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Abstract

Consider the Fibonacci sequence {F,}, , with initial conditions Fo =0, Fi =1 and re-
currence relation F, = F,_1 + Fr—2 (n > 2). The Fibonacci sequence has been general-
ized in many ways, some by preserving the initial conditions, and others by preserving the
recurrence relation. In this article, we study a new generalization {g¢, }, with initial condi-
tions go = 0 and ¢1 = 1, which is generated by the recurrence relation g, = agn—1 + gn—2
(when n is even) or gn = bgn—1 + gn—2 (when n is odd), where a and b are nonzero real
numbers. Some well-known sequences are special cases of this generalization. The Fi-
bonacci sequence is a special case of {g.} with a = b = 1. Pell’s sequence is {g,} with
a = b = 2 while k-Fibonacci sequence has a = b = k. We produce an extended Binet’s
formula for {g.} and, thereby, identities such as Cassini’s, Catalan’s, d’Ocagne’s, etc.

1. Introduction

o0

neo> is a series of numbers, starting with the integer

The Fibonacci sequence, {F),}
pair 0 and 1, where the value of each element is calculated as the sum of the two
preceding it. That is, F}, = F,,_1 + F,,_o for all n > 2. The first few terms of the Fi-
bonacci sequence are: 0,1,1,2,3,5,8,13,21,34,55,89, 144, 233,377,610, 987, 1597,
2584, . ... The Fibonacci numbers are perhaps most famous for appearing in the
rabbit-breeding problem, introduced by Leonardo de Pisa in 1202 in his book called
Liber Abaci. However, they also occur in Pascal’s triangle [18], in Pythagorean
triples [18], computer algorithms [1, 9, 33], some areas of algebra [5, 8, 31], graph
theory [2, 3], quasicrystals [34, 41], and many other areas of mathematics. They
occur in a variety of other fields such as finance, art, architecture, music, etc. (See
[10] for extensive resources on Fibonacci numbers.)

However, in this paper, we are most interested in the generalizations of the
Fibonacci sequence. Some authors [13, 15, 17, 27, 37] have generalized the Fibonacci
sequence by preserving the recurrence relation and altering the first two terms of
the sequence, while others [7, 20, 21, 22, 26, 30, 40] have generalized the Fibonacci

sequence by preserving the first two terms of the sequence but altering the recurrence
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relation slightly. One example of this latter generalization, called the k-Fibonacci
sequence, {Fk,n}zozo, is defined using a linear recurrence relation depending on one

real parameter (k) given by
Fk,n = ka,nfl + Fk,n72 (n > 2)

where Fi 0 = 0 and F; = 1. When k£ = 1, the classical Fibonacci sequence is
obtained. These generalizations satisfy identities that are analogous to the identities
satisfied by the classical Fibonacci sequence [18].

We now introduce a further generalization of the Fibonacci sequence; we shall
call it the generalized Fibonacci sequence. Unlike other variations, this new gener-

alization depends on two real parameters used in a non-linear recurrence relation.

Definition 1. For any two nonzero real numbers a and b, the generalized Fibonacci

(o)
sequence, say {F,S“’b)} , is defined recursively by
n=0
aFT(L(fll’) + Fi@g), if n is even

n > 2).
pEY) 4 FlD - if i is odd (n=2)

n

Fo(a,b) _ O7 Fl(a,b) _ 1’ F7(La,b) _ {

To avoid cumbersome notation, let us denote F,E“’b) by @n. Thus, the sequence
{qn} satisfies

aGn—1 + Gn—2, if nis even

b +q o ifnisodd (=2

g =0, ¢ =1, (an{

We now note that this new generalization is in fact a family of sequences where
each new choice of a and b produces a distinct sequence. When a = b = 1, we
have the classical Fibonacci sequence and when a = b = 2, we get the Pell numbers.
Even further, if we set a = b = k, for some positive integer k, we get the k-Fibonacci
numbers, the generalization of the Fibonacci numbers mentioned above.

We will describe the terms of the sequence {g,} explicitly by using a generaliza-
tion of Binet’s formula. Therefore, we will start the main content of the paper by
deriving a generalization of Binet’s formula (via generating functions) and then will
present extensions of well-known Fibonacci identities such as Catalan’s, Cassini’s,
and d’Ocagne’s. Later, we alter {¢,} by allowing arbitrary initial conditions and
also consider the convergence of the ratios of successive terms of the sequence. It
is well-known that the ratios of successive Fibonacci numbers approach the golden
mean, P, so it is natural to ask if analogous results exist for the variations and
extensions of the Fibonacci sequence. Even for random Fibonacci sequences, there
are results related to growth and decay rates [6, 16, 29, 36, 39]. We now give a brief
word-combinatorial interpretation of the generalized Fibonacci sequence as this is

the context in which we first studied this family of sequences.
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Let 0 < a < 1 be an irrational number. Associate with a a sequence, called the

characteristic sequence of « (see [23]), which is denoted by w = w(«), and given by
w:w1w2w3...wn... s

where
wp = |(n+1)a] — [na] (n>1).

Note that w, € {0,1}, so that w(«) is an infinite word consisting of 0’s and 1’s.
We now outline the relation between the characteristic sequence of v and the
continued fraction expansion of ce. This connection leads us, via word combinatorics,
to the definition of the generalized Fibonacci sequences. Suppose that the continued
fraction expansion of o = [0;1 + dy,d2,ds,...], and define a sequence {s,},~, of
words by B
sop=1,s1=0, and s,, = si”_’llsn,z, (n>2).

Then for n > 1, each s, is a prefix of w(a) and w(a) = lim s, (see [23]).

n—oo

Example 2. (The infinite Fibonacci word) Let o = [0;2,1,1,1,...] = #, where ¢
is the Golden Mean. Then the {s,} are

S0 = 1, S§1 = 0, SS9 = 01, S§3 = 010, S4 = 01001, S5 = 01001010, cee
The limit of this sequence is the infinite word,
w = 01001010010010100101001001010010. . ..

Since the lengths of sy and s; are both 1 and s, is obtained by concatenating s, _1
and s,,_a, the length of the word s,,, denoted by |sy|, is F,,+1, the n+ 15! Fibonacci
number. Since the lengths of these subwords are Fibonacci numbers, the infinite

word w is called the Fibonacci word.

Now we associate with the generalized Fibonacci sequence, {F,(La’b)} = {qn}, a
unique quadratic irrational number « in the interval (0, 1), whose continued fraction
expansion has the form o = [0;a,b,a,b,...] = [0;a,b,a,b]. Then w(a) = lim s,
where e

so=1, 1 =0, s =0%"1=000---01,
and

S¢ _1Sp—2, ifniseven

= e > 3).
Sn { s 18,2, ifnisodd (n=3)
We next define a number sequence {r,} as follows. Let ro = 0, r,, = |s,| (n > 1).
Since {r,} and {g,} satisfy the same initial conditions and have the same recursive

definitions, clearly {r,} = {q.}.
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In conclusion, every generalized Fibonacci sequence with a and b nonnegative in-
tegers has a one-to-one correspondence with a quadratic irrational « in the interval
(0,1) having the form « = [0;a,b,a,b,...]. Moreover, every generalized Fibonacci
sequence is intimately connected to an infinite word called the characteristic se-

quence of a.

Example 3. Let o =[0;1,1,1,1,.. ]

terms of the sequence {s,} are

= é, where ¢ is the Golden Mean. Then the

80:1781:0,8221,83:10,84:101,....

Observe that {r,} = {F,}, the Fibonacci sequence and that w(«) can be obtained

from the infinite Fibonacci word by exchanging 0’s and 1’s.

2. Generating Function for the Generalized Fibonacci Sequence

Generating functions provide a powerful technique for solving linear homogeneous
recurrence relations. Even though generating functions are typically used in con-
junction with linear recurrence relations with constant coefficients, we will systemat-
ically make use of them for linear recurrence relations with nonconstant coefficients.
In this section, we consider the generating functions for the generalized Fibonacci
sequences and derive some of the most fascinating identities satisfied by these se-
quences. As Wilf indicated in [38], “a generating function is a clothesline on which

we hang up a sequence of numbers for display.”

Theorem 4. The generating function for the generalized Fibonacci sequence {q,}
18

oz (1 +ax — x2)

C1—(ab+2)22 + 2t

F(z)

Proof. We begin with the formal power series representation of the generating

function for {q,},
F(z)=qo+qz+ @i+ +qa’ +--- = Z Gmz"™
m=0
Note that,

(o) o0
brF(x) = bgox +bqra? +bgoa® +- - -+ bgpa* 1+ = Z bga™tt = Z b _12™
m=1

m=0
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and
2?F(z) = qo2® + q12® + gea* + -+ + g™ + - Z gmx™" T = f: Gm—22™
Since @ak+1 = bgor + gar—1 and go = 0,q1 = 1, we get
(1—bz—2*)F(z) =2+ i (g2m — bGom—1 — Gom_2) T*™.
m=1

Since qor = aqar—1 + qar—2, we get

o0
(1 —br — m2 = Z b) qam— 1z2m
(1—bz—a?)F(z) =z + (a—b)x ZQQm 122"
Now let -
CE) = Z QQm—lem !
m=1
Since
Gr+1 = bgor + qar—1 = b (agor—1 + qor—2) + gor—1
= (ab+1)qok—1 + bgak—2 = (ab+ 1) gar—1 + G2k—1 — G2k—3
= (ab+2)qar—1 — Q21—3,
we have

(1= (ab+2)2® + ) f(z)

=z—2°+ Z (g2m—1 — (ab+ 2)q2m—3 + qom—5) &*" ! =z — 2°.

m=3

Therefore,

iL'—iES

f) = 1—(ab+2)a? + 24
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and as a result, we get

ZC*IES

11— (ab+2)a? + a2t

(1—bx—2%)F(z) =2+ (a —b)x
After simplifying the above expression we get the desired result

B x(1+ax—x2)
-~ 1—(ab+2)22 + 2t O

F(x)

3. Binet’s Formula for the Generalized Fibonacci Sequence and Identities

Koshy refers to the Fibonacci numbers as one of the “two shining stars in the vast
array of integer sequences” [18]. We may guess that one reason for this reference
is the sheer quantity of interesting properties this sequence possesses. Further still,
almost all of these properties can be derived from Binet’s formula. A main objec-
tive of this paper is to demonstrate that many of the properties of the Fibonacci
sequence can be stated and proven for a much larger class of sequences, namely the
generalized Fibonacci sequence. Therefore, we will state and prove an extension
of Binet’s formula for the generalized Fibonacci sequences and so derive a number
of mathematical properties including generalizations of Cassini’s, Catalan’s, and

d’Ocagne’s identities for the ordinary Fibonacci sequence.

Theorem 5. (Generalized Binet’s formula) The terms of the generalized Fibonacci

sequence {qm} are given by

al—&(m) a™ — Bm
" (<ab>t%) a=p

b++/aZb?+dab b—+/a?b?+dab
where o = eEvabrtded g — eoVabiE2ab gnd ¢(m) i=m —2[Z].

)

Proof. First, note that o and 3 are roots of the quadratic equation
2 —
z*—abr—ab=0

and

£(m) = { 0 if m is even

1 if mis odd
is the parity function. We have seen that the generating function for the sequence

{gm} is given by (see Theorem 1)

B x(1+a:c—x2)
- 1—(ab+2)22 + 2t

F(z)
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Using the partial fraction decomposition, we rewrite F'(z) as

Fla) = — [a(““)—w a(5+1)—5w]

a=B |l —(atl)  2-(B+1)

where « and (8 are as above. Since the Maclaurin series expansion of the function

A— z
22

is given by

_AQ‘ Bcf“ = f: BO—1,2n L i ACT12n
o

n=0 n=0

the generating function F'(x) can be expressed as

1 {a(a—l—l)—am_a(ﬁ—&-l)—ﬁx}
- [y o) Ry

_ —Bla+ )™ fa(B+ 1),
— P 5 lz a+1 m+1(ﬁ+1)m+1 x +1‘|

o | B+D@+)"! —(a+ @B+ L
Ta= [Z (o D3 + 1y ' ] |

m=0
We now simplify using the following properties of o and .

i) (e+D(B+1) =1, (ii) o + 8 = ab, (iii) a - 8 = —ab,

(iv) a+ 1 =2, (v)ﬂﬂ—{jb, (vi) —=B(a+1) =

Using the above identities, we get

0 m+1 2m+2 2m+2
1 _BO‘ + Oéﬂ m
F(z) = E <_) o p2m+1

— a

X
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Combining the two sums, we get

- a- £(m)( ) ’ %{:g 2= gma™

m=0 m=0
Therefore, for all m > 0, we have
i = <a1§(m)) a™ — /Bm
=\ @) a—pg
O
Note that whena =b=1, ¢, = O‘Z:gm, which is the original Binet formula for

the Fibonacci numbers.

Theorem 6. (Cassini’s identity) For any nonnegative integer n, we have

€M g g — a&(n)blfé(n)qi =a(—1)"
Since Cassini’s identity is a special case of Catalan’s identity, which is stated

below, it is enough to prove Catalan’s identity.

Theorem 7. (Catalan’s identity) For any two nonnegative integers n and r, with

n > r, we have

GE=r)pl—Em=) QS 2 (£ —E(r) (_yntl g2

n—r4qn+4r qr-
Proof. Using the extended Binet’s formula, we get

aE(n—r)bl—{(n—r) Gr—rGntr

_ &(n— r)bl &(n—r) —&(n—r) gl=€m+r) \ qn—r _ Brr QT _ﬂn_'_r
(ab)L” ’ (ab) "% a—p a—3

B a27§(n77‘)b17§(n77ﬂ) an T — ﬂnf’l’ antr — ﬁnJrr
- (ab)n—&(n=r) a—f3 a—p

( a ) a2n _ (Oéﬁ)niT(OéQT + BQT) +/62n
(ab (a—p)?

and

aEMpL=Em) 2 g pl-E(n) (a2—2£(:)) a?" — 2(aB)" + 2"
n (ab)QL?J (Oé _ ﬂ)Q

a a2n _ 2(048)71 + 6277,
((ab)”%”’f(")”) (a—p)?

- <<b>> = _(i(iﬁﬂ);; =,
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Therefore,

af(nfr)blfg(nfr) _ af(n)blff(n)qi

dn—rqn+r

( a )2(a5>"—<amnr<a2r+52r>

@y (@A
T W e
- ((abwl)( 2 @=3p

- () o (=5

a -(ab)zL%J 5
(ab)™—1 q2—2e(m) Ir

_ (_1)n+1—r
— (_1)n+17ra2§(r)71(ab)lfg(r)qg

- (_1)n+1—ra£(r)bl—5(r)q3_

O

Theorem 8. (d’Ocagne’s identity) For any two nonnegative integers m and n with

m > n, we have

aE(mn—i—m) b&(mn—i—n) Gmnit — a&(mn+n) bé(mn+m) Gmt1Gn = (_ 1)na§(m—n)qmin
Proof. First note that
§(m+1) +&(n) = 26(mn +n) = £(m) +{(n + 1) = 26(mn +m) =1 —£(m —n)

and
E(m —n) =&(mn+m)+&(mn +n).

Using the extended Binet’s formula and the above identities, we obtain:

aS et g gy

m—n—£&(m—n)
2

_ a(ab)’” am+n+1 + I@m+n+1 _ (aﬁ)n(ﬂamfn + aﬁmfn)
(ab) (= B)?

and

aE(mn+n) b&(mn+m) Gmt1Gn

_ < a(ab)*” ) aqmtntl + ﬁm+n+1 _ (aﬁ)n(amfnj% + 5mfn+1)
(ab) '

m—n—£(m—n)
2

(a—0)?
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Therefore,

af(mn+m)b17§(mn+m) &(mn—n) blff(mnfn)

gmdn+1 — Q

N ((ab) (m;l)gi”*“ ) <am; = gm“>

dm-+14n

0O
Theorem 9. (Additional identities) (i) For any two nonnegative integers m and n,

qEmntm)pEanntn) g o el e mndm) o men)

This identity is equivalent to the Convolution Property given by
E0em) pE (km-+k) (km+k) g (km)

£ g,

AmQk—m+1 + CL£ dm—-149k—m = Q

11 or any two nonnegatitve 1miegers n. an w1t n-~Rr,
ii) Fe t tive int dk withn >k
(alfg(n+k)b§(n+k)> Coprs + (ag(nfk)blfﬁ(nfk)) P = gont1Gokil.

(iii) For any natural number n,

2n
> agr-1ak = a3,
k=1

and
2n+1

> agroq = (%) (@1 — 1]
k=1

(iv) If m | n, then gm | ¢n-
(v) For any two natural numbers n and m, we have ged (¢m, Gn) = dged(m,n)-

(vi) For any nonnegative integer n,
Pro—q2=a"EEM g o and o+ q2 = a EMBEM gy 0 4242,
Consequently,
1-£(n)p(m) ’ 2 _ (g-EmpEt) 2)?
(a b (12n+2) + (2qngn+2)” = (a b Q2n+2+2qn)

This identity produces Pythagorean triples involving generalized Fibonacci numbers.
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For any three nonnegative integers n, k,j with k > j,

aTD"EDEMHR) = (1) EGEMHR) g

D ERE ANy () ERIE ) g (1)ig g

Proof. We leave the proofs to the reader, since they are similar to the proof of the

previous theorem.

Theorem 10. (Sums Involving Binomial Coefficients). For any nonnegative integer

n we have

> () a0 = g,

and

n

n k1
(k) af* D (ab) = g = agany.
k=0

Proof. First note that
P~ (ab)lElatR)g,
for any nonnegative integer k. Therefore,

n

i n k_ gk
3 (Z) W@ty = Y (Z)aaa 72

= = [ n n
- S0 E 07
= gl =@+
- 51 -(5)]
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Also,

n n k1 n n alc+1 _ 5k+1
3 (k>a£(k+l)(ab)L Pl = > (k)aa——ﬂ

a a2n+1 _ 52n+1
~ (ab) ( a—p )

= Qag2n+1-

0O
Remark 11 The last two identities can be combined and generalized as follows. For
any nonnegative integer 7, one can easily verify (either using the generating function

together with the differential operator or the extended Binet Formula) that

n

n 5 r T
k=0

4. A Further Generalization, Convergence Properties, and an Open
Problem

Now, we may take the generalized Fibonacci sequence a bit further by allowing
arbitrary initial conditions. So, consider the sequence {Q,}, where Qo = C, Q1 =
D, and

| aQn-1+Qn—2, ifniseven
@n = { bQn_1+ Qn_2, ifnisodd (n > 2).

The following theorem states a relationship between the terms of {Q,} and the
terms of {g,}, the generalized Fibonacci sequence. In addition, the generating

function for the {@,, } is given. First part of this theorem can be proven by induction.

Theorem 12. Let the sequence {Q,} satisfy the above initial conditions and re-

currence relation. Then

Qn = an +C (a) dn—1
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for allm > 1. Moreover, its generating function is given by

R n_ C+Dz+(aD—abC — C)a? + (bC — D)a®
G(x)—nz::anx N 1 — (ab+ 2)a? + a4 ’

The {g¢, }-identities we studied in this article can be extended to the sequence
{@Qn} with minor modifications.
Remark 13 (On Convergence Properties). For the classical Fibonacci sequence

{F,}, (which is {g,,} with a = b = 1), it is well-known that the ratios of successive

terms {FI’;“ } converge to the golden ratio, or golden mean, ¢ = 1+2_\/g Consider

n

the generalization obtained when a = b. From Theorem 2, we get

m—+1
Gmat1 _ 1 a'rn+1 _ﬁ'm—i—l B a 1-— (g)
m o amep a2
«

= “"‘f\/m. Of course, when a = 1, the quadratic

As a result, % converges to
irrational ¢ is called the golden mean. V. W. de Spinadel in [4] gives the names
silver mean and bronze mean to the cases when a = 2 and a = 3, respectively.
Now, if a # b, the ratios of successive terms do not converge since
Imtl _ e(m)pl—g(m) 4 Im—1
dm dm
and {aE(m)bl_g(m)} oscillates between a and b. Therefore, for most sequences in
the family of generalized Fibonacci sequences, the ratios of successive terms do not

converge. However, it is not hard to see that

2 « 2m+41 « 2
qom qom—+ =, and dm+

— =, — a4+ 1.
q2m—1 b q2m a dm

Remark 14 (An Open Problem). Let a1, as, ..., ax be positive integers and define

a sequence {q,} as follows. Set

and for all m > 2,
Gm = t@m—1 + Gm—2 where m =t + 1 (mod k) for some ¢t € {1,...,k}.

When k = 2, {G,,} is the family of generalized Fibonacci sequences we studied in
this paper. It remains open to find a closed form of the generating function and a
Binet-like formula for {g,,}, provided they exist.
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