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A b s t r a c t - - I n  this paper, we present a systematic investigation of the incomplete generalized 
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Ltd. All rights reserved. 
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1. I N T R O D U C T I O N  A N D  D E F I N I T I O N S  

Recently,  Djordjcvid [1,2] considered four interest ing classes of polynomials :  the  generalized 
Jacobsthal polynomials Jn,m(x), the  generalized Jacobsthal-Lucas polynomials jn,m(x),  and their  
associa ted po lynomia ls  F~,.~(z) and fi~,m(x). These  po lynomia ls  are defined by  the  following 

recurrence relat ions (cf., [1-3]): 

&,m (X) 

(n _--> .~; ~ ,  ~ ~ N; J0,~ (x) 

j~,~ (x) 

(~ >= .~; .~, ~ ~ N; jo,~ (~) 

F,,,,,, (x) 

(,,~ > 'm; 'm, n C N; Fo,m (~) 

= ,~n 1,m (x)  -~ 2xol  n . . . . .  ( x )  
(1.1) 

= 0, J,~,,~ (x) = 1, when  n = 1 , . . . , r n -  1) ,  

= jn--l,m (X) + 2xj  . . . . . . .  (X) 
(1.2) 

= 2, j ..... (x) = 1, when  n = 1 , . . . , m - -  1) ,  

= F,~-I,~ (x) + 2xF,~ . . . . . .  (x) + 3 

= O, Fn,m (x) = 1, when  n = 1 , . . . , m -  1) ,  (1.3) 
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A,,z (*) = A - , , m  (~) + 2~f~_,%,, (~) + 5 

(n_>_m; rn, n e N ;  fo,m(X) = 0; f , , , ~ ( x ) = l ,  w h e n n = l , . . . , m - 1 ) ,  

N being the set of natural numbers and 

(1.4) 

No := N u {o} = {o, 1, m . . . } .  

Explicit representations for these four classes of polynomials are given by 

[(,~-l)/m] 
dn,m(X' : E ( n - l - r ( m - i ) r ) ( 2 x ) r  (1.5) 

r=0 

[~/m] n - -  (rn - 2) k ( n -  ( m -  1 ) k ) ( 2 x )  k (1.6) 
J .... (~)= Z X  (.~ 1) k k ' 

k=O 

F~,m (x) =Y~,~ (x) + 3  
[(rz--rn+ l ) /m] 

r=o r + l  ' 

and 

f, .... (.) = & , . , ( . ) + 5  
[( . . . .  +l)/rn] 

E ( n - m + l - ( m - 1 ) r )  (2z)~ 
r=o r + l  ' 

respectively. Tables for Jn,m (x) and jn,m (x) are provided in [2]. 
By setting x = 1 in definitions (1.1)-(1.4), we obtain the generalized Yacobsthal numbers 

(I.7) 

(1.8) 

Jn,m := Orn,rn (1) = 

[(n-1)/rn] 
( n - l - ( m - l ) r )  2 ~ ' r  (1.9) 

r=0 

and the generalized Yacobsthal-Lucas numbers 

[~/m] - ( m - 2 )  r ( n - ( m - 1 ) r )  
j,,,m := j,,,,, (1) = ~ _n _ 2 ~, (1.10) 

~=o n (m 1) r r 

and their associated numbers 

F~,., : = F , , , m ( 1 ) = J ~ , m ( 1 ) + 3  
[(n--m+l)/m 

n -  m + 1 - ( m -  1) r'~2~ 
r + l  J 

( i . i i )  

and 
[(n--m+l)/rn] 

f,~,,~ := f7 .... ( 1 ) =  J~,~ ( 1 ) + 5  E / ~ n - m + l -  ( m - 1 )  r ) 2  C "  (1.12) 
~=0 r + l  

Particular cases of these numbers are the so-called Jacobsthal numbers Yn and the daeobsthal- 
Lucas numbers Jn, which were investigated earlier by Horadam [41. (See also a systematic inves- 
tigation by Raina and Srivastava [5], dealing with an interesting class of numbers associated with 
the familiar Lucas numbers.) 

Motivated essentially by the recent works by Filipponi [6], Pint6r and Srivastava [71, and Chu 
and Vicenti [8], we aim here at introducing (and investigating the generating functions of) the 
analogously incomplete version of each of these four classes of numbers. 



Incomplete Generalized Jacobsthal 1051 

2. G E N E R A T I N G  F U N C T I O N S  O F  T H E  
I N C O M P L E T E  G E N E R A L I Z E D  J A C O B S T H A L  

A N D  J A C O B S T H A L - L U C A S  N U M B E R S  

We begin by defining the incomplete generalized Jacobsthal numbers k J~,m by 

k 
E ( n - l - ( m - 1 )  r)  Jkn, m : =  2 r 

r r=o 
(o_< k __ [ - ~ ]  ; ,~,,~ c N), (2.1) 

so that, obviously, 

j[(n-1)/rn(n-1)/rn] = Jn rn, (2.2) 

and 

J~,,~ = 0 ( O < = n < m k + l ) ,  (2.a) 

J~k+t,.~ = Jmk+/-1,.~ (l = 1 , . . ,  m). (2.4) 

The following known result (due essentially to Pintdr and Srivastava [7]) will be required in our 
investigation of the generating flmetions of such incomplete numbers as the incomplete generalized 
Jacobsthal numbers g~,m defined by (2.1). For the theory and applications of the various methods 
and techniques for deriving generating functions of special functions and polynomials, we may 
refer the interested reader to a recent treatise on the subject of generating functions by Srivastava 
and Manocha [9]. 

LEMMA 1. (See [7, p. 593].) Let {sT~}n°°=0 be a complex sequence satisfying the following nonho- 
mogeneous recurrence relation: 

Sn = Sn-1 n t- 2sn-rn + rn (n >= rr~; m,  rt E N ) ,  (2.5) 

where {rn} is a given complex sequence. Then the generating function S(t) of the sequence {s,~} 
is 

S ( t ) =  s o - t o +  E t z ( s z - s l  1 r z ) + G ( t )  ( 1 - t - 2 t m )  - ' ,  (2.6) 
/=1 

where G(t) is the generating function of the sequence {rn}. 

Our first result on generating functions is contained in Theorem 1 below. 

THEOREM 1. The generating function of the incomplete generaIized 3acobsthaI numbers J~,,~ 
(k C No) is given by 

oo 

R~ (t) = ~ J;,,,,t ~ 
7":0 

rn--1 
= tmk+l  Jmk,m -~ E tl (Jrnk+l,m 

l=l 

• [ ( l - t - 2 t  m)(1-t)  k+l]- ' .  

- - J m k + / - 1 , m ) ]  (1 t) k+l 2k+lt m )  (2.7) 



1052 G.B. DJORDJEVIC AND H. M. SRIVASTAVA 

PROOF. From (1.1) (with x = 1) and (2.1), we get 

k 
]~,m_j~_],m_2j~_~,m= E n -  1 - (rn- 1)r 2,. 

r 
r = o  

k k 
- E ( n - 2 - ( m - l ) r ) 2 r - E ( n - l - m - ( m - 1 ) r )  r 

r = O  r = 0  

~( ) k (  ) 
= n - l - ( m - 1 ) r  2~ - n - 2 - ( m - 1 ) r  2~ 

P g 
r = O  r = O  

k + l  -Z(~-~-(m-l/~) ~ ~ - 1  
r = l  

k k __ z ( ~ - 1 - ( ~ - 1 ) ~ ) ~ _ ~  ¢~-~-(m-1)~)~ ~ ~ - 1 
r=O r=l 

k 
- E ( n - - 2 - - ( m - - 1 ) r ) 2 r - -  ( n - 2 - - ( r n - - 1 ) ( k + l ) )  k 

r = l  

(2.8) 
k 

- - - - - - E [ (  n - 2 - ( m r  1 ) , ' ) +  (n -- 2 -- (m --1)r) ] 2 ~ r - 1  
r = l  

k 

- 1 -  (n-2-(m-1)(k÷l))2k+l+E(n-l-(m-1)r)2~k ~=o r 

k k ----E(n-l-(m-1) r)2r+l-E(n-l-(m-1)r) r 
r=l r'=l 

<n- 2-  (m- X) (k + l))2k+l 
- 1 -  k 

= _ ( n - l - m - ( m - 1 )  2k+1 

C~ 1 ~ Iv 1/~) 
n - 1 - m - mk 2 k + l  (n __> m + 1 + ink; k E No) • 

Next, in view of (2.3) and (2.4), we set 

k k k 
SO = J~k+l  .... Sl = J ~ k + 2 , m , ' " ,  8 m - 1  ~-~ J ~ n k + m , m  

and 

Sn ~ J~k+n+l,m" 
Suppose also that 

r0 = r l  . . . . .  r , ~ - l = 0  and r~ = 2 k + l ( n - m + k ~ . - -  
\ / n - - m  

Then, for the generating function G (t) of the sequence {rn}, we can show that 

2k+lt m 
c(t) - 

(I - t )  k + l  

Thus, in view of the above lemma, the generating function S~( t )  of the sequence {sn} satisfies 
the following relationship: 

2k+ltm ~ - - i  2k+ltm 
S ~  ( t )  (1 - -  t - -  2 t  m )  + (1 - -  t )  k + l  - -  Jmk,m (]g) q- E tl (Jrnk+l,m Jrnk+l-l,m) + (1 - -  t )  k + l '  

/=1 
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Hence, we conclude that  
= t sm (t). 

This completes the proof of Theorem 1. 

COROLLARY 1. The incomplete Jacobsthal numbers J~ (k E No) are defined by 

k 

J k n : : J k n ' 2 : z ( n - - l - - r )  

v = 0  

and the corresponding generating function is given by (2.7) when m = 2, that  is, by 

R2 k ( t ) - - t  2k+1 [J2k Jr-t(J2k+l-- , /2k) (1 - - t )  k+ l -2k+1 t2 ]  • [ ( 1 - - t - - 2 t  2) (1 - - t )k+l ]  -1 .  (2.9) 

3. I N C O M P L E T E  G E N E R A L I Z E D  
J A C O B S T H A L - L U C A S  N U M B E R S  

For the incomplete generalized Jacobsthal-Lucas numbers .k 3 . . . .  d e f i n e d  by [cf. equation (1.10)] 

3n,m'k := ~ X - - " k ( m 2 )  r ( n ( m - - 1 )  r -- - _ -- 2~ 
~=0n (m 1)r r (3.1) 

we now prove the following generating function. 

THEOREM 2. The generating function of the incomplete generalized gacobsthal-Lucas numbers 
3~,,~'k (k E No) is given by 

o o  

3k,,~ t 
7 " = 0  [( me ) 1 = t mk jmk-l,,~-t- E tl (jmk+/-1,,~--jmk+/-2,~) (1 -- t) k + l - 2 k + l t  m (2 -- t) (3.2) 

l = l  

• [(1 -- t -- 2t m) (1 -- t)k+l] -1 

PROOf. First of all, it follows from definition (3.1) that  

j[n/,q = j . . . . .  (3.3) 
n , m  

.k 3n,,~ = 0 (0 <= n < ink ) ,  (3.4) 

and 
k (l 1, , ,~) (3.5) 

• ~ m k T l , m  = ~ m k + l - - l , m  ~ -  • • • 

Thus, just  as in our derivation of (2.8), we can apply (1.2) and (1.10) (with x - 1) in order to 
obtain 

.k .k .k n - m + 2 k [ n - m + k ~ 2 k + l " "  
(3.6) 
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Let 

and 

Suppose also that 
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SO : J m k - 1  . . . .  S l  ~-- j rnk  . . . .  . . . ,  Srn 1 z j r a k +  . . . . . .  

Sn ---- j r n k + n + l , r n .  

7"0 : 7"1 = " ' "  ~" r m - - 1  ~"  0 and 
n -  m + 2k ( n -  m + k)2k+~ 

~'~ - -~-- 7~-+-~ ~ - . ~  

Then, the generating function G(t) of the sequence {rn} is given by 

o(t) = 
2 k + l t  m (2  - -  t )  

( I  - t) k+l 

Hence, the generating function of the sequence {s~} satisfies relation (3.2), which leads us to 
Theorem 2. 

.k COROLLARY 2. For the incomplete 3acobsthal-Lucas numbers 3n,2, the generating function is 
given by (3.2) when m 2, that is, by 

W k ( t ) :  t 2k [(J2k-1-- t (j2k -- j2k-1)) (1-- t) k+ l -2k+l t  2 (2--t) ] .  [(Z--t--  ~t 2) (1--t)k+l] -1. 

4 .  T W O  F U R T H E R  P A I R S  O F  I N C O M P L E T E  N U M B E R S  

For a natural number k, the incomplete numbers k F~,r~ corresponding to the numbers Fn,m 
in (1.11) are defined by 

k 

k jk + 3 E ( n - - m ÷ l - - ( m - - 1 ) r ) 2  r ( 0 < k <  [ -~ml]" m, n c N ) ,  (4.1) 
F r ~ , m  : =  n , m  r + l  - -  - -  ' 

r = 0  

w h e r e  

k k 
= .]n~ rn = ( n < m  V2,m , O, + ink) .  

THEOREM 3. The generating function of the incomplete numbers F~,m (k No) is given by 
r n k + l  k t Srn (t), where 

S~m (t) = ] Fmk,m + E tz ( F m k + / , m  - Fmk+l-l,m) ( 1  - -  t - -  2 t i n )  - 1  

l=1  

3t TM (1 - t) k+l  - 2 k + l t  "~ (1 - t + 3 P  - 1 )  

(1 - t -- 2t m) (1 - t) k+2 

(4.2) 

PROOF. Our proof of Theorem 3 is much akin to those of Theorems 1 and 2 above. Here, we let 

k 
SO = F~nk+l , rn  ~ F r n k ,  

k 
$1 = F~nk+2, m f r n k - l , m , . . . ,  

k 
S i n - 1  = f r ~ k + m , m  : ~ m k + m - l , m ,  

and 

k 
Sn ~ ~ r ~ k - F n + l , m "  
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Suppose also that 

and 

r0  =~"1 = " ' '  = r m - 1  =-0 

rn = 2 k+l + 3 2 k + l  
n - m  n - m + k  " 

Then, by using the standard method based upon the above lemma, we can prove that 

~a 2k+lt rn (1 - t + 3t m- l )  
a (t) = Z ~-tn = t)~+~ 

, ~=o  (1 - 

Let Sk,~(t) be the generating fimction of F~,,~. Then, it follows that 

s,k~ (t) = ~o + t ~  + . . .  + s ~ f  ~ + . . . ,  

t Sar ( t )  = tso + t2s l  + ' ' '  q- t n s ~ _ l  q- ' ' "  , 

2tmSk m (t) - 2t'~so + 2tin+is1 + . . .  + 2t~sn_~, + . . .  , 

and 

G (t) = ro + r l t  + . . .  + rnt ~ + ' "  . 

The generating function tmk+lS~(t)  asserted by Theorem 3 would now result easily. 

COROLLARY 3. For the incomplete numbers Fkn,2 defined by (4.1) with rn = 2, the generating 
function is given by 

t2k+Xs~ (t) = t 2k+1 

. ( [ F 2 k + t ( F 2 k + l - - F 2 k ) ] ( 1 - - t ) k + 2 + 3 t 2 ( 1 - - t ) k + 2 - - 2 k + l t 2 ( 1 - - t + 3 t 2 ) ) .  (4.3) 

(1 - t -  2t 2) (1 - t) k+~ 

Finally, the incomplete numbers f~,.~ (k C No) corresponding to the numbers f.~,m in (1.12) 
are defined by 

k 
f , , , , : = d ~ , , + 5 ~ ( n + l - m - ( m - 1 ) r ) 2 r  (0_<k<_ I - n @ ] .  m, n E N )  (4.4) 

' r 0 r + l  ' " 

THEOREM 4. The incomplete numbers f~,,~ (k E No) have the following generating function: 

m - -  I 7 

W~ (t) = t "*k+l fmk,m + ~ t ~ (fmk+l,m -- f~k+l--l,-~)J (1 -- t -- 2t'~) -1 
/=1 

q_trnk+l ( 5 t m  ( 1 - -  t )k+l  -- 2k+l tm  (2 ~ t ~  5tm--1) ) 

(1 t 2t "~) (1 - t) k+2 

(4.5) 

PROOF. Here, we set 

SO -- fTk~kq-l,m -- l i n k , m ,  

81 = frk~k+2,m = frnk+l,m, 

Sm--l,m : ~kzk + . . . . .  ~- frnk+m-l,rr~, 
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and 

We also suppose that  

and 

k 
Sn = f r~k+n+l ,m  ---- fmk+n,rn .  

ro = r l  = • "" = T'm-1 = 0 

7"n = 2k+IQTL--TTL-[-~7) 2k_+_l(T~--27T~-~-2 -t- ~ )  + 5 -  
n - - m  n 2 m + 1  

Then, by using the known method based upon the above lemma, we find that  

a ( t )  = 
2k+lt m (1 - t + 5t m - t )  

(1 - t) k+2 

is the generating function of the sequence {rn}. Theorem 4 now follows easily. 

In its special case when m = 2, Theorem 4 yields the following generating function for the 
incomplete numbers investigated in [6,7]. 

COROLLARY 4. The generating function of the incomplete numbers f~,2 is given by (4.5) when 
m = 2, that is, by 

Wk2 ( t )  = t 2k-l-1 

• " 

(4.6) 
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