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ABSTRACT

Using the approach of Bozzo, Di Fiore, and Zellini, new matrix displacement
decomposition formulas are introduced. It is shown how an arbitrary square matrix A
can be expressed as sums of products of Hessenberg algebra matrices and high level
(block) matrices whose submatrices are Hessenberg algebra matrices and have vari-
able sizes. In most cases these block factors are block-diagonal matrices. Then these
formulas are used in sequential and parallel solution of Toeplitz systems. © 1998
Elsevier Science Inc.

1. INTRODUCTION

The present paper considers some new matrix decompositions based on
the concept of displacement rank [30]. The approach follows the main ideas
developed in [21, 18], exploiting the notion of Hessenberg algebra, which
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generalizes a class of hypergroups of matrices introduced by Bapat and
Sunder [6].

In [21, 18, 17], many displacement-based decompositions of matrices
known in the current literature, as well as new decompositions based on an
algebra of 7 type [21]—or on its variant 7, , [18]—were obtained as special
cases of general formulas written in terms of whole classes of matrix
Hessenberg algebras. Further developments, where noncommutative matrix
algebras are exploited, are considered in [16, 17].

All the formulas introduced in [21, 18, 16] can be specialized for the
inverses of Toeplitz matrices and Toeplitz plus Hankel matrices, with and
without symmetry.

The novelty of this paper is that a number of factors involved in the
decompositions of a general n X n matrix A are high level or block
matrices, i.e. matrices whose elements are Hessenberg algebra matrices (in
some cases null matrices) of variable sizes.

In Theorem 3.1, under the hypothesis of symmetry, the high level factors
are two-block-diagonal matrices, where the blocks are Hessenberg algebra
matrices of dimensions (i ~ 1) X (i — 1) and (n — i) X (n — i) (a zero
element separates the two blocks) with 1 < i < n. For i = 1, n we retrieve a
result obtained in [21].

In Theorem 3.2, under the hypothesis of symmetry and persymmetry, we
find a decomposition involving five-block matrices which can be reduced, in
some particular cases, to three-block-diagonal matrices. As a special case we
obtain a formula introduced in [21].

In Theorem 3.3 the block factors are two-block-diagonal, where the
blocks are e-circulant matrices of variable sizes.

For stating these theorems and all remarks about them, we need some
preliminary results on Hessenberg algebras which are exposed in Section 2.

All theorems and their corollaries proved in Section 3 are exploited in
Section 4 to write formulas for A = T7! and A = (T + H)™ ! where T and
T + H are, respectively, nonsingular Toeplitz and Toeplitz plus Hankel
matrices. In Section 4 two other representations of T~' are introduced when
T is symmetric and n is even.

The interest of these results consists in the following reasons. The
matrix-vector product Ab is reduced, in part, to matrix-vector products of
smaller sizes. This conforms to the general strategy of solving a problem by
splitting it into smaller subproblems, in order to reduce computational
complexity and possibly introduce parallel procedures. Here one can choose,
with some restrictions, the dimensions of these subproblems (because the
blocks involved in matrix decompositions have variable sizes), which is an
advantage with respect to the more rigid formulas in [21] where only the
dimensions n, n — 1, n — 2 were considered. In particular, for n even, the
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submatrices in the block factors of Theorems 3.2 and 3.3 can be of the same
dimension n/2. This implies, as consequence of Theorem 3.3, that one can
avoid the use of matrices of different sizes as were considered in [21], and
only fast transforms of dimension n and n /2 are calculated.

The computational interest of formulas involving factors in block-diagonal
form is more evident in case a certain degree of parallelism is introduced.
This aspect is briefly discussed in the concluding remarks for the computation

of T°'f fe C".
2. HESSENBERG ALGEBRAS

Let M, (C) be the space of n X n matrices over the complex field C, and
let X € M (C). For A € M (O) set

€, (A) = AX — XA.

Let X be the lower Hessenberg matrix

rn, by 0 0
rar  Tes by
X = 0 |, b,#0 Vi, (2.1)
: b,
rr.u L

and let Hy denote the kernel of € ,.

As X is nonderogatory, Hy is the space of all polynomials in X with
coefficients in C and dim Hy = n [27, pp. 135-137]. Therefore Hy is
commutative and closed under multiplication. Moreover, if A € Hy and
det A # 0, then A™! € H,.

We call Hy a Hessenberg algebra, in conformity with [21, 18]. Hy can be
represented as

H, = {iziXi:ziEC}, (2.2)

i=1
where the matrices X, are defined as follows [21]:
X, =1

J
X,X—- Y r,X

X'+1:bfl 0 Xom | j=1...,n—1

J

m=1
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The representation (2.2) is a consequence of the equalities e] X; = e, which
can be easily proved by induction. It can be shown that

XX, = El[xj]”‘xk’ 1<i,j<n. (2.4)

Moreover, from the commutativity of Hy, we have e]X; X, = efX].X,- and
then
e]TXi = e,.TXj, 1<i,j<n. (2.5)

Let Hy(z) denote the matrix }_, z; X,, i.e. the matrix of Hy whose first
row is 2" = [z, z, =+ z,] Let | be the reversion matrix (8,1, ) and
Z = Jz. A square matrix A is persymmetric if A" = JA], and centrosymmet-
ric it A = JA].

In the following four propositions we state some properties of Hessenberg
algebras which will be useful in the next section.

PrOPOSITION 2.1.  Let x,y € C". Then

() Hy(Hy(®)"y) = Hy(y)Hy (x);
(i) x"Hy(y) = y"Hy();
(iii) if X is persymmetric, then Hy(x)y = Hy(y)x.

Proof. (i): Fori=1,...,n,

eTHy (Hy(0)"y) = ef kz EXOER?

kZ [Hx(X)Ty]kein =y Hy(x) X,
=1

yTXin(x) = Z ykeinHx(X)
k=1

= e ¥ y Xy Hy(x) = elHy(y) Hx ().
k=1

(i) is a consequence of (i) and of the commutativity of Hy, and (iii) follows
from (ii). =



MATRIX DISPLACEMENT DECOMPOSITIONS 201

PROPOSITION 2.2. Let A € Hy (X in (2.1)). Then A is invertible in
M (C) if and only if there exists z € C" such that z'A = e]. In this case
A~' = H(2).

Proof. Let z be such that z'A = e, and consider the matrix H(z).
Then observe that e/ Hy(z2)A = z'X,A = z2'AX, = elX, = e, i=1,...,n.
Thus Hy(z) A = AH(z) = I, that is, A is invertible in M (C). The converse
is obvious. n

In the following two propositions we assume X tridiagonal and, for
the sake of simplicity, we set a,=r;, i=1,..., n, and ¢, = r
1,....,n—1.

iis i1, 1T

ProPOSITION 2.3.  Let X in (2.1) be tridiagonal. Then

(i) det X, # 0 if and only if ¢, # 0 for all i;
(i) if det X, # 0 and X is persymmetric, then X' = (1/[X,],)X,:
(iii) X is centrosymmetric if and only if X, = ].

Proof. We refer the reader to [21] and [18]. However, point (iii) simply
follows from the equivalences

JX=X] e J€Hy < J=He)=X,. R

n

PROPOSITION 2.4.  Let X in (2.1) be tridiagonal. Then

(i) if n is even and X is centrosymmetric (or persymmetric with c; # 0,
i=1,....n/2 = 1), then det X, , # 0;

(i) if n is odd and X is centrosymmetric (or persymmetric), then
det X, .y, = 0.

Proof. Let us prove assertions (i) and (ii) in the centrosymmetric case.
For (ii) simply observe that point (iii) of Proposition 2.3 and the equalities
(2.4) imply

X(n+l)/2] = X(n~l)/:2 X, =X+ 1)/2°

As regards (i), by (2.4) we know that X, X, = L{_ [ X,],; Xi. Exploiting this
equality for i =n/2,n/2 — 1,...,2, and the equality X, ,., =X, ,,], we
obtain X, ,Q, 5.1, =X i=n/2,n/2~1,..., 2, where the Qs are

i—1
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polynomials in X defined as follows:
Q=1 Q= bn—/12+lbl[x2 - bfl(“n/z - ‘11)1 - bl_lbn/z.,]’
QH—I = b;/l2+i+1b1{Qi[Xz - bfl(an/zﬂ' - ‘11)1] - bl_lbn/2~iQi—1>,

i=1,...,n/2 — 2. In particular X, ,,Q, »_, = X, =L
The proof of assertions (i) and (ii) in the persymmetric case is omitted. W

The assertions of Proposition 2.4 are false in the symmetric case. Consider
the 6 X 6 tridiagonal matrix X with b, = ¢, =1,i=1,...,5, 4, =0,i # 5,
and a5 = 1. By using the definition (2.3), one can easily calculate the matrix
X, and see that det X; = 0. Again, consider the n X n tridiagonal matrix X,
n odd, with b, =¢; =1, a;,=0,i=1,....,n— 1, and @, = 1. It can be
easily shown that a matrix A = (a,;) € Hy (or equivalently AX = XA) if and
only if its entries satisfy the condition

@1t Gy ;=0 a0 1<i,j<n, (2.6)

1 1

where ay ; =a, =0, a, ,,, =a,,,,=4a,,(=a, ) i=1..., n Byus
ing this fact and the identity X, )/, = Hx(e(,.),2), we see that

0 «vo v 0 1 0 ee- -0
1 0 1
1
0 1 1 0
X+ =11 0 1 . . . 1 0 1. (2.7
0 1 1 1
1
1 0 1 1
0 0 1 1 1 1
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Finally, the equalities

T T T T
(_e(n—s)/z ten_yptenin e(n+3)/2)X(n+1)/2

(n—1)/2 (n—1)/2 (n+1)/2
_ T T T
= = Z ey 1t Z ey t Z €ok-1
k=2 k=1 k=1
(n—-1)/2
| I ehirel]=el
k=1

and Proposition 2.2 prove that det X, , ), # 0.
Let P, be the n X n matrix

0 1 0 0

P = 0], € C, (2.8)
0 .
e 0 0 0

and consider the persymmetric Hessenberg algebra C, = H, . The space C,,
which is known as the algebra of e-circulant matrices [19], is spanned by the
matrices (P,), = P!~' defined in (2.3). The matrices of C, are simultane-
ously diagonalizable, that is, for z € C",

F7'D;'C,(z) D,F = Vn diag(e!FD,z,i=1....,n), (2.9)

where [F]ij =1/ Vn)ol "D, i,j=1...,n o=ep(—i27/n), i=
V-1, and D, = diag{ '~ i=1,...,n), p= '(/Z The matrix F is known
as the Fourier matrix, and the linear transform Fz, z € C", as the discrete
Fourier transform (DFT) of z. It is known that if n is a highly composite
integer, then the DFT of z can be efficiently computed with O(n log n)
arithmetic operations (FFT) [32, 15].

The spaces C, (¢ = 1), C_, (& = —1), and C, (& = 0) are known as the
algebras of circulant, skew-circulant, and upper triangular Toeplitz matrices,
respectively. For the sake of simplicity we set C = C,, P = P,, P, = C(e,) =
Pi™1 and Z = P/.
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Let T, , be the n X n matrix

e 1 0 - 0

1 0 1 . o
T,,={0 1 o0 g eec, (2.10)

.01

0 0 1 @

and consider the symmetric Hessenberg algebra 7, , = H; . The space 7,
is spanned by the matrices (T, ), defined in (2. 3) The matrices of , are
obviously simultaneously dmgonahzable Moreover, if &, ¢ € {1, 1} Te o
can be reduced to diagonal form by means of fast discrete trigonometric
transforms (DTT) [18, 36].

Consider, in particular, the space 7, , = 7. It is easily verified that a
matrix A € 7 if and only if its entries a;; satisfy the condition (2.6) where
ay; =,y ;=08 g=a;,,,, =0 i=1... n The condition (2.6) can be
used to investigate the structure of T, = (T, o);, which is nothing but the
matrix 7(e,) of 7 whose first row is e!. Moreover, for z € C",

S S n-i—ldi o
T(z) —\/—2—— ag (smn_i_1

where [S] =y2/(n+ 1) sinlijm/(n + 1)), i,j=1,....n (S'=8§=
ST). The lmear transform Sz, z € C", is known as the discrete sine transform
of z. It can be efficiently computed in O(n log n) arithmetic operations if
n + 1 is a highly composite integer [32].

For the sake of simplicity set 7, , =7,,, 7, =71
and 7 _| =171,_. '

The algebras 7 and C, are often used with similar techniques in many
problems in numerical linear algebra. See for example [8-12, 39] and the
references in [12]. Also, the matrices of the algebras C, and 7, e have been
involved in several known decomposition formulas [7, 13 14, 16—18, 21-26,
30, 31]. The most significant decomposition formulas of this paper exploit
these same algebras.

The following notation will be used in the next sections. Set I, =

-1
elSz,i=1,....,n| (2.11)

LT =T

— 4+

(8,0 -1 xand J, =(8 y 1) j—1,.. & Let I}, 1 <14, j < n, denote the
(Ij — il + 1) X n (0, 1) matrix which maps a vector z=[z, -~ z,feC"
to the vector I’z = [z, - z ' e CV" (=1 =1, ]=], =I). For

the sake of simplicity we will often use the symbols I and J instead of I, and
Ji.and z for z € C* even if k # n.
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3. DECOMPOSITION FORMULAS

In this section new matrix displacement decomposition formulas are
introduced. These formulas involve factors which are block matrices (with
blocks belonging to Hessenberg algebras) and, in particular, block-diagonal
matrices. Under some restrictions the dimensions of the blocks will be
arbitrary, so to regain—for a suitable choice of these dimensions—some
known formulas considered in [21, 24]. In the most significant case, the
blocks will have the same dimension n/2 (n even).

If U,VeM/O), then it is known that X} _|[UV — VU], = 0. As a
direct consequence of this fact and of Proposition 2.1(ii), we obtain the
following

LEMMA 3.1.  Assume that for an n X n matrix A there exist 2a vectors

x, = [x{" - M)y, =y - y,(l'")]T, lm =1, o a, such that
. A
- Xy H_X(Ym) =0

G"X(A) =% x,y, [Xin (21)]. Then L2

m

In the theorems below, A is always a generic n X n matrix of M (C).
Let X be a symmetric tridiagonal matrix of order n:

a, b, 0 0
b, a, b, . :
X=[0 by . .0 [ Bh#0 Vi (3.0)
X b, ,
0 0 b,, a

Denote by X' and X” the upper left (i — 1) X (i — 1) submatrix of X
and the lower right (n — i) X (n — i) submatrix of X, respectively.

THEOREM 3.1. Let X, (X, = Hy(e,)) be invertible in M (C). Then the
equality € (A) = L2 _, x,,y,} implies

A= Z Xi(xm)HX(XFIYm) + HX(Xz“ lATei) (3’2)
m=1

= - Z HX(Xi_lxm)Xi(Ym) + HX(X;IAe,.) (3-3)

m=1
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where, for z € C",

0
b,.—_ﬁ]H,X,](I;'"lz)] : 0
(z) = . . (34
x(@ = |, 0 ol 39
0 . b7 'Hy (I 'z)
0

Proof. Let Q;=e;, e] +e,e],, (Q,=Q, =0). Then, taking into
account Proposition 2.1 and Lemma 3.1,

O i Xi(xm)HX(Xi_ly"t)

m=1

I

i- QX( Xi(xm))HX(Xi_lym)

1

= L G om0 () Hy (X yn)

m=1

(xne! — exl) Hy( X 1y,,)
1

]
ﬁ[\’]a

a

= X x,¥n—€ 2 xnhHy(y,) X'

m=1 m=1
= Z xmyz=@X(A)
m=1

Thus A — X22_, x\x ) Hx(X'y,) € Ker €, = H,. As ely(x,) =07,
m=1,..., a, we have (3.2). Exploiting (3.2) and the equality €,(A") =
—€,(A)", we have also (3.3). [ |

As X, and X, are invertible in M, (C) (see Proposition 2.3), the formulas
(3.2) and (3.3) hold for ¢ = 1 and i = n, and we retrieve a result of [21]. If X
is also persymmetric, then the matrices X, ,, and X, ,,,, = JX, ,, (n even)
are nonsingular, and therefore (3.2) and (3.3) also hold for i = n/2 and
i =n/2 + 1. On the contrary, they do not hold for i = (n + 1)/2 (n odd),
since det X, 1y, = 0. However, (3.2) and (3.3) always hold for i = (n +
1)/2 (n odd) when X =T, + e,e]. In fact, in this case, det X, ), # 0.
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(See Proposition 2.4 and related remarks.) Finally, notice that Proposition
2.1() allows us to take the matrix X' out of the arguments in (3.2) and
(3.3).

Let X be a symmetric and persymmetric tridiagonal matrix of order n.

a b, O 0
by ay by
X=10 b, 0], b, #0 Vj, (3.5)
ay b
0 0 b, q

and fix a number i such that

n
for n even 1<i<72-+1
(3.6)
n+1
for n odd 1<i< 5

Denote by X' the lower right (i — 1) X (i — 1) submatrix of X, and by X"
the (n — 2i) X (n — 2i) submatrix of X obtained by deleting its first i rows
and columns and its last i rows and columns. (Observe that there are choices
of i for which either X' or X" disappears.)

THEOREM 3.2. Let i satisfy (3.6), and let X, X', and X" be defined as
above. Let X, (X; = Hy(e;)) be invertible in M ,(C). Then the equality
Cx(A) =T x,y. implies

f

A+JA] = ¥ xi(x,)He (X 'y,) + Hy(X7'(A+JAD e,)  (3.7)
m=1

- Z HX(Xi_lxm)Xi(ym) + HX(Xiil(A +]A])ei)> (38)

m=1

il
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where, for z € C”,

i n+1-—i
0 0
bf—llfo‘(Iliflz)] 0 bii‘l]HX’(I'?—sz)
_ 0 0 0 0
xi(z) = 0 bileX"(lyit}Z) 0
0 0 0 0
bi\He(L7'*?2)] 0 Db He(1'2)
0 0
(3.9)

Proof. Let Q, =e, el +eel,, (Q,=0). For every choice of i
satisfying (3.6) X can be rewritten as

0 0
X7 0 o0
0 6 - 0 0
X = 0 X" 0 + K,
0 o - 0 0
0 0 X'
0 0

where K is defined as follows:

(M) nevenandl <i<n/2—lornoddandl <i<(n—~1/2 =
K=b,_(Qi-1 +]Qi-1J) + aee] +Jeel]) +b(Q, +]O.]);
(2 nevenand i =n/2 =
K=b,/5 1(Quse 1+ JQus21])
+ 2, 5(€n 0000 + ], 00 0] ) + by 00, 0
(3) noddand i = (n + 1)/2 =

K= b(n—l)/z(Q(n—l)/z + ]Q(n—l)/zf) + a(n+1)/2e(n+1)/2e(Tn+1)/2§

(4 nevenand i =n/2+1 = K= bn/an/z'
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By considering cases (1), (2), (3), and (4) one at a time, we realize that the
identities

@X(Xi(xm)) = @:K( Xz'(xm)) = Xme? - eixz;z +](xme? - eixgl)]

hold for all i satisfying (3.6). Then, by using the assumption det X, # 0,
Proposition 2.1, and Lemma 3.1, we have

@’-X Z Xi(xm)HX(Xi_lym)

m=1

6){( Xi(xm))HX(Xiily:n)
1

1
3
1 M=

a

a
xnzyri +] Z xnlyl’lll‘]

m=1 m=1

I
g

(A +JA]).

Thus A + JA] — Z2_; x(x,)Hx(X;'y,) € Ker €, = Hy. As
e{ Z Xi(Xm)HX(Xi—lym) =0T
m=1

for all i satisfying (3.6), including the case i = n/2 + 1, we have (3.7).
Exploiting (3.7) and the equality €,(A") = —€,(A)", we have also (3.8).
|

The formulas (3.7) and (3.8) obviously hold for i = 1. In this case we
retrieve a result of [21]. Moreover by Proposition 2.4 they hold for i = n/2
and i = n/2 + 1 (n even), and they do not hold for i = (n + 1)/2 (n odd).
As in Theorem 3.1, one can take the matrix X; ' out of the arguments in the
decomposition formulas (3.7) and (3.8). Finally observe that if X' =
Ji-1X']i -1, then

0 0
b He (7 + 12_0)2) 0 : 0
0 e 0 0 O
xi(z) =1 0 b,"}lxu(l,‘lt!z) 0 14
0 0 0 0

0 : 0 CobHe (1 - 1))
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where
0 0
! I 0 ! I
‘/5 i-1 ‘/5 i-1
0 0 0 0
I, = 0 S S 0 . (3.10)
O e 0 0 . O
L 0 L
‘/E i—1 \/E i-1
0 0

Now we rewrite the Theorems 3.1 and 3.2 for X =T, , = T, (2.10).
Some of the advantages of this choice are the following:

(1) It is easy to check the nonsingularity of T;, and if n is even, the T;’s
are mostly invertible. Moreover, the matrix by vector product T, 'z can be
calculated in some cases with only O(n) additive operations.

(2) The corresponding decomposition formulas are always in terms of the
same algebra 7.

(3) The consequent formulas for the inverse of a Toeplitz or a Toeplitz
plus Hankel matrix (see the next section) are computationally efficient
because of the low computational cost of the product of a 7 matrix by a
vector [see (2.11)].

CoroLLARY 3.1. If det T, # 0 and € (A) = L _, x,,y», then

43

A=Y Ti\(xm)f(l",._lym) + (T, 'ATe,) (3.11)
m=1
=- Y T(Ti_lxm)'r{(ym) + T(T}_lAei), (3.12)
m=1
where, for z € C",
0
T(I{7'z) 0
ri(z) = |0 0 ol. (3.13)
0 T(I,:+lz)
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COROLLARY 3.2. Let i satisfy (3.6), and let T, be invertible in M (C).
Then the equality € (A) = L%_, x,,y,, implies

m

@

A+JAI = ¥ 1i(x,)7(T7'y,) + 7(T7 (A + JA) e,)  (3.14)

= — 5(;1 7'(Ti_1xm)‘r>"<(ym) + T(Ti_l(A +]A])ei) (3.15)

where, for z € C",

0 0
T(I7'z) 0 N (@ A )
7 (z) = 0 T(I,ffilz) 0
(L .02) 0 L (I ')
0 0
(3.16)

Moreover observe that i (z) = 1,7 (2) Iy, where 1, is defined in (3.10), and

0 0
(K + Loz)z) o 0 : 0
0 s 0 aee O e 0
{\(z) = 0 (Litiz) 0
0 0 0 0
0 0 1'((11"‘l - Iﬂ"_H_Z)z)
0 0
(3.17)

Notice that if n + 1 is a highly composite integer, it would be desirable to
have a representation of A in terms of size n and size (n — 1)/2 T matrices.
Unfortunately, the choice i = (n + 1)/2 in Corollaries 3.1 and 3.2, which
would yield such formulas, is not possible, because det T, ,,, = 0.

In the next theorem we wish to state two decomposition formulas
involving &-circulant matrices. In particular, if n is even, the sizes of the
g-circulant matrices involved can be n and n /2.
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Let p and q be two arbitrary vectors of order i and n — i, respectively,
and let ¢, m, and 8 be arbitrary complex numbers. Set K =e,el | +
de,e] — £e,el — ne e’ . Then

C(p) O _c C(p) O

"Il 0 ca 110 cla
_| P s ) s
8 ot [P

For & = ¢n, (3.18) becomes

p

( . )(e,-TH — ¢el) + (e, — me,)(ep” | —q7).
nq

Moreover, for an arbitrary vector r of order n,

C.(p) 0
0 c e

C:(p) 0

el 0 o

P§n an

= ( _f:’q)fT[(Pgn),-H — ¢I]

+(e; = me,)(€pT | —q7)Cpy(r).
(3.19)
Assume &, (A) = T where x and y are two vectors of order n, and

choose p q, and r such that p=I'x, —nq=1I'"'x, and r [(Pg'q)t+l -
EI1=y". If n # 0 and £ is not an elgenvalue of (P,,); ., then this choice is
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possible and (3.19) becomes
r 1 r T T -1
xy' + (e; = nen); X (an)i+1]C§n([(P§n)i+1 - §I] y)

T 1 T T T T —-1 T
= Xy + (ei - ne")—;’x Cf'n(y) (P§7l)i+1[(P§W)i+1 - gl] ] =Xy

The last equality follows from Lemma 3.1.
Now we can state the following

THEOREM 3.3. Let &,7m be complex numbers and i € {0, ..., n — 1}
Assume @PEU(A) =X %, ye. If detl(P,,),, | — €11+ 0 and n # 0, then

A = ( Z d)i(xm)cfn(y"l) + Cﬁ’n(AT(ei+1 - gel)) B
" 1

n=

[(P§Tl)i+l - fI]

(3.20)

-1

= [(P§7I)i+l - §I]

[24

- Z C§7I(inz)]¢i(§’m)r.] + Cﬁﬂ(]A(en~i - gen)))’ (32‘1)

m=1

X

where, for z € C",

C;(Iz) 0

. = 1 .
M=o Lo
n

Proof. Let us prove (3.20). First observe that the previous argument can
be extended to the case where €, (A) is the sum of more than one dyad.

That is, under the assumption €, (A) = ¥¢_, x_ vy’ the matrix
p ng m=1 m y"z

A - i ‘f’i("vn)cfn([(l)gn)jﬂ - fl]ﬂym)

m=1
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commutes with P, (the above proof does not include the case i = 0, which
is however easily verified). Thus it is an element of C,,, say C,(2). As
(¢e] — el D) &ix,)C,, ((P,)],, — £€I17'y,) = 0" (see Proposition
2.1 and Lemma 3.1), z is necessarily the vector (P,,)],, — é€1)7'A"(e,,, —
£e,). By point (i) of Proposition 2.1, we have the thesis. The proof of (3.21) is
left to the reader. u

In the case i = 0, if 7 # 0 and £ # 1, Theorem 3.3 yields two formulas
where all the &-circulant matrices involved are n X n matrices. This type of
formula is studied in [24] and retrieved in [21] as a consequence of more
general decompositions. In the case i = n/2 (n even), if én(n — £) # 0,
then the formulas (3.20) and (3.21) hold with [(P,,), o, — éI]7' =
[1/&(m ~ EN(P,,), 5., + €I In other words, there exist displacement
decomposition formulas where only &-circulant matrices of order n and n/2
are used.

Now we rewrite Theorem 3.3 for £ = ~1 and n = 1 (analogously we
could rewrite it for £ =1 and = —1). In this case we can translate the
hypothesis of Theorem 3.3 into a set of explicit values of i. In fact, the matrix
(P_)y+1i€{0,...,n — 1}, is singular if and only if —1 is an eigen-
value of (P_,),,, = P.,. As the eigenvalues of P_, are

2k + 1
exp(i 77), k=0,....,n—-1,

n

this happens if and only if there exist an integer s and k €{0,...,n — 1}
such that i = n(2s + 1)/(2k + 1).

CoROLLARY 3.3. Let i €{0,...,n — I}\{n(@s + 1)/@k + 1): k =
l,...,n—1,5s=0,1,...}. If @P‘J(A)=Zf,‘,=1xmy,£, then

1

A= ( 2‘: ¢’i(xm)c—1()’m) + C—I(AT(eH—l + el)))[(Pwl)i+l + I]A
(3.22)
= [(P—l)i+1 + I]-l

X

_ i:;l C_(3,)Jb(3.)" T + C_,(JA(e,_, + en))), (3.23)
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where, for z € C™,

c.(lizy 0

MO0 et

(3.24)

As regards the Corollary 3.3 it is interesting to notice that if n is a power
of 2 there is no restriction on the choice of i. In other words, the dimensions
of the submatrices in the block matrices of (3.22) and (3.23) are completely
arbitrary. However notice that the decompositions (3.20), (3.21) in Theorem
3.3 hold for any value of n and i if we let £, 1 assume, indifferently, the
values €=1, n= —1or £= —1, 5= L. In the next section we will use
Corollary 3.3 to find a well-known formula and to state a new, convenient
formula for the inverse of a Toeplitz matrix (Theorem 4.1).

Observe that the dimensions of the matrices involved in the decomposi-
tion formulas of Theorems 3.1, 3.2, and 3.3 satisfy, respectively, the following
equations (x, y,n € N):

x+y+1=n, (3.25)
2x+y +2=n, (3.26)
x+y=n. (3.27)

In [34] it is shown that if x, y, n are chosen in the set of integers of the form
pYipks - pk (where the p,’s are ¢ fixed prime numbers) and are pairwise
relatively prime, then the equation (3.27) has a finite (depending on
max, _; ., p;) number of solutions.

Inthe cases {t = 3; p, = 2, p, =3, p; =5tand{t =4, p, = 2, p, = 3,
ps = 5, p, = T}, these solutions are listed in [3]. In [20] there is a method to
derive the solutions (in the sense described above) of (3.27) in every case.

We recall that efficient algorithms for fast Fourier transforms were
recently developed for dimensions that are products of powers of small prime
integers [1, 2, 37, 38, 15]. Then the equations (3.25)~(3.27) can be particu-
larly interesting for the choice of the block dimensions in the previous
theorems [especially (3.27) for Theorem 3.3].

4. APPLICATIONS: NUMERICAL SOLUTION
OF TOEPLITZ SYSTEMS

let T = (t,._].) and H = (th_z), i,j = 1,..., n, denote, respectively, a
Toeplitz and a Hankel matrix of dimension n X n with complex elements,
and assume that the Toeplitz plus Hankel matrix T + H is not singular.
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Notice that the direct triangular factorization of (T + H )7t may be
considered as more fundamental than the problem of inverting T + H. In
fact, the inverse problem can be obtained as the solution of a special
triangular factorization problem. Some recent results in this direction—
leading to algorithms of complexity O(n?)—can be found in [33] and [29]
(see also the references in each of those papers).

Here we follow another approach where a distinction is emphasized
between a preprocessing phase—where only operations on elements of
T + H are performed—and a successive phase of complexity O(n log n)
where the linear system (T + H)x = f, f € C", is solved.

In this section we find some representations for the inverse of T + H as
consequences of some decomposition formulas obtained in Section 3. Like
analogous already known formulas [4, 5, 7, 13, 14, 16-18, 21, 24, 28],
these representations can be exploited to calculate (T + H)™'f by means
of a constant number of discrete transforms. As the rank of the matrix
@TZ((T + H)™') is 4 [26, p. 154], we can apply, for instance, the formulas
(3.11) and (3.14) of Corollaries 3.1 and 3.2 and obtain the following represen-
tations of (T + H)™:

(i) (T +H) ' =[ri(x)r(v) + 7{(x:)7(%,)
—ri(w)7(x5) = Ti(w)7(x,) + 7(W)|T7 Y (41)
() f T=T" and JH = HJ, then
(T+H)" = [rl(x)r(w) ~ m(w)r(x) + 7(w)]T7". (42)

The vectors x;, i = 1,2,3,4, are the solutions of particular Toeplitz plus
Hankel systems with coefficients matrix T + H (see [21] and [18]). The
vectors w, (v}), k = 1,...,n, are the columns (rows) of (T + H)~!. Obvi-
ously statements (i) and (i) hold if T; is not singular. For their proof proceed
as in [21] and [18].

The formulas (4.1), (4.2) generalize the representations of (T + H ) !
(obtained for i = 1 or i = n) introduced in [21], where only size n and size
n—1 (or n —2) 7 matrices were used. However, they have mainly a
theoretical interest. In fact the expressions of (T + H)™" found in [18] and in
[16], where one exploits the algebras 7, , and the algebras C + JC and
C_, + JC_,, are more utilizable in the calculation of (T + H)"'f, f € C",
because they require the computation of discrete transforms all having order
n.
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Now assume H =0, and set 7' =8 = (s5;) and s, = T 'e,, k=
L,..., n. It is well known and easily verified that the rank of Gpil(T* Dis 2
[26, p. 16]. Thus, by using Corollary 3.3, we could obtain two simple
expressions for the inverse of a general nonsingular Toeplitz matrix in terms
of circulant and skew-circulant matrices. Here we calculate one of them
in the particular case s;;, = [T7'];, # 0, that is, we assume the (n — 1) X
(n ~ 1) upper left submatrix of T to be nonsingular.

PrOPOSITION 4.1. Let i €{0,...,n — I3\ {n(2j + 1)/@Qk + 1): k =
L....,n—1,j=0.1,...}, and assume s,, = [T"'];, # 0. Then

r
. 1 C_\(I's)) 0 X
T = 9 . T _Si+|,11 C,](Sn)
St 0 c(1i"'s))
C_I(Ilisn) . " LA ; —1
_ 0 (1) C_y(s))" +5,C (8, ) 2P, +1) .
Proof. From the equality
1 .
G, (T7)) = ;—[s"(zgl)r - (J78,)37 ] (4.4)
S

(see [21] or [18], it follows that €, (T~') = (1/s,)s,(PT §)" —
(P_,s,)8"]. Then apply the formula (3.22) of Corollary 3.3, taking into
account Proposition 2.1(i) and the following identities:

C(z)P=C(2)'. C_ ()P, =—C \(3)",

Py 0

0 P("’f))¢i(z) +(z0 )l

¢(P_z) = (

[z € C", and PF) (P®) is the matrix P_, (P) of order k1. [ |

Notice that (4.3) holds, in particular, for i = 0 and i = n/2 (n even). In
the next theorem we rewrite (4.3) in these two cases under the further
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assumption that T is symmetric. For the sake of simplicity, if n is even

(n=2m), weseta=1Is,, b=I""'s c=1I's,,,d=1I""s,,,, and

A=Sui100

THEOREM 4.1. Assume T = T” and s;; = [T~ '], # 0. Then

(i) one has

1
R v L ORIV CYICRTCN ER C)

(ii) If n is even (n = 2m), then

SRR
2s) 0 c(b)’

C_,(b) 0
0 —C(a)

C—1(51)T + 311C—1(5m+1)}(1 — P7). (4.6)

The formula (4.5) is the well-known formula of Ammar and Gader [4]. If
s, is known, this formula allows one to solve the linear system Tx = f,
f € C", with essentially eight order n DFTs. The same result is obtained in
the real case in [18] with a similar formula involving the algebras 7, , and
7_; _1. The formula (4.6) is a new formula for T~'. Notice that it requires,
apparently, the extra calculation of s, ,. However, we will observe that, if
parallel procedures are possible, the use of the representation (4.6) in the
calculation of T~'f may be more convenient than the use of (4.5).

From now on n is always even (n = 2m). Moreover, for the sake of
simplicity, in all the structured matrices the dimension index is omitted. In
fact the dimension will be always manifest in the context.

In the following theorem we state two other possible expressions for 77!
in the case n even. We essentially exploit the fact that the m X m matrices
S, and S_ in the equality

T Y O I

are the inverses of two particular Toeplitz plus Hankel matrices (see the
remark at the end of the theorem).
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THEOREM 4.2. Assume T = T', n even (n = 2m), and s,, = [T'],, #
0. Then

where

1
S,= ;;[C(b) +JC(a) £ AJ][C_ ()" + JC_(a)]

+ C(d - Si bl(1+]) FJ[Cc (D) £]C ()] (48)

or

1 ~ A
§,= ———[ir¢i(a tb)r,  (In, 5 £ Zb £ 5,e))

Sn
i’r?i(lrgwrlsliZAbi‘S‘Uel)Tii(aii))]' (4.9)

Proof. Before proving the theorem we need to recall a result of [18].
Assume that for an m X m matrix A there exist 2a vectors x;, y, € C"
such that €, (A) = Zf_| x;y/. Then

2A= 1 Y 1eo(x)7 (V) +27,,(A%e)). (4.10)
k=1

Let Sy, Sur, Spy and Spy be the upper left, upper right, lower left, and
lower right m X m submatrices of S = T ', respectively. Observe that
Spr =JSvr] = Str» Sur = JSpr] = Sir, and therefore
G
T =2
P L T

SUL + SUR.]

O SUL - SUR] (4.11)
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From the equality (4.4), rewritten for T = T” with the new notation,

B Z" e,el\[Su. Sur
0 Al Spr Spr

(GRS P B e Y R

Z' e,el

m

( SUL SUR
0O z7

SDL SDR

ol

it follows that

o o

1. .
€1 (Sur) = e’ + — [b(zb)" — (12, 18,)a" . (4.12)
11

. 1 . .
C(Sur) = ~Cpr(Sun) = —eel, = —[(ZB)T — a(12.15))"].
11
(4.13)

PO BN : ,
6r(Syn) = end” — del + —[b(11s)) = (12, ,5,)b7].  (4.19)

6, (Sun) = ~C5r(Sp)" = Si[a(sz)T - (zb)a"]. (4.15)

By adding the identities (4.12) and (4.13) and the identities (4.14) and (4.15)
and then exploiting the equalities €, (Sy;, = SypJ) = €,(Sy,) +
€ (Syg)], we have

Gr(Sur % Sun)) = en(c £ d) — (c + dye],
1 A ~ ~ ~
+ S—{(a £ b) (12,5, £ 2b) — (12,5, £ Zb)(a £ b) }. (4.16)
11

Finally, as consequence of (4.16), we easily obtain
1 A ) - T
Cr,, . (SuL £ Sur]) = s*[(a * b)(1m+151 +Zb + 31131)
n

_(Ijlﬂs1 +Zb + snel)(a + i))T] (4.17)
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The formula (4.9) follows from (4.10) and (4.17). Moreover, by exploiting the
equalities (4.12) and (4.14), we have

A g 1 a ~ T : .
€y (Sun) = e’ — del + —[b(zb) = (12,15, — sye,)a’]. (48)
$11 :
@P-|( Ser) = ede - ae'{
LA T :
+ _[b(lzmﬂsl - 31131) - (I,;Zl+151 - Sllem)bj]* (4.19)
Su

respectively. The formula (3.22) of Corollary 3.3 for i = 0 and the identities
(4.18) and (4.19) imply

If

28y, = C(d) — C_y(¢)
+ SL{C(b)[C,l(b)T = M| + [c(@)" + M) ((a)}, (420)
25y = —C_y(d) + C(d)

+ SL<C(b)[C*](a)T - 1] + [c(a)" + Ar]c_(b)}. (421)

Finally, write the matrices 2(S;; + Sy J) and 2(S,; — SyrJ) to obtain (4.8).
L]

REMARK. If we denote by Ty, , Tyg, Tpy, and Tpy the upper left, upper
right, lower left, and lower right m X m submatrices of T respectively, then

HA TR R

By inverting this equality we obtain a new equality which, compared with
(4.11), yields

Sur, £ Syr] = (Ty, TUR])_l‘
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For the sake of completeness observe that the vector s, ., and its
subvectors ¢ and d, used in the decompositions (4.6) and (4.8), can be easily
expressed in terms of s,, a and b, by the following identities:

1
(i d+c=—[C(a)a— C(bb + Ab + a)];

S

1
(@ d-c=—[C_a)a—C_(b)b+ Ab — a)];

S

A A2
(ii) d — JPc = —(b — JPa) +|s,,,1 me1 — — |€p:
S1 ’ S11

G(v) 8,4, = g—[C_l(sl)PmHs1 + C_()'P,8] or s,.,., =
1

et (2]

(), i), (iii) are obtained by calculating the first column of 25, , the first row
of 28,;, and the first column of 2S,; through the formulas (4.20), (4.20),
and (4.21), respectively. (iv) is obtained by exploiting Proposition 2.1 to
calculate e’ ,T™' with T~! expressed either by (4.5) or by (4.6) and by
observing that s, , = (e’ , , T~}

5. CONCLUDING REMARKS

The displacement decompositions considered in this paper involve Hes-
senberg algebras and block matrices whose blocks belong to Hessenberg
algebras and have variable sizes. They turn out to be more useful (flexible)
than those considered in [21]. In fact, in (3.2), (3.3), (3.7), (3.8), (3.20), (3.21),
one can choose the dimensions of the blocks according to the particular
problem features and in such a way that the orders of the discrete transforms
involved are all highly composite integers (typically powers of 2).

As special instances, new decompositions of the inverse T~! of a Toeplitz
matrix are obtained [see (4.6), (4.8), and (4.9)]. These formulas, like the
Ammar-Gader formula (4.5), can be used to solve linear systems Tx = f via
the computation of T~'f by means of a constant number of discrete trans-
forms (s, is assumed to be known). The Ammar-Gader formula (4.5) reaches
the best known sequential time; in particular (4.5) allows one to compute
T~'f with essentially eight order n DFTs. The formulas (4.6), (4.8) and (4.9)
may be more efficient than (4.5), in particular in a parallel computation
where different discrete transforms are performed simultaneously, either in
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parallel or sequentially [one may conceive of a reduction of parallel time, with
low redundancy, by a factor § with (4.6), and by a factor 3 with (4.8) or (4.9)].

Moreover, if the preprocessing phase includes the computation of the
discrete transforms of vectors not depending on f, the formulas (4.8) and
(4.9) require an amount of computation of twelve order n/2 (six order n)
discrete transforms plus O(n) arithmetic operations, the same amount re-
quired by (4.5). The distinction of a preprocessing phase in the solution of the
system Tx = f is significant when several linear systems with the same T
have to be solved.

Finally observe that if m (m = n/2) is even, the twelve order m DFTs
required by (4.8) can be reduced to eleven (ten of order m plus two of order
m/2). In fact two of them are DFTs of vectors of the type (I + J)z and
(I ~ J)z,z € C™, possessing special symmetries. In [35] such symmetries are
called QE and QO symmetries, respectively, and an order m DFT of a QE
(QO) symmetric vector is shown to cost the same as an order m /2 DFT.

The previous results are obtained by using the known splits of matrices of
the type involved in (4.5), (4.6), (4.8), and (4.9) (see (2.9), (16], (18]), and by
exploiting the above relations (i)—(iv) between s, . | and s,.
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