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Abstract

We present a notation for g-calculus, which leads to a new method for computa-
tions and classifications of g-special functions. With this notation many formulas of
g-calculus become very natural, and the g-analogues of many orthogonal polynomi-
als and functions assume a very pleasant form reminding directly of their classical
counterparts.

The first main topic of the method is the tilde operator, which is an involution
operating on the parameters in a g-hypergeometric series. The second topic is the
g-addition, which consists of the Ward—AlSalam g-addition invented by Ward 1936
[102, p. 256] and Al-Salam 1959 [5, p. 240], and the Hahn g-addition.

In contrast to the the Ward—AlSalam g¢-addition, the Hahn g¢-addition, compare
[57, p. 362] is neither commutative nor associative, but on the other hand, it can be
written as a finite product.

We will use the generating function technique by Rainville [76] to prove recurrences
for g-Laguerre polynomials, which are g-analogues of results in [76]. We will also find ¢-
analogues of Carlitz’ [26] operator expression for Laguerre polynomials. The notation
for Cigler’s [37] operational calculus will be used when needed. As an application, g-
analogues of bilinear generating formulas for Laguerre polynomials of Chatterjea [33,
p. 57, [32, p. 88] will be found.

1 Some classical hypergeometric equations

First we collect some well-known hypergeometric formulas in order to prove their g¢-
analogues later. In the whole paper, the symbol = will denote definitions, except when
we work with congruences.

Definition 1.1. Let the Pochhammer symbol (or Appell-Pochhammer) (a),, be defined
by

n—1

(a)y, = H (a+m), (a)o = 1. (1.1)

m=0

Since products of Pochhammer symbols occur so often, to simplify them we shall fre-
quently use the following more compact notation. Let (a) = (a1, ...,a4) be a vector with
A elements. Then

(@5)n- (1.2)
1

((a)n = (a1,...,a4)n = |

A
Jj=

Copyright (© 2003 by T Ernst
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The generalized hypergeometric series, ,F;., is given by

_ azy, ..., _OO (a“l"“?a)n n
pFT(CLl,...,ap;b17...,br;2):pFr |: bl,,._’bf ,Z:| —Zon'a)h—’gr)nz . (13)
An 1 F, series is called k-balanced if
bi+-+b=k+a+ -+ a1, (1.4)

and a 1-balanced series is called balanced or Saalschiitzian after L Saalschiitz (1835-1913).

Remark 1.1. In some books, e.g., [51], a balanced hypergeometric series is defined with
the extra condition z = 1. The above definition is in accordance with [9, p. 475].

The hypergeometric series
re1Fr(ar, .. ar41301,...,00; 2) (1.5)
is called well-poised if its parameters satisfy the relations
l4ar=a3+bi=a3+by="---=ap41 + b,. (1.6)

The hypergeometric series (1.5) is called nearly-poised [105] if its parameters satisfy the
relation

1+aq :aj+1+bj (17)

for all but one value of j in 1 < j < r. If the series (1.5) is well-poised and as =1 + %al,
then it is called a very-well-poised series.
The binomial series is defined by

oo
1-2)=) %z", 2] <1, aeC. (1.8)
n=0
The following three equations are all due to Euler (see book by Gasper and Rahman [51,
pp- 10, 19]). The beta integral

1xs—1 PAYES| x_F(S)F(t)
|aa—ay

T(s +t)

B(s,t), Re(s) >0, Re(t)>0; (1.9)

the integral representation of the hypergeometric series o Fj (a, b; ¢; 2):

¢ 1
oF1(a,bye;2) = ﬁfo 2?71 = 2) 70N (1 - 22) " d, (1.10)

larg (1 — 2)| < m, Re(c¢) > Re (b) > 0;
and Euler’s transformation formula:

oF1(a,bie;2) = (1 —2) %% Fi(c—a,c — by c; 2). (1.11)
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In 1772 Vandermonde [34, 71, 99] proved the Chu—Vandermonde summation formula

Cbie]) = ~ (=D*0) (n) _ (c—bn -
o F1 (—n, b; ,1)_;:0 O <> , 0,1,.... (1.12)

The famous Gauss summation formula from 1812 [54] goes as follows:

L(e)l'(c—a—10)

2Fi(a b)) = F o T e —b)

Re(c—a—b) >0, (1.13)

which is a generalization of (1.12).
Gauss [53, p. 127, (2)], [15, p. 23], [45, p. 11, (24)] also found the following formula

-n 1l—n 1

Q+2)"+(1—a)" =27 [, — 22 (1.14)
2 2 2

In 1890 Saalschiitz rediscovered the Pfaff-Saalschiitz summation formula for a terminating

balanced hypergeometric series [73, 81], [51, p. 13]

(c—a,c—b)y

sFy(a,b,—n;e,1+a+b—c—n;l) = n=0,1,.... (1.15)

(c,e—a—0b),’

In 1903 Dixon [38] proved the following summation formula for a so-called well-poised
series

sFy(a,bc;14+a—b,1+a—c¢1)

_ 1+%a,1+a—b,1+a—c,1—|—%a—b—c (1.16)
- l+al+ta-bl+la—cl+a—-b—c ’
Remark 1.2. This equation was also proved independently by Schatheitlin [82, p. 24,
(22)] 1912.

In 1923 Whipple [103] showed that by iterating Thomae’s 3F5 transformation formula
[96, eq. (11)], one obtains a set of 120 such series, and he tabulated the parameters of
these 120 series.

The very important Whipple formula from 1926 [104, 7.7], [13, p. 145]

a,b,c,d,l—l—%a,e,—n
7Fs | i1
l+a-bl+a—-cl+a—-d,1+a—eza,1+a+n
(I+a,1+a—d—e), d,e,1+a—b—c,—n
413 i1 (1.17)
(I+a—d,14+a—e), l+a—-bl4+a—c,d+e—n—a

transforms a terminating very-well-poised 7 Fg series to a Saalschiitzian 4F3 series.
The following important example by Bailey is one of the most general hypergeometric
transformations.

Theorem 1.1. Bailey’s 1929 transformation formula for a terminating, 2—balanced, very-
well-poised o Fg hypergeometric series.
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Denoting

(@)
(8)

(a,b,c.dye, f,1+ 3a, A +a+n+1—e— f,—n),
(1+a—b,l—i—a—c,l—&—a—d,l—i—a—e,%a,cﬁ—1—f,
e+ f-n—-XNa+n+1),
M=AMA+b—a X+c—a X+d—ae f,1+ 3\
Aa+n+1l—e—f,—n)

and

)=(l+a—-bl4+a—cl+a—d1+A—e 3\
/\+1—f,e—|—f—n—a,)\+n+1),

we find that this formula takes the following form [17]:

7 (og).1 _(1+a,1+afeff,1+)\fe,1+)\ff)n 7 (7)'1
PELB) ] T Ota—elta—fil+tr—e—f,il+A), °

when n=20,1,2,..., and where

2a+1=X+b+c+d.

(1.18)
(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

Remark 1.3. In Bailey’s paper a slightly different version of this equation was given, but

this is equivalent to the above equation.

The theory of multiple hypergeometric series has been developed by the Italian Lauri-
cella and by the Frenchmen Appell and Kampé de Fériet, who 1926 [15] published a stan-
dard work on this subject in French. In 1985 Per Karlsson (Copenhagen) and H M Srivas-
tava (Victoria, British Columbia) [91] published another excellent book on this subject,
where some new results were presented together with results previously widely scattered

in the literature.

2 The tilde operator

g-Calculus has in the last twenty years served as a bridge between mathematic

s and

physics. The majority of scientists in the world who use ¢-calculus today are physicists.

The field has expanded explosively, due to the fact that applications of ba-
sic hypergeometric series to the diverse subjects of combinatorics, quantum
theory, number theory, statistical mechanics, are constantly being uncovered.
The subject of g-hypergeometric series is the frog-prince of mathematics, regal
inside, warty outside (Jet Wimp) [107].

Furthermore it is said that

progress in g-calculus is heavily dependent on the use of a proper notation (Per
Karlsson, Private communication).
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In the last decades g¢-calculus has developed into an interdisciplinary subject, which
is nowadays called g¢-disease. ¢-Calculus has found many applications in quantum group
theory.

In this context it would be natural to say something about the history of the connection
between group representation theory and quantum mechanics, which was initiated by
Eugene Wigner (1902-1995) between November 12 and November 26, 1926, when Wigner’s
first papers on quantum mechanics reached die Zeitschrift der Physik, and both appeared
in volume 40.

It was John von Neumann who first proposed that group representation theory
(should) be used in quantum mechanics. Wigner was invited to Gottingen in
1927 as assistant to David Hilbert. Though the new quantum mechanics had
been initiated only in 1925, already in 192627 the mathematician Hilbert in
Gottingen gave lectures on quantum mechanics [106].

Die Gruppenpest [93] (the pest of group theory) would last for three decades [106].

We will give an example of the application of group theory in g-calculus in a moment.

This is a modest attempt to present a new notation for g-calculus and in particular for
g-hypergeometric series, which is compatible with the old notation. Also a new method,
which follows from this notation is presented. The papers [40, 41, 42, 43, 44, 45] illustrate
these ideas. This notation leads to a new method for computations and classifications of
g-special functions. With this notation many formulas of g-calculus become very natural,
and the g-analogues of many orthogonal polynomials and functions assume a very pleasant
form reminding directly of their classical counterparts. This notation will be similar to
Gauss’ notation for hypergeometric series and in the spirit of Heine [58], Pringsheim [74],
Smith [84], Agarwal [1, 2] and Agarwal & Verma [3, 4]. Jackson also used a similar notation
in some of his last papers [63, 64]. A similar notation was proposed by Rajeswari V. &
Srinivasa Rao K. in 1991 [77] and in 1993 [86, p. 72] in connection with the g-analogues
of the 3-j and 6-j coefficients. Compare [87] and [88].

By coincidence, some of these authors were involved in the development of Whipple’s
work as the following references show. In 1987 Beyer, Louck & Stein [19] and in 1992
Srinivasa Rao, Van der Jeugt, Raynal, Jagannathan & Rajeswari [85] showed that certain
two-term transformation formulas between hypergeometric series easily can be described
by means of invariance groups. In other words, they explained Whipple’s [103] discovery
in group language. In 1999 Van der Jeugt & Srinivasa Rao [97] found g-analogues of these
results.

These results were extended to double ¢g-hypergeometric series in [69] and [98].

We are now ready for the first definitions in g-calculus.

Definition 2.1. The power function is defined by ¢* = e“ log(a) . We always use the prin-
cipal branch of the logarithm.
The g-analogues of a complex number a and of the factorial function are defined by:

a

l1—gq
1—q’
{n}e! = [[{k}e> {0},!=1, qeC, (2.2)

k=1

{a}q =

q € C\{1}, (2.1)
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Let the ¢-shifted factorial be given by

1, n = 0;
n—1
a; = 2.3
(a; g} [Ta-¢), n=12,.... (2:3)
m=0

Since products of ¢g-shifted factorials occur so often, to simplify them we shall frequently use
the following more compact notation. Let (a) = (a1,...,a4) be a vector with A elements.
Then

A
((@); )n = (ar, ..., an;q)n = [ [{aj; )n. (2.4)
j=1

The following operator is one of the main features of the method presented in this
paper.

Definition 2.2. In the following, % will denote the space of complex numbers mod lzgiq.
This is isomorphic to the cylinder R x €27 § € R. The operator
. C C
P —
7 7
is defined by
T
. 2.5
ar— a+ g 1 (2.5)
Furthermore we define
(a;q)n = (@5 q)n- (2.6)
By (2.5) it follows that
(aiq)n = JJ (1 +¢*™), (2.7)
m=0

where this time the tilde denotes an involution which changes a minus sign to a plus sign
in all the n factors of {(a;q),.
The following simple rules follow from (2.5)

Gtb=azb, (2.8)
G+b=a+b, (2.9)
¢ = —q", (2.10)

where the second equation is a consequence of the fact that we work mod li’” .

In a few cases the parameter a in (2.3) will be the real plus infinity (0 < Tc}]] < 1), they
correspond to multiplication by 1.

Eduard Heine (1821-1881) who studied for Gauss, Dirichlet and Jacobi, in 1846 pro-
pounded a theory for a so-called g-hypergeometric series, which he formally proved through
continued fractions.
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Definition 2.3. Generalizing Heine’s series, we shall define a g-hypergeometric series by
(compare [51, p. 4], [57, p. 345]):

. . . Q... .d
p¢r(ala--~vap§b17~~'abr|Q7Z) = p¢r |: ~ & |QaZ:|
by,

<&1a"'7d;qn n (™ L4+r—p
= - b ) [(—1) q(2)}
n=0 <1vbla'°'7br;q>n

where ¢ # 0 when p > r 4+ 1, and

o0

P (2.11)

G= { @ (2.12)
Furthermore aq,...,ap,b1,...,b, € C,

b #0, j=1,...,n, bj#-m, j=1,...,r, meN,

b %(ﬁ';gi,jzl,...,r,meN[sq.

The motivation is that we need a g-analogue of
lim ,Fr(ai,...,ap;b1,...,bp—1,2;22)
T— 00
= pF_1(a1,...,ap;b1, ..., br—1;2). (2.13)
This g-analogue is given by

lim qur(ala <oy Aps b17 cee bT*lax|q> Zqz)
T——00

= pPr—1(a1, ... ap; b1, ..., br_1lg, 2), (0< gl <1). (2.14)
However, the g-analogue of

1
hH(l) pFr <a1, sy Qp1, —;bl, ce 7br; 62) = p_lFr<a1, <oy Ap1; bl, ce 7b7‘; Z) (215)
€— €

is given by

lim p¢7"(a1> e 7ap717x;b1a .. '7bT‘|Qa Z)
T—00

= pgbr(ala"'aap*laoo;bla"'7br|qaz)’ (O< IQ| < 1) (216)

We have changed the notation for the ¢-hypergeometric series (2.11) slightly according to
the new notation which is introduced in this paper. The terms to the left of | in (2.11)
are thought to be exponents, and the terms to the right of | in (2.11) are thought to be
ordinary numbers.

The Watson notation will also sometimes be used.

1, n = 0;

. — n—1
(@) = H(l—aqm), n=12 ..., (2.17)

m=0
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Remark 2.1. The relation between the new and the old notation is

(a;q)n = (4" @)n- (2.18)

Remark 2.2. Also Gelfand [55, p. 38] has used a similar notation in one of his few
papers on g-calculus. His comment is the following: Let us assume that at first we use
Watson’s notation (2.17) for the g-hypergeometric series. If all o; and ; are non-zero, it
is convenient to pass to the new parameters a;, b;, where oy = ¢%, f3; = q".

It seems that the snag a; = 0 or 3; = 0 can be evaded by putting a; = oo or b; = oo as
in the present thesis. This was already suggested by Heine in his letter to Dirichlet 1846,
which was published in the Crelle journal the same year [58]. Compare [51, p. 3].

Definition 2.4. Generalizing (2.11), we shall define a g-hypergeometric series by

p+p’¢r+7"(af17"' 7ap;b17' . '7b7’|qaz|‘317"' 78p’;t17"'7t7“’)

_ al,...,0ap S1y .-y Spf
= pip/ Prtr g, 2]
ptp [bl,...,br Nt

la1i g <ap,q> W (my] L =
_nz(] 1 bh 2 {brig)n [0

,r,/

P
= lowon [T0s0 (219)
k=1 k=1

where ¢ # 0 when p+p' >r+7" + 1.

Remark 2.3. Equation (2.19) is used in certain special cases when we need factors (¢; q)n
in the g-series. One example is the g-analogue of a bilinear generating formula for Laguerre
polynomials.

Some of the following definitions were given in another form for bibasic series in [3,
pp. 732-733].

Definition 2.5. The series

rp1®r(at, ooy g1y by b | gy 2) (2.20)
is called k-balanced if

b+ +b =k+ar+- 4 a1, (2.21)

and a 1-balanced series is called balanced (or Saalschiitzian).
Analogous to the hypergeometric case, we shall call the ¢g-hypergeometric series (2.20)
well-poised if its parameters satisfy the relations

l14+a1=a3+bi=a3+bs="---=ar41+ by (2.22)

The ¢-hypergeometric series (2.20) is called nearly-poised [18] if its parameters satisfy the
relation

1+a; = aj+1 + bj (223)

for all but one value of jin 1 <j <r.
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The g-hypergeometric series (2.20) is called almost poised [21] if its parameters satisfy
the relation

(5j +a1 = a1 +bj, 1<5 < (2.24)

where 6; is 0,1 or 2.
If the series (2.20) is well-poised and if, in addition

ay =1+ %al, ag =1+ %al, (2.25)

then it is called a very-well-poised series.
The series (2.20) is of type I [51] if

z=q. (2.26)
The series (2.20) is of type II [51] if
P qb1+'“+br*a1*"'*ar+l. (2.27)

Remark 2.4. In [20, p. 534] the extra condition z = ¢ in (2.21) is given, compare with
the definition of balanced hypergeometric series.

There are several advantages with this new notation:
1. The theory of hypergeometric series and the theory of g-hyper-
geometric series will be united.

2. We work on a logarithmic scale; i.e., we only have to add and subtract exponents in
the calculations. Compare with the ’index calculus’ from [14].

3. The conditions for k-balanced hypergeometric series and for k-balanced g-hypergeo-
metric series are the same.

4. The conditions for well-poised and nearly-poised hypergeometric series and for well-
poised and nearly-poised ¢-hypergeometric series are the same. Furthermore the
conditions for almost poised g-hypergeometric series are expressed similarly.

5. The conditions for very-well-poised hypergeometric series and for very-well-poised g-
hypergeometric series are similar. In fact, the extra condition for a very-well-poised
hypergeometric series is as = 1+ %al, and the extra conditions for a very-well-poised

P

g-hypergeometric series are as = 1 + %al and a3 =1+ %al,

6. We don’t have to distinguish between the notation for integers and non-integers in
the g-case anymore.

7. It is easy to translate to the work of Cigler [37] for g-Laguerre-polynomials.
Furthermore, the method is applicable to the mock theta functions.

Definition 2.6. Let the ¢-Pochhammer symbol {a}, , be defined by

n—1
{atng = [[{a+m}q (2.28)
m=0
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An equivalent symbol is defined in [47, p. 18] and is used throughout that book. This
quantity can be very useful in some cases where we are looking for g-analogues and it is
included in the new notation.

Since products of ¢-Pochhammer symbols occur so often, to simplify them we shall
frequently use the following more compact notation. Let (a) = (a1,...,a4) be a vector
with A elements. Then

A

{(@)}bng ={a1, - aatng = [[{aitna- (2.29)

j=1
We define a new function, which will be convenient for notational purposes.
QE (z) = ¢". (2.30)
When there are several ¢:s, we generalize this to
QE (z,q:) = ¢ - (2.31)

To justify the following three definitions of infinite products we remind the reader of
the following well-known theorem from complex analysis, see Rudin [80, p. 300]:

Theorem 2.1. Let Q2 be a region in the complex plane and let H()) denote the holomor-
phic functions in Q. Suppose f, € H(Q) forn =1,2,3,..., no fy, is identically 0 in any
component of Q, and

o0

> 1= ful2)] (2.32)

n=1

converges uniformly on compact subsets of ). Then the product
o0
f(z) =[] fa(2) (2.33)
n=1

converges uniformly on compact subsets of Q. Hence f € H(S).

Definition 2.7. The following functions are all holomorphic

(@)oo= [ 1=¢), 0<lg <1, (2.34)
m=0
(@do= [ A +a™™), 0<lg <1, (2.35)
m=0
(@)= [[ A —ag™), 0<lg<1, (2.36)
m=0 B
((0); @)oo = (a1, -, 043 @)oo = [ [ ()5 @)oo (2.37)
j=1
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Remark 2.5. If a in (2.34) is a negative integer the result is zero, and in the following we
have to be careful when these infinite products occur in denominators. Sometimes a limit
process has to be used when two such factors occur in numerator and denominator.

We shall henceforth assume that 0 < |g| < 1 whenever (a;¢)o Or (a;q)oo appears in
a formula, since the infinite product in (2.34) diverges when

q* #0, lq| > 1.

Definition 2.8. The following two formulae serve as definitions for (a;q), and (a;q)a,
a € C. Compare [57, p. 342]

(a; q) o
Q) = A0 —m — =0,1,..., 2.38
(@aa= o atomea, m (2:38)
(a;q)oo —m—«
a4;Q)q = ——2, a , m=0,1,.... 2.39
(600 = (uai o @ (2:39)

For negative subscripts, the shifted factorial and the ¢-shifted factorials are defined by

_ 1 _ 1=
@W-n= @2 @a-n) ~ (a—npn ~ A—a)’ (2.40)
1 (_ann(lfa)Jr(Z)
a;q)—p = = . 2.41
%) (@ —n;q)n (I —a;qn (2.41)
Theorem 2.2. The following formulae hold whenever ¢ # 0 and q # €*™*, t € Q,
(—a+1—n;q), = {(a;¢)n(~1)"g~ ()", (2.42)
<a;q>n k (k)Jrk(lfafn)
P “1)kqgle , 2.43
(@ @)n—k <_a+1_n;q>k( )"q (2.43)
(a;Q)n
a+k;qQyp_r = , 2.44
R (2.44)
<a+n1;q>k1 — <a7Q>k2<a’+ 27q> 2’ n1+k‘1 :n2+k2, (245)
(a; q)n,
(a;@)nla +n; @)k
a+2k;qQ)n_ = 2.46
< Dk (a5 q)2k ( )
(a;q)mla —1;q)2n = (a;@)nla — 1;@)mla +m — n;q)n, (2.47)
{1 @)n ke (5)—nk
nig) = 2 n gk (3)-nk, 2.48
(—n;q)x <1;q>n%( )%q (2.48)
(a;0)r(1 — a;q)n
—n; = . 2.49
(a‘ n; Q>k’ <_a +1— k‘7 q>nan ( )
Proof. These identities follow from the definition (2.3). [

Theorem 2.3. The following formulae, which are well-known, take the following form in
the new notation. They hold whenever ¢ # 0 and q # e*™, t € Q,

<CL; q2>n = <a;Q>n<a;Q>na (2.50)
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a a+1
(@ @)an = (33 0" In(=5 =30, (2.51)
@ )2n(l+ S @)n(l + 514
m+1whn=< ®%<a QQEL 31 (2.52)
<27Q>n<§»Q>n
<a72+Ta72+Taaq>n _ <a+17q>2n (2 53)
(5,5 @n (a+mn;q)n

Proof. These identities follow from the definition (2.3) and the definition of the tilde
operator. [

Remark 2.6. The first two formulae together form a g-analogue of the very important
formula [76, p. 22].

Theorem 2.4. In 1907 Dougall [39] proved the following summation formula for the
very-well-poised 2-balanced, 1i.e.,

1+2a+n=b+c+d+e

series

r a,l—i—%a,b,c,d,e,—n q
0 laita—b1ta—clta—dlta—eltatn’
(I+a,14+a-b—c,1+a—-b—d,14+a—c—d),

= . 2.54
(I+a—-bl+a—cl4+a—-d1+a—b—c—d), ( )

The following g-analogue of (2.54) was published by Jackson in 1921 [62] (see Gasper
and Rahman [51, p. 35|, formula (2.6.2)). In the new notation this theorem takes the
following form:

Theorem 2.5. Let the sixz parameters a, b, ¢, d, e and n satisfy the relation

l1+2a+n=>b+c+d+e, (2.55)
and let

() = (1+a—b,1—i—a—c,1+a—d,1+a—e,%a,;,1+a+n>. (2.56)
Then

lol+lae—
g b7 [ a,b,c,d,1+ 5a,1+ 5a,e,—n 9,9

(a)
1+a,14a—-b—c,14+a—-b—d,1+a—c—d;qn

_ 2.57
(1l+a-bl4+a—cl+a—dl4+a—b—c—d;q),’ ( )

whenn=20,1,2,....
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According to Andrews [10] and Slater [83], equation (2.57) was proved by Jackson
already in 1905.

We illustrate the use of the new method with the following important example of Bailey.

For brevity, we shall sometimes replace

1 1
al 1+—a1 1+—a1 4,05, ...,0r41
r+1¢7‘ . /1_\_/ ’ 2%l 2 U1, ) ) ) |q,Z
301,5a1,1 + a1 —aq, 1+ a1 —as,...; 1+ a1 —arq1

by the more compact notation
r1Wir(ag;aq, as, ..., ary1lq, 2). (2.58)

Theorem 2.6. Bailey’s 1929 [16] transformation formula for a terminating balanced,
very-well-poised 1009 q-hypergeometric series. Denoting

() = (a,b,c,d,e,f,l—i—%a,l—i—%a,)\—i—a—i—n—i—l—e—f,—n), (2.59)
#)=(l+a-bl+a—cl+a—d1+a—e,3a,
%a,a—{—l—f,e—}-f—n—)\,a—i—n—i—l), (2.60)

(V)= (MA+b—a A+c—a,A+d—ae f,1+ 3,
1/4—\%/)\,>\+a+n+1—e—f,—n), (2.61)
and
(5')5(1+a—b,1+a—c,1—i—a—d,l—i—)\—e,%)\,
;\,A+1—f,e+f—n—a,>\+n+1), (2.62)

we find that this formula takes the following form in the new notation:

é [(a’)‘ }_<1—I—a,l—i—a—e—f,1+)\—e,1+)\—f;q>n
1079 (ﬁ,) +4 (1—|—a—e,1+a—f,l—l—)\—e—f,l—l—)\;q>n

/
X 1009 [ 8/; g, Q] : (2.63)
where n =0,1,2,..., and where
2a+1=XA+b+c+d. (2.64)

The concept of separation of a power series into its even and odd parts is at least as old
as the series themselves. It has wideranging applications in the theory of generating func-
tions and the MacRobert E-function. The following decomposition of the ¢-hypergeometric
series into even and odd parts is a g-analogue of [90, p. 200-201].

6.0 Dl02) = wonss | L2 pglese”

g,z

—_
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,
[T(1—q%)
.z =1
+(_1)l+s Tl_q]s
[T(1—g%)
j=1
) @1/) e @2/) 2 3(1+s—r)
x 27 o , s=r) | 2.65
4r¢4s+3 b+1) (D) (b+2) (12) 3 g ,i |q zq ( )
9 7 92 T 9 T 9 1999

3 The Hahn g-addition and g-analogues
of the trigonometric functions

The following theorem forms the basis of g-analysis.
According to Ward [102, p. 255] and Kupershmidt [67, p. 244], this theorem was ob-
tained by Euler. It was also obtained by Gauss 1876 [52]. It is proved by induction [41].

Theorem 3.1.

i(—l)” <m>q ¢ = (). (3.1)

n

Remark 3.1. A number of similar formulas are collected in [92, p. 10].

One of Heine’s pupils was Thomae, who together with reverend Jackson would develop
the so-called g-integral, the inverse to the ¢g-derivative or g-difference operator. The deriva-
tive was invented by Newton and Leibniz. Variants of the g-derivative had been used by
Euler and Heine, but a real ¢-derivative was invented first by Jackson 1908 [60].

Definition 3.1.

P@) =0l e \1y, x40

(1-q)z
(Dgp) () = fl_i@), ifg—1; (3.2)
dy .
E(O)’ ifx=0.

If we want to indicate the variable which the ¢-difference operator is applied to, we write
(Dg ) (z,y) for the operator.

Remark 3.2. The limit as g approaches 1 is the derivative

n (Dyp) (z) = 22

Ii = 3.3
qu dx’ (3.3)

if ¢ is differentiable at x.

The definition (3.2) is more lucid than the one previously given, which was without the
condition for z = 0. It leads to new so-called g-constants, or solutions to (Dy¢)(x) = 0.
We will use a notation introduced by Burchnall and Chaundy.
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Definition 3.2.
91 = J}qu, 92 = qu,y- (34)

There are some interesting g-analogues of the exponential function and of trigonometric
functions yet to be defined.

Definition 3.3. If |¢| > 1, or 0 < |¢| < 1 and |z] < |1 — ¢|™!, the g-exponential function
Eq(z) was defined by Jackson [59] 1904, and by Exton [47]

D=2 wa 39

It has ¢-difference
D,E,(az) = aE4(az). (3.6)
For 0 < |g| < 1 we can define E,(z) for all other values of z by analytic continuation.

Euler [46] found the following two g-analogues of the exponential function:

Definition 3.4.

o0

n 1
eq(2) = 1¢0(00;—|q,2) = SR , |z <1, 0<lq| <1, (3.7)
! o ,;) Liahn  (350)oc
2 4(5)
6%(2) = 0¢0(_; _|Q7 _Z) =S Z <1q q> 2" = (_Z;Q)om 0< |QI <1, (38)
n=0 9 n

where ¢y is defined by (2.11).

The second function is an entire function just as the usual exponential function. The
above equations can be generalized to the g-binomial theorem, which was first proved by
Cauchy [28] in 1843

OO a.
190(a; =g, 2) = g 2" = (24 4)oc 1 , |z| <1, 0<]ql <1.(3.9)
= () (%:Q)a

Two g-trigonometric functions are defined by

Sin () = %Z,(Eq(ix) By (—ix)), (3.10)

and

Cosq(z) = = (Eq(iz) + E¢(—ix)). (3.11)

N =

They have ¢-difference

D, Cosq(ax) = —aSing(az), (3.12)
D, Sing(bx) = bCosy(bx). (3.13)
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The classical g-oscillator
Dgf(x) +Wif(z)=0

has solution f(x) = C1Sing(wz) + C2Cosy(wx). This function has an increasing amplitude
for |q| > 1.
The following equation is easily proved.

Cosq(:n)Cos% (x) + Sinq(w)Sin%(:U) =1. (3.14)

Definition 3.5. The Hahn g-addition, compare [57, p. 362], is the function C* - C?
given by

(z,9,9) = (z,y) = [z + ylg (3.15)
where
[z +y]i = Y (Z) ¢ gk —0,1,2,. .. (3.16)
k=0 q
Furthermore,
[z = ylg =2+ (=v)ly (3.17)

By (3.1) we obtain the original definition, which here is

+o00o
Theorem 3.2 ([57, p. 362]). Let f(x) = >, Apz™ be a power series in x. Then

n=—oo

fle£ylg = f Apa” <3F%;Q)n- (3.18)

n=—oo

Remark 3.3. Unlike the Ward—AlSalam g-addition, the Hahn g-addition is neither com-
mutative nor associative, but on the other hand, it can be written as the following finite
product by (3.1)

[z £yly =" (¥%;q> ;. n=012.... (3.19)
n

This equation was generalized to complex n in [7, p. 3 (1.7)].

Remark 3.4. The physicists would probably be more happy with the notation [z;yl,,
but as mathematicians we will stick to the given notation.

The following equations obtain:

Proof. Expand the RHS and use (3.1). [
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The following two addition theorems are proved in the same way [59, p. 32

(y) = Cosqlz F ylq, (3.22)
(y) = Singlz £ yl,- (3:23)

Cosgy(z)Cos1(y) £ Sing(x)Sin
q

Q=

Sing(z)Cos1 (y) £ Cosy(x)Sin
q

1
q

JFrom the ¢g-binomial theorem we obtain

— egly — ol (3.24)

The following equations obtain:

Dyeq(z) = i‘{w; (3.25)
e1(qx)
qu%(x) = f_ = (3.26)

Definition 3.6. We can now define four other g-analogues of the trigonometric func-
tions [57]

. 1 e L, it
Slnq(l') = Q—i(eq(lflj) — eq(—ZZL')) = ngzo(—l) m, |Jf| < 1, (327)
_1 . W - 1\ 2"
cosy(z) = Q(eq(zx) + eq(—ix)) = nE:O( 1) Tdon” lz] <1, (3.28)
sing (z) = i(e1 (iz) — e1(—iz)) = EOO:(—U"q"(?"H)ﬂ (3.29)
a7 20 g q o — (1;q)2n+1’ '
cosi(x) = 1 e1(iz) +ei(—ix)) = ;O 1" ”(2"*1)i

where x € C in the last two equations.

The following two addition theorems obtain [59, p. 32], [47, p. 34]:

cosq(z) cosi (y) % sing(x) sin1 (y) = cosq[z F ylq, (3.31)

sing[z £ v, (3.32)

Q=

(y) % cosy(z) sin

_RIE g

sing(x) cos

Q=
—~
<
~—

I

Remark 3.5. Observe the misprint in [57, p. 363].

The functions sini (x) and cosi(z) solve the g-difference equation
q q

(¢ = 1)°Dgf(x) + af (¢x) =0, (3.33)
and the functions sin,(x) and cos,(z) solve the g-difference equation

(a = 1)°D3f(z) + f(z) = 0. (3.34)
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Definition 3.7. The g-tangent numbers To,+1(q) are defined by [11, p. 380]:

o0
: T 2n+1
sing (@) = tang(z) = Z M (3.35)
cosy () = (1;q)2nt1

It was proved by Andrews and Gessel [11, p. 380] that the polynomial Tb,1(q) is
divisible by (1; q).

Definition 3.8. The g¢-FEuler numbers or g-secant numbers 82,(q) are defined by [12,

p. 283]:
1 2. Son(q)x®™
= —_— 3.36
cosy () nz:% (L;q)2n (3.36)
The congruence
89, =1 mod 4 (3.37)

was proved by Sylvester (1814-1897) [72, p. 260], [12, p. 283].
It was proved by Andrews and Foata [12, p. 283] that

Son(q) = ¢®"™ Y mod (¢ +1)% (3.38)

4 The Ward—AlSalam g-addition and some variants
of the g-difference operator
In such an interdisciplinary subject as g-calculus, many different definitions have been

used, and in this section we try to collect some of them. In general, physicists tend to use
symmetric operators.

Definition 4.1. A symmetric q-difference operator is defined by

flqz) — [(goz)
(1 —q)z

Doy 02 f () (4.1)

where g1 = ¢ L

Although the difference operators D, and Dy, 4, convey the same idea, it turns out that
Dy, 4, is the proper choice in constructing the Fourier transform between configuration and
momentum space [50, p. 1797].

The relation between D -1 and Dy is
41,91

-1 1—q!
-1 = — D + T D —1. (4'2)
W g =g gt
Definition 4.2. Euler used the operator
Ato(z) = P —Plam) (4.3)

X
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Remark 4.1. The g¢-Leibniz formula also obtains for A™T.

Heine and Thomae used the operator

Ap(z) = p(gr) — p(z). (4.4)

In 1994 [35] Chung K S, Chung W S, Nam S T and Kang H J rediscovered 2 g-operations
(¢-addition and g-subtraction) which lead to new g-binomial formulas and consequently
to a new form of the g-derivative.

We will now invent an operation which will turn out to be the natural way to work
with addition for the quantity to the far right of | in the g-hypergeometric series (2.11).
More examples will be given in future papers on expansions of g-Appell functions.

Definition 4.3. The Ward-AlSalam ¢-addition, is the function (compare [102, p. 256],
[5, p. 240]) C3 — C? given by

(%217(1) = (:Uay) E.’L‘@q y7 (45)
where
(@@ey)" =Y (Z) gk =0,1,2,.... (4.6)
k=0 a
The g-subtraction is defined by
TSy =T Dg (—y). (4.7)

Remark 4.2. The Rogers-Szego polynomials [78, 95| are defined in a way equivalent
to (4.6).

Theorem 4.1. This g-addition (4.6) has the following properties, z,y,z € C:

(T Dqy) Bgz =12 Bq (y Bq 2),

TOeYy =YDy,

TDe0=0dy 2 =z,

2x@qzy = 2(T Bq y). (4.8)

Proof. The first property (associativity) is proved as follows: We must prove that
[(z ®qy) ©q 2]" =[x By (y g 2)]". (4.9)
But this is equivalent to
S\ o (K k=l n—k _ () g A (n— K U n—k' =l 4.10
2 (6% ()= (o) i (), e oo

Now put | = k' and I’ = k — [ to conclude the proof.
The proof of the distributive law is obvious. |
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Definition 4.4. For o € C, g-addition is extended to
SN B
(x @) =2y <k> (%) : ‘%‘ <1 (4.11)
k=0 q
Remark 4.3. The associative law doesn’t hold here.

Remark 4.4. ¢g-Addition is a special case of the so-called Gaussian convolution [56, p. 245]
of {z,} and {y,}

n
n
=) <k> ThYn—r,  n=0,1,2,.... (4.12)
k=0 q

In 1936 Ward [102, p. 256] proved the following equations for ¢g-subtraction (the original
paper seems to contain a misprint of (4.13)):

n

2n+1 _ _
(13 Sq y 2n+1 Z < > xkyk(xZnJrl 2k _ y2n+1 2]@)7 (413)
k=0 q

2n i, 2n
@oguP =1 () ey S0t () e e )
q k=0 q
Furthermore [102, p. 262] (the original paper seems to contain a misprint):

(1 @q 1)271 2n

2 {2n},! ", (4.15)
N wx%
eq(z)ey( x)—; R (4.16)

Definition 4.5. Ward [102, p. 258] also showed that g-addition can be a function value,
as follows.
If F(z) denotes the formal power series

= i e, (4.17)
n=0

we define F'(z @, y) to mean the series

i z @y y)" i zn: Cn (Z) q 2Rk, (4.18)

= n=0 k=0

In like manner

o0

(o]
F(x1 Dq 2 Bq - DBy .’Ek) = Z Cn($1 Dqx2Dq - Dyg Ik Z CnP]m ) (4.19)
n=0 n=0
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We immediately obtain the following rules for the product of two g-exponential func-
tions

Eq(2)Eq(y) = Eq(x ®q y), eq(z)eq(y) = eq(x Bq y). (4.20)

Compare with the following two expression for the quotient of two g-exponential functions
[101], [36, p. 91]

Eqo(y) _ i Py(y, ) (4.21)

eq(y) _ i Pily 2), (4.22)

compare (3.24).
We have used the following definition from [41]:

n—1

P,(x,a) = H(x—aqm), n=12,.... (4.23)

m=0

In order to present Ward’s g-analogue of De Moivre’s formula [102] (4.25) and (4.26)
we need a new notation.

Definition 4.6. Let

() =@, 1®,--- @ 1),  mneN, (4.24)

where the number of 1 in the RHS is n.

Then
Cosgy(ngx) + iSing (ngz) = (Cosy(z) + iSing(x))", (4.25)
cosq(ngx) + ising (ngx) = (cosy(z) + ising(z))". (4.26)

Definition 4.7. Furthermore Chung K S, Chung W S, Nam S T and Kang H J [35,
p. 2023] defined a new g-derivative as follows:

f(w &y 6v) - f(z)

D =1 4.9
of @ = Jm =5 (4.27)
Theorem 4.2. This q-derivative Dg satisfies the following rules:

De(z ®q a)" = {n}q(x &g a)" ™, (4.28)

DeEq(z) = By(a). (4.29)
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Proof. The first equation is proved as follows:

(x @q 0z Bga)" — (x By a)”

5192510 ox (4.30)
R 0,50, et 8 (), @t B
- 5290 dx = tndole @ga) "
Theorem 4.3.
Dgz® = {a}2* 1, (4.31)
just as for the q-difference operator.
Proof.
P o O CO RS
61:3210 ) ox - El:ciglo = ox (4:32)
0o k ~(5)+ka
e () R e -

Corollary 4.4. The two operators D, and Dg are identical when operating on functions

(e8]
which can be expressed as xS apx®.

=0
Definition 4.8. The function Log () is [35, p. 2025] the inverse function to E,(x).

Theorem 4.5. Logq(:c) satisfies the following logarithm laws with addition, replaced by
q-addition:

Log,(ab) = Log,(a) ©q Log,(b),

Lqu (%) = Lqu(a) @q Lqu(b),
Log,(a") = nLog,(a). (4.33)

Definition 4.9. The function log () is the inverse function to ey (z).

Theorem 4.6. log, () satisfies the same laws as for Log,(z) above.

Definition 4.10. A power function based on g-addition is defined by a;, = E,(r Log,(a)).
This power function satisfies the following laws:

Theorem 4.7.

y _ TDBqy q9 _  TOqY T _ 31T “ _q
ag =aqg "7, e ag ", (ab)y = agby, <b>q =3 (4.34)
q

By (4.20) we obtain the following addition theorems for the g-analogues of the trigono-
metric functions.
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Theorem 4.8.
Cosgy(z)Cosq(y) + Sing(x)Sing (y) = Cosq(x S4 v), (4.35)
Cosgy(z)Cosq(y) — Sing(x)Sing (y) = Cosq(x B4 v), (4.36)
Sing(z)Cosq(y) + Sing(y)Cosy(x) = Sing(z &4 y), (4.37)
Sing(z)Cosq(y) — Sing(y)Cosy(x) = Sing(z S4 ), (4.38)
cosq(z) cosg(y) + sing(x) sing(y) = cosq(z S4 y), (4.39)
cosq(z) cosg(y) — sing(x) sing(y) = cosq(z &4 y), (4.40)
sing(x)cosy(y) + sing(y) cosq(x) = sing(x By v), (4.41)
sing(z) cosy(y) — sing(y) cosq(z) = sing(z ©4 y) (4.42)

We also obtain 8 addition theorems for the g-analogues of the hyperbolic functions [108].

A g-analogue of (1.14) is given by
Theorem 4.9.

1- 1
Proof. There are two cases to consider:
1. n is even.

7 2 2k /1 2
2 2k< > 2 <— 1;q >n
LHS = 1d)n _9
=0 (L @)or(L; @) n—2k kZO (3. 1,¢®)(3,15q >%_k
k -1k
5 :L,Qk(—_n —n+1,q2>kq2<2(§)+%+(n 2) )
=2 R = RHS.
k=0 (3, 1:¢%)k
2. n is odd.
-l n=1 2k /3 2
% (5, 1; —
s =2y~ L@ e )y 2 1€ )t
= (L a2 On1-26 = <%,1,q2>k<%,1,q2>n7_1_k
k Dk
2 22k (=p | =n] q2>kq2( 2(5)+% (nz)
=2 R — RHS.
k=0 (3, 1:¢%)k

5 Generating functions and recurrences
for g-Laguerre polynomials

(4.43)

(4.44)

(4.45)

We will use the generating function technique by Rainville [76] to prove recurrences for
g-Laguerre polynomials, which are g-analogues of results in [76]. Some of these recurrences
were stated already by Moak [70]. In this paper we will be working with two different

g-Laguerre polynomials. The polynomial Lg{f‘(;,c(x) was used by Cigler [37]

a) _ — (n+a\ {n}g p2ian ko k
K =3 (%) e s
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_ N (Lo (= nqhy g 2 TR (1 g)hgh
_Z<1+a;q)k (L gk (I—q)"

= _—q1¢1 (—n; o+ 1"]7 —z(1 - Q)anraJrl) . (5.1)

()

The most common g¢-Laguerre polynomial L 4(x) is defined as follows. Except for the
notation, this definition is equivalent to [70, 51] and [94]

(@)
Ly g.c(x)
L) () = Z2a™2 (5.2)
! {n}q!
In [66] the g-Laguerre polynomial is defined as
+_1; n n+ao
D01 (cmiact dlg.—ag™ ). (53)

In the literature there are many definitions of g-Laguerre polynomials, but most of them
are related to each other by some transformation.
Consider sets o, (z) defined by

= oalx)t™ (5.4)
n=0
Let
F = E,(t)¥(xt). (5.5)
Then

DyoF = tE,(t)D,V, (5.6)
DyiF = E,()U + 2(1 — (1 — q)t) Ey(t) D, 0.

An elimination of ¥ and D,V from the above equations gives
(1= (1= q)t)DyF —tDy+F = —tF, (5.8)

and

(0.9] (0.9} o0
Zxann Zm (1 = q)Dyon—1( Z{n}qan = — Zan,l(:v)t”
n=0 n=1 n=1

By equating the coefficients of t™ we obtain the following recurrence (og(z) = const):

xDyop(z) — (1 — q)Dygon—1(x) — {n}qon(z) = —on_1(z), n> 1. (5.9)

In particular, by (5.24) we obtain the following recurrence for the g-Laguerre polynomials,
which is a g-analogue of [76, p. 134]:

2D L) (2) — a(1 — q){a+ n}y DL, (2)
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= {n} L) () = {a + n} Ly (@), (5.10)
Now let’s assume that ¥ has the formal power series expansion
= . (5.11)
n=0
Then
o0 oo n kin
VXt
Yoon@tt=> > ———, (5.12)
n=0 iz (= k!
so that
Ve
(5.13)
Z {n —k}q!

Now by the ¢-binomial theorem

Chn,gYET t"
z{c}nq% o3y

n=0 k=0
_ Z Z {C}nJrk,q'ka gt _ Z i {e+ k}ngt" {C}k,q'Yk(xt)k
{n}q! {n}q! 1
n=0 k=0 n=0 k=0
= Z{C}k e (@t)" (tq Z {Feanlat)” (5.14)

tQC+k

As a special case we get the following generating function which is a g-analogue of [48
p. 43, (73)], [76, p. 135, (13)]

{C}nq ) o0 {C}n,qqn2+om(_xt)n
Z {1+a}nq 0 {n}{1 + atn gt @etn

162(c; 1+ alg; —atg" (1 — q)||—; tq°). (5.15)

1
~ ().
Consider the important case ¢ = 1+ « in (5.15). This is equivalent to [70, p. 29 4.17],
[6, p. 132 4.2], [49, p. 120 11']. Call the RHS F(z,t,q, ). By computing the g-difference
of F(z,t,q,«) with respect to  we obtain

Dy.F = —tq" " F(qu,t,q,a + 1). (5.16)

Equating coefficients of ¢, we obtain the following recurrence relation which is a g-analogue
of [76, p. 203]. Also compare with [66, p. 109, 3.21.8] and [68, p. 79]

D L) () = —g" LI (2g). (5.17)

By computing the g¢-difference of F(z,t,q,a) with respect to t and equating coefficients
of t", we obtain

a+1 T a+1
L£L+1,3 (E) - L1(1+1,q) (z)

{n+ 1L (@) = {o+ 1} LD (@) + -

(5.18)
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Proof.

O n?4na n n—1 n
—x t: t —t"D t; +14n
Dq7t F § q ( ) (( 7Q)a+1+n{n}q q( Q)Oé 1 )

0 (tQ; Q)a+1+n(t; C_I)a—i-l—i-n{n}q!
I Ve L NS (YW R (R R WIS

= (tq; Qat14n(t; Qat1+n{n}y!
Sy 5 1)

(t; Dat2+ninty!
_ st o g(at)t | gt (o)
(t; Qata+n{nty! = (L Qar2n{n}y!
2

o qn2+na+n{a+ 1}q(_xt)n 1 > q" +na+n( a:t) (— — 1)

= +
=0 (t; @)a+2+n{nty! t(1—q) nz_o (t; @)at2tn{nkq!
- 1 & x

_ n +1 n—1 +1 —+1

— ;t {o+ 1} LD (@) + 1—_(1;75 (Lieerb) <E> — L (@)

- n «a 1 > n o A a
= "t {a+ 1}, L (@) + i Sty <5> LN (). (5.19)
n=>0

n=0

Equating coefficients of t" we are done. |

The last equation can be expressed as
{n+ UL o (2) = {a + 1}, L (2) — wg LG (@), (5.20)

Furthermore, the relation (1 —t)F(x,t,q,a+1) = F(x,tq, q,«) yields the following mixed
recurrence relation, which was already stated in [70, p. 29 4.12]:

L (z) — LD ) = n L@ (). (5.21)

n,q n,q

By the g-binomial theorem we obtain the following equation, which is a generalization of
[70, p. 29 4.10] and which is a g-analogue of [76, p. 209], [6, p. 131 3.16], [49, p. 130 38]

L) (@) =Z< i §>k> LY, (@)@ a pec. (5.22)
k=0 !

qn2+cm(_$t)n 1 o qn2+ﬁn(_xt)nq(aa3)n

ntq !<t‘ q)1+a+n a (t; )af {n}q!<tqa_ﬂ?q)1+ﬁ+n

i
Mgm
—~

Equating coefficients of t" we are done. |
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By (5.21) and (5.17) the following important recurrence obtains:

Dy (L) (x) — L, () = —q"+* LY, (xq). (5.23)

n 1q

The following generating function can also be found in [66, p. 109, 3.21.13]. It is
a g-analogue of [48, p. 43, (73")], [76, p. 130], [49, p. 121 12/]

(a)
Z {Ii + a}nq = E4(t)odr (—§ 1+ Oé|q,q1+a(1 — q)Q(_xt))

=Ty(1+ a)(at) 3 Ey(1)J2 (201 - g)Vakiq) (5.24)

Proof. Let ¢ — oo in (5.15). [

Remark 5.1. Another similar generating function is obtained by letting t — ¢~ ¢, ¢ —

—o0 in (5.15). These limits are g-analogues of an idea used by Feldheim [48, p. 43|, which
is not mentioned by Rainville.

Making use of the decomposition of a series into even and odd parts from [90, p. 200,
208], we can rewrite (5.24) in the form

oo La) t2n oo L(a

Z 2nq 91,9 (T tzn ()[¢< 1+«
{1—|—a}2nq {1+a}q < 2+ atang 0T 2

1—i—a 2+« 2—|—a 1 1~
) ) a ‘q q4+20¢<1_
2 2 2 '2'92’

4,242 | _ g"t (1 = g)ut
1 J— q1+0(

% o _2+a 2Ta 3+« STQ3§~
07 9 T2 T2 T2 22

and replacing ¢ in (5.25) by it, we obtain

an tz) 1t > L;?fb)-‘rl q( )(_t2)n
Z {1+a}2nq {1"‘0‘}11712:0 {2+ ajong

14+« 1+a 2+« 2+a11
2 7 2 7 92 7 2 9279

a1

— (Clos, (1) + iSing (£) )odr (

1+o
o g (1 —q)xt . .
S - q)4$2t2> t T e E q1+a) (Sing(t) — iCosq(t))

2+C¥ 2/4\-/0( 3+OZ 3/;/@ 3 §~ 8+2 4 2,2
—; = 1g, —¢®T (1 — . (5.26
X0¢7< 9 9 9 9 979’ |Q> q ( Q) x ( )

Next equate real and imaginary parts from both sides to arrive at the generating functions

(—t2)" l4+a 14+a 2+a 2+a 1
2nq _ C ¢ . -
{1 +a}2nq OS‘I( )0¢7< ) 92 9 2 ) 92 ) 92 ) 27
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1~ 442 4,2,2 ¢"t(1 = q)at
§,l\q, —q" (1 —g) 2ttt ) + Wqu(t)

2+« 2—|—a 3+« 3+ 33~
X 0¢7 < ) 5 5?1‘% _q8+20¢(1 - Q)4$2t2> (527)

2 7 2 7 27
and
iLgn)Hq( ) (—t*)" {1+a}q31nq() b7 [ — 1+a I4a 2+«
{24 alang 2 2
2+a 11~ 442 422 7
— _ JFCV t +a
2 72727 |q7 q COS()
24+a 2+a 3+a 3+a 3 3 ~ 842 4 2.0
=, =, 1q, =g (1 — 2. 2
XO(Z)'?( 2 5 2 ; 2 ) 2 2727 ‘(L q ( q).’l? (5 8)

The following generating function is a g-analogue of [48, p. 43, (747)], [27, p. 399], [49,
p. 120 11]

}:yan gBme— T <1, o] < L (5.29)
- —a
Proof.

ZL(a n) ) na
*(§)+k2+k‘a(1

:Ztnq Z (I+a—nqn(-nq)kq -~z
= P 1+a—nq>ﬂmm (1 q)n

oo o0
_ Z Z tn+kqn +2nk+2k 7n7k—(n+k)0¢

n=0 k=0

k

—(§)+k2+ko¢(1 k

<1+a*n*k§q>n+k<*n*k;q>kq *Q)kl‘
<1—|—a—n—k;-q>k< )k 1 s
= n+k 2k —nk =k —na <1 +a—n;qhn k1 — g\ ik
nZOkZot gt Y (5.30)
B (—at)

_oon_ )noo . ktq()_ %
_ngot( v gl v el e "

"k:O

6 Product expansions

The theory of commutative ordinary differential operators was first explored in depth
by Burchnall and Chaundy [22, 23, 24]. This technique was then used to find differential
equations for hypergeometric functions in many papers, e.g. [25]. Some similar g-analogues
of these results already exist in the literature, and we will prove five ¢g-product expansions
starting with a g-analogue of Carlitz’ result [26, p. 220].
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Theorem 6.1. Let € denote the operator which maps f(z) to f(qx). Then

L%?‘g,c(x) = H (qka:qu_l — pgFtel 4 {a+ k}q>
k=3

x (qgrDy — 2¢* T + {a + 2}q) (zDg — zqg T+ {a + 1}q) 1, (6.1)
where the number of factors to the right is n.

Proof. The theorem is true for n = 0. Also we find that it’s true for n = 1,2. Assume
that it is true for n — 1, n > 3. Then we must prove that

z": (14 0 q)n (—n; g g~ (TR Hhntak () _ gykgh

= (1+ogr (L (1—g
— (qnxqu—l - :L,q2n+a—1 + {a + n}q)
-1 K2k
y nz: (I4+a;q)na (1 —nqrg = (1 — g)ha? 62)
— (I+aqk  (Ligh (1—gqn!
A calculation shows that
n—1 K2k 4 kntak ko k
RES = S T @ )n (1 —15g)r g > (1—-qz
= lt+agr (Lo (1—g
—1 K2k _
- n <1 +a; q>n_1 <1 —n; q>k q 2 +kn+akq2n+a 1(1 _ q)kmk—i-l
= (lt+ogr Lok (1 =gt
-1 K2k _
N qn" I+ osqn 1 (I—nqrq z % gF(1 - g)Fa® (6.3)
— (1t+oiqe (L (1—q)
Finally, we must prove that
1 — qn+a 1— qfn - qik(l _ qn+a) 1— qkfn N qank(l _ qkfn) okt (6 4)
1_qk+a 1_qk - 1_qoz+k 1_qk 1_qa+k ’ :
which is easily checked. |

The following theorem, which is a g-analogue of [75, p. 374 (2)], [100, p. 5 (31)] is proved
in a similar way.

Theorem 6.2.
L) (x) = Ey(z) [[(d" 2Dy + {a + k}g) Eg(—2). (6.5)
k=1

Proof. The theorem is true for n = 0. Assume that it is true for n — 1. Then we must
prove that

Xni (14 05 q) (s q)g, g~ I FRIFRmbak (g gk
(I+asqr (L (I—qm

k=0
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= E1(2)(¢"T 2Dy + {a +n}y)

n (5 " “
N (L esqa (ot Lig g DTV gt
< (I+oqe (Lo =g q

| I

i

A calculation shows that

n—1 ) . —(®)+k24k(n—1)+ak k..k
I+ q)n-1(-n+1qrq ()+ (1—q)'x
RHS = Ei(z)|{a+n
@) }qkzzo I+aqr (Lo (1—gnt
n— —(* n— @ —
. z:l (14 0 q)n_1 (—n+ 15q)g g~ GIFF ROk )by ghyph=1
— (I+tage (L (1—-q)
_ k
Z 1 + o; q n—1 < n -+ 1;Q>k q—(2)+k2+kn+ak(1 - Q)kxk E (—.’l?) (67)
o (I+aiqk  (Lgk (1—gq)"! !

We must prove that

2 .
1— qn-i-oc <_n; q>k q%+%+kn+ak(1 _ q)k

I+oqe (L (1—gq)"
2 4
_ 1— qn—I—a <1 _ n;C_I)k q%ngrknJrak(l _ q)k:
I+oqe (L (1=qm
L (I -migkg b rhntak(1 gy (1 — )F
(I+aqr Lk (1—gq)"
qn+a <1 —n: q>k 1 q 2 - +Im n+ak— a(l _ q)k (6 8)
I+tagr-1 (L@ (1—q) ’ '
which implies that
1— qn+a 1— q—n B q—k(l _ qn-i-a) 1— qkz—n qn-l—a—k(l _ qk—n) L (6 9)
1_qk+a 1_qk - 1_qa+k 1_qk 1_qa+k 7 )
which is easily checked. |
The following theorem is a g-analogue of Chatterjea [30, p. 286 (k = 1)].
Theorem 6.3.
L) o) = 2 By (2)(Dy)" (2° " By(~x)). (6.10)
Proof. Just use Leibniz’ rule for the n:th g-difference of a product of functions. |

The following theorem is a g-analogue of Chak [29], see also Chatterjea [33].

Theorem 6.4.

n7q7c

L) () = x—a—n—lE% (2)(2®Dy)" (2 Ey(—x)). (6.11)
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Proof. The theorem is true for n = 0. Assume that it is true for n — 1. Then we must
prove that

z”: (1+ @5 ) (=3 g ¢ TR (1 — g)fgh g, ()22
(o (L (1- q>n - g
14 05 @t (= + 1 g g2 R Dvak (1 _ )k tatn
X qu s q” Tl AT E (—z). (6.12)
A calculation shows that
(L asgu {(=n+ Liq)
RHS — Z ;4)n—1 34k
— (ltoighe (Lo
k2+k+k(n—1)+ak k..
q > (1-q)"
X A—g {k+a+n},(14+(1-q)x)—2)
— <1+Q;Q>n _ < n+1; Q>n 1(]”2 n 4 n? +anxn
(1—q) (L3 q)n—1
1 1: Ak g fp— k+ock k
+ Z +a;q)n-1 < n+ q>7€ q =i (1— qk+a+n) (6.13)
l+agr (Lo (1 —q)"
— 14+ o B 7’L—|—1 = +kn+akxk
_ Z 19)n 4q)k— 1(1 — LHS n
= (+o q>k— Ligk—1r  (Q—gq* '

The following theorem is a g-analogue of Chatterjea [31] and a generalization of (6.11).

Theorem 6.5.

L) (2) =27 FE, (2) ({1 —k}qx + ql_kaDq)n (xR B, (—x)). (6.14)

n7q7c

We will now prove a couple of bilinear generating formulae for ¢-Laguerre polynomials.
There is much more to be proved as can be seen from the corresponding hypergeometric
identities in [90, p. 133-135, 245 (18)] and from the paper [65, p. 427, 430-431]. With the
help of (6.11) we can prove a g-analogue of Chatterjea [33, p. 57].

Theorem 6.6.

D A} LT (@) L (y)e
n=0

r+a+s+p8

0 T+S TS
= Fi(z)E1(y) Z D)ty o) <oo, ra,sﬁ;|q,%>. (6.15)

3%0
2 e !

LHS_Z {n}q % 2Dq, )z nHE( )y7ﬁ71
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X B1(y)(y* Day)"y" " By(—y)t" = Ex () Ex ()™ "1y~

Q=
Q=

Z{n}q (@0)" (yf)" a7y () By ()

=By (“")Eé( Ty 12 {n} (201)" (y62)" 3 (_?wa—nﬂ
a r=0 q-
X Z {s}q ﬁ-l—s n+l _ E% (ZZ?)E% (y)$—a—1y—ﬁ—1
x Z {n}q! Z ({;;3: {r+a—n+1}, 2> (6.16)
> - S -n frstl — By (2)EL 3 M
x;) et B g™ = By )Eq(y)gzjo ORI
i (—r —a,—s — 3 q>"q—2(3)+n(a+r+ﬁ+s)tn RS, .

ST g )"

By the same method, we can find a g-analogue of a bilinear generating formula for Laguerre
polynomials of Chatterjea [32, p. 88].

Theorem 6.7.

— (LY Dn(@yt)™ (o) (B
7;) <a +1 /3 4 1. q>nLn,q(x)Ln,q(y) = E% (.’L‘)E% (y)
r+s rys
3 et b LB b e L ). (617
155’

r,s=0

Proof.

o0

_ (Lyighn 277! 2D, Vgt (.
M5 = 2 Gt L+ g (G s () o) )

Xy EL () (5P D))"y By ()" = Ea () By () y !

3 <177;q>ntn n = (_1)T a+r n = (_1)5 s
x§<a+ 1,8+ 1;Q)n({n}q1)2(9391) ; T 2oL (yB,) SZ:% {S_}q!y6+ +1
= Lilx 1 S <17’Y;Q>nt” > (_1)T+S$n+ryn+s
_ Ea( )Eg (y) 7;) (a+1,8+1;¢)n({n}y))? r;o WIS
e T8 175

X Ar+at Tugls + 04 g = E1(2)E1(y) > ({:}?T}y (6.18)
r,s=0 q* q:

XZ ot r Lo L gty = R, n

(La+1,84+1;9),

Put v =+ 1 in (6.17) to obtain
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Theorem 6.8.

- (1;q)nt" () 8) y)*
2t ple) ()L = Ei(y
nzo<0‘+1?q>n ol hnalv) = B3 {07 q)p+1 Z{S} (tg 1 q)s
X 162 (6 + s+ 1La+1|g,—xt(l — Q)qlm\l—;tqﬂ““) . (6.19)
Proof.
= (1 q)nt" (@) B) (N _ o~ (—1)rtearys
7;) ot 1) O nav) = By (2) By () gzjo (Y {s}q!
oo ( 1)r+sxrys
1 La+l — Ei(2)E A N
xop1(a+r+1,8+s+1;a+1|gt) %(m) %(y)r;O AW
1
X mg(/ﬁg(ﬂ +s+1,—r;a+ 1|q,tqa+r+1\|—;tqﬁ+s+1)
 (—a2)"
—E
HPE tqﬁﬂz{s}q e 2
X 202(B+ s+ 1, —rya + 1]g, tq* T | = tg" ) = Ei()E1(y)
1 N (—2) = (B s+ 1 1)k
(t;q)g+1 SZ {s}q!( q’8+1 Q)s Z {rkq! ; (La+1ig)
0k ()+k(a+r+1)
VR il Ei( Z _ (6.20)
(tgBtst1 @) a t 1)1 = {s}!( qﬁ+ Q)s
— (B+ s+ Lq)p(—1)" (xt)k (1—Q)qu *’m
x — RHS. u
kzzo (La+15q) (tgPtstt; )y

Put f = aand 7 = a+1in (6.17) to obtain the following g-analogue of the Hardy—Hille
formula

Theorem 6.9.

= <1; q>ntn [ (67
D ot L @i
n=0 !

_B@EW) Xy (ca)r (1 gyttt

. 6.21
(Gt 2y bl (73l (Lot Lt @)rsmirs (6:21)
Proof
Zoo LOnt" 1 (@)@
o L (07
0 ( 1)7‘+S rys
=F E E - 1 1: 1
%(1") %(y) {T}q'{s}q' 2(]51(0(4-1"—{— ya+s+ La+ 7|Qat)

r,s=0
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o r—i—srs
— BBy 3 Y

{T}q!{S}Q‘ (t; Q)a+r+s+1
Eé(ﬂ?)E%(y) o (—z2)"
(t@)atr = {r}el(ta* s q)y

r,s=0

X Qd)l(_rv —S + 17 |Q7 tqa+T+8+1) -

X

S (—y)s

$q)s
El( ) (—y
B TZ{T} tq‘v+ L Z o 15+ R} g5 q) sy

t q a+1
E% B & (ay

)s+k

<_S —k,—r; q>ktk (atr+s+1)k+k? —

(La+ 1) (tQat1 = {rke!(ta™ T q)r
y 00 ( )S(yt)k(l )s+k< .q> q(a—f—r)k-i-%—i—% (6 22)
G20 (Las(lat Lar(te T g)er, '
_BORD S o g et .
(G @atr = {ste! {r}e! (La+ 1Lkt @)rrorts
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