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Abstract

In this paper, we derive some generalizations of ¢-Stirling and g-harmonic
numbers. Recurrence relations, generating functions, explicit formulae, and a
connection between these numbers are given. Moreover, some important special
cases and new combinatorial identities are obtained. Finally, matrix
representation using Maple is given.

1. Introduction
The generalized Stirling numbers of first and second kind,

respectively, were introduced by Comtet [6] with

n

(t; @), = Zsa(n, k), (1.1)

k=0

where s5(0, 0) =1 and sg(n, k) = 0 for £ > n, and
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t" = > Sgln, k) @), (1.2)
k=0

where S4(0,0) =1, Sg(n, k) =0 for £ > n, a = (ag, oy, ==+, 0,_1 ), and

o), =@-og)(t-—ay)(-o,q)

Through this article, we use the following notations, see [4], [5], and

[9].

Let 0 <q <1,t be a real number and n be a positive integer. The
. . 1- qt
g-number is defined by [t], =

1-q

and g-factorial of ¢ is given by

[t]g!=[tllt —1lg, - [y £ =1,2, . (1.3)

The falling and rising factorial of the g-number [t]q of order n are

defined, respectively, by
[t]q = [tlglt —1]g - [t = n + 1], (1.4)
and
[tl.q = [tlglt +1]g - [t + n —1],. (1.5)
Generally, we have the following definition:

Definition 1.1. Let the generalized falling and rising factorial of

g-number [t], of order n, associated with the sequence o = (ag, o, -+,

a,_1) be defined, respectively, by

[t &y g = [t —oolglt —only [t = analy
and

[t oz q = [t +aglglt + anlq - [t + apq ]y

The g-Vandermond’s formula may be expressed as

kg (1.6)

et tlng = D O], ]
k=0
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In Section 2, we derive generalization of some results given in [3],
[10], and [5], and study the generalized g¢-Stirling numbers, may be called
qg-Comtet numbers, of first and second kind and its relationships with
other types of Stirling numbers. Also, in Section 3, we define generalized
non-central ¢-Stirling numbers of first and second kind. Moreover, we
give a generalization of the g-harmonic numbers and obtain some of their
connections with the generalized g¢-Stirling numbers. Furthermore, some
special cases, explicit formula of these numbers and some combinatorial
identities are derived. In Section 4, algorithms matrix representation of
these numbers are given by using Maple program.

2. The Generalized ¢-Stirling Numbers
of First and Second Kind

Since

[t; a]Q,q = [t —Qp ]q[t - OLl]q [t - an—l]q

= 4 ([t~ Too g Ja ™ (g [aa 1)+ (]~ ot 1 1)

— Z_: o n-1
=q 90 H([t]q_ [ai]q)-
1=0
This is a polynomial of degree n of the g-number [t], and its coefficients
is given by [a;]s i=0,1,--,n-1. Thus, we have the following

definition:
Definition 2.1. Let s, 5(n, k) and S, 5(n, k) be the generalized

q-Stirling numbers of first and second kind, associated with sequence
o = (ag, aj, -, a,_1), which we call g-Comtet numbers, are defined,

respectively, by

n-1
I T
[t @pg =a 0 D sqaln, B, 2.1)

k=0

where s, 5(0, 0) = 1, s, (n, k) = 0 for & > n, and
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k-1
2, o

11y =D a0 Sg.an B)E Tgq 2.2)
k=0

where S, 5(0, 0) =1 and S, g(n, k) = 0 for k > n.

Theorem 2.1. The numbers s, g(n, k) and S, g(n, k) satisfy the

recurrence relations
sqa(n+1,k) =5, g(n, k=1)—[ay, 1484 (n k), (2.3)
and
Sqa(n+1, k) =8, g(n, k=1)+[ay],S, a(n, k). (2.4)
Proof. Since [t; 0,41 4 = [t; &, o[t —ap ]g =a " ([tlg— [0ty 1)t @ g

then using (2.1)

n-1

,i a; ntl - % &
q 0 qu’a(n +1, k)[t]’; =q " ([tlg-[anlgla =0 qu,a(n: k)[t]S
#=0 k=0

n
z o n+1

= Z(S%a(n’ k=1)~[ay 1454, (n R)E]E.
£=0

Equating the coefficients of [t]]; on both sides yields (2.3).
Similarly, the proof of (2.4) easily can be given. O

We discuss the following interesting special cases:
() If a; =i,i =(0,1,--,n—1), then (2.1) and (2.2), respectively,
give
0.7 B) = 540, B), 25)

where s, (n, k) are g-Stirling numbers of first kind, see [4], and

S, 7 (n. k) = Sy(n. k), (2.6)
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where S, (n, k) are g-Stirling numbers of second kind, see [4].

(i) If a; =r+1i,i =(0,1, -, n—1), then (2.1) and (2.2), respecti-

vely, give

Sq,r_HT(nﬁ k) = gq(nv k7 l"), (27)
and

Sy.rei(n k) = 84(n, ks 1), (2.8)

where 5,(n, k; r) and §q (n, k; r) are non-central ¢-Stirling numbers of

first and second kind, see [5], are defined, respectively, by
3)-mg K
[t -r]nq =q qu(n, ks r)ltlg
k=0
and
3 ks
[t]g= Zq Sy(n, ks r)[t = 7]g. 4
k=0

(i) If a; =i, A = (0, A, -, AM(n—1)), then (2.1) and (2.2),

respectively, give

n
S9.20 (1 1) = D Ry(n, ks M)sy(k, 0), 2.9)
k=t
and
n
Sq(n, £) = ZRq(k’ 6 M)s, 5 (n, k), (2.10)
k=t

where Rq(n, k; 1) are the generalized g-factorial coefficients, see [4],

defined by

[tl}"]g,q = qk(Z)Zq(S)Rq(n’ k; 7‘) [t]k,q'
k=0
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In (2.1), replacing ¢ by q_1 and ¢ by -t and notice that

[_1]2[—15; a]E’(f1= [¢; a]ﬁ,q, we obtain

n-1
> o4 L
— = k
6l = [Ga ™ Y s 0 Y,
k=0
n-1
2, o L

= ¢ s (n BTG

n-1

2 o L k
=q'=° ;lsq‘l,a(n’ 0
g

where |sq_1,a(n, k) = [—l]g_ksq_l,a(n, k), which are called the signless

generalized q-Stirling numbers of first kind.
Let

sa = (sog, saq, =+, S0,_1),

and since [s]g [t; a]n o [st; sa], 4, using (2.1), we have

n-1 n-1
—SZ a; n k —SZ a; n &
lga =0 D s o (n DL =0 50 sy e R[5t
k=0 k=0
n-1
—sz a; 1 P
=q 0 qu,sa(n, k) [S]q[t]qs‘

k=0

Equating the coefficients of [t]* . on both sides yields
q

sq,50(n k) = [s15*s s _(n. k). (2.11)
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Theorem 2.2. The numbers s, 5(n, k) and S, g(n, k), respectively,

have the explicit formulas

spam b= Y 1)"-k[°‘0u°‘1L ---[‘?‘n-lL, @.12)

o Sk o gLt In-1
and
a; o4 Ojo i et
Sqaln k)= L o } [ﬁ*,‘l} { ot ”n-l} . (213)
on=k lq hlq -1 g
where 6, =1y +iy ++1,1,i €{0,1}, and £ =0,1, -, n—1.

Proof. Setting £ = 0 in (2.12),

Sq,a(”’ 0) = (_ 1)n[0”0 ]q[al ]q [an—l ]q’
that is easily verified by using (2.3).

If i, ; < {0, 1}, then

Sq.a(m k) = (_1)<n—1)—<k—1)[°}o} {0.‘1} [anz}
! Gn_l(l’LZI:)(kl) o lglh dg In-2 lq

el Y (_1)(n_1)_k{aoual}q___{an_zL,

o1 1) o lglindg Lin-z
hence
sq,a(n k) =54 g(n =1, k=1) = [a,_1]454 a(n -1, k),
this by virtue of (2.3) completes the proof of (2.12).

Also, the proof of (2.13) is given as follows:

Setting & = 0 in (2.13),

Suate, 0 =[P [7], 7], ~toolt

that is easily verified by using (2.4).
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If i,,_; € {0, 1}, then

Sy.a(n, k) = Z [Otk]q|: %o } {aioﬁl} "-[aiwiﬁmﬂn‘ﬂ
1 q l—ll q q

ok ) 1-1, 9
. Z Loiioi } ﬁiojiil} [aiofi::..nn_ﬂ ’
opo1=k-1 0l1q 1lq n-2  lq
hence
Sgan, k) =8, g(n-1,k-1)+[a,],S,am -1, k),
this by virtue of (2.4) completes the proof of (2.13). O

3. The Generalized Non-Central ¢-Stirling
Numbers of First and Second Kind

Definition 3.1. Let s,(n, k, r;a) and Sy(n, k, r; @) be the
generalized non-central ¢-Stirling numbers of first and second kind,
associated with the sequence o = (ag, o, -+, a,_1), are defined,

respectively, by

n-1
—Z o;—rn N L
-7 @lng =a 0 D sgln ks @) (3.1)
k=0

where 5,(0, 0, 7; @) =1 and s,(n, k, r; @) = 0 for n < k, and

k-1
n rk+ Z o;
t]g = Zq =0 S,(n, k, r; @[t —1; @l g (3.2)
£=0

where S, (0, 0, 7; @) =1 and Sy (n, k, r; @) = 0 for n < k.

Remark 3.1. If r =0, the generalized non-central g¢-Stirling

numbers of first kind can be represented in terms of the generalized
q-Stirling numbers of the first kind as the follows: Using (2.1) and (3.1),

we have
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7nilai n
[t -r; a]g,q =q =0 qu,a(n, k)t - r]];
k=0
n-1
_‘Z AN —-rk k
=q =9 qu,&(n’ k)q ([t]q_ [r]q)
k=0
Z a;-rk k h . )
Zq T st (0,
=0
thus,
5 -5
Y g @ =YY e,
j=0 j=0 k=j J
hence, we get
sq(n, j, @) = qu,a(n, k) (- l)k_jqr(n_k)(];j [r]];_j. (3.3)

k=j

Lemma 3.1. The numbers s,(n, k, r; @) and S,(n, k, r; o) satisfy

the recurrence relations

sgn+1, k, 15 0) = 54(n, k=1, 15 @) = [r + o, ]g8,(n, &, 15 @), (3.4)
where s,(n, 0, r; o) = (- 1)*[r+ og lglr +oq ]y [r+o, ]q, and
Sy(n+1, k, r;a)=8Sy(n, k=1, 1 a)+[r+ay],S,(n, &k, r; ). (3.5)

The proof is left.
Theorem 3.1. The numbers Sq (n, k, r; @) have the explicit formula
sq(n, k, r; o) = Z (- 1)”7k[r+cx0]f;1[r+al]flz~--[r+an,l]é”,
l1+lo+-+lp=n—Fk
(3.6)

where (; € {0,1},i=0,1, -, n—1.
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Proof. Setting £ = 0 in (3.6), then

sq(n, 0, r; a) = Z (_l)n[r+OLO]q[r"'al]q"'[r""anfl]q
li+lo+-+ly=n

= (_1)n[r + OLO]q[r + OLl]q [I” 0,1 ]q,
that is verified by successive application of (3.4).
For 7, € {0, 1}, we get

sq(n, k, r; @) =
[1+f2+~--+fn,1=(n—1)—(k—1)

CDED L g 4o J2 [ o]

+ (_ 1)[7‘ + 0'vn—l]q
(1 +lg++lpy_1=(n-1)-F

L L T R A L

this leads to
sq(n, kyrya) =sy(n -1 k=17 a)=[r+o,q]4s,(n -1, k, 1; o).
By virtue of (3.5), this completes the proof. O
Definition 3.2. Let the generalized g-harmonic numbers of order £,

associated with sequence o = (o, o, -+, ,,_1), or briefly are called

multiparameter g-harmonic numbers be defined by

n-1

H)(r; @) Z 3.7

[r+oc

\‘

Theorem 3.2. The numbers s, (n, k, r; o) can be expressed as

sq(n, by ry @) = (=1)"[r; alz 4
(14209 +-+k(} =k

X

VY 38

enﬁw+%%f1V#Mani
i
=1
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Proof. Since

[t_r; a]Q,q = [t _r_OLO]q[t _r_al]q"'[t _r_(xn—l]q
=g (g [+ wo]g)a e

< ([t~ r +ayly) ¢ U (el = [r + apy]y)

n-1

mfusd

= V'l @lrge 0 gu Tyl
—rn—nz_:l(xi n-1
= (_l)n [; a]om qq =0 exp (ZIOg(l [r _E ](;I ] )
j=0 J4q

— nr..<l_ i=0' S 1 [tZIn
= (-1)"[r; alz, 49 exp (— Z ) —mT)

RUEDITY
= (-1)"[r; E]ﬁ’qq =0 exp (- ZH (r —) )
then
—r'n—nilai 00
t-raly, =g Y

k=001+209+ --+klp=k

RV i @

. i
NG R lﬁ[[HS)q(r; @] ot
i=1

from (2.11), this leads to

n o0

qu(n, k, 1 &)[t]];' =

k=0 k=001+20g++klp=Fk i=1

(_ 1)(f‘1+€2+~~~+1’,k

Equating the coefficients of [t] ]; on both sides, yields (3.8).

k @) (. =\’
H; g (r; o) &
INYP IS H[ i g

43
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Special cases:

() If putting o; = J, j=(0,1,--,n—1) in (3.8) gives

sq(n, ks, i)= 84(n, k; 1)

00t y!
014209+ -+k(}=k 102 k

O1+0g+tly R (1) rj li
S, Y E kH{H”’qf ”] ,
1=1

(3.9
. _ n-1
where H,(Lly)q(r; j)= Z — and 84(n, k; r) are the mnon-central
j=o[r+ily

g-Stirling numbers of first kind.

(i) If putting o =j,j=(0,1,--,n-1), and r = 1 in (3.8) gives

sq(n, k; 1,]_'):sq(n+1,k+1)

(1+0g+tl) K G) (1.3 U
=(=1)"[n]y! > () H{Hn’qi(l’])j |

010510 p]
(14209 thlp=k LT 2TTRT S

(3.10)
n-1

Xy

where H,(li,)q(l;]_'): — 'li = H,(li)(q) are g-harmonic numbers
o +jlg Al

of order i, see [8] and s, (n, k +1) are g-Stirling numbers of first kind.

For the particular case, n = 3 and & =1 in (3.9),

Sq(Sa L, .;) = [r]q[r + l]q[r + 2]ch(11)(r; .;)

= [r]glr + 1]g[r + 2]q( : : : j

[, T+, T2,

= [r + 1] [r + 2]g+ [rlgr + 2]+ [r]g[r + 114
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Also, when n = 3 and & = 2 in (3.10), we have

s(3. 21, j) = —[1]q[2]q[3]q[—

HA1 ) (HP@ )
R 2
_([1]q+ [2]q+ [S]q) = Sq(4’ 3)

Remark 3.2. Notice that if ¢ — 1 in (3.8), we have

s(n, k, r; @)

(_ 1)61+Z2 +o Ly

k Hgi)(r; ) i
PRI [

=1

= (-D"(r; @)y

01+209+-+R(} =k

k llH(l)rcx
R W7 WH{( Sl u )J,

(1 +209++klp=Fk i=1

then

|s(n, k, r; o]

. 1 ) HD G @)
= (s @)x 2 VN H( i j

(1+209+-+Rlp =k

_ O‘)n Y, (HV(r; @), -1 HO(r; @), -, (-1 (R - 10 BB (r; @)).

(3.11)
When r =1 and o; = j in (3.11) gives

|s(n, k, 1; ]_)| =ls(n +1, k+1)|

1 ) HYW )
= [n]g! Z SN H( - J J

l1+209++klp=Fk

' i B -
- [nljvq Yk(Hr(Ll)(L Jj), -1 H,(LZ)(I; 7)o (= 1)k_1(k _1)!Hr(Lk)(1§ i,

(3.12)
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which agrees with [7, Equation (7b)].
Setting r = 0 in (3.11), gives Cakié’s result [2].

Corollary 3.1. The numbers sq(n, k, r; @) have the explicit formula

(_ 1)€1+€2+---+(k
YN

sq(n, k, m;0) = (- 1)"[r; dlz g
(1+209+---+klp=Fk

kR 0
3§ (ED 3 X R R [T P ANCRE)

~
Il
o
~.
Il
(=)
~
Il
o

Substituting in (3.8) yields (3.13). O

Also, if ¢ — 1 in (3.13), it worth noting that
s(n,k,r;a) =

k n—

SIRCND YR § (653 Yo ! R IR 8

1
. “ l
114209+ +k{p=k 1=1 j=0 (=0

Theorem 3.3. The signless generalized q-Stirling numbers of first
kind can be expressed as

n

—Z a; n k 1
8,1 g0 R =g = H[ai]qZﬁ
i=1 r=0  ly+lo+-+L,.=k
[T
— D)1 -q), (3.14)
01lg L,
n ko
where Hgf)q(a): zq—ak, which gives new extension of the
A(l-q7)

q-harmonic numbers, see [13] and [11], and & = (aq, oy, -+, o, ).
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Proof. Since

n

P
[t &g = g7 };)lsq_l,a(n, k)|[]. (3.15)

[t+ayg]glt +agly[t+a,l,

= ([0(1 ]q+ th1 [t]q)([U'Z ]q+ th2 [t]q) ([an ]q+ qotn [t]q)

. [al]q[a21q---[an]qﬂ[1+‘3%—_[§1qj

= ﬁ[ai]qexp(i i{ j ] - 1)” 1 [t]q (1-q) }
i=1 k=1 j41

n s .
- Treddes (378, @ 10 - o)t G
i=1 k=1

Then
n 0 ) t k r
[t+0€1]q[t+a2]q...[t+an = al qz(; Z H%%Z](a)(_l)k 1(1_q)k% ’

i=

using Cauchy rule of product of series, this leads to
_ n 1 k-r
g = Tt 3 32
i=1

M @) @) 1) @
J I D gy

f1+fz+'--+lr=k

Equating the coefficients of [t]]; on both sides of (3.15) and last equation,
yields (3.14). O

n :
When £ =1 and a; = j in Hﬁl’f)q(a) = Z , We obtain
(- q" )
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n j
Hg,)q = Z ( g j) = 'H,,, the g-harmonic numbers, see [13] and [11].
j=1(1-gq

If putting o; = j and j=(12 -, n)in (3.14), gives

|sq,1’]—.(n, k) = |sq,1 (n+1,k+1)

n+l - ()%

- k B L

- [ZJ[]‘O— >k§,ﬂ D [, 7o)

=q njg\l—q ! Ol l ’
r=0 ) (1+/{2+---+Kr:k 1*2 r

(3.16)

where |sq_1 (n, k)| are the signless ¢-Stirling numbers of first kind.

For particular case, when n = 3 and £ = 2 in (3.16), gives

|Sq—1’]7(37 2)'

~H® G 3773
= q_6[1]q[2]q[3]q(1 - Q)2[ 32’11(]) + quq]

3 4 >
= q 5[], [2],[3], (1 - 2( v M v " ; ]
L T o) G-

= ¢ Blgr a2+ a7 =5 (4, 3)].

Theorem 3.4. The generating function of the generalized non-central
q-Stirling numbers of second kind, S, (n, k, r; @) is given by

k
Orq (75 @) = (g ] [ =D+ o 1lelg) 7" (3.17)
Jj=0

The proof is left.

Corollary 3.2. The numbers Sq(n, k, r; &) have the explicit formula

Sy(n, k, 1; ) = Z[r + ao]éo[r + 0(1]21 ce[r+ ak]ék, (3.18)
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where the summation is extended over all integer t;20,j=0,1,--, k,

such that (o + (1 +--+ /Ll =n—Fk.

Proof. Using (3.17), we can prove (3.18). O

Theorem 3.5. The numbers sy (n, k;r,a) and S,(n, k; r, @),
respectively, have the explicit formulas

sq(n, kyr, @) = Z (_l)n—k{’”ﬁ(lo} [r#al} ...[r+a”1} ,  (3.19)
q q q

o, =n-k to h In-1

and
Syt ks r@) = 30 || [T | LT e
Gn=k ]_—ZO q 1—l1 q 1—ln71 q
(3.20)
where 6, =iy +1 +-+1i, 1 and i, € {0, 1}.
Proof. Replacing o; by «; +r in (2.12) and (2.13), respectively,
yields (3.19) and (3.20). O

From (3.18) and (3.19), we have the combinatorial identity

4 l l
Z[r +og |l +aq lgt[r + o]t

_ Z [r+ocio} {r+oci0+il} ”{r+0ti0+i1+..l+in_1} 3.21)

o=k

where the summation in the left hand side as given in (3.18).
4. Matrix Representation

Let sq, Sq; S S

a5 Sag sq’a(r), Sq’a(r);§q(r); and Rg(a) be nxn

lower triangular matrices. Where sy and S are matrices, whose entries

q
are the g-Stirling numbers of first and second kind (i.e., sq = [(sq )ij ] and

S

a =[Sq)il)s sqaandSgg are matrices, whose entries are

generalized g¢-Stirling numbers of first and second kind (.e.,
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sqa = [(8q,a)ij] and Sgqw =[(Sqa)]s sqalr) and Sgg(r)
are matrices, whose entries are generalized non-central g¢-Stirling
numbers of first and second kind (i.e., sqg(r) = [(sq (r));] and

Sq,a(r) =[(Sq,a(r));;1); S¢(r) is matrix, whose entries are non-central
g-Stirling numbers of first kind (i.e., 5q(r) = [(54(r));]), and Rq () is
matrix, whose entries are coefficient of the generalized g-factorials

(ie., Ry(a) = [(Rq((x))ij].

An algorithm to determine the matrices of generalized g-Stirling

numbers of first and second kind, are denoted, respectively, by Sq,a and

S

q,a are given as follows:

For a non negative integer n > 0, the elements of the n by n lower

triangular matrix of sq 5 may be calculated as follows:
Algorithm
1,1 _
Set Sqa =1
Fori=2tondo
ii
Set Sq.a = 1
Calculate
i1 1T 2 i-1,1
Sq,a = (_1) Hrzo[ar]q_ [aifl]qsq,a
Next 1

Fori=3tondo

for j=2to 1 —1 do calculate

i,j i-1,j-1 i-1,j
s o

aa = Sqo  ~l%i-1lgsq
Next j

Next 1.
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For a non negative integer n > 0, the elements of the n by n lower

triangular matrix of Sy 5 may be calculated as follows:

A computer program is written by using Maple program and executed

for calculating. Let sq 5 and Sg g are matrices, whose entries are

generalized g¢-Stirling numbers of first and second kind (i.e., Sq,a =

[(sq,a )] and Sq g = [(Sq & );])- For example, if n = 3, then

1 0 0
Sq, o = ~[ag]-[aq] 1 0],
[og [[og ]+ [og ][y ]+ [ag ][0y ] —[og]-[ag]-[ag] 1
and
1 0 0
Sq’a = [(Xo]+ [(Xl] 1 0.
[otg TP + [otg [ty ]+ [y [ag] +[og ]+ ag] 1

Equation (2.9) can be written in matrix form
Sq.oi = Ry (a)sg. (4.1)

For example, if n = 3, then

1 0 0 1 0
~[a] 1 0= 1-[a] 1
2a]fo] - [o]-[20] j (1 -[o]-[2a]+ [2a]fa]  1-[o]+[2]-[2a] 1
1 0 0
-1 1 0.
2] -1-[2] 1

Equation (2.10) can be written in matrix form

Sq = Rq(a)S (4.2)

q,oi”

For example, if n = 3, then
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(1]

(2]

(3]

(4]

(5]

(6]

(7
(8]

(9]
(10]

(11]

(12]

(13]

B. S. EL-DESOUKY and R. S. GOMAA

0 0 1 0 0
1 0|= 1-[o] 1 0
2] +1 1 1-[a] - [20] + [20][c] 1-[a]+[2] - [20] 1
1 0 0
[a] 1 0].

[o2] o]+ [2] 1
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