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Abstract
We first generalize an identity involving the generalized Fibonacci numbers and
then apply it to establish some general identities concerning special sums. We also
give a sufficient condition on a generalized Fibonacci sequence {U,} such that U,
is divisible by an arbitrary prime r for some 2 <n <r — 2.

1. Preliminaries

The generalized Fibonacci and Lucas numbers are defined, respectively, by Binet’s
formula, as follows

Un(or0) = == Valpe) = o+ "

where o = %(p +p?—4¢) and g = %(p — v/P? — 4q). The numbers U, (p, q) and
Vi (p, @) can be defined recursively by

Un(p,q) = —qUn—2(p,q) +pUn—1(p,q),
Vipa) = —qVa—2(p,q) +pVa-1(p,q),

for all integers n, where Uy = 0, Uy = 1, Vj = 2 and V; = p. Throughout the
paper, p and ¢ denote the real numbers, U,, and V,, stand for U, (p, q) and V,,(p, q),
respectively, and A = p? — 4q.
A sequence {G,} is said to be a (p,q)-sequence if G,, satisfies the recursive
relation
Gn = —qGn_2 +pGpr_1,

for all integers n. Clearly, the (p, q)-sequences, which are identified at two consec-
utive indices should be equal.
It is known that the formula

Ua+b - _qUaflUb + UanJrl
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is valid for any generalized Fibonacci sequence {U,(p,q)} and all integers a, b.

We intend to present a generalization of this identity and derive some of its ap-
plications, which are the general solutions of some solved and unsolved problems
concerning the generalized Fibonacci numbers. In Section 2, we prove our claim
and give its generalization. In Section 3, we apply our identity to evaluate some
summations involving that of Mansour [4] (see also [5]), the sum of powers of the
generalized Fibonacci numbers and etc. In final section, we use our identity to get
a divisibility property of the generalized Fibonacci numbers.

Remark 1. In the sequel we shall frequently use the fact that if a finite ratio-
nal expression P contains some terms of a generalized Fibonacci sequence, which is
not identically zero but it vanishes with respect to a special sequence {U,,}, we can
always choose a sequence of the generalized Fibonacci sequences {U7}2°_; such that
P does not vanishes over these sequences, while {U*}°_; tends to {U,}. Without
loss of generality, we may assume that all the sequences under the consideration do
not vanish over the expressions, which might appear in the denominators.

2. Main Results
Tt is well-known that if {U,,(p,q)} is a generalized Fibonacci sequence, then
Uats = =qUa-1Up + UaUp1,
for all integers a, b. It is also proved in [2, Lemma 2.1(c)] that the identity
Fotppez=F I Fe+Fo By (Fe g — Fy oy oF, o

is valid, for all integers a,b,c. We give a generalization of these identities in terms
of the generalized Fibonacci sequences.

Theorem 2. If {U,} is a generalized Fibonacci sequence, then for all natural
numbers m,

Ui m
Ua1+”'+am—(m;1) = Zl { i }Ual_i T Uam—i, (1)

where ai,...,a, are integers and

) (it

J#i

-1

Proof. First suppose that aq,...,a,, are equal to 1,2,...,4,1+ 2,1+ 3,...,m+ 1,
in some order. Without loss of generality, we may assume that a1 =1,...,a; = 1,
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Qi1 =1+2,...,am =m+ 1. If j#i+1,then Uy, —j---U,,,—; = Oholds and if j =
Z+1, then Ual—j s Uam—j = U_l' s U_1U1 s Um—i so that {?}Ual—j R Uam—j =
U,.—i. On the other hand, Ua1+m+am_(m2+1) = U,,—; and in this case the equality
holds. If U,, = U, (p, q), then clearly the both sides of (1) are (p, q)-sequences with
respect to each a; and also they identify on the cube (1,2,...,m)+ {0,1}™. Hence
the both sides of (1) should be equal over all the integer values of aq,...,a,. The

proof is now complete. O

Theorem 2 can be generalized in the following manner.

Theorem 3. If {U,} is a generalized Fibonacci sequence, then for each natural
numbers m and n (with the same parity),

1 " (m
Ua1+~~+an7(m2+1) = W Z { i }Ual—mli o Uay—myis

=1
where m =mq + -+ +m, and mq,...,my are odd natural numbers.
Proof. Let Uy = Uk(p,q) and m,mq,...,m, be natural numbers such that
m=mq+---+m, and my,...,my are odd. By putting apm—m,+1 = =am =k

in Theorem 2, we get

L (m
Ua1+~~+am7m"+mnk—(’";1) = Z { i }Uali Uy iU (2)
i=1
By definition, Uy = (o — 8%)/(a— ), where a = (p++/A)/2 and § = (p—/A)/2.
Hence if A > 0, then 8 < o and so limy_o Ux/a* = 1/(a— 3), from which together

with (2) we obtain

R Gt EED 97 () AR S

i=1

A simple computation shows that o = —qUj,_1 + Usa, for each integer k. Suppose
that p and ¢ are rational but « is irrational. This together with (3) yields

my—1 _ - m
(@ B MU ety = 2 Ui Ui Ui

7

—

and

m
_ m
(@B W (75) = Doy Jor=t U Ui

i=1
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from which we obtain

m
My — — m
(Oé - ﬂ) 1Ual+"'+am—mn+bn+(m;1) - Z { 2 }Ual—i e Uum,m"—iUbn—mniv (4)
i=1

for all integers b,,. Now, since the left and right hand sides of (4) are of the forms
P(p,q)+Q(p,q)A and P'(p,q) + Q'(p, q)A, respectively, where P,Q, P’ and Q' are
polynomials, the equation (4) should be held for all real values of p and g. The
desired claim will be obtained by repeating the above procedure (n — 1) times. O

3. Applications

In this section, we use Theorem 2 to obtain some identities involving the general-
ized Fibonacci numbers. Our approach provides an alternative proof of Mansour’s
results [4] and general solutions of some summations, which are partially known.

Definition. Let m and k be any natural numbers. Then for any n > 1,

Sm(ip, k)= > Ukay ** Uka,-

ar+-+am=n

In terms of the Fibonacci numbers, Vajda [6, Identity 98] and Dunlap [1, Identity
55] proved that

1
Sp(nil,=1;1) = > F,F, = = (nLn = Fy),
a+b=n

for each n > 1. Following the Vajda’s and Dunlap’s results, Zhang in [7] obtained
Sm(n;1,—1;1), when m < 4. Recently, Zhao and Wang [8] have proved Zhang’s
results in terms of the generalized Fibonacci numbers. Mansour in [4] has also
obtained the following generalization of Zhao’s and Wang’s results, when m is an
arbitrary natural number. For n > m,

5 o (S (s o) (e

7 =0

X Sip1(n+i—m;p,q; k)

m _1\ym-—1 k\1m—i i—1 i
-y | (i_(i()ll) Z(—l)f< .1>(j+1)m‘1

i=0 J

X Z'Um,ihjU(nJrifmfj)k(pv q) (]) )

=0
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where Vi = (~2¢°) V7 (p, @) [Ty (n+ i+ m — j = 1).
Now, in the following, we give a different identity for S,,(n;p,q; k), by using
Theorem 2.

Theorem 4. Let m and k be natural numbers. Then for any n > 1,

Sm(mp, q; k) . (bm +pam)5m,n+m2 - amém,n+m2+1 + a%lsm—l(n + ]-;ﬁa q; 1)

Uk(p, ™ b + pambim + gb7, 7
where (p,q) = (Vi(p,q), q"),
m—1
5m,n = Qmp — Z (ai'ym,n,i + biﬂm,n,i)a
i—1

TYmn,i = _qu (15’ (j) Z Uifmfl(ﬁa q)Smfl(n - Za pa (jy 1)
i=1
m—1
+Um+1 p7 Z Uz m p7 m l(n - vav(L 1);
i=1
m—1
ﬂm,n,i - _qufl(ﬁ» (7) Z Uifm(ﬁv q)smfl(n - 7;;11 q; ]-)
i=1

@) 3 Uiem1 (P, @) S (n = 335,63 1),
wn = (om0 -3 {1} S ()

x Z Ual—i(py(j)"'Uaj—i(ﬁa(j)

and

1T BT G e T+ [ ]
fori=1,...,m

Proof. Let m and k be natural numbers. Since
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kn _ nkn
Un(p7Q) = a Oé*g
k _ pk E\™ _ ﬁk n
= aa _g ’ (a (ik: _ ék ) = Uk(pa q)Un (Vk(pa Q),qk) )
we have

Sm(n;p, ¢ k) = Ur(p, @)™ Sm (5 Vie(p, @), ¢%3 1).

Thus we may assume that k = 1. Let U,, = U,(p,q) and S,,(n) = Sp(n;p,q;1).
By Theorem 2,

(2o

|
EQ
+
i
S
3
|
3
©i
\_;

- i{?} Sm(n—im)+ > Usyoi++Ugpi

i=1 ai++am=n
Jjia;<i
Hence
where

1

= () - 2T (5)

=1 Jj=1

n—k—(i+1)(m—j)

X Z Z Ual—i"'Uaj—i

k=1 ai,...,a; <t
a1+~v+aj=k

XSy (n — k= i(m — ).

Applying Theorem 2, when m = 2, gives
Ua+b = —qUa-1Up + Uan+17

from which we obtain
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a1+-+am=n

= 7qu—1 Z Ua1—mUa2 e Uam

a1+-t+am=n

+Um Z Ual—m—‘ranz e Uam
ar+-tam=n
= _qu—lsn—m + UmSn—m+1

m—1 m—2

*qu—l Z Ui—mSm—l(n - Z) + Um Z Ui—m+1Sm—1(n - Z)

i=1 i=1

Hence for each 0 < i < [ ],

n
m

S (n—im) = —qUp—1Sm(n — (i + 1)m) 4+ Up S (n — (i + 1)m + 1) + By nsi, (6)

where
m—1 m—2
ﬂm,n,i = —qUp—1 Z Ui—mSm—l(n - Z) +Un, Z Ui—m+1Sm—1(n - Z)
=1 =1

Similarly, it can be shown that for each 0 <1 < [ ],

Smn—im+1) = —qUp,Sm(n—(i+1)m) + Upp1Sm(n— G+ 1)m+1)+vymni, (7)

where

m—1

Ym,n,i = _qu Z Uifmflsmfl(n - Z) + Um+1 Z Uifmsmfl(n - Z)

Nt
B=[ T o 1]+ )

for i = 1,...,m. Then, by using (5), (6) and (7), it can be easily shown that for
1=1,...,m,

Now, let

and

a;Sm(n —im—+1) + b;Sm(n —im) + Z {T}Sm(n —jm)
j=it1

i—1

= Qn = (@ Ymng + b Bmn )

j=1
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Replacing i by m in (8), we get

A S (N — m? + 1)+ by S (n — m?) = Om.ns (9)
where
m—1
5m,n = Qm,n — Z (ai7m7n,i + bzﬁm,n,z)
i=1
By (9) we have
Ommt1 = amSm(n— m? +2) + b, S (n —m? +1)

= am(—qSm(n —m?) + pSm(n —m? +1) + Spp_1(n — m? + 1))
+bm S (n —m? + 1),
that is

—qamSm(n —m?) + (b + Pam) Sy (n —m? + 1)

(10)
= 0mnt1 — GmSm—1(n — m2+).
Solving the equations (9) and (10) we obtain
bm +pam)5m n - am(ém n+1 — amSmfl(n - m2 + 1))
Sm —m?) = ( : - )
(n—m?) b2, + pambm, + qa2,
whence the result follows. O

Now, suppose that {U,(p,q)} is a generalized Fibonacci sequence. Then, by
utilizing Binet’s formulas,

Up (11)

- “Una+b — Ung1yats — ¢"Ub—a + Us
§ aner = -
ot 1+q*-V,

and

Z Uaa:+bUcy+d = [(qCVa - anvc)UdU(nJrl)aer - qQCUdch(n%»l)(H»b
r4+y=n
+q2aUdUna+b - q2a+cUd7cU(n71)a+b + qa+2€Ud72cUna+b
+(@"Ve = Vo) UUni1yerd — ' Up-aUgninyera  (12)
+q26UbUnc+d - qa+2cUb7aU(n—1)c+d + q2a+CUb72aUnc+d]

/[(qa +’qc)2 +’qa(vac‘7 v2+c“'qav2—a) +’qc(v§a‘* VL+¢“'QCV;—c)}

7UbUnc+d - Un,a+b Ud~
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Note that, the identity (12) generalizes the case m = 2 in Theorem 4. In the re-
mainder of this section we use identities (11) and (12) to evaluate some summations
involving the generalized Fibonacci numbers.

Theorem 5. Let {U,} be a generalized Fibonacci sequence and let m be a nat-
ural number. Then for anyn > 1,

n m m K3
> U = sy ;U SORD IR 4l DUANELN
= Z i i=1 j=1
Proof. Using Theorem 2, when a1 = --- = a,,, we get
n m m n .
S Uy = LATIE 0
i=1 j=1 i=1
m m n 7
= S+ T - v
j=1 i=1 i=1
B m m n . m m i . .
- () e S s v
which gives the result. O

It is known than the sequence of Fibonacci numbers satisfies the property that
F_, = (=1)""1F,, for all integers n. In general, if {U,} is a generalized Fibonacci
sequence then U_,, = —U, /q", for all integers n and if ¢ = 1 and m is even, or

g=—1and 4 | m, then
{m} {m} 0,
t J

when i + j = m. Hence >_;", {7} = 0.
Now, from the proof of Theorem 5 we may deduce the following.

Corollary 6. If 3", {"} =0, then

S U i Z{ }z U ).

i=1 = j=1

In particular, the equality holds when 4 | m and {U,} is the sequence of Fibonacci
numbers.
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Definition. Let m > 1. Then for any n > 1,
n—1

Tm(";pv Q) = Z Un—iU™.
i=1

By the above definitions, T1(n; p, q) = Sa(n;p, q; 1), which is known from [8], [4]
and Theorem 4. Using a group theoretical tool, the author in [3] proves that for

Fibonacci numbers P P
T 1.-1) = n+l) n
2 (Tl, 9 ) ( ) )

and utilizing this tool once more, it can be proved that

Fn+1>

1
Tg(’ﬂ,;l,—l) = §Fn71FnFn+1 - < 3

for all integers n.
Now, we extend the above results by computing T,,(n;p,q), for each natural
number m.

Theorem 7. Let m be a natural number. Then for any n > 1,

T (n) o qam+1ﬁm,n+2m+1 + bm+1ﬁm,n+2m+2 — @410 U
m - 2 2
bm+1 + pam+1bm+1 + ]

)

where
Brn = Qman— Z(ajUran—Qj +b;Un05-1),
j=1
n—1
Qmn = Z U(m71>z‘+n7(m§ %)
i=1
m+1 j—1
m+1 m m
- { ; }Z (Un—j=iU%; + Ui U 4)
j=1 J i=1
and

=l Bl= LS b L)

fori=1,... . m+1. Also

T (n) _ qam—l/())m,n+m—1 + bm—lﬁm,n+7n - am—lbm—lU:’Ln
" bgn—l +pam71bm71 + qagn—l

)
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where
m—1
ﬂmn = OQmnp — § a Un i—1>
=1
n—1 m J—1
Ump = Un—iUm m+1 { } Un—iUZ'_j
i=1 j=1 —
and

fori=0,1,....m

Proof. By Theorem 2,

=1
so that
n—1 m+1
m+1 m
SUMMRESEES ST s
i=1 j=1 i=1
m+1 m+ 1 n—j—1
S ML SRTRECINS S
Jj=1 J i=j+1
+ Z Un i ’LUm
i=n—7
m—+1 n—2j—1
m+1
= Z{ }( Z Un 25— ’L
j=1
j—1
+> (U iU + U U Z)).
i=1
Hence
mElly (n—2)+---+ metl Tm(n—2m—2) =« (13)
1 m m+1 m — &mn,

where
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n—1

am»n - Z U('m—l)i—i-n—(m;2>
i=1

m—+1 j—1
WL+’1 m m

j=1 i=1
We have
n—1
Ton(n) = > Uil (14)
i=1
n—1 n—1
= —¢> Una iU +pY Upa iU
i=1 i=1
= —qTn(n—2) +pTp(n—1) +UL,.
Now, put
ap - 0
bo] [0
and

M I R T

fori=1,...,m+ 1. Using (13) and (14), it can be easily verified that

m—+1
1
Qi T(n = 2+ 1) + bT(n —20) + 5 {mf }Tm(n — 2j)
j=it+1 J
i (15)
= Qmn — Z(ajUrT—Qj +b;Un95_1)-
j=1
Replacing ¢ by m + 1 in (15), we get
amt1Tm(n —2m — 1) + b1 T (n — 2m — 2) = By (16)
where
B = Qmpn — Z(%Uﬁn&j +b;Ur 55 1)-
j=1
By (16),
Brmn+1 = Gmi1Tm(n—2m) +bpi1Tm(n —2m —1)

= amp1(—q¢Tn(n—2m—-2)+pT,(n—2m —1)4+ U 5,,_1)

+bmi1Tm(n — 2m — 1),
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which gives

(bmt1 + pams1)Tm(n —2m — 1) = qamp1Tn(n — 2m — 2)
(17)
= ﬂm,n+1 - a’m+1Un 2m—1-

Now, by solving the system of equations (16) and (17), we obtain

qam+15m n + berl(ﬁm n+1 — am+1U —2m— 1)

Th(n—2m—1
( )= b2 i1 T PAmt10mi1 + qam-‘,—l

)

which proves the result.
To prove the second identity we proceed in a similar way. By Theorem 2,

Umw—("‘grl) = Z { i }U;n 0

i=1

from which

m n—1
Z Un ZU m+1) = Z {Zl} Z Un—zUznzj

=1
j—1
UnjiU;n—i_ZUniUZTLj)'
=1

(%

Jj=1

<.

1

- 3

Hence
m m
{1}Tm(n—1)+ +{m}T (n—m) = amn, (18)
where
m J—1
ZUn 1U m+1 Z{ }ZUn »LUm
j=1 =1
Now, put
a_1 - 0
b_1| |0
and

M [ Bo]+ L)

fori=0,1,...,m. Using (18) and (14), it can be easily verified that

Il
1
|
Q’U
O =

0Ty (n — i)+ bTon(n =i — 1)+ > Ton(n —5) = tmn — »_a Ul ;. (19)
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Replacing m — 1 by ¢ in (19), we obtain

am-1Tm(n—m~+1) +byp_1Tn(n —m) = Bmn, (20)
where )
m—
ﬁm,n = Qm,n — Z aiU:Ln—i—l'
i=1
By (20),

Bmnt1 = am—1Tmm—m+2)+by_1Tp(n—m+1)
= amfl(_qu(n_m)ﬁ'me(n_m"" 1) +U771m+1>
—l—bm_le(n —-—m + 1),

from which we get

(bm-1+pam-1)Tm(n—m+1) —qam-1Tm(n —m+1)

(21)
= ﬁm,n+1 - am—lU:Ln_m_;_l-
Now, by solving the system of equations (20) and (21), we obtain
Am— m,n + bm— m,n — Om— U’ryzn—m
Tm(n—m—l—l):q 1ﬁ 27 1(6 n+1 21 -i-l)7
bmfl +pam71bm71 + qa, 1
from which the result follows. O

4. A Divisibility Property

In section 3, we gave some applications of Theorem 2 consisting some summations
involving the generalized Fibonacci numbers. Now, we apply Theorem 2 to prove
that if p,q are integers and r is an odd prime such that r { p,q, A, then r divides
U;, for some 2 < i <r—2, when ¢ =1, or ¢ = —1 and 4|r — 1. To do this, we first
obtain some properties of the generalized Fibonacci numbers.

Theorem 8. Let r be an odd prime. Then for any m > 0,
(D) Un(p,q) = X0 P (=)™ () Un-m—i(p, q);
and if p,q are integers, then
(i) Un(p,q)
(iii) Urn(p,q)

(iv) Ur+1(p,q)

5 (-1,

I~

—qUpn—2pm (p,q) + pUpn—rm (P, q);
Ur (0, )Un(p,q);

() +1), Us(p,g) = (B) and if v { q, then U,_1(p,q)

I~

I~
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where (%) denotes the Legendre’s symbol.

Proof.  First suppose that d and k are integers and {G,} is a recursive sequence

k
satisfying G,, = aGy_2q + bG,_g, for all integers n. Then for each m > 1,

k UL _ifm
Gn = ZO bta™ ( ; )Gn—(m+i)d' (22)

In fact, if (22) holds for m, then we have

iy (m

Z b'a™™" < ; >Gn(m+i)d

i=0

LI . (m

Z bla™! < ; ) (G- (m+it2)d + G (m+it1)d)
i=0

m—+1

k 7 .m —1 m+1

= E b'a +1 ( i )Gn—(Tn—l-l-i-i)d'
=0

M=

Gn

Ik

(i) it is obvious by (22).
(ii) Clearly, it is true when m = 0 and we may assume the result for m. Then,
by (22),

1=

Un(p;q)

o e
sz(_q)r ! (i>Un(T+i)rm
=0

_qUn—2rm+1 + pUn—r"”rl .

1=

T T

(iii) By the definition, we have Uy(p, q¢) = U, (p, ¢)Uo(p, q) and U, (p,q) = U,(p, q)
Ui(p, q). Now, suppose that the result holds for n —2 and n— 1. Then, by part (ii),

M=

Urn(p,q) ~qUy(n—2)(P, @) + PUp(n—1)(p, q)
—qU:(p, Q)Un—2(p, q) + pU(p, 9)Un—1(p, @)

Ur(p, 0)Un(p, q)-

M= =

(iv) Using Binet’s formula, we obtain

Ui = = (25)

1 Y n-1 n\ n-3 T\ n-5x2
s () (s e (oo

Now, by putting n = r — 1, r and r + 1, respectively, in (23), we obtain the desired
results. O
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Theorem 9. Let p and q be integers and r be an odd prime such that r 1 p,q, A.
Ifg=1,0orq=—-1and4d|r—1, thenr |U; for some2 <i<r—2. Ifr|U._q,
then r | Urs.

Proof.  We first prove that r | U;, for some ¢ = 1,...,r — 1. If r { U;, where
i=1...,r — 2, then we may apply identity (1) modulo r to get

r—1
r r—1 r—1
U(T—l)a—(g) = Zl{ i }Ua—i : (24)
Moreover, if 1 U,_1, then by putting a = r in (24), we obtain
r—1 r—1
r r=1 r=11 =

r

But, by Theorem 8(iii), U(;) UrUros and by Theorem 8(iv), U,

U ro1 = 0, which is a contradiction.
Clearly, the result holds if r { U,_;. Thus we can assume that r | U,_;. Since
r | Uy—1, by Theorem 8(iv), (%) =1 and so U, = 1. Hence for all integers n,

UnJrrfl - _qUnflUrfl + UnUr é Una
from which we get

T

Urn =U. _q_r=1
2 2

T

Therefore r | U =1 and the proof is complete. a

5. Open Problems

We strongly believe that the following conjecture is true.

Conjecture. Let {U,} be a generalized Fibonacci sequence with ;" {"'} =0,
for some m. Then

m—+n
m+n
Z { i }Uajlnli e kafnki = 0;

i=1

where n >0, ny +---+ng =n and z1, ..., are arbitrary integers.

Note that, if the above conjecture is true for n; = --- = n; = 1, then by applying
a similar technique as in the proof of Theorem 3, it remains true for arbitrary
niyy...,Ng.
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