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What are elliptic functions?

They are complex functions with two independent periods.

Definition

An elliptic function is a meromorphic function f defined on C for
which there exist two non-zero complex numbers wq,ws such

that
f(u+wy) = f(u+w2) = f(u) forallueC

where wq/wsp ¢ R.

@ The field of elliptic functions with respect to given periods is
generated by a Weierstrass p-function and its derivative ¢’.
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The Weierstrass g-function

Definition
We define the Weierstrass p-function with a complex variable u
and a pair of complex periods wq, wo.

/

1 1 1
Uiwi,we) = — + =
p( ) u2 ;,n (U — Mwy — nW2)2 (m(,U1 + nw2)2

where ’ implies that terms with zero denominators are omitted.

V.

Define the period lattice, A with points Ay, p = mwy + Nw,. Then

!
p(U;wi,w) = (U A) = U2+ [(U— Amn) 2 = A7)
m.n

Matthew England The Higher Genus Generalisations of Elliptic Function Theory



Elliptic Function Theory Elliptic Functions
The Weierstrass Elliptic Function
The Weierstrass Sigma Function

How the e-function parameterises an elliptic curve

An elliptic curve is a non-singular algebraic curve with equation
yv2’=x3+ax+b

@ Let g» and g5 be the elliptic invariants defined as below.

92 =60 Z:n,n A%?n g3 =140 Z;n,n A’;?”' ()

The Differential Equation
Then [0/ (U)]? = 4p(u)® — gop(u) — g5

@ So the solution to [y']? = 4y° — goy — gais y = p(u + a),
providing that there are numbers w1, w» Which satisfy (x).

= The p-function is said to parameterise an elliptic curve
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Properties of the p-function

The Second Derivative
Differentiating gives

¢ (u) = Bp(u)® — 392

@ We see that p(u) can be defined by

u =

p(u) dx B /@ dx
o VA3 —gox—g3 S ¥

Addition Formula
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Elliptic curve addition

This relates to the addition law for points on an elliptic curve.

Given two points P1 and P2:
B 1. Find the straight line
connecting them.

2. Calculate the third point of
intersection P3'.

m

3. Reflect to find PS3.

- Define the addition law as
P1+P2=P3

Points on an elliptic curve (along with an extra point, co) form
an abelian group.
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The Weierstrass o-function

We can also associate a o-function to the lattice A. It satisfies

d2
p(u) = =5 o), o(u) = o(u.A).

@ The o-function has a power series expansion

1
_ o 5 7 2,9
o(U) = U= 540928 ~ 209" ~ {g72g0%2Y

The addition formula for o(u)

At
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(n,s)-curves and the genus

@ Define an (n, s)-curve as an algebraic curve with equation
Y= x5 4+ A1 X5+ L+ XX+ Ao

where n < s and n, s coprime.
@ This will define a surface with genus g = (n—1)(s — 1)

The genus is roughly thought of as the number of 'holes’ in a
surface.
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Hyperelliptic curves

Definition
A hyperelliptic curve is of the form y? = f(x) where f(x) is a
polynomial of degree s > 4, with s distinct roots.

The simplest example is the (2,5)-curve, with g = 2
C: y2 = X5+)\4X4+)\3X3+/\2X2+>\1X+)\0

Now, o & p are functions of two variables & a period matrix M:

o=o(u;M), u=(uy, )
where
(x1,¥1) dx (x2,¥2) de
t :/ - uz :/ -
y y

for two variable points (x;, y;) on C.
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Hyperelliptic p-functions

There are now three possibilities for the p-function

pg:—ilna(u), i<je{1,2} 0= P11
8U,‘8Uj

Baker found a hyperelliptic addition formula:

U(uU?U‘)IgZE:)Z v) = poo(U)p21(V)—p21(U)p22(V)—p11(u)+p11(V)

We now extend the new notation to consider higher derivatives

N o*
i« =—————1Inc(u =
Pk 8u,-8u,-8uk J( )7 Wik 8u,-8uj8uk6u/
i<j<k<le{1,2} ¢ =pi 9" = 1111
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PDEs for the hyperelliptic case

Baker found other generalisations of the elliptic results:

@ Equations for the 10 possible pjjk - imn in terms of pgr
starting with

0500 = Ap3p + 4p12022 + 411 + a3 + A2
P1220220 = 45012 + Aapoop12 + 205,
— 2011022 + 3A3P22 + M
@ Equations for the five possible ;i in terms of the
starting with

2002 = 655 + 3 A3 + Mapzo + 412
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Trigonal curves

@ Next consider the trigonal curves. The simplest example is
the (3,4)-curve which has genus 3.

C:y3=x*+ 23x3 + Xox? + Mx + Ao

@ We define the g-functions as in the hyperelliptic case, but
now u = (uy, Us, U3), SO there are six possible p-functions.

@ In the 1990s the first 4-index PDE was found

3333 = B33 — 3p20

@ Later, an expansion of the o-function was calculated, which
helped find the other PDEs and addition formula.
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Sato Weights

For every (n, s)-curve we can define a set of weights that
render all equations homogeneous. These are defined using
the Weierstrass Sequence for (n,s) and are labelled the Sato
Weights. For the (3, 4) curve they are given by

Variable | x y Uy U U3 A3 X A X
Weight | -3 -4 5 2 1 -3 -6 -9 —-12

e.dg. The equation defining the curve has weight -12

o= x4+ + X+ Mx 4+ Ao
—-12 —-12 -3,-9 —6,—6 -9,-3 —-12
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Sigma expansion

Consider the value of o(u; ;) when all A\; = 0. This is shown to
be the Schur-Weierstrass polynomial generated by (n, s).

2 1,5
SW374 = Uy — Ugls + 55U3

So the sigma expansion will have weight 5. Write it in the form
o(uq, Uz, u3) = Cs + Cg + Cy1 + Ci4 + Cy7

where Cs. 3, has weight (5 + 3n) in the u; and —3nin the \;.
To find the C; we
@ |Identify the possible terms — those with correct weight.
© Form the sigma function with unidentified coefficients.
© Determine coefficients by satisfying known properties.
We are able to find the sigma expansions starting with

1 1,2,3
Cs = (gpU5U2 — 3U5U3) A3
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Addition formula

Using the method of undetermined coefficients and the
o-expansion we find the addition formula for the (3,4)-curve

ou+v)o(u—v)
a(u)?a(v)?
— p12(U)p23(V) + p13(V)p22(U) — p13(U)p22(V)
+ 3 [Qua33() 033 (V) — Qiaas(V)pas(u)]
where Qix = wik — 2(piioK + Pikej + Qi)

= p11(V) — p11(U) + p12(V)p23(u)

A second addition formula was discovered, which has no
ananlogue in the elliptic case.
o(U+V)o(u + [¢]v)o(u + [£3]v)
a(u)da(v)3

= R(u,v) + R(v,u)

where €3 = 1
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Higher Genus Curves and Future Work

@ A similar approach worked on the (3,5)-curve (g = 4).

@ A new result has been found in the Equianharmonic Elliptic
Case (when g» = 0)

g g g 2
i =@ ) =

@ Methods are being developed for the General Trigonal
(3,4)-curve:

Y2+ (11X + 114)y? + (u2X® + psX + pig)y
= x* + ugx® + peX® + poX + pi12

@ Work has commenced on the genus 6 cases
— (4,5) and (3,7)-curves
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