y (“%)

(3.6)

Dy(x,a) = %x“h( - >

2x2

Example 3.3. In Eu [22], the polynomial sequence {H,(x)} is defined by S, (x) = xS,-1(x) -
Su-2(x) with initial conditions So(x) = 1 and S1(x) = x. Using Corollary 2.5, we obtain

Su(x) = Un(23),

2
Su(x) = ()" Pt (¥51),
Su(x) = ()" Frs1 (Fxi),
Su(x) = (£1)"By(2x - 2), (3.7)
1 n
Sn(x) = <:t\_f2> D1 <i\@x>,

Su(x) = 4<i\/iﬁ> nDn (xVax,a),

in which the first formula was given in [22] using a different approach. Similar to the case of
the Jacobsthal polynomial sequence shown in Example 3.2, we have the inverse formulas

U (x) = Sn(¥2x),
P (x) = (Fi)" Sy (£2xi),
Fpa(x) = (Fi)"Sp (1),
Bu(x) = (£1)"Su(£(x +2)),
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Do) = (2v2)"5, (7).

1 .
Da(x,a) = ;(+/a) Sn<:|:\/ia>.
(3.8)

Another polynomial sequence {H,(x)} is defined by H,(x) = (1 — x)Hp-1(x) —
x?H,_»(x) with initial conditions Hy(X) = 1 and H;(x) = 1 — x [22]. Using Corollary 2.5,
we obtain

H,(x) = (2x)"U,, <i12‘—xx

7

15 N

1-

H,(x) = (&ix)" Py <:F

H,(x) = (i) Fyoy (:Fl =
) (3.9)
H,(x) = (+)"B, (t%‘ . z),

Ho(x) = <:l:\/i§>n¢)n+1 (ix/il_Tx>

H,(x) = 4<i\/%>nun (:i:\/ﬁl_Tx,a>,

where the first formula has been established in [22] by using a different method. The inverse
of the above formulas can be found similarly. For instance,

U, (x) = 2x + 1)H<ﬁ> (3.10)

Example 3.4. In Riordan [23], the associate Legendre polynomial sequence {p,(x)} is defined
by pn(x) = (2 + x)pn-1(x) — pp—2(x) with initial conditions pp(x) = 1 and p;(x) = 1 + x, then
we use Theorem 2.1 and Corollary 2.2 to generate the following transfer formulas:

pu(x) = U ((1+ ;)) Uy (2(1+ g))
() = ()" Py <¢i<1 + ;)) — (+)"'P, <:Fi<1 + ’2—‘)>
Pn(x) = ()" Fra (Fi(x +2)) — ()" Fp(Fi(x +2)),

pu(x) = (£1)"Ba((x +2) = 2) = (£1)" By (£(x +2) - 2),
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pn(x) = <:i:\/i§>n®n+1 <:i:\/§(x + 2)> - <ﬂ:\%>nl®n (:I:\@(x + 2)),

n n-1
pn(x) = 4<:|:\/LE) D,(+Va(x +2),a) - 4<:|:\/La) D,1(£Va(x +2),a),

(3.11)

where the first formula was given on [20, page 85] using a different method.

Example 3.5. In Chow and West [24], the polynomial sequence {p,(x)} is defined by p,(x) =
—Xpn-1(x) — xpn_2(x) with initial conditions po(x) = 1 - x* and p1(x) = 2 - x (x#0). From
Theorem 2.1 and Corollary 2.2, we obtain

Pu(x) = <1 x‘1>(:|:f) u, ( > +(xvx)" U u,. 1<3F§)

1-x71) (2v/xi) pn+1< fl) (2v/xi)" 1p< ?)

(V%) Bu(Fv/x - 2) + (£v/%)" Bur (FV5 - 2), (3.12)

1-x7"

= (1-7)

pa(x) = (1= 271) (/i) " Fraa (2V/0) + (/i) " Fy (/i)
= (1-7)
)= (1-+7)

) (5 o n+1<imi>+<i\/§>"_lcpn(m*xi>,

Pn(x) = 4(1 - x’1> <:|:\/§> nDn (xVaxi, a) + 4<:|:\/§> D1 (+Vaxi, a).

Since U+ (y) = 2yU,(y) — Up-1(y), we have

U2 (y) = 2yUne (v) - Un(y)
=2y 2y, (y) - Un1(y)) - Un(y) (3.13)

- <4y2 - 1)u,,(y) — 2y, 1 (y).

Hence, from the last expression of U,,;, and the transfer formula of p,(x) in terms of U, (x)
shown above, we obtain

pal) = @132 (757, 6.14)
in which the case of
pa(x) = (-1)"x"?/ 2Un+z<‘/7?c> (3.15)

was established in [24] using mathematical induction.
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Equaling the right-hand expressions of the polynomials shown in each example, one
may obtain various identities of generalized Gegenbauer-Humbert polynomials. For in-
stance, from Example 2.3, we have

U, (x) — xU,1(x) = (-1)" (U, (=x) + xU,-1(x))
= ()" Py (Fxi) — x(2)" " P, (Fxi)
= ()" Fppy1 (F2x1) — x (i)™ F,y (F2x1)
= (£1)"B,,(£2x — 2) — (£1)" ' xB,_1 (£2x — 2) (3.16)
1 n 1 n-1
= (:I:\—6> i <:F2\/§x> - x(:i:\—@> @, (q:zﬁx)

- <i\/%>nDn (F2vax, a) - x(i%)n_anl (F2+/ax, a).

Using the relationship established in Theorem 2.1 and Corollaries 2.2-2.6, we may
obtain some identities of polynomial sequences from the generalized Gegenbauer-Humbert
polynomial sequence identity described in [5]

P (x) = a(x) B (x) + C2(2x - a(x)O) ()", (3.17)

where P,i’y ’C(x) satisfies the recurrence relation of order 2, Pi’y ’C(x) = p(x)Pi’_yl’C(x) +
q(x)PiLyz’c(x) with coefficients p(x) and g(x), and a(x) + p(x) = p(x) and a(x)p(x) = —q(x).
Clearly (see (2.41) in [5]),

a(x) = é{x+\/xz—7cy},
b = & {x-a-cv).

(3.18)

Fory = C =1, we have pit (x) = U,(x), where U, (x) are the Chebyshev polynomials of the
second kind, and we can write (3.17) as

U, (x) = a(x)U,_1(x) + 2x - a(x))(ﬁ(x))"*1 = a(x)U,-1(x) + (B(x))", (3.19)

where a(x) = x + Vx2 —1and f(x) = x — V2 — 1. From the first formula of Example 3.2 and
using transform +1/(2v/-2x) — x, we have

Un(x) = (2x)"Ju (—%) (3.20)
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Substituting the above expression to (3.19) yields the identity

2x)" ], <— ! ) = (x+ Va2 =1)@0)" " o <—L> + (- Va2 - 1)n. (3.21)

8x2 8x2
Similarly, from Example 3.3, we obtain identities
S, (£2x) = (:I:x + Va2 - 1>Sn_1 (£2x) + <:tx - VaxZ - 1>n,
n 1 _ n-1 2 1 5 n
x+1) Hn< > = (2x+1) (x+ Va2 - 1)Hn_1<m) + <x— Va2 - 1) .

1+2x
(3.22)

One may also extend some well-known identities of a polynomial sequence to other
polynomial sequences using the relationships we have established. For instance, from the
Cassini-like formula for Fibonacci polynomials

Fo1(x)F,q(x) — F2(x) = (-1)", (3.23)

we use the relationship shown in Example 3.2 to obtain the Cassini-like formula for the
Jacobsthal polynomials

Jn(2) Jn2 (%) = Jq (%) = (=2x)", (3.24)

which can be transferred to the formula of Theorem 2 in [21] using the same argument in
Example 3.2.
Similarly, from the transform

Font (%) = (&0)"U,, (%) (3.25)

we have

u, (;x?i)un_z (;%) -u?, (;%) = (-1)" (3.26)

To construct a transform relationship for the polynomials defined by recurrence
relation with coefficients related to the order of polynomials is much more difficulty. One
special example can be found on [25, page 240] by Andrews et al.. It seems there is no a
general method applied to such polynomial sequences.
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