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Asymptotics of Toeplitz, Hankel, and
Toeplitz+Hankel determinants with
Fisher-Hartwig singularities

By PERCY DEIFT, ALEXANDER ITS, and IGOR KRASOVSKY

Abstract

We study the asymptotics in n for n-dimensional Toeplitz determinants
whose symbols possess Fisher-Hartwig singularities on a smooth back-
ground. We prove the general nondegenerate asymptotic behavior as con-
jectured by Basor and Tracy. We also obtain asymptotics of Hankel de-
terminants on a finite interval as well as determinants of Toeplitz+Hankel
type. Our analysis is based on a study of the related system of orthogonal
polynomials on the unit circle using the Riemann-Hilbert approach.

1. Introduction

Let f(z) be a complex-valued function integrable over the unit circle with
Fourier coefficients

1 2 . -
fi=— / f(e?®)e=40qp, j=0,£1,42,....
21 Jo
We are interested in the n-dimensional Toeplitz determinant with symbol f(z),

(1.1) Dy (f(2)) = det(fj—&)7 5 lo-

In this paper we consider the asymptotics of D, (f(z)) as n — oo and
of the related orthogonal polynomials as well as the asymptotics of Hankel,
and Toeplitz+Hankel determinants in the case when the symbol f(e?) has a
fixed number of Fisher-Hartwig singularities [22], [34], i.e., when f(e) has the
following form on the unit circle C":

(1.2)

m

f(Z) = eV(Z)ZZj:O P H ‘Z - Zj|2ajg2j,ﬁj (Z)Zj_ﬁjv = 6i9a NS [0727T)a
j=0

for some m = 0,1,..., where

(1.3) zj:eieﬂ‘, j=0,...,m, 0=0)< b < <O <2m,

el 0 <argz <0,
(1.4) 92,8 (2) = gp,(2) = —imf3; :
e i, 0 <argz < 2m,
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(1.5) %Oéj>—1/2, ﬁjE(C, 7=0,...,m,

and V(e?) is a sufficiently smooth function on the unit circle (see below). Here
the condition on «; insures integrability. Note that a single Fisher-Hartwig
singularity at z; consists of a root-type singularity

6 — 6,
2
and a jump gg,(z). A point zj, j = 1,...,m is included in (1.3) if and only
if either a;; # 0 or f8; # 0 (or both); in contrast, we always fix zg = 1 even if
ap = Bo = 0 (note that gg,(z) = e~"™%). Observe that for each j = 1,...,m,
2P gp,(2) is continuous at z = 1, and so for each j each “beta” singularity

produces a jump only at the point z;. The factors zj_ B are singled out to

2C!j

(1.6) |z — 2|** = |2sin

simplify comparisons with existing literature. Indeed, (1.2) with the notation
b(6) = €V () is exactly the symbol considered in [22], [5], [4], [8], [7], [6], [9],
[13], [12], [14], [21], [20], [43]. We write the symbol, however, in a form with
2225=0% factored out. The present way of writing f(z) is more natural for our
analysis.

A simple example of a symbol of type (1.2) is given by (1.31), (1.32) below.
Note that finite order zeros also give rise to Fisher-Hartwig singularities; for

example, if a sufficiently smooth f(z) has two simple zeros at 0 < 01 < 0 < 2,
then f(z) = ev(z)\z—z1||z—z2|gzl’1/2(z)gz27_1/2(z) (Zl >_1/2 for a suitable V(z).

)
On the unit circle, V(z) is represented by its Fourier expansion:

o0 1 27 . .
k 0\ —kif
(1.7) V(z) = g;oo V2, Vi = 27T/0 V(e ap.
The canonical Wiener-Hopf factorization of eV (?) is
(1.8)
oo —1
eV (?) = by (2)e"ob_(2), bi(z) = k=1 szk, b_(z) = ek —oo Vi

In the case that a; = 8; = 0, f(2) = eV(®) | the classical strong limit
theorem of Szegé (in its most general form; see, e.g., [38]) asserts that as
n — 0o,

o0
(L9) Du(f) = exp {nvo S kvkvk} (1+0(1),
k=1
provided V(z) € HY?2 = {V =352 Vi2b . S50 [K|[Va]? < o0}

Fisher and Hartwig [22] were led to single out symbols of type (1.2) based
on the solution of a variety of specific problems from statistical mechanics,
in particular, the solution of the spontaneous magnetisation problem for the
Ising model. Indeed the square of the magnetisation can be expressed as the
limit as n — oo of a Toeplitz determinant D, (f) (which represents a 2-spin
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correlation function at distance n between spins), where the symbol f is a par-
ticular example of (1.2) and has the following properties depending on whether
temperature 1" is lower, equal or higher than the critical temperature T:

e for T' < T, f has no Fisher-Hartwig singularities;

e for T =T, f has one singularity at zo = 1 with ag =0, 5p = —1/2;

e for T' > T,, f has one singularity at zg = 1 with ag =0, 5y = —1.

For f of type (1.2), Fisher and Hartwig made a general conjecture in [22]
about the asymptotic form of D, (f),
(1.10) D, (f) ~ En°e™0, n — 0o,
where ¢ = Z;-”:O(oz? — 632), and FE is a constant depending on f. Consider-
able effort has been expended in the mathematics and physics communities in
verifying (1.10).

Introduce the seminorm

(1.11) 18]l = max [R5; — RBx|,

where 1 < j.k < mif ag = By =0, and 0 < j, kK < m otherwise. If m = 0,
set [||A]|| = 0. Note that in the case of a single singularity, we always have
1IA]]] = 0.

The case when |||5]|| < 1, i.e., when all R3; lie in a single open interval
of length 1, namely R3; € (¢ — 1/2,q + 1/2), for an appropriate ¢ € R, has
now been essentially settled (see, however, Remark 1.7 below). In [43], Widom
proved the conjecture when Ra; > —1/2 and all 3; = 0. In [5], Basor then
verified the conjecture when Ra; > —1/2 and R3; = 0. In [13], Bottcher and
Silbermann established the result in the case that |Re;| < 1/2, |RG;| < 1/2.
Finally, in [20], Ehrhardt verified the conjecture for Ra;; > —1/2, |||8]|| < 1. In
these papers, the explicit form of E was also established (see [20] for a review
of these and other related results).

THEOREM 1.1 (Ehrhardt [20]). Let f(e®) be defined in (1.2), V(2) be
C> on the unit circle, |||p]|| <1, Ra; > —1/2, and o; £ ; # —1,-2,... for
4, k=0,1,....,m. Then as n — oo,

(1.12) - Dn(f) = exp n¥p + ZW’“V—’“] [T b+ (z) 7 b ()=~
j=0

k=1

a;jBr—onf;
™ (o232 B —au;s z ! !
x 20?5 57) I I |z — 23| (PP ( km)
zje
0<j<k<m j

" ﬁ G(1+4+a;+ B;)G(1 + o5 — B5)
j=0

G(1+2qa;) (1+0(1)),

where G(x) is Barnes’ G-function. The double product over j < k is set to 1
if m=0.
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Remark 1.2. The branches in (1.12) are determined in the natural way as
follows: bi(zj)_ajiﬁj = exp{(—a; £ 5;) 172, Vipz Tk}, (zkzjfle_”)ajﬁk—akﬁj
= exp{i(0y — 0; — 7)(a; B — arB;)}, and the remaining branches are principal.

Remark 1.3. In the case of a single singularity, i.e., when m =0 or m =1,
ag = Bo = 0, the theorem implies that the asymptotics (1.12) hold for

1
(1.13) Ravy, > 5 Bm € C, Om + B # —1,-2,....

In fact, if there is only one singularity and V' = 0, an explicit formula is known
[13] for D, (f) in terms of the G-functions.

Remark 1.4. If all R5; € (—=1/2,1/2] or all RB; € [—1/2,1/2), then the
conditions o £ ; # —1,—2,... are satisfied automatically as fa; > —1/2.

Remark 1.5. Since G(—k) =0, k=0,1,..., the formula (1.12) no longer
represents the leading asymptotics if a;; + 3; or a; — 8; is a negative integer
for some j. A similar situation arises in Theorem 1.13 below if some represen-
tations in M are degenerate. These cases can be approached using Lemma 2.4
below, but we do not address them in the paper.

Remark 1.6. Assume that the function V(z) is analytic. Then the follow-
ing can be said about the remainder term. If all 8; = 0, then the error term
in (1.12) is of order O(n~!Inn). If there is only one singularity, then the error
term is also O(n~!Inn). In the general case, the error term depends on the
differences 3; — Bx. Our methods allow us to calculate several asymptotic terms
rather than just the main one presented in (1.12) (and also in (1.27) below).
In [17], we show that the expansion (1.12) with analytic V(z) is uniform in
all o, B; for B; in compact subsets of the strip |[RB; — RB;| < 1, for ¢ in
compact subsets of the half-plane Ra; > —1/2, and outside a neighborhood
of the sets o; + 8; = —1,—-2,.... It will be clear below that given this uni-
formity, Theorems 1.20 and 1.25 also hold uniformly in the same sense, while
for Theorem 1.13 one should replace 3; with Bj (see below) in the condition of
uniformity.

Remark 1.7. Theorem 1.1 as proved by Ehrhardt (and as a consequence,
Theorems 1.13, 1.20, and 1.25 that we proved below) holds for C*° functions
V(2) on the unit circle. In [17], we extend Theorem 1.1 to less smooth V(z).
Namely, it is sufficient that the condition

(1.14) > 1kPIVil < o0

k=—o00
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holds for some s (and hence for all values in (0, s)) such that

L+ [(Say)? + (RB))?]

L—1[15ll] '
In the present work, we show that given Theorem 1.1 with condition (1.15) on
V(z), Theorems 1.20 and 1.25 hold for V(z) under a similar condition with m
replaced by r+1 and contributions from ag, ;41 appropriately changed, while
Theorem 1.13 holds under condition (1.28) of Remark 1.15 below. The unifor-
mity in a- and S-parameters will also hold provided s is taken large enough.

(1.15) 5>

In [17], we give an independent proof of Theorem 1.1, in the spirit of
[16], [28], [32], using a connection of D, (f) with the system of polynomials
orthogonal with weight f(z) (1.2) on the unit circle. These polynomials also
play a central role in the proofs presented here.

It follows, in particular, from Theorem 1.1 that all Di(f) # 0, k = ko, ko+
1..., for some sufficiently large kg if a;; £ §; # —1,—2,.... Then the polyno-
mials ¢y (2) = xp2® + -, QASk(z) = xp2® + -+ of degree k, k = ko, ko +1,...,
satisfying
(1.16)

1 2w . 1 2m .
- or(2)z77 f(2)dd = Xgléjk, —/ (ﬁk(z*l)zjf(z)dH = X]:15jk7
T Jo 21 Jo
z:ew, 7=0,1,... )k

exist. It is easy to see that they are given by the following expressions:

foo for o for
) fio fir o fuk
(1.17) Pr(2) = —m—=—| : o
/DD
S fe—10 fe—11 o fe—ik
1 z P

foo for - for—1 1
1 fio fu o fik—1 27
VDiDy11 : : :

fro frn o freer 2R

1

(1.18) on(="") =

)

where

27
fst = i‘/ f(z)z—(s—t)d07 s,t=0,1,...,k.
27 Jo

We obviously have

Dy,
1.19 Xk =1/ .
(1.19) Di1
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These polynomials satisfy a Riemann-Hilbert problem. In Section 4, we solve
the problem asymptotically for large n in case of the weight given by (1.2)
with analytic V(z), thus obtaining the large n asymptotics of the orthogonal
polynomials. The main new feature of the solution is a construction of the local
parametrix at the points z; of Fisher-Hartwig singularities. This parametrix is
given in terms of the confluent hypergeometric function (see Proposition 4.1).
A study of the asymptotic behavior of the polynomials orthogonal on the unit
circle was initiated by Szegé [39]. Riemann-Hilbert methods developed within
the last 20 years allow us to find asymptotics of orthogonal polynomials in all
regions of the complex plane (see [18] and many subsequent works by many
authors). Such an analysis of the polynomials with an analytic weight on the
unit circle was carried out in [36], and for the case of a weight with a;-singu-
larities but without jumps, in [35]. We provide, therefore, a generalization of
these results. Here we present only the following statement we will need below
for the analysis of determinants.

THEOREM 1.8. Let f(e) be defined in (1.2), V(z) be analytic in a nezgh—
borhood of the unit circle, and ¢p(z) = xpz + -+, (;Sk( ) = xp2® + -
be the corresponding polynomials satisfying (1.16). Assume that |||8]|| < 1,
a8 #—-1,-2,...,5,k=0,1,...,m. Let

(1.20) 0= mz}mﬂxnmR(ﬂf—Bk_l),

j7
where the indices j, k = 0 are omitted if ag = Py = 0. Then as n — oo,
(1.21)

2 . d9
xi_1:=exp{—x/) Vﬂew)Q}
0 T

_},m " 2080-8,-1) Vi
><<1 L s 2 (B) ;

k=0 =0kts %I T Vk
% F(l + Oéj + ﬁj)r(l -+ . — ﬂk) b+(zj)b_(zk)
D(aj = Bi)T(ak + Bk)  b-(25)b+(2)

+0(8%) + 0(5/n)>,
where

Jj—1 m 2\ @p
(1.22) Vj = exp {—iw <Z ap — Z Oop> } H <?) |25 — 2| 7.
p=0 p=j+1 p#j NP

Under the same conditions,

B o~ 26,10 DO+ a5+ 55) by ()
(1.23) $n(0) Xn<jz_(:] 77 T(ay = B5) b-(2)

+0 ([5—% ﬂ max n_jj%k>>,
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& — - n2ﬂj—1zf" 1TU+ 05— 5) b-(2)
(1.24) Pn(0) = m(% j (o + B;)  bi(z))
1

— | MmaXx .
n k n

Remark 1.9. The error terms here are uniform and differentiable in all o,

+0(F+

B; for B; in compact subsets of the strip |R3; — RB;| < 1, for «; in compact
subsets of the half-plane Rao; > —1/2, and outside a neighborhood of the
sets a; £ B = —1,-2,.... If aj + Bj = 0 or oj — 3; = 0 for some j, the
corresponding terms in the above formulae vanish.

Remark 1.10. Note that the terms with n?(%=%=1 in (1.21) become
larger in absolute value than the 1/n term for |||S]]| > 1/2.

Remark 1.11. With changes to the error estimates, this theorem can be
generalized to sufficiently smooth V' (z) using (1.19), a well-known representa-
tion for orthogonal polynomials as multiple integrals, and similar arguments
to those we give in Section 6.2 below.

Our first task in this paper is to extend the asymptotic formula for D,,(f)
to arbitrary 3; € C, i.e., for the case when not all ;s lie in a single interval
of length less than 1; in other words for

1A = 1.

We know from examples (see, e.g., [13], [10], [20]) that in general, formula (1.12)
breaks down. Obviously, the general case can be reduced to R5; € (¢ —1/2,
g + 1/2) by adding integers to ;. Then, apart from a constant factor, the
only change in f(z) is multiplication with 2, ¢ € Z. However, as we show
in Lemma 2.4, the determinants D,,(f(z)) and D,,(2/f(2)) are simply related.
They differ just by a factor which involves xx, ¢ (0), &k(O) for large k (these
quantities are given by Theorem 1.8), as well as the derivatives of the orthog-
onal polynomials at 0. The derivatives can be calculated similarly to ¢ (0),
1 (0). Thus it is easy to obtain the general asymptotic formula for Dy, (f(z)).
However, this formula is implicit in the sense that one still needs to separate
the main asymptotic term from the others; e.g., if the dimension ¢ of F;, in
(2.9) is larger than the number of the leading-order terms in (1.23), then the
obvious candidate for the leading order in F,, vanishes (this is not the case in
the simplest situation given by Theorem 1.18). We resolve this problem below.

Following [10], [20], we define a FH-representation of a symbol. Namely,
for f(z) given by (1.2), replace fB; by 5; + nj, n; € Z if z; is a singularity
(i.e., if either 5; # 0 or a; # 0 or both). The integers n; are arbitrary subject
to the condition Y 7" gn; = 0. In a slightly different notation from [10], [20],
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we call the resulting function f(z;ng,...,nm,) a FH-representation of f(z).
(The original f(z) is also a FH-representation corresponding to ng = -+ =
nm = 0.) Obviously, all FH-representations of f(z) differ only by multiplicative
constants. We have

m

(1.25) H " f(zimg, ..., ).

We are interested in the FH-representations (characterized by (n;)7L,) of f
such that 37" (RB; + n;)? is minimal. There is a finite number of such FH-
representations, and we provide an algorithm for finding them explicitly (see
the proof of Lemma 1.12 below). We denote the set of such FH-representations
by M. Furthermore, we call a FH-representation degenerate if a;; + (85 + n;)
or aj — (B +n;) is a negative integer for some j. We call M nondegenerate if
it contains no degenerate FH-representations. The set M can be characterized
as follows. For a given 8 = (B, ..., Om), let us call

m
OB = {ﬁﬁj :Bj+nj,2nj IO}

j=0
the orbit of 5 (if cy = o = 0, then we always fix ng = 0). In other words, it
is the set of B corresponding to all the FH-representations of f. For any B in
Og, we define 118l|| = max; i |§)‘E§J — RBi| with the range of indicies j, k fixed
to be the same as for |||5]|| (1.11). We have

LEMMA 1.12. There exist only the following two mutually exclusive pos-
sibilities:

e 35 € Op such that 1Bl < 1. Then such B is unique and it is the
unique element of M = {j}.

e 3B ¢c Ogp such that 1B|| = 1. Then there are at least two such B’s and
all of them are obtained from each other by a repeated application of the
following rule: add 1 to a Bj with the smallest real part and subtract 1
from a Bj with the largest. Moreover, M = {B € Og : 18] = 1}.

Proof. Suppose that the seminorm |||3||| > 1. Then, writing Bgl) =f[s+1,
Bt(l) = B — 1, and Bj(-l) = B; if j # s,t, where 3, is one of the beta-para-
meters with R8s = min; ¥5;, B; is one of the beta-parameters with ¥5; =
max; RB;, we see that |[|81||| < |||8]|], and f corresponding to 3 is a
FH-representation. After a finite number, say r, of such transformations, we
reduce an arbitrary set of 3; to the situation for which either ||[3"||| < 1 or
[|B87)]|| = 1. Note that further transformations do not change the seminorm
in the second case, while in the first case the seminorm oscillates periodically
taking two values, |||8(]|| and 2 —|||3)|||. Thus all the symbols of type (1.2)
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belong to two distinct classes: the first, for which ||[(")||| < 1, and the second,
for which [||8("]||| = 1. For symbols of the first class, M has only one member
with beta-parameters 3. Indeed, writing b; = Rp;, if —1/2 < b(r) g<1/2
for some ¢ € R and all j, then for any (k;)}2, such that Y 7" k; = 0 and not
all k; are zero, we have

(1.26) S0+ k)2 = Z )2+ 2 (0 — g)k; +
J=0 J=0 J=0 J=0
> 2 ) 20K~ il 2 > (7

where the first inequality is strict as at least two k; # 0. For symbols of the
second class, we can find ¢ € R such that —1/2 < by) —q < 1/2 for all j.
Equation (1.26) in this case holds with “>" sign replaced by “>”. Clearly,
there are several FH-representations in M in this case (they correspond to the
equalities in (1.26)) and adding 1 to one of ﬂy) with b\ = min; bg-r) =q—1/2
while subtracting 1 from one of ﬂt(r) with bgr) = max; by) = g + 1/2 provides
the way to find all of them.

A simple explicit sufficient, but obviously not necessary, condition for M
to have only one member is that all #3; mod 1 be different. g

In Section 6, we prove

THEOREM 1.13. Let f(z) be given in (1.2), Ra; > —1/2, p; € C, j =
0,1,...,m. Let M be nondegenerate. Then, as n — oo,

(1.27) D) =Y <ﬁ ) R(f(z:m0..nm)) (1 +0(1)).
j=0

where the sum is over all FH-representations in M. Each R(f(z;n0,...,7m))
stands for the right-hand side of formula (1.12), without the error term, cor-
responding to f(z;n0, ..., Npm).

Remark 1.14. This theorem was conjectured by Basor and Tracy [10]
based on an explicit example; see Example 1.19 below. The case when the
FH-representation minimizing Z}”:O(%ﬂj + nj)2 is unique, i.e., there is only
one term in the sum (1.27), was proved by Ehrhardt [20]. Note that this case
is exactly the first possibility of Lemma 1.12. Thus, Theorem 1.13 in this case
follows from Theorem 1.1 applied to this FH-representation.

Remark 1.15. This theorem relies on Theorem 1.1 and therefore requires
V(z) to be C* on the unit circle. As remarked above, we prove in [17] that
Theorem 1.1 holds in fact under condition (1.15). It then follows (see §6) that,
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if M has several members, Theorem 1.13 holds for any

L+ 37 [(Say)? + max { (05))2, (RA)? ]
L—{[IA]l]

where B'j are obtained from 5J(-T) (see the proof of Lemma 1.12) by subtracting

(1.28) 5>

)

1 from all 8 J(.T) with the maximal real part and leaving the rest unchanged. The
number |[|3]|| < 1 is defined the same way as |||3]|], |||8]|| above.

Remark 1.16. The situation when all o; & 3; are nonnegative integers,
which was considered by Bottcher and Silbermann in [12], is a particular case
of the above theorem.

Remark 1.17. The case when all the FH-representations of f are degener-
ate (not only those in M) was considered by Ehrhardt [20] who found that in
this case D, (f) = O(e"on"), where r is any real number. We can reproduce
this result by our methods but do not present it here.

We will now discuss a simple particular case of Theorem 1.13 and present
a direct independent proof in this case.

THEOREM 1.18 (A particular case of Theorem 1.13). Let the symbol f*(2)
be obtained from f(z) (1.2) by replacing one Bj, with Bj, = 1 for some fized
0 < jo < m. Let Raj > —3%, RB; € (—1/2,1/2], j = 0,1,...,m. Then, for
sufficiently large n,

(1.29)

Do) =5 D), Da @) = 5
These formulae together with (1.23), (1.24), (1.21), and (1.12) yield the fol-
lowing asymptotic description of D, (f*). Let there be more than one singular
point z; and all oij = B; # 0. For f*(2), let B;,, p=1,...,s be such that they
have the same real part which is strictly less than the real parts of all the other

B (if any), i.e. RBj, = -+ = NPy, < minjy;, . RB;. For f~(z), let one
Bj,, p=1,...,5 be such that %Bj, = - = RNB;, > max;-;, ., RB;. Then the
asymptotics of D, (f*) are given by the following:

(1 30)

) =2, Z Rjp+(L+0(1)), Dn(f” —szz jp—(1+0(1)),

where R+ is the right-hand side of (1.12) (without the error term) in which
Bj is replaced by 8; £ 1, respectively.

Proof. For simplicity, we present the proof only for V(z) analytic in a
neighborhood of the unit circle. Consider the case of f~(z). It corresponds to
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one of the f3; shifted inside the interval (—3/2, —1/2]. Since

m Bl 1. B ~Bjo+1 —B;
z2u=0Pi=t — 12231053’ gﬁjofl(z) = _gﬁjo(z)a “jo n = 30%jo "’
we see that
F7(2) = =2z f(2).

Therefore, using the identity (2.12) below, we obtain

. - 6n (0

Dalf () = (=" Dule 1) = 5,222 D, 1)
n

If, for some j1, j2, ..., js, we have that %5, = --- = RG;, > max;-; ;. RNB;,
then we see from (1.24) that only the addends with n?%1=1, ... n?8is—1 give

contributions to the main asymptotic term of D, (f~(z)). Using Theorem 1.1
for D, (f(z)) and the relation G(1 + x) = I'(z)G(x), we obtain formula (1.30)
for D,,(f~(2)). The case of f*(z) is similar. O

Ezample 1.19. In [10] Basor and Tracy considered a simple example of
a symbol of type (1.2) for which the asymptotics of the determinant can be
computed directly, but are very different from (1.12). Up to a constant, the
symbol is

: —i, 0<0<m,
(1.31) FEN ) = 3 .
1, T <0 <27
We can represent f(BT) as a symbol with S-singularities By = 1/2, f1 = —1/2
at the points zp = 1 and 23 = —1, respectively:
(1.32) FED(2) = g11)2(2)g-1,-1/2(2)e™2.

We see that f(BT)(z) = f~(z) and jo = 1. Therefore by the first part of
Theorem 1.18, we have

where ¢,(2), Xn, Dn(f(2)) correspond to f(z) given by (1.2) with m = 1,
20:1, 21:6’”, 60251:1/2, Oé():Oq:O.
Observing that s = 2, j; = jo = 1 and j» = 0 and using (1.30), we obtain
Dy(fPD(2)) = (=1)"((=1)"R1- + Ro-).
Since Ri_ = Ro_ = (2n)"Y2G(1/2)%G(3/2)(1 + o(1)), we obtain

1+ (-D"

(1.33) Dy (P71 (2)) 5 \/EG(1/2)2G(3/2)2(1 +o(1)),

which is the answer found in [10].
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As noted by Basor and Tracy, f(PT)(2) has a different FH-representation
of type (1.2), namely, with 5y = —1/2, f; = 1/2, and we can write

(1.34) FED(z) = —91,—1/2(2)9—1,1/2(Z)e_m/2~

This fact was the origin of their conjecture. In the notation of Theorem 1.13,
the symbol (1.32) has the two FH-representations minimizing Z}:o(%ﬁj +n;)?,
one with ng = n1 = 0 and the other with ng = —1, nqy = 1.

Note that in the case }77,3; = 0 we can always assume that Rf5; €
[—1/2,1/2]. The beta-singularities then are just piece-wise constant (step-
like) functions. This case is relevant for our next result, which is on Hankel
determinants.

Let w(zx) be an integrable complex-valued function on the interval [—1,1].
Then the Hankel determinant with symbol w(z) is given by

1 n—1
(1.35) Dy (w(w)) = det < / x3+kw(x)dfv)
-1 5,k=0
Define w(z) for a fixed r = 0,1, ... as follows:
r+1
(1.36) w(z) = " I o = \Pw; (),
j=0

l=X>A > > Ay1=—1,

i3 Rr < \:
{e’ TR B e (12,172,

wj(z) = e, R > A\j,

1 .
/80:/3T+1:0a §Rij>_5a J=0,1,...,r+1,

where U(x) is a sufficiently smooth function on the interval [—1, 1]. Note that
we set fo = fBr41 = 0, RB; € (—1/2,1/2] without loss of generality as the
functions wo(z), wy41(x) are just constants on (—1,1), and w;(z;B; + k;) =
(—D)*iw(x; B)), kj € Z.

In Section 7, we prove

THEOREM 1.20. Let w(x) be defined as in (1.36) with RpB; € (—%,%),
7=12...,r. Then as n — oo,
(1.37)

Dy (w) = Dy(1)elrHo0taraVo—aoV () =araV(=D+4 S35, V7]

x [T b4 (2)) 7 Pt ()~

< e [2i(n+A) Z;:l Bj arcsin Aj+im 20§j<k§r+1(ajﬁk_akﬁj)}



TOEPLITZ DETERMINANTS 1255

w 4~ (Antadtal 1 +370<) charyr sk + 30T B
X (27T)ao+ar+1n2(06(2)+0¢%+1)+Z;:1(0¢?—532<)

25 B

% H ‘)\j _ )\k|_2(ajak+6jﬁk)
0<j<k<rl

Mdk =14/ =221 A)

1
“ G+ 200)G (1 + 2ay51)

X ﬁ(l _ AQ)_(Q?+5]2)/2G(1 + aj + 6J)G(]‘ + aj — ﬁ]) (1 4 0(1))
J )
j=1

G(]. + 205]')

where A = ZZE) ak, V() =U(cosh), zj = e, \j = cosbj, j =0,...,7+1,
and the functions by (z) are defined in (1.8).

Remark 1.21. D, (1) is an explicitly computable determinant, cf. [42], re-
lated to the Legendre polynomials (it can also be written as a Selberg integral):

n—1 3 n+1/2 2

2 k! ™ G(1/2)
1. D,(1)=2" | I = 1 1)).
(1.38) (1) o (n+ k) on(n—1)p1/4 (1+0(1))

To prove Theorem 1.20 we use the fact that w(x) can be generated by a
particular class of functions f(z) given by (1.2). Namely, we can find an even
function f of 6 (f(e¥) = f(e™), 0 € [0,27)) such that

oif
(1.39) w(x) = f(e?)

~ |sing]’

x=cosf, xe€l-1,1].

We must have (see §7 below) that m = 2r+1, 0y =0, 0,41 =7, Opp1—j =
2r—0;,j =1,...,r. If we denote the beta-parameters of f(z) by Bj» we obtain
Bo = Br+1 =0, Bj = =Bmt1—j = —Bj, j = 1,...,r. In particular, 3772, 8; = 0
as remarked above.

In Section 7 we obtain Theorem 1.20 from Theorem 1.1 and the asymp-
totics for the orthogonal polynomials on the unit circle with weight f(z) using
the following connection between Hankel and Toeplitz determinants established
by Theorem 2.6 below:

_ " (X2n+¢2n(0))2
4(n=12 o, (1)pon(—1)

where w(z) and f(z) are related by (1.39).

(1.40) Dy(w(x))? Dan(f(2)),

Remark 1.22. Asymptotics of a Hankel determinant when some (or all)
of B; have the real part 1/2 can be easily obtained. For the corresponding
f(2) this implies that certain %Bj = —1/2 and %Bmﬂ_j = 1/2, and the rest
RpB, € (—1/2,1/2). Thus, Theorem 1.13 can be used to estimate Day,(f(2)).
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For the asymptotics of ¢2,(2), in this case we need an additional “correction”
Ry term (given by (4.69) below) which is now O(n=2%~1) = O(1).

Remark 1.23. One can obtain the asymptotics of the polynomials orthog-
onal on the interval [—1,1] with weight (1.36) by using our results for the
polynomials ¢ (z) orthogonal with the corresponding even weight on the unit
circle and a Szeg6 relation (Lemma 2.5 below) which maps the latter polyno-
mials to the former ones.

Remark 1.24. Asymptotics for a subset of symbols (1.36) which satisfy a
symmetry condition and have a certain behaviour at the end-points +1 were
found by Basor and Ehrhardt in [8]. They use relations between Hankel and
Toeplitz determinants which are less general than (1.40) but do not involve
polynomials. For some other related results, see [26], [33].

Our final task is to present asymptotics for the so-called Toeplitz+Hankel
determinants. We consider the four most important ones appearing in the the-
ory of classical groups and its applications to random matrices and statistical
mechanics (see, e.g., [2], [24], [31]) defined in terms of the Fourier coefficients
of an even f (evenness implies the matrices are symmetric) as follows:

(1.41)
det(fik + fien)nsor  det(Fiok — firnr2)fnmer  det(fik &+ firat1)]rtor
There are simple relations [40], [29], [2] between the determinants (1.41) and
Hankel determinants on [—1,1] with added singularities at the end-points.
These are summarized in Lemma 2.7 below. It is easily seen that if f(z)
is an (even) function of type (1.2), then the corresponding symbols of Hankel
determinants belong to the class (1.36). Thus a straightforward combination
of Lemma 2.7 and Theorem 1.20 (aided by formulae of §7) gives the following:
THEOREM 1.25. Let f(z) be defined in (1.2) with the condition f(e') =
f(e™®). Let 6,41 = 7 and RB; € (—%,%), i=12....r, Bo = Bry1 = 0.
Then as n — o0,

(1.42) DI = Vot 3[(@otarii+s+)Vo—(ao+s)V () —(arp1+0)V (= 1)+ 72 kV2]
T
x [T b4 (2) =0 (7)==
j=1

w e~ im[{aotst 3 e} 3T Bit Yo < e (@B —onB;)]

w 9=s=t)ntp+3 7 (aF=B7)—5(aotarti+s+t)>+3 (a0 tar1+s+t)

% n%(a?ﬁafﬂ )taostarpit+y T (a2 —B7)

« H |Zj _ Zk|*2(ajak*5jﬁk)|zj _ Z;1|*2(ajak+ﬁj5k)
1<j<k<r
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H 2Aﬁg|1 oa?-i—ﬁ?)’l _ zj|72aj(ao+s)’1 + Zj|72aj(ar+1+t)

y 7T§(00+ar+1+s+t+1)G(1/2)2
G(l +ao+s)G(1+ apq1 + 1)

G(L+a; +8)G(1+a; - B)
1;[ ]G(1j+2aj) = (Lt o(1)),

where A = Hao+ arp1 +s+1t) + Yioiaj and

1
(1.43) Dyt =det(fik+ fir)ipto,  with p=—2n+2, s=1t= -5
(1.44) Dyt =det(fjr — fipht2)psg, with p=0, s=t=

Y

[l RN

- . 1
(145) D;{+H = det(fj,k + fj+k+1)§iki07 with p=-n, §= :F§7 t= :I:§

Remark 1.26. For the case R3; = 1/2 see Remark 1.22 above.

Remark 1.27. For the determinant det(f;_; + fj+k+1)§ﬁ;i0 in the case
when the symbol has no a singularities at z = +1 and |RB;| < 1/2, the
asymptotics were obtained in [7] (see also [6] if f is noneven, o;j = 0). Note
that for symbols without singularities, i.e., for f(z) = e¥(®), the asymptotics of
all the above Toeplitz+Hankel determinants (and related more general ones)
were found recently in [9].

The results in this paper make it possible to justify various asymptotic
formulae that were obtained previously in the literature on the basis of the
Basor-Tracy conjecture and conjectures on Hankel and Toeplitz+Hankel de-
terminants. One such application arises in the framework of the random matrix
approach in the theory of the Riemann zeta-function and other L-functions (see
[30] for a recent survey). Define

2sin —

(1.46) é(2) = |2sin 3

where

V(e?) = 2k{/16u(y) ( i Ci(]0+27rj|lnylnX)dy> —1In

0
2sin -
smz\},

j=—o0

> t
Ci(z) = —/ gdt,
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and u(y) is a smooth nonnegative function supported on [e! =1/ ¢] and of total
mass one. Consider the following average over the orthogonal group SO(2n):

(1.47) Eso(2n) (Hcf) ) )

This object was introduced by Bui and Keating in [15] (following [27]) as the
random matrix counterpart of a key term contributing to the mean values of
certain Dirichlet L-functions in the Katz-Sarnak orthogonal family. The issue
is the large n and large X behavior of this average. The question can be
resolved with the help of Theorem 1.25. Indeed, one can observe that

n 1 .
Eso(2n) (H > =3 det(¢j—x + ¢j+k)j,ki07

and that symbol (1.46) is of Fisher-Hartwig type with a single a-singularity at
zo = 1, and ag = k. A direct application of Theorem 1.25 leads then, for X
large, to the following asymptotic behavior as n — oo of the average (1.47):
(1.48)
n 1/2 k(k—1)/2
Eso2n) <H ) (1+k)<G I(1 + 2k) ) <27”) 7
(I+28)I(1+ k) e¥ln X

where v is Euler’s constant. Formula (1.48) is precisely the asymptotic form
conjectured by Bui and Keating in [15]. In a similar way, Theorem 1.25 pro-
vides a justification of an analogous conjecture of Bui and Keating in [15]
concerning the average of the same product []j—; #(e'%) over the symplectic
group. In the context of the random matrix approach in number theory [30],
this means that Theorem 1.25 yields asymptotic formulae which can be used to
analyze number-theoretical conjectures in the orthogonal and symplectic cases
[15], in the same way that the Toeplitz formulae of Theorem 1.1 were used in
the unitary case in [27]. (Note that in [27], the authors only need the version
of Theorem 1.1 originally proven by Widom [43].)

Another example is the probability Pg(n) of a ferromagnetic string of
length n in the antiferromagnetic ground state in the XY spin chain. For a
certain range of parameters, Pg(n) is given by a Toeplitz determinant with 2
B-singularities such that |||3]|| = 1. Thus, Theorem 1.18 verifies the result on
Pg(n), n — oo, presented in [25], which the authors based on the Basor-Tracy
conjecture.

In a similar vein, our results can be used to justify the asymptotic results
for correlators arising in the theory of the impenetrable Bose gas, that were
obtained in [37] on the basis of the Basor-Tracy conjecture.
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2. Orthogonal polynomials on the unit circle.
Toeplitz and Hankel determinants.

Here we present aspects of the theory of orthogonal polynomials on the
unit circle we use in this work. Some of the properties we describe here are
well-known (see, e.g., [39], [38]), the others not so. We also adapt the theory
to complex weights we need in this work, while in the literature usually only
positive weights are considered.

Let f(z) be a complex-valued function integrable over the unit circle,
and let ¢p(2) = xp2® + -+, (;Aﬁk(z) = xp2" 4+ -+, k= 0,1,... be a system
of polynomials in z of degree k with the same for ¢(z) and QASk(z) leading
coefficients yx. These polynomials are called orthonormal on the unit circle
with weight f(z) if they satisfy (1.16). If f(z) is positive on the unit circle,
it is a classical fact that D,(f) # 0 for all n > 1, and such a system of
polynomials exists. In general, suppose that all the Toeplitz determinants D,,,
n=1,2,... (1.1) are nonzero, Dy = 1. Then the polynomials ¢, (z) and ¢ (2)
for kK = 0,1,... are given by the explicit formulae (1.17) and (1.18) for all
k=1,2,.... For k=0, set

(2.1) $0(z) = do(2) = xo = 1/v/D1.

Relations (1.16) are then equivalent to

1 2m N .
(2.2) %/0 ()= N F(2)d0 = 6y 2 =P, kym=0,1,....

Thus we constructed the system of orthogonal polynomials under condition
that all the Toeplitz determinants are nonzero. If we only know that D, (f) # 0
for all n > Ny with some Ny > 0, then we have the existence of ¢p(z) =
ek 4, dr(z) = xk2F 4+, xi # 0, satisfying (1.16) for k = No, No+1, .. . .
Remark 2.1. From (1.17), (1.18), and (2.1) we easily conclude:
a) If f(z) is real on the unit circle, we have ¢n (27 2) = ¢n(z), n =0,1,.. .,
on the unit circle.

b) It f(ew) = f(e_w)v then an(z_l) = ¢n(2_1)‘

LEMMA 2.2 (Recurrence relations). Let Dy (f) # 0, n > 0. The orthogo-
nal polynomials satisfy the following relations for n =0,1,...:

(2.3) XnZ6n(2) = Xnt16n41(2) = $n41(0)2" dpya (=71,
(2.4) Xz 0n(27h) = Xnp10n41(z7") = Gni1(0)27" i1 (2),
(2.5) X127 dn(z71) = Xnbni1 (271) = Gur1(0)2 " (2).
Moreover,

(2.6) X231 = X2 = 6nt1(0)ns1(0).
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Proof. To prove (2.3) consider the function
9(2) = Xn®n(2) = X112 D11 (2) + $ni1(0)2"dnia (z71).

We see that it has zero coefficient at z~! and so g(z) is a polynomial in z of
degree n. Therefore, we can write

= crdr(2)
k=0
1

where ¢, = 5- 02” 9(2)or(z7 1) f(2)df. This integral is easy to calculate using
the orthogonality in the form of (1.16) (i.e., 5 ¢n+1( )2 Lhp(z 1) f(2)dO =
(Xn/Xn+1)0nk), and we obtain that all ¢, = 0 Thus g(z) = 0 and (2.3) is
proved.

Similarly, considering

91(2) = Xn(gn(z_l) - Xn—i—lZ(En—i—l(z_l) + $n+1(0)z_”¢n+1(z)
we show that g1(z) = 0, which proves equation (2.4).
Collecting the coefficients at z"*! in (2.3), we obtain (2.6).
Finally, multiplying (2.3) by 2" 1¢,,1(0), and (2.4) by xn.1, adding the
resulting equations together and using (2.6), we obtain (2.5). [l

LEMMA 2.3 (Christoffel—Darboux identity). Let D,(f) # 0, n > 0. For
any z, a =0, n=1,2,...

27 (-a Z Onla = 07 00(@)2"Gul=7) = Bula)on2).
Forany z#0,n=1,2,...,

28)

Z Bez)0u() =m0z )42 (a7 e bul2) — Bn(2) e dul= 7).

Proof. Consider (1 — a~'2)¢p(aV)¢p(z) for a fixed k > 0. Using the
recurrence relation (2.3) with n = k to express z¢y(z) in terms of ¢p41(2) and
drr1(271), and using (2.5) with n = k to express a“1¢p(a™!), we obtain

(1—a'2)r(aor(2) = dr(a™Nr(2) — drr1(a ) Prtr(2)
+ 1) PG (z a1 (a7
Xk+1

+ (bk;r(lk(O)a_k¢k(a)zk+1z_k_1$k+1(z)

O

—k E+17 -1
a " Pp(a)z" T a1 (2).
XkXk+1 ( ) * ( )
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Now expressing in the third summand a*¢,,1(a™1) from (2.3) with n = k
and z = a, and in the fourth summand 2= *1¢;,1(2) from (2.4), and by using
(2.6), we obtain

(1—a™2)dr(a™)ér(2) = drla")dr(2) — Prrr(a™)drpa (2)
+a " g 1(@)2 M G (27 —aF (@) or(2 7).
Summing this over k from k =0 to n — 1 yields (2.7). Taking the limit a — 2
n (2.7) gives (2.8). O
The next lemma allows us to represent the Toeplitz determinant with

symbol z¢f(z), where ¢ is any integer, in terms of the one with symbol f(z).

LEMMA 2.4. Let the Toeplitz determinants Dy(f) with symbol f(z) be
nonzero for all n > Ny with a fived No > 0. Let ®r(2) = ¢r(2)/ Xk, ka(z) =
$k(z)/Xk, k= Ny,Ng+1,... be the system of monic polynomials orthogonal
on the unit circle with the weight f(z). Fiz an integer £ > 0. Then if

d‘bk(o) d‘bk—i-l(o) T d®k+£—1(0)
20  ZPea(0) o EPrpr(0)
F= d | d | d | 20,
Emn(0) Er®a(0) - ErrPrae(0)
fork=No,No+1,...,n—1, we have
¢ (=D)™F,
(2.9) Dn(2°f(2)) = ST=r “Dy,(f(2)),  n>No.
In particular, for € =1, if ¢(0) # 0, k = No, No+ 1,...,n — 1, we have
n ®n(0
210) DA = 02D, (s, nz N
Furthermore, if
D (0) q>k:+1(0) ‘I’kz+£ 1(0)
P
—~ 7@% 0 q)k 0 (I)k —1(0
Bl d '() +1() +1() L0,
LEB0) LB(0) o LB (0)
for k= No,Nog+1,...,n—1, we have
—¢ (1) F,
(2.11) Dn(27"f(2)) = T,Dn(f(Z)), n > No.
HJ 1]
In particular, for £ =1, if QAﬁk(O) #0, k= No,No+1,...,n—1, we have
n9n(0)

(212)  Du(z" ') = ("D, (f(). n> M.

Xn
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Proof. We give the proof for £ = 1; the generalization is a simple exercise.
Recall that since D,, # 0, n = Ny, Ny + 1,..., the polynomials ¢,(z) =
Xn2" + ..., xn # 0, exist for n = Ng, Ng+1,....

Assume first that Ny = 0. Given the polynomials ¢y (z) related to the
weight f(z), we will need the ones corresponding to the weight zf(z). An
analogous construction for polynomials orthogonal on the real line is known as
Christroffel’s formula (see [39, p. 333]). Namely, define ¢;(z) by the expression

ok(2) Prr1(2)
?x(0)  Pry1(0)]

We see immediately that gx(z) is a polynomial, and if ¢x(0) # 0, it has degree
k with leading coefficient —xx+1¢x(0). Moreover, by orthogonality,

(2.13) 2qi(2) =

2 .
/ qr(z)z77zf(2)dd = 0, j=0,1,...,k—1.
0

For j =k,

2m
o | a2 ar ()0 =

1/xk 0 ‘ _ Pr11(0)
¢r(0)  ¢r+1(0) Xk
Therefore, for monic polynomials Qx(z) = qx(2)/(—xk+10%(0)),

2
i/ Qu(2)z "2 f(2)db = _(ZS;ZE(E;)) Xk):k+1

= hy.
21 Jo K

Thus, cf. (1.19), the Toeplitz determinant with symbol zf(z) is given by the
expression

(2.14) D Hh
k=0

which is equation (2.10). The case of 271 f(z), i.e., equation (2.12), is obtained
similarly by considering (;Sk( 1Y instead of ¢x(z). Namely, we start with the
definition

¢n(0) (=" 1 ®a(0)
$0(0) xox7 - x?Hxn_( D Xn

k(7Y Gz
o1(0)  ¢w+1(0)
and proceed as before.

Suppose now that D,(f) # 0 for n > 0, but Fj, F\k are known to be
nonzero only for k = NO,NO +1,...,n—1, Wlth some Ny > 0. Consider
the polynomials Fj(z), Fy(2) deﬁned as F, Fj, with the argument 0 of the
orthogonal polynomials replaced with z. Obviously, the set €2 of possible zeros
of Fi(z), F\k(z) for k=0,1,..., Ny — 1 is finite. We now replace (2.13) with

Pu(2)  Pry1(2)

(z = thaw(z) = Ok(t)  bry1(t)
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and choose t so that ¢i(t) # 0 for K = 0,1,...,Ng — 1. Instead of (2.14),
consider the product

Nﬁl CGker(t) 1
im0 L e Xexe+

= {_ﬁbk—&-l(o) 1
x(0)  XeXk+1

k=No

and take the limit ¢ — 0 so that ¢ avoids the set Q. This proves equation (2.10)
under the condition D, (f) # 0, n > 0. We extend the result to a weaker
condition D,(f) # 0, n = Ny, Ny + 1,..., and thus complete the proof of
(2.10), by using the fact that D,(f) # 0, n = 1,2,..., for positive f on the
unit circle, and by a simple continuity argument in «; and f5; (cf. [28]). The
case of 271 f(z) is dealt with similarly. O

We will now establish a connection between a Hankel determinant with
symbol on a finite interval and a Toeplitz determinant. First we need a theorem
due to Szeg6 on a relation between polynomials orthogonal on an interval of
the real axis and those orthogonal on the unit circle. Szeg6 considered positive
weights on the unit circle, but his theorem is transferred to the general case
without much change:

LEMMA 2.5. Let f(z) have the property f(e”) = f(e=%), 0 < 0 < 27 and
let

i0
w(x) = ifs(iile)|’ x = cos#.
Assume that Dy(f) # 0, n > Ny, No > 0. Then the polynomials p,(x) =
spx™ + -, n = No,Ng+1,... exist which are orthonormal with respect to

weight w(x) on [—1,1], i.e.,

1
/ pn(2)z™w(z)dr = 3, Spm, m=20,1,...,n, n> Ny,
1

and, for n = Ng, Ng + 1, ..., there hold the following expressions in terms of
the polynomials ¢y (2) orthogonal with respect to f(z) on the unit circle:

1 —az,—1
2r

(P2n(2) + ®3,(2)),  n = No,

(2.15) 0 = 2o
1
(22)™(1 — agp—1)

where Po(2) = pu(2)/5n, Pn(2) = 6n(2)/xn, Pp(2) = 2"®u(271), ap1 =
—®,(0), n > No.

(2.16) Po(z) =

Proof. The condition on Toeplitz determinants immediately implies the
existence of the polynomials ¢, (z) = xp2" + -+, xn Z0, n = No, No+1,...
orthogonal with respect to f(z) on the unit circle. By Remark (b) above, in the
present case of f(e) being an even function of 0, we have ¢, (z71) = ¢,(z71)
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for all n > Ny. Now the proof is the same as the argument in the proof of
Theorem 11.5 in [39], and we obtain
1

= z " 2) + 2" Pan (271).
(2'17) pn(x) - 27‘1’(1 — a2n71)( ¢2n( ) + ¢2 ( ))

Note that 1 —ag,—1 # 0, n = Nog, No+1,... as follows from (2.6) which in our
case can be rewritten in the form

Xi = (1 - ¢721+1(0)/X%+1) X721+1-

We now easily obtain the statement of the lemma from (2.17). O

Note that the recurrence relation (2.5) can be easily rewritten in terms of
the monic polynomials in the form (for f(e) an even function of # and with
z is replaced by z71):
(2.18) D,11(2) = 20,(2) — an P, (2).
Replacing here again z by z~! and multiplying both sides by 2"*!, we obtain
(2.19) Q) 1(2) = 5 (2) — anz®y(2).

Now we are ready to formulate and prove

THEOREM 2.6 (Connection between Toeplitz and Hankel determinants).

Let Ng > 0 and D, (f) # 0 for all n > Ny. Let the weights f(z) and w(z) be
related as in Lemma 2.5. Let, moreover,

n—1
mj+kw(x)dx> , n=Ny,No+1,...

j,k=0
be the Hankel determinant with symbol w(z) on [—1,1]. Then, with ®,(z) =
&dn(2)/Xn, we have

(2.20) 2
D”(w(m))Q = Lz(l + (I)Qn(o))Q(I)an(ZlT;EgZ(nZ())1)7

Dy (w()) = det (/1

-1

1D n=Nyg,Nog+1,....

Proof. Assume first Ny = 0. Take equation (2.16) with n = k 4+ 1 and
apply the recurrence relations (2.18), (2.19) with n = 2k + 1 to ®gx42(2) and
5, 5(2), respectively. We then obtain

P () = (22) ™ (i1 (2) + Dy (2)-

Now apply again the relations (2.18), (2.19) with n = 2k to ®gx41(2) and
@35, 1(2) here, respectively. The result can be written in the form
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where we assume that z # 0 and 1 — zagi, # 0. On the other hand, from (2.16)
with n = k,

5e(2) = (22)"(1 — agg—1) Pe(@) — Do (2).
Equating the right-hand side of the last two equations, we obtain
(221) (2% = DOa(2) = (22) Py (1) — (22)"(1 — azp1)(1 — zazg) Pela).

Setting here z = 1 (recall from the proof of Lemma 2.5 that 1 + a, # 0,
n=20,1,...), we obtain

Pry1(1)
1—a2k_1 1—a2k =2 .
( )1 - az) =270
Note that it is a general property of orthogonal polynomials that Py(x) and
Py11(z) cannot have a zero in common. Similarly, setting z = —1, we have
Ppyi(=1)

(1 — a2k_1)(1 + agk) = -2 Pk(—l) .

The product of these two equations yields

Piy1(1) Py (=1)
Pi(1)  Pp(-1)

By the relation (2.6), we can substitute here

(1= az-1)*(1 - a3;) = —4

which gives

2
X241\ Prr1(1)Peya(=1)
2.22 1 — ag,— 2:—4( ) .
(222 o) xa ) PR
This equation together with (2.15) and the well-known expression for D, (w(z))
in terms of the leading coefficients %,;2 implies

n—1 7_‘_2n —1)" n—1 _
(2.23) Dy(w())* = ;Bo%k_él = oD Pn(g)PZ(l) ,EO sz
DY ).

4n(n=1) P, (1) P, (1)
Now using (2.16), we obtain

Pn<1)PTL(_1) = 4n—1(§__11:;n_1)2q)2”(1)q)2n(_1)’

and thus finish the proof for Ny =0. (Note that (2.22) implies that ®g,(£1)
# 0.) The extension to an arbitrary Ny > 0 is carried out as in the proof of
Lemma 2.4. ]
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We will also need a connection between Hankel and Toeplitz+Hankel de-
terminants. We borrow the idea of the next statement from [40], [29], [2].

LEMMA 2.7 (Connection between Hankel and Toeplitz+Hankel deter-
minants). Let f; be the Fourier coefficient f; = % 027r f(e®)e 4940,  Let
f(e®) = f(e7®). Then, forn=1,2,...,

2n2—2n+2

(2.24) det(fj—k + fisn)jrto = Dy (v(x)),

ﬂ-n

where Dy,(v(z)) is the Hankel determinant with symbol v(z) = f(e?*)) /\/1— 22,
x = cosf on [—1,1]. Furthermore, again in terms of Hankel determinants with
symbols on x € [—1,1],

— 2n2 19(x
(2.25) det(fj—k = firh+2)fpmo = —Dn (F(* V1 —a2),

e 2n2—n 0 142

220 Aotk )it = 2o D (£ 1EE).
2%27TL 1 —x

(2.27) det(fj_k — fj—l—k—&-l);ﬁ;io = 71)” <f(629(w))\/;> .

Proof. Since f(e) = f(e™%), note that for j k =0,1,...,

2m .
(2.28) ! f(e") cos jO cos kOdf
7 Jo
1 27 . . o
=5 [ HENE I 4 I~ [+ f.

Therefore, using the standard expansion (where only the first coefficient is
needed to be known explicitly) in nonnegative powers of the cosine,

(2.29) coskf = 28" cosk 0 + cp_ocos" 20 + cp_ycosF O+ - -,
we obtain
1 o ) n—1
(2.30) det(fj—x + fj+k)?;i0 = det < f(e") cos j6 cos k@d@)
’ ™ Jo .
J,k=0

2 n—1
= o2 Hn=2 et (1 / f(e?) cos jO cos” 0d9>
T Jo §,k=0
1 [2m ) ) n—1
= 2(n=D(n=2) get (/ f(e) cos’ 0 cos” 9d0>
T Jo 4,k=0
n—1

— 9(n—=1)(n-2) <g) det </ f(eie) cos’ 0 cos® 0d0)
™ 0

7,k=0
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Changing the variable z = cosf, df = —dx/v/1 — 22, we immediately obtain
(2.31)

- 2n2—2n+2 1 Lk f(eze(x))
detfy-u+ yanlita = T e ([ o) o) = S,

which is (2.24).

Similarly, using the observations

2
(2.32) % ; F(e?)sin(j + 1)0sin(k + 1)0d0 = fj_x — firrro,
(2.33) 71T/027T f(e®)cos(j +1/2)0cos(k 4+ 1/2)0d0 = fi_x + firrr1,
27
230 2 [T sin + /20 sinlh+ 1/2)0d0 = fi-i ~ Frrin,

and the expansions in nonnegative powers of the cosine of the quantities

sin(k +1)0 cos(k +1/2)6 sin(k +1/2)0
[
2

sinf ' cos g ’ sin
we obtain (2.25), (2.26), and (2.27). O

Finally, we list some properties of Barnes’ G-function (see [3], [41]) we
need below. The G-function is an entire function defined, e.g., by the product
(2.35)

o0 k
Gz +1) = (@n)/2e e+ 0222 T (14 g) e~ RN e,
k=1

where g is Euler’s constant. G(z) satisfies the recurrence relation
(2.36) G(z+1) =T(2)G(»), G(1) =1,

where I'(z) is Euler’s G-function. The following representation is useful:

z 1
(2.37) / Inl(z+ 1)dz = gln27r - Z(Z;_ ) +2zInT(z4+1) —InG(z + 1).
0
There holds the identity
(2.38) 2InG(1/2) = (1/12)In2 — In /7 + 3¢'(—1),

where (’(z) is the derivative of Riemann’s (-function. We will also need a
doubling formula given by

(2.39) G(22)7°G(1/2)? = G(2)*G(z + 1/2)T(z)22~D=1),
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3. Riemann-Hilbert problem

In this section we formulate a Riemann-Hilbert problem (RHP) for the
polynomials ¢y (2), ¢r(z). We use this RHP in Section 5 to find asymptotics
of the polynomials.

Let the weight f(z) be given on the unit circle (which, oriented in the pos-
itive direction, we denote C) by (1.2). Suppose that the system of orthonormal
polynomials satisfying (1.16) exists. Consider the following 2 x 2 matrix valued

function Y *¥)(2) = Y (2):
—1 —1 5
X Pk(2 = 2mi
31  YW() = ]2_1’1( | 1 fc«bf 1(5%)5;(5)@ '
—Xk-12"Op-1(27Y) =Xkt Jo T e

It is easy to verify that Y'(z) solves the following Riemann-Hilbert prob-

lem:
(a) Y(z) is analytic for z € C\ C.
(b) Let 2 € C'\ UlLyz;. Y has continuous boundary values Y4 (z) as z
approaches the unit circle from the inside, and Y_(z) from the outside,
related by the jump condition

1 27Ff(z m
(3.2) Yi(z) =Y_(2) (0 1 ( )> , z € C\UjLyz;.
(¢) Y(2) has the following asymptotic behavior at infinity:

k
(3.3) V() = (I+o<1)) (Zo 291@)7 as 2 — oo,
z
(d) As z = z;,j=0,1,...,m, z€ C\ C,

_(0() OW)+0(z— 5Py
34 9=(00) 00t o_Z)s et
B O(In |z — z;]) e ‘
(35) - ( O(1H|Z*Zj|) ) if Q _07 5] #O
(Here and below O(a) stands for O(|a|). If ag = By = 0, then Y'(z) is bounded
at z =1.)

A general fact that orthogonal polynomials can be so represented as a
solution of a Riemann-Hilbert problem was noticed in [23] (for polynomials
on the line) and extended for polynomials on the circle in [1]. This fact is
important because it turns out that the RHP can be efficiently analyzed for
large k by a steepest-descent-type method found in [19] and developed further
in many subsequent works. Thus, we first find the solution to the problem (a)—
(d) for large k (applying this method) and then interpret it as the asymptotics
of the orthogonal polynomials by (3.1).
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The solution to the RHP (a)—(d) is unique. Note first that det Y (z) = 1.
Indeed, from the conditions on Y (z), det Y (z) is analytic across the unit circle,
has all singularities removable, and tends to 1 as z — oco. It is then identically
1 by Liouville’s theorem. Now if there is another solution Y (z), we easily
obtain by Liouville’s theorem that Y (2)Y (z)~! = 1.

4. Asymptotic analysis of the Riemann-Hilbert problem

In this section we construct an asymptotic solution to the Riemann-Hilbert
problem (a)—(d) of Section 3 for large k = n by the steepest descent method.
All the steps of the analysis are standard apart from construction of the local
parametrix near the points z;. We always assume that f(z) is given by (1.2).
In all Section 4 we also assume for simplicity that zg = 1 is a singularity.
However, the results trivially extend to the case oy = By = 0. In Section 4 we
further assume that V'(z) is analytic in a neighborhood of the unit circle.

The first step is the following transformation, which normalizes the prob-
lem at infinity:

—nos >1
(4.1) Ty =v()d® L
I, 2| <1,

where o3 = (§ %).
From the RHP for Y (z), we obtain the following problem for T'(z):
(a) T(z) is analytic for z € C\ C.
(b) The boundary values of T'(z) are related by the jump condition
2" z
(42) =1 (5 1) seovume,

z
(c) T(2) =1+ 0(1/z) as z — o0,
and condition (d) remains unchanged.

Now split the contour as shown in Figure 1. Define a new transformation
as follows:

T(z), for z outside the lenses,
1 0
T(z) . , for |z| > 1 and inside the lenses,
(4.3) S(z) = flz)7'z7 1
1 0 .
T(z) , for |z| <1 and inside the lenses.
—fl)7te" 1

Here f(z) is the analytic continuation of f(z) off C into the inside of the lenses
as discussed in Section 4.2 below (see (4.13), (4.14)).
Then the Riemann-Hilbert problem for S(z) is the following:

(a) S(z) is analytic for z € C\ X, where X = U7 ((2; U X! UXY).
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_ >0
z1

20

21
22

<2

Figure 1. Contour for the S-Riemann-Hilbert problem (m = 2).

(b) The boundary values of S(z) are related by the jump condition
1 0 m 2
S+(Z) :S_(Z> f(z)—lzqin 1)’ zZ € U]:O(EJU2])7

where the minus sign in the exponent is on ¥, and plus, on %7,
0 f(z)

(c) S(z)=I1+0(1/z) as z — oo,
(d) Asz—z;,j=0,...,m, z€ C\ C outside the lenses,

_(0(1) 0(1) + O]z — )
(4.4) S(z) = <0(1) 0(1) + O(]= - Zjl%‘ﬂ')>
if o;; # 0, and
_(0(1) O(n|z — %)
(4.5) S(z) = (O(l) O(ln|z — zﬂ))

if aj = 0, B; # 0. The behavior of S(z) for z — z; in other sectors
is obtained from these expressions by application of the appropriate
jump conditions.

Let us encircle each of the points z; by a sufficiently small disc

(4.6) U, ={z:|z—z| <e}.
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We see that outside the neighborhoods U.;, the jump matrix on ¥;, ¥7 j =
0,...,m is uniformly exponentially close to the identity. We will now construct
the parametrices in C\ (UT,U,;) and U,;. We match them on the boundaries
dU.,, which yields the desired asymptotics.

4.1. Parametriz outside the points z;j. We expect the following problem
for the parametrix N in C\ UJL,U.;:
(a) N(z) is analytic for z € C\ C;
(b) with the jump on C
0 f(?) .
M@ =5 (g 1) e\ U
(c) and the following behavior at infinity:

N(z):I—l—O(%), as z — 00.

One can easily check directly that the solution to this RHP is given by
the formula

D(z)%, |2 > 1,
4.7 N(z) = 0 1
o A PIBTE <
-1 0
where the Szegé function
B 1 In f(s)
(48) D(Z) = exp % /CV ?ds

is analytic away from the unit circle with boundary values satisfying Dy (z) =

D_(2)f(2), 2 € C\ ULz

In what follows, we will need a more explicit formula for D(z). Calculation
of the integral (with the help of (4.13) below) gives

1 V(s) i (z — zk)o‘ﬁﬁk
4. D(z) = — d .
(49) R } I (S
m Z— Zk ak+/8k
=e"b, (2) H ( — ) , |z <1
o N Zke
and
1 V(s) s (z - zk) axtBr
4.1 D(z) = — d
(4.10) (2) eXme’/cs—z S}kl:[o Z
o m 2=z 7ak:+ﬁk
=0 T II(E) T s
k=0

where Vo, bi(z) are defined in (1.8). Note that the branch of (z — zj,)*s+5%
in (4.9), (4.10) is taken as discussed following equation (4.13) below. In (4.10)



1272 P. DEIFT, A. ITS, and I. KRASOVSKY

for any k, the cut of the root 2~ 5 ig the line § = 6, from z = 0 to infinity,
and 0 < argz < 27 + 0.

4.2. Parametriz at z;. Let us now construct the parametrix P,;(z) in U,;.
The construction is the same for all j = 0,1,.... We look for an analytic
matrix-valued function in a neighborhood of U, which satisfies the same jump
conditions as S(z) on ¥ NU,;, the same conditions (4.4), (4.5) as z — 2;, and,
instead of a condition at infinity, satisfies the matching condition

(4.11) P (2)N7'(2) =1+ 0(1)
uniformly on the boundary 9U.; as n — oc.
First, set
(4.12) C:nlni,
j

where Inz > 0 for z > 1, and Inz has a cut on the negative half of the
real axis. Under this transformation, the neighborhood U, is mapped into a
neighborhood of zero in the (-plane. Note that ((z) is analytic, one-to-one,
and it takes an arc of the unit circle to an interval of the imaginary axis.
Let us now choose the exact form of the cuts ¥ in U,; so that their images
under the mapping ((z) are straight lines (Figure 2). We add one more jump
contour to X in U,, which is the pre-image of the real line I'3 and I'7 in the (-
plane. This will be needed below because of the nonanalyticity of the function
|z — z;|“. Note that we can construct two different analytic continuations of
this function off the unit circle to the pre-images of the upper and lower half
(-plane, respectively. Namely, write for z on the unit circle,
(4.13)

5\ .
o) = 5= 5% = (= 22 - gl = ST

where /; is found from the condition that the argument of the above function

)

is zero on the unit circle. Let us fix the cut of (z — 2;)® going along the line
¢ = 0, from z; to infinity. Fix the branch by the condition that on the line
going from z; to the right parallel to the real axis, arg(z — z;) = 2m. For
2%/2 in the denominator, 0 < arg z < 27 (the same convention for roots of z
is adopted in (4.15), (4.17) below). Then, a simple consideration of triangles
shows that

3 0<f<b,;
(4.14) (=170 V0%
m, 0; <0 <27

Thus (4.13) is continued analytically to neighborhoods of the arcs 0 < 6 < 6;,
and 0; < 6 < 2m. In U,,, we extend these neighborhoods to the pre-images of
the lower and upper half {-plane (intersected with ((U.;)), respectively. The
cut of hy, is along the contours I's and I'7 in the (-plane.
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For z — zj, ¢ = n(z — zj)/zj + O((z — 2;)?). We have 0 < arg( < 2,
which follows from the choice of arg(z — z;) in (4.13).

Denote by Roman numerals the sectors between the cuts in Figure 2. We
now introduce the following auxiliary function. First, for j # 0,

115) £ = TL(Z)" T anGlgs
k=0 k#j
e~ ¢ €111V, VI,
X hay ( ){

, zeU,, j#0.
eims ¢ e TIL 1V, VII, VIII, w I

The functions g, (2) are defined in (1.4). The case of U, is slightly different
because of the branch cut of 2% and 2% going along the positive real half-line.
Define a step function

e~ argz >0
4.16 G, (2) =< . ’ ’ 2z €U,
(4.16) 0 (2) {ﬁ o .
and define

Vi) 2 /2 \Pr/2

(4.17) 2 H (;) Hh% 2)gp, (2 1/2

k=0 ~k k40

e~ im0, ¢ e LI,

eim(@o=Fo) ¢ I, TV,
emimlaotbo) - ¢ €V, VI,
eimeo, ¢ € VII, VIII,

X hag(2) z € Uy.

It is easy to verify that Fj(z), j = 0,1,... is analytic in the intersection
of each quarter ¢-plane with ((U;,) and has the following jumps:

(4.18)
(4.19)
(4.20)

Fj i (2) = Fj_(2)e 2™ ¢ely,
Fji(2) = Fj—(2)e*™ (€T,
Fji(2) = Fj_(2)e™ CeTsUTly.

Comparing (1.2), (4.15), and using the analytic continuation (see (4.13))
for f(z) off the arcs between the singularities, we obtain the following relations
between f(z) and Fj(2):

(4.21) Fj(2)? = f(2)e ?™iggl(z) ¢ €LILV,VL
4.22 Fi(2)? = f(2)e?m g2 (2 ¢ € 11,1V, VII, VIII
J B;

for j # 0. If j = 0, the same relations hold with the functions g/gol(z) replaced
by G5, (2)-
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We look for P, (z) in the form
(4.23) P, (z) = B(z)PW (2)Fj(z) o2 2%n73/2,
where plus sign is taken for |z| < 1 (this corresponds to ¢ € I II,III,1V),
and minus, for |z| > 1 (¢ € V, VL VI, VIII). The matrix E(z) is analytic
and invertible in the neighborhood of U, ;, and therefore does not affect the
jump and analyticity conditions. It is chosen so that the matching condition
is satisfied.

It is easy to verify (recall that P.,(z) has the same jumps as S(z)) that
P (2) satisfies jump conditions with constant jump matrices. Set

(4.24) PU(z) = 05(Q).
Then W;(¢) satisfies a RHP on the contour given in Figure 2:

Figure 2. The auxiliary contour for the parametrix at z;.

(a) W; is analytic for ¢ € C\ US_T;.
(b) ¥; satisfies the following jump conditions:

0 e B
42 0 ©=9-0 (T ). forcem,
0 eim™B;
420 0u0=0-0(_ 0 ). ercers
(4.27) U, () =V, _(¢)e™%,  for ( € T3UTy,
1 0
(428) \I’]H-(C) = ‘ij_(g) (eiiﬂ*(ﬁj2aj) 1) ’

for { € I's with plus sign in the exponent, for ¢ € I'y, with minus sign,

(4.29) Vj+(€) = ¥5-(¢) <e:|:i7r(ﬁlj+2aj) 2) ’
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for ( € I'g with plus sign in the exponent, for ¢ € I'g, with minus sign.

(c) As ¢ =0, ¢ € C\ U5_;T; outside the lenses,

(4.30) V(z) = (o(c%‘) O(C%) + O(C‘O‘j))

if aj # 0, and

_ (o) O(m|¢])
(4.31) ‘I’J(z)—(o(l) OOn!C))

if «j =0, B; # 0. The behavior of ¥;(z) for ¢ — 0 in other sectors
is obtained from these expressions by application of the appropriate
jump conditions.

We will solve this problem explicitly in terms of the confluent hypergeo-
metric function, v (a, c; z) with the parameters a, ¢ determined by «;, 3;. A
standard theory of the confluent hypergeometric function is presented, e.g., in
the appendix of [28].

The following statement holds:

PROPOSITION 4.1. Let aj £ 3; # —1,—-2,... for all j. Then a solution
to the above RHP (a)—(c) for ¥;((), 0 < arg( < 2, is given by the following
function in the sector I:

(4.32)

CYp(ay + By, 1+ 20, ¢)e™2hitas)e=¢/2
(1 — oy + By, 1 — 205, C)eimBi—3ay) —¢/2Ltasth)

(0;—B;)
= (91t a5 = By, 1+ 205, el R HEaRI
Cfajw(_aj . /ij 1— 2aj7 efzﬂ'c)efzﬂ*ajeg/Q

where ¥ (a,b,x) is the confluent hypergeometric function of the second kind,
and I'(x) is Euler’s I'-function. The solution in the other sectors is given by
successive application of the jump conditions (4.25)—(4.29) to (4.32).

Remark 4.2. The functions (¥, 1 (a, b, ¢), and ¢ (a, b, e~""¢) are defined
on the universal covering of the punctured plane ¢ € C\ {0}. Recall that the
branches are fixed by the condition 0 < arg{ < 2.

Proof. Condition (c) is verified in the sector I by applying to (4.32) the
standard expansion of the confluent hypergeometric function at zero (see, e.g.,
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[11]); namely,
_ I'(1-o¢) Fle=1) 4_.
(4.33) Y(a,c,z) = m (1+0(x)) + T(a) (1+0())
z—0 cé¢Z,
or, to cover also the integer values of ¢,
(4.34)
Heelgl=e (14 0(x Inz)) + O(1), e 1,
L(1—c) C(c=1) 1—¢ B
@b(a,c,x): ra + c) (1+0F§x))+ I'(a) z (1+O($))7 gl:Ec—170751,
_W (lnm—l—%—QVE)—I—O(Mnx), c=1,
{1(+a )C) (1 +O0(zInz)+0O(x! ), Re < 1,

for x — 0, where yg = 0.5772 ... is Euler’s constant.

We verify condition (c) similarly in the other sectors.

To verify (b), reduce the contour of Figure 2 to the real line, oriented
from right to left, by extending the sectors I and IV and collapsing the jump
conditions. We then obtain the following reduced RHP:

435) ¥ (Q) = 0 () Loy

o
J
( ) eZTI'OCj O

\I/] (C) (22 Sin(ﬂ'(ﬂj _ aj)) e—iwaj> ) C < 07
vV () = v () gt s s

j7+
_7'71'(261'_0‘]) 24 si . .
_g® isin(m(a; + B;))
=W (C) < 0 eiﬂ(Zﬁjfaj) ) C > 07

where the jump matrices J; correspond to jumps on the contours I'y, & =
., 8 as defined in (4.25)-(4.29).
The confluent hypergeometric function possesses the following transfor-
mation property on the universal covering of the punctured plane:
(4.36)

Y(a, e, e *™¢) = ¥ Y (a, e, () —

21
Fa)'(a—c+1)

e (c — a, ¢, e ().

This property is proved in the appendix of [28] (equation (7.30)).

Taking \IIE»I)(C ) given by (4.32) and applying to it the jump condition for
¢ < 0, we obtain using (4.36) and the standard properties of I'-function the
following expressions for the first column of ¥IV):

(4.37)
wi(0) = Cuay + 8,1 + 205,722,
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(4.38)
—aj i —irgs —co L (14 aj + Bj)
TIV(¢) = ¢yl — a; + 1= 2a, e 2)e e /2 0 U
The second column is
(439) \I»'g;g) (C) — \IIEHQ(C)Q—ZWQJ’ \ij;g) (C) — \1,522(4-)6—1#&]

Now applying to this function the jump condition for ¢ > 0 and using
again (4.36), we obtain (note that as a result of these manipulations we moved
¢ = €*™()

(4.40) v (0) = w;(0)

with 0 < arg( < m, i.e. the \Ifgl) (¢) we started with. Thus (4.32), (4.37) are a
solution to the reduced RHP given by the jump condition (4.35). Therefore,
(4.32), (4.37)-(4.39) give a solution to the original RHP for ¥ in the sectors
I and IV, respectively, and the solution in the other sectors is reconstructed
using (4.25)—(4.29). Proposition 4.1 is proved. O

We will now match this solution with N(z) on the boundary OU., for
large n. The limit n — oo, z € OU,;, corresponds to ¢ — oco. Therefore, we
need the asymptotic expansion of ¥;(¢). We use the classical result (e.g., [11]
or [28, eq. (7.2)]) for the confluent hypergeometric function:

(4.41)
Y(a,c,r) = 27 1—a(l+a—c)z  H0(x2)], |z| — oo, —37/2 < argx < 37/2.

Note that these asymptotics can be taken both for v (a, ¢, () and ¥(a, ¢, e~"()
for ( € I. We apply this result to (4.32) and thus obtain the asymptotics of
the solution in the sector I. The “proper” triangular structure of the jump
matrices implies that these asymptotics remain the same in the sector II as
well; namely,

(4.42)

v () = vl

2 2 P(lt+a;—B85) in(8;+4a;
= I_{_} (it _C:é)_ /B] F(aj-]‘rﬁj)] € (Frties) +O(€—2)
\Hrmegpe oo @
im(26;5+c) 0
—Bjos3 —Cosz/2 [ €
XC Bj 3e Cos/ ( 0 e—iﬂ'(ﬁj"'QO‘j))’

(— o0, (Celll Ozjﬂzﬁj#—l,—Q,....

Furthermore, applying the jump matrices, we obtain the following asymptotics
for W;(() in the other sectors (here \I'?)(C ) stands for the analytic continuation



1278 P. DEIFT, A. ITS, and I. KRASOVSKY

of the right-hand side of (4.42) to 0 < arg( < 27) as ( — oc:

(443) v(0) = ¥V(Q) = wP( Qe

0 —e'mh —iTa; 03
) Q= Q =900 (s TG ) e
(aa5) w0 = V() = v () <eigﬁj _eomj> .

Now substituting these asymptotics into the condition on E:

(446) P (z)N"1(z) = B(2)W;(Q)Fj ()~ 2207 2N =1 (=) = I + o(1),

we obtain
(4.47)
—im(28j+a;) 0
03 10 —no3/2 [ €
E(z) = N(2)¢P3 F(2)z, 3/ ( . em(ﬁj""%‘j)) , for ¢ e LTI,
(4.48)
—2mi(Bj+ay)
{03 10 —nog/2 [ € Ee 0
E(z) = N(2)( 7 F{(2)z; 3/ ( . em(ﬁj+3aj)) , for ¢ € L1V,
(4.49)
E(z) = N(z)¢ 7
o nos/2 0 et (3 +265)
X E? 3(2’)2’]- 3/ (_e—iﬂ(3ﬂj+2aj) 0 ’ for C € V)VL

2T
E(2) = N(2)¢ Pio FF3 (2) 21/ (_eiﬂ?ﬁj o) . ]) . for ¢ € VII, VIIL

The dependence on z enters into these expressions only via the combina-
tion D(2)/(¢% Fj(z)) for |z| < 1 (i.e., ¢ € LI IILIV) and the combination
D(2)Fj(2)/¢% for |z| > 1 (i.e., ¢ € V, VI, VIL, VIII). Expanding the logarithm
in (4.12) in powers of u = z — z;, we see immediately from (4.9), (4.10), (4.15),
and (4.17) that the mentioned combinations, and therefore E(z) have no sin-
gularity at z;. Thus E(z) is an analytic function in U,,. In what follows,
we will need more detailed information about the behaviour of some of these
combinations as v — 0. Namely, it is easy to obtain from (4.12), (4.9), (4.15),
(4.17), and (4.13) that

(4.51)  Fj(z) =nje 3”“"3/2 “u (1 + O(u)), u=z—zj, ¢el,
where

N\ Br/2
(4.52) 1y = V)2 eXP{ Z? <Z Br — Z 5k>} I1 (?) |2 — 2|

k=j+1 k#j ok
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and

D(2) ? 2 im(aj—28;),,—28;
(4.53) FFG) = pje I (14+ 0(u), uw=z2-2z2;, (€I,
J

by(z)\ " in (12 m
(4.54) ,uj:<eV°+J> exp —— Zak— Z Qg
b-(2)) 2 \i% k=j+1
N\ k/2
X H (ﬁ) ‘Zj — Zk‘ﬁk.
k2j

To derive (4.54), we used, in particular, the factorization (1.8). The sums from
0 to —1 and from m + 1 to m are set to zero.

It is seen directly from (4.47)—(4.50) that det E(z) = €'™(%~5). Note that
as follows by Liouville’s theorem from the RHP, det W;(¢) = e~*(®=5): This
function has no jumps, the singularity at zero is removable as Ra; > —1/2,
and the constant value follows from the asymptotics (4.42). Combining these
results, we see from (4.23) that det P,;(z) = 1. Comparing the conditions
(4.30), (4.31) and (4.4), (4.5), we see that the singularity of S(z)P,,(z) ! at z =
zj is at most O(|z — z;]%*7) or O(In? |z — 2;]). However, by construction of P, _,
the function S(z)P.;(z)~" has no jumps in a neighborhood of U, and hence
this singularity is removable. Thus, S(z)P,,(z) ! is analytic in a neighborhood
of U. 2

Note that the error term in (4.46) o(1) = n=*%930(n=1)n®573, Tt is o(1)
for —1/2 < RB; < 1/2.

This completes the construction of the parametrix at z;: it is given by
formulae (4.23), (4.24), (4.47)—-(4.50), and Proposition 4.1.

Considering further terms in (4.42), we can extend (4.46) into the full
asymptotic series in inverse powers of n. For our calculations we need to know
explicitly the first correction term:

(4.55) P, (2)N7L(2) =1+ A1(2) + n "i730(1/n?)n*bios
1
Al(z) = -
¢
2
r i i z i o
~(a} = 5)) fit (i) 2pemes )
T'(1+a;—08;5) D(z) T —n —in(28—as ’
B F(Oéjjrﬁj)] ((Bij(z)) zj € (5% ) Oé? o BJQ

ZGaZ(I), Oéj:l:ﬁj;lé—l,—Q,...,

where 0z(I) is the part of OU,; whose (-image is in I. As a consideration of the
other sectors shows, this expression for Aj(z) extends by analytic continuation
to the whole boundary 9U;. As follows from (4.53), it gives a meromorphic
function in a neighborhood of U, with a simple pole at z = z;.
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Uy

out
1

>

Us

Figure 3. Contour I' for the R and R Riemann-Hilbert prob-
lems (m = 2).

The error term O(1/n?) in (4.55) is uniform in z on OU.;.

4.3. R-RHP. Throughout this section we assume that o;£3; # —1,-2,...
forall j =0,1,...,m.
Let

(4.56) R(z) =

z

S(z)N7Y(2), z€Ux\T, Uoo:C\Ugnonzj,
S(z)P;l(z), z€ U, \T, j=0,...,m.

It is easy to verify that this function has jumps only on OU,; and parts of
PR E;’ lying outside the neighborhoods U, (we denote these parts without
the end-points ¥°U¢, Eﬂout). The full contour I' is shown in Figure 3, where
Uj = U,;. Away from I, as a standard argument shows, R(z) is analytic.
Moreover, we have R(z) = I + O(1/z) as z — oo.

The jumps of R(z) are as follows:

450 Re@=R NG ([ ) Ve ses

159 RO =R VG ()10

(4.59) Ry(2)=R_(2)P (2)N ()71, z € OU,; \ {intersection points},
j=0,...,m.

> N(z2)7, z € Z;O“t,
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The jump matrix on X0, X"°u can be estimated uniformly in aj, Bj
as I + O(exp(—en)), where € is a positive constant. The jump matrices on

U, admit a uniform expansion in the inverse powers of n conjugated by
—no3/2

nPios z; (the first term is given explicitly by (4.55)):
(4.60) I+ A1(2) + Do(2) + -+ Ap(z) + AV, zeau,,.

Every Ap(2), A,(,T)(z), p=1,2,..., 2 € UL 0U,, is of the form

m

(4.61) Z a; 7*0(n"")al?, a; = n z;n/Q;
§=0

it is of order n2max; [RB;[—p,

To obtain a standard solution of the R-RHP in terms of a Neumann series
(see, e.g., [18]) we must have n?™a% RB;1=1 = o(1); that is, RB; € (—1/2,1/2)
forall 5 =0,1,...,m.

However, it is possible to obtain the solution in any open or half-closed
interval of length 1, i.e., for |||f]|| < 1. Namely, let |||3]|| < 1 and consider the
transformation

(4.62) R(z) = n“*R(z)n"“7? ze€ C\T,
where
(4.63) w= %(min RB; + max RNf;)

J J

will “shift” all R3; (in the conjugation n”% terms) inside the interval (—1/2,1/2).
Note that w = R}, if only one N3, # 0, and w = 0 if all RB; = 0.

In the RHP for E(z), the condition at infinity and the uniform exponential
estimate 1+O(exp(—en)) (with different ¢) of the jump matrices on £, 3" out
are preserved, while the jump matrices on 9U,; have the form
(4.64)

IT+n¥ 3 Ay (z)n" %%+ - '+nWU3Ak(z)n_“’U3—I—nw“A,(Ql(z)n_w”, z € 0U,,,

where the order of each n“?3A,(z)n™%73, n“’"3A1(,T) (z)n~™@% p=1,2,..., z €
UiLo0U; is
O(n2max]~ |§R6j7w|fp)'

This implies that the standard analysis can be applied to the R-RHP problem
in the range Rf5; € (¢ —1/2,¢+1/2), j =0,1,...,m, for any ¢ € R, and we
obtain the asymptotic expansion

k
(4.65) R(z) =1+ Ry(2) + R\ (2), k=1,2,....
p=1
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In our case the error term
(4.66) R),(2) = O(|Rs1 (2)]) + O(| Risa(2)).-

The functions Ej (z) are computed recursively. In this paper, we will need
explicit expressions only for the first two. Accordingly, set & = 2. The function
R (z) is found from the conditions that it is analytic outside OU = U7L,0U.,,

}Nzl(z) — 0 as z = 00, and

(4.67) Ry (2) = Ri_(2) + n* A (z)n™"78, 2 € dU.

The solution is easily written. First denote

(4.68) Ry(2) =n " Ry(2)n“"s, R (z) = n @R (2)n*73,
and for R, write

(169) Rie)= 5 [ SHOE

27m U T — 2
i € C\ U U.,,
= Z“”’“ #ECAU OU = U dU,,
Ek Oz Zk Al( )7 ZeUzj, —O,l,...,m7

where the contours in the integral are traversed in the negative direction, and
Ay, are the coefficients in the Laurent expansion of Aj(z):

(4.70) Aq(z) = + B, + O(z — zx), z =z, k=0,1,...,m

Z— 2k

The coefficients are easy to write using (4.55), (4.53):

I'l+a —
471) Ay = AWM = ZF —(aj — B}) %Z’Wzn o
(4.71) Ap =47 = — _M 2,28y — B2 '
TantBo & Hr " F

An expression for By, is also easy to find, but it is not needed below.
The function Ry is now found from the conditions that Ra(z) — 0 as
z — 00, is analytic outside OU, and

(4.72)
Ry (2) = Ry, —(2) + R1—(2)n“* Aq(z)n”“7° + n“73 Ag(2)n~ "3, z € 0U.

The solution to this RHP is

D 1 53 wo —wo: wo: —wo dzx
(4.73) Ry(z2) = 3 Jo (RL_(:n)n AL (2)n ™7 + Y73 Ag(z)n 3) —

Further standard analysis (cf. (4.66)) shows that the error term

T B N
| 0 (smaxy ) 0/ +0() )

where § is given by (1.20).
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In particular, as is clear from the above, if there is only one nonzero gj,,
we obtain the expansion of E(z) purely in inverse integer powers of n valid in
fact for all B;, € C, oy £ Bj, # —1,-2,....

It is clear from the construction and the properties of the asymptotic series
of the confluent hypergeometric function that the error terms E,(:)(z) (4.66),
and in particular (4.74), are uniform for all z and for §; in bounded sets of
the strip ¢ — 1/2 < RB; < q+1/2, 7 =0,1,...,m, for ;j in bounded sets of
the half-plane Ra; > —1/2, and for a; &+ 3; away from neighborhoods of the
negative integers. Moreover, the series (4.65) is differentiable in «;, f;.

For future use, note that if V(2) = V;.(2) + (V(2) = V.(2))h, h € [0, 1], and
V,(2) is analytic in a neighborhood of the unit circle, then the error terms are
uniform in the parameter h € [0, 1].

5. Orthogonal polynomials. Proof of Theorem 1.8

Using results of the previous section, we can provide a complete asymp-
totic analysis of the polynomials orthogonal with weight (1.2) on the unit circle
with analytic V'(z). In this section we will find the asymptotic expressions for

Xns ¢n(0)7 and ?gn(o)
First, it follows immediately from (3.1) that
(5.1) a1 = Y31 (0).
Tracing back the transformations R — S — T — Y, we obtain for z inside the
unit circle and outside the lenses
(5.2)
Y(z) =T(2) = S(z) = R(2)N(2) = n “P3R(2)n“"3 N(z)

= 1“1+ Ry(2) + Ra(2) + Ry (2)]n*"* N (2)

= [14 Ri(2) + Ra(z) + RS ()] D(2)° <—01 (1)) |

Taking the 21 matrix element and setting z = 0, we obtain
(53) xo1= —Y2(1n) (0)=D(0)" [1 + R1,22(0) + R2,22(0) + O(0/n + 52)] )

where we used the estimate (4.74) for Rgr)(z).
By (4.9),

,1 27T d9 *V
(5.4) D) = exp —/ V()| = eV,
0 2
Using (4.69), (4.71), we obtain
o~ Ap22 L&

(5.5) Rig(0) = - = > (k- B7).

k=0 ~k
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Conjugating (4.73) with n“?3, setting there z = 0, and applying (4.69),
we obtain

L Agd; 1 1 E-nwﬂ')
5.6 —+ =0 ( , J .
>0 3=0 E gé; zji—z nt\X; 20 1
From (4.71),
(5.7)

(ApAj)oe = 21,2 [(aﬁ- - B3 (o — Bi)n >

n2i) (21) DL+ ay+ B5)P(L+ o — B 15|
2 Doy = Bj)T(caw+Bk) 1§
where H? are defined in (4.54).

Substituting the last three equations into (5.3), we finally obtain (1.21).
We now turn our attention to ¢, (0). Using (3.1), we have

(68  6u(0) = XY} (0) = x (R(O)D(O)w’ <_01 (1)>>
11
= —x.D(0)7! <R1,12(0) + Ré%(o)) :
v (4.60), (4.71),

A U n (L4 oy +
(5.9) Ry 12( Z e Z Zﬁj T(a ai 5.%)%,
- - j — Pj

and, recalling (4.66), we obtain (1.23).
Finally, starting again with (3.1), we have

(5.10)

n 1 Y(n)( ) 1 1 o3 no

PO = i e = T S e (R

1 1 2R B
= — <lim ZR1,21(Z)+O<{(5+} maxn ))
Xn—1 \#—0© nl kT n
‘We have
I'(1

(5.11) hm 2Ro1 (= ZAk o = 772:”26] —n+1 (1+a;— ﬁj),u ’

I'(ey; + 8;) ]

and therefore, recalling (1.21), we obtain (1.24).

Note that uniformity and differentiability properties of the asymptotic
series of Theorem 1.8 follow from those of the R-expansion of the previous
section.
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6. Toeplitz determinants. Proof of Theorem 1.13

6.1. The case of analytic V(z). First, let V(z) be analytic in a neigh-
borhood of the unit circle. Consider the set B](-T) constructed in the proof of
Lemma 1.12. We have to consider only the second class; i.e., |[|3™)]|| = 1. We

then have, relabeling ﬂj(-r) according to increasing real part,
(6.1)

R =... = RAY) < %ﬂﬁl <. < 9:35;3;)4 < %594“ — 3%57(:;)

for some p,¢ > 0. Here m’ is the number of singularities: m' =m+1if z =1
is a singularity (g # 0 or Sy # 0), otherwise m’ = m. Now consider the
symbol (not a FH-representation of f) f of type (1 2) with beta—parameters

denoted by 3 and given by ﬁj = B( ") for j=1,. — ¢, and ﬁj = 5 M

for j =m'—¢4+1,...,m'. Tt is easy to see that the orlglnal symbol f has (E;p)

EH—reprgsentatigns in M obtained by shifting any ¢ out of £ + p parameters
Bj, say By, ..., Bi,, with the smallest real part to the right by 1. Thus,

(6.2) f(z)=(-1)* ﬁ szj X zi_ll . -zi;lzéf(z)
=0

for appropriate L;.
Let us now and until the end of this section relabel 3;, o;, L;, and z;
according to increasing real part of 8;. Thus, in particular,

(6.3) Ry = -+ = RBryp < RBripia-

Assume that the set of all the minimizing FH-representations M is nondegen-
erate (see the introduction). This implies that a; & Bj #—-1,-2,....

We now apply Lemma 2.4 (equation (2.9)) to finish the proof of Theo-
rem 1.13. We need to evaluate the determinant F,, n > Ny for a sufficiently
large No > 0. First, from (3.1), tracing back the transformations of the RH
problem and using (4.69), (4.71), we obtain (cf. (5.8), (5.9)) for the polynomials
orthonormal with weight f(z):

(6.4)
m A(") »
62 =D n() pale) ==Y 2 0[5 ] w )
k=0

This expansion is uniform and differentiable in a neighborhood of zero. A
simple algebra shows that in the determinant
(6.5)
dn(0)/Xn Gn41(0)/Xn+1 - Dn+0-1(0)/Xn+e-1
. dzd’n( )/ Xn L hni1(0)/xnt1 o Ednre—1(0)/Xnte

o—1 o—1 01
A 0n(0)/xn = n1(0)/Xnt1 e fnte—1(0)/ Xnge—
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all the terms with the derivatives of D(z) drop out, and we have

pn(0) prt1(0) - Prt0-1(0)
(6.6)  F,=D(0)" =) Epnrn(0) e G (0)
14 ' 0— ’ o :
I A n(0) (ZTanH(O) e iTlanM—l(O)

It is a crucial fact that the size ¢ of this determinant is less than the number of
terms, £+p, in the expansion of ¢, (0)/x;, of the same largest order O(n=2RB—1)
(see (1.23) with 3; replaced by BJ)

As ]%BJ RpB| < 1, and a]:lzﬁj #+—1,-2,...,5,k=1,...,m/, we obtain
for the p’th derivative of p(z) from (6.4), (4.71), and (4.54) with (3 replaced
by S,

(6.7)
(n+l)
ds A 12 1T owBi—1
pElasly —S'Z 2t ({“ﬂ” )
(-i-p ~ 1 ~
_ S'Zd ZnJrz s < —2%ﬂg+p+1—1) +0 ({64— 7} n—2§)?51—1>
n )
where
(6.8)

~ 11 LA . J—1 m
dj = n 261 (L+a tﬁj)evo b+ (%)) exp {—iﬂ' (Z oy — Z Oék> }
k=0 k

I'(a; — By) b—(zj) =j+1
ﬁ)ak L 26y
X H <Zk |25 — 2"
k#j

Substituting these expressions into the determinant F;,, we obtain

-1
(6‘9) Fn — D(o)—é H S! Z dlld'LQ “ e dllzﬁ .« e ZZieJrl
s=0  1<iyFioF--Fig<l+p

< JI (e —2,)0+0(1))

1<j<k<t

-1
0)_Z HS' Z d’ild’ig ---die(zl-l '--Zie)n

s=0 1< <ig < <ip<~l+p

< TI oy — 221+ (1))

1<j<k<t

Il
&

as Zj
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Therefore, by (2.9),

_1\¢ ~
Wmﬂz))
s=095"

= (-1)"D(0)"* > diydiy - - - diy (23, - 23,)"
1<) <ig <+ <ip<l+p

x I 1z = 2P Dalf(2) (1 + o(1)).

1<5<k<t

(6.10) D, (Z'f(2)) =

We now use Theorem 1.1 for D,,(f(z)). Noting, in particular, that G(1+ z) =
['(2)G(z) and D(0) = "2, we obtain after a straightforward calculation that

Dy (2 f(2)) = (=1)" > (21 -~ 23,)"

1< <t <+ <@g <l+p
XR("')Bi1+1aB’iz+17--',§i5+17"‘)7

where R is the right-hand side of (1.12), where all §; are replaced with Bj
with the exception of 3;, j = i1,...,4s, which are replaced as indicated in the
argument of R. Note once again that each sum is over indices in the range
1,...,¢ 4+ p and we use a special numbering of indices (cf. (6.3)). Finally,
recalling (6.2), we obtain

(6.11)

m n

L. ~ ~ ~

Du(f(2)) = | [ %" > R(..., B +1, Biy+1, ..., Bi,+1,...),
Jj=0 1<y <ia<--<ig<l+p

which is the statement of Theorem 1.13 for V(z) analytic in a neighborhood

of the unit circle.

6.2. Extension to smooth V(z). If V(2) is just sufficiently smooth, in par-
ticular C*°, on the unit circle C' so that (1.14) holds for s from zero up to
and including some s > 0, we can approximate V' (z) by trigonometric poly-
nomials V™ (z) = Zi(znzp(n) Viz¥, z € C. First, consider the case when
I|18]]] = max;|RG; — RBk| = 2max; |RB; — w| < 1, where w is defined by
(4.63). (The indices j, k = 0 are omitted if ag = By = 0.) We set

(6.12) p=M"], v= 2max [RE; —wl| +e1 = |lIBlll + 1,

where €1 > 0 is chosen sufficiently small so that v < 1 (square brackets denote
the integer part).

First, we need to extend the RH analysis of the previous sections to sym-
bols which depend on n, namely to the case when V in f is replaced by V(™.
(We will denote such f by f(z, V™), and the original one, by f(z,V).) We
need to have a suitable estimate for the behaviour of the error term in asymp-
totics with n. For a fixed f, our analysis depended, in particular, on the fact
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that f(2)~ 127" is of order e=", ¢ > 0, for z € ¥°U* (see §4.3), and similarly,
f(z)~1z" = O(e=*") for z € £"°". Here the contours X°", %"°U are outside
a fized neighborhood of the unit circle (outside and inside C, respectively). If
V is replaced by V(" let us define the curve ¥ outside UiLoUj, Uj = Uz, by

1 .
(6.13) 2= (1+71;)p) e?, 4> 0

and ¥ outside U7 U; by

1 )
(6.14) 2= (1 . 'yl;p) et

Inside all Uj, the curves still go to z; as discussed in Section 4.2. Let the
radius of all U; be 2yInp/p. We now fix the value of v as follows. Using
condition (1.14), we can write (here and below ¢ stands for various positive
constants independent of n)

(6.15)

p |Z|k
V@ -l < > RVl
k=—p, k0 K]

z R (1 3yInp/p)t2e\ /2
<cl > WP (Z 5 )

P (14 3yInk/k)E2\ P m? K\ )"
<C<Z k2s <c Zk2(s—3'y) {1+O( k )} ’

k=1 k=1

where z € ¥ 2 € 9U; N {|z| > 1} (with “4” sign in “+”), and z € X"
z € 9U; N {]z| < 1} (with “=” sign). We now set

(6.16) 3y=s5—(14¢2)/2, g2 >0,

and then
(6.17)

V™ (2)| < ¢, by (2, V)| < ¢, b_(z, V)| < ¢, for all n
uniformly on X0, 20U 9U.’s, and in fact in the whole annulus 1 — 371%1” <
|z] <1+ 371%”.

It is easy to adapt the considerations of the previous sections to the present
case, and we again obtain the expansion (4.60) for the jump matrix of R on 0U;.
Note that now |z — z;| = 2y(1 —v)Inn/n'™" and |((2)] = 2y(1 —v)n” Inn(1 +
o(1)) as n — oo for z € QU;, and therefore using (4.55), (4.15), (4.17), (4.13),
(4.9) and the definition of v in (6.12), we obtain, in particular,

1
(6.18) n¥?3Aq(2)n"%% =0 ( ) ) z € UiLy0U;.

nftlnn
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Furthermore, as follows from (6.13), (6.14), (6.17), and (4.57), (4.58), the jump
matrix on 2°%" and X"°" is now the identity plus a function uniformly bounded
in absolute value by

1—v\ 2max; |RG;| 1 Fn
(6.19) c(n > (I:I:fy(l—y) Illny)

Inn

< cexp {_g(l . I/)TLV In 77,} n2(171/) max |9‘E,6’j|’

where the upper sign corresponds to X°%, and the lower, to ) out,

The RH problem for R(z) (see §4.3) is therefore solvable, and we obtain
R(z) as a series where the first term R; is the same as before. For the error
term there holds the same estimate for z outside a fixed neighborhood of the
unit circle, e.g., at z = 0.

This, in particular, implies that formulae (6.7), (6.8) hold for f(z, V(™)
(in f, we substitute Bj for B;; note that the condition 0 < v < 1 is satisfied).

We will now show that replacing V(™ with V in the symbol of the deter-
minant D, (f(z, V™)) results (under a condition on s) in a small error only,
so that (6.10) still holds with V used in Dy, (f(z,V)), and V() in d;’s and in
Dy (24 f(z, V™)), Then, proceeding as before, we obtain the statement of the
theorem for D, (z¢f(z, V(™)) as, by (1.14), uniformly on C,

620)  ba(= V) =ba(z V) [140 (n(l%)ﬂ =1,

n (6.8). Recall a standard representation for a Toeplitz determinant with
(any) symbol f(z):
2
— b5 _ itk |2 %5
(621) DTL = nn'/ / H ’67’ j el k’ Hf 1Pj d¢]
1<j<k<n

From this formula, (6.20), and Theorem 1.1 for D,,(|f(z, V)|) and D, (f(z,V)),
if s(1 —v) > 1, we have that

(6.22) ‘D F(2,V)) = Du(f(z, v<n>))

2
e 0 A A | R I E

1<j<k<n
i

< cem‘:vonnzg”:l((mj)u(%gj)z)(ec/n(l_u>s_1 )

Von, ST (02-B2)| ST o ((Sep)?+®5)%) L

<cle n(-v)s—1

<c‘D f(z, V) ’n (1=)s—1=3 2o (Se +(§Rﬁ)))
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Therefore,

6.23) D, ry 2 vy — D, = 2V (1 Dn(f(z, V(n))~) — Dn(f(z, V)))
(6.23) (f( ) (f(z V) |1+ D7)

= Dn(f(2,V))(1 +o(1))
if
L+ 5770((Sey)” + (RB;)%)
1—v ’
Under condition (6.24) and the ones under which Theorem 1.1 holds, o+ Bj #
—1,-2,..., and, e.g., C* for Vv (see Remark 1.7), we then obtain the state-
ment of the theorem for D, (zf(z, V(")) as mentioned above. The theorem

(with Remark 1.15) for D, (2'f(z,V)) and hence for D,,(f(z,V)), immediately
follows from an analysis similar to (6.22), (6.23), applied to

LTz V) = Du( (2, VO _Dn<sz<z,v<">>>—Dn<sz<z,v>>>
Dn(2' f(2,V)) = Du(=' (2, V")) (1 ENEEPRT .

The ratio in the brackets is o(1) under condition (6.24) in which j; are replaced
by BJ(T) (and the condition under which Theorem 1.1 holds). As e; can be
arbitrary close to zero, this condition together with (6.24) (note that these

conditions are consistent with (6.16) and the requirement that v > 0) and
(1.15) for Theorem 1.1 yield the estimate (1.28).

(6.24) 5>

7. Hankel determinants. Proof of Theorem 1.20

Consider the Hankel determinant with symbol w(z) on [—1,1] given by
(1.36). In this section we will find its asymptotics using the relation to a
Toeplitz determinant established in Theorem 2.6. Let z = cosf, z = €',
0 <6 <. In particular,

)\jZCOSQj, ijewj, 7=0,1,...;74+1, 0:90<01<--~<9T+1:7r.

First, we find an even function f of the angle € related to w(x) by (1.39).
The Toeplitz determinant Ds,(f(z)) with this symbol enters the connection
formula (2.20). Denote

(7.1) Z=e@m0)i =0, L+
Then, recalling (1.6), note that
(7.2) |z — \j|*¥ = |cosf — cos 0;]>*

L 0—0; . 0+0;P9 . . .
= [2sin ! sin ! = 272% |z — 2?9 |z — 2|2
2 2 J

(7.3) |sinf] =272 — 20|z — zp 41|
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We see that f(z) will have m + 1 = 2r + 2 singularities at the points zy = 1,
Zrp1 =1, 25, 25, =1,
Observe that

,
Bj ﬂ Bj B
(7.4) [ wjlx) = e " 2i1P Hz P ngj, 8,(2)2;7 921, 5,(2)2'; .
j=1 j=1
Note that Sy = 841 =0 and we have the jumps with —f; at z; and +8;
at z} In particular, the sum over all 5’s is zero as noted in the introduction.
Note that as §; = 7/2 — arcsin A}, in (7.4) we have

T T
(7.5) e T =1 11 zj_’Bj z'?j = exp <2i > j; arcsin )\j>.
j=1 j=1
Collecting the above observations and denoting
r+1
(7.6) A=) "aj,
j=0

we have by (1.39) (where we single out a multiplicative constant for conve-
nience)

(7.7) f(2) = w(z)|sinb| = Cf(2), C=2724-1 exp(2i i: Bj arcsin )\j>,
j=1
where

(7.8)  f(e?) = V()| — qflaotl]y 4 qjlariitl
T 5, N
< [T 1z = 2% e = 25 g5, ,-5,(2)2} 9215, ()25

Here V(e?) = U(cosf). Thus f(z) is the symbol of type (1.2) with R3; €
(—1/2,1/2]. Therefore, if R3; € (—=1/2,1/2), j =1,...,r, we can apply Theo-
rem 1.1 to Dy, (f(z)) and obtain

(7.9)  Dan(f(2)) = C*"Day(f(2))

_ C2n exp<2nV0 + Z kvk?)b+(1)—4(10—1b+(_1)—404r+1—1
k=1

X H by (2 —2(aj+685)p (Zj)—Q(aj—ﬁj)

(2n)2 S (@2=B2)+(2a0+1/2)%+ (2aT+1+1/2)2P(Z)

T Gt a;+8)*°G(1 + a5 — B5)°
% 31:[1 G(l + 20{j)2

G(1 4 200 + 1/2)2 G(1 + 20041 + 1/2)?
Gl +4a0+1) G +4omgs +1)

(1+0(1)),
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U &, Be—arb;
Py =TI I ap®ham (270,
0<j<k<m zje”
1 11
§Ra]>_§7 %ﬁ]€<_§7§)7 j:O717)T+17

where we used the fact that by the symmetry of V(z), Vi = V_g, and hence
by (zj) = b-(2}), b-(2j) = by (2}), by(£1) = b_(£1). In the above expression
for P, m = 2r + 1, and the pomts are numbered as in Theorem 1.1; namely,
Zo =20 =1, ap = 29 + 1/2, Bo = By = 0; z]—zj,a]—oz],ﬁjz —B;,
J=1.0m Zr = zep = <1 = 20041 + 1/2, Bri1 = Brp1 = 0;
Zj = 627” mirl—ja a; = amy1—js Bj = Bmt1—4,J =r+2,...,m. The expression
for P can be written in terms of ;. Namely, it is not difficult to obtain by
induction that

(7.10)

P — 2—2(a0+ar+1+1/4)

< I

O<j<k<r+1

X H |2sin ;|2 (of+55+ay)

—4(ajor—PB5Bk) 4(ajar+BiPr)

0; — 6y
2

9 + 0|

2sin
S 5

2sin

% e27,(214—1—1) > =1 Bjarcsin); o2 Y o<j<h<rin (@B —akﬁj).

Assume first that V' (z) is analytic. To use (2.20), we need to calculate
the asymptotics of the product ®9,(1)®2,(—1). In order to do this, consider
Y™ (2) as 2 — z; in such a way that z € z(I), where z(I) is the pre-image in
the z-plane of the sector I of the {-plane (see Figure 2 and §4.2). Tracing back
the transformations of the RHP, we obtain

(7.11) Y™ (2) = T(2) = S(2) (f(z)l_lz" (1)>
1 0

=1+ RODPE (e 1) e
where the parametrix P, (z) at z; is (see §4.2)

(712) P, () = B (O F (2) 02"
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with E(z) given by (4.47). Substituting all the expressions into (7.11), we
obtain

-1 0

e—im(28;+ay) 0 F'(Z)_l 0 nos/
(0T )90 (55 ) T

Note that the expansion of Fj_l(z) as z — zj is given by (4.51). Using it,
we further obtain
(7.14)
Fi(2)f(z)' = 77;16”(51_0‘1/2)2?%_“1(1 + O(u)), u=z—zj, el

Thus,

Fj(z)~! 0
(7-15) (Fj(Z)f(Z)‘l Fj<z>>

eiﬂ—aj 0 [re® Qj  —aj\03,,—0.
(st ety ) (P50, 15 O,

(7.13) Y“”(z)=<I+R§”<z>>@<z>“(0 1> (¢hFy(2)2)™

To estimate ¥(¢) for ¢ — 0 (i.e., z — z;), assume first that all o # 0.
Substituting (4.34) into (4.32), dropping the terms of order 2% in the second
column (we will denote thus modified Y (z) by Y (2)), we obtain the following
limit for the combination needed in (7.13) (here tilde over the limit sign means
that we have to drop u*% terms before taking the limit):

— e*iTl’(Qﬁj*Faj) 0
(7'16) limy, 0 0 et (Bj+20)

e’Lﬂ'Oc]' O

X \IJ](C) <ei7r(ﬁj—a]-) e—iwaj> (6i7raj/2zjéju_aj)a3

_ eiﬂ'(aj/Qfﬁj)Ug Mn®ios 7

where

(7.17)
T 1 Ty IM(l+a—B;) _ NpimB; I'(205)

M:<{e T —ay) € JF(%?ﬁ(ﬁEé;@é;‘)—ﬁj)]F( 20j)e"™ 1;8;-*—)%))
—iTa 1 o imay aj j . RS Lo aj ’
€ "TBay € F(arﬁj)F(Jl*éﬁﬁj)}F( 20)€"™ F(Olrjﬁj)

This expression can be simplified. Namely, the 11 matrix element

_ einB—ay) L(2205) ( oria;  sin7(Bs+0y)
(7.18) My =e NG ;j) (e Sim(ﬁ; - aj)
_ I'(—2q) sin(—27ay)  T(1+a; - 5))
S T(Bj—oy)sinw(B; — o) T(1+2ay)
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Similarly,
I'(1+«aj+ 65)
1 My = ——L
(7.19) 7T+ 2ay)
Thus
T Tt
_ +2a a;+p;
(7.20) M=\ rata+8) @y |-
F(1+20éj) F(O!j—ﬁj)

Substituting the just found limit and (4.53) for (D(z)/(¢% Fj (2))? into (7.13),
we obtain
(r21) T = (1)L,

(Mzwﬂl tnei =B Mappujnyn=®i=Pi )

AR
MllM] n; ~lpay+h; —Mlguj_lnjn—aj‘irﬁjzj_"

J

where r; = RY) (zj), and n;, pj are given by (4.52), (4.54).
Note that the matrix L§-n) has the structure

(7.22) LYY = nfios Lpases,

where L depends on n only via the oscillatory terms z7.
From (3.1), (7.21) at z; =1,

(7.23) @20(1) = V(1) = LTI (1 + O(n s A7),

From (7.21), (7.20), (4.54), and (4.52), using the doubling formula for the
I'-function

L(l+z) V&S
D(1+2z) 220 (x+1/2)’

we obtain the following main term of ®9,(1):

(7.24)

(7.25)
Lffﬁ) = Mo pomg ' (2n)20 /2
Vo=V (1))/2+i S _ (7—6,)8; —2as
= \/7?(3( D QSin& 2 92(a0—ar+1) ), 200+1/2
24001 (1 + 2ap) - 2
7j=1
Similarly, we obtain
(7.26) Do (—1) :Lgll)n( +O( —2maxk6k—1)),
e \fe(Vo (—1)/2—i>0_, 6
r+1,11 = 24a,+1+1I‘(1 + 205r+1)
—2a]

2COS L 2_2(040_06r+1)n204r+1+1/2'

><H
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Therefore,

(7.27)

7T€V0_(V(1)+V(—1))/2+2i Z;:1 Bj arcsin \j

Pon(1)P2n (1) = 24(a0+ar+1)+2r(1 +200)T(1 + 20tr41)

r
X H ‘2Sin9j|—2ajn2(ao+ar+1)+1(1 + O(n—Qmaxk ,Bk—l))‘
j=1

Substituting (7.9), (7.27) into (2.20), we obtain (1.37) squared. We use
the following observations in the process:

e Since Vi, = V_,,

by (£1) = VED=V)/2,

e The following elementary identity holds:

0. — 0, |~ (iar—B;Bk) 0. + 0, |~ (@jrtBiBk)
(7.28) [T [2sin2—* 2in 0k
) 2 2
0<j<k<r+1
— 97 D 0<j<k<ri1 Xk H |A; — )\k]*(o‘ja”ﬁjﬂk)
0<j<k<r+1
Bj B
X AAk =1/ == A

e Applying the doubling formula (2.39), we easily obtain that

G(1+2a+1/2)? _ o-8a?—2a_2a+1_G(1/2)
(7:29) Gltdazn [UF20)=2 TGOt 20)?

If V(2) = V,(2) is real-valued for z € C, and a; € R, if; € R, j =
0,...,m, then the weight f(z), z € C, is positive and therefore D, (w) is
positive. Then (1.37) represents the correct branch of the square root. Since
D,,(w) is continuous in «;, 5;, and the parameter h in V(z) = V,.(2) + (V(2) —
V.(2))h, h € [0,1], and the error term is uniform in these parameters (see
§4.3), then formula (1.37) has the correct sign in general. This finishes the
proof for analytic V' (z). The extension to smooth V(z) is carried out similarly
to the argument in the previous section by using the standard multiple-integral
representation of a Hankel determinant.
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