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p-ADIC L-FUNCTIONS
OF HILBERT MODULAR FORMS

by Andrzej DABROWSKI

1. Introduction.

Let p be a prime number and F a totally real number field of degree
n over Q. Let O, ¥ C Of, D = N(¥9) denote, respectively, the maximal
order, the different and the discriminant of F'. Let Jr be the set of all real
embeddings of F, and let Sgny C FX := (F®R)* ~ R*" denote the group
of signs of F' (i.e. elements of order 2 in FX).

Let f € Mg(c,?) be a primitive Hilbert cusp form of type (k, %),
where k = (ki1,...,kn), k1 = ... = kn(mod 2); put ko := max{k;}. Let

c*(a, f), 0 € Jr denote the corresponding periods. Let f, denote the twist
of f with a Hecke character x of finite order. Let

L(s,fy) =Y x(@®)C(n, f)Nn=?

= T (- x(®)CE. AN~ + PN -2
p

Analytic properties of L{s, f) suggest that f should correspond to a certain
motive M(f) over F of rank 2 and weight kg with coefficients in a field T
containing all C(n,§) (see [Pa2; sec.7] for a discussion).

Through the paper we fix embeddings

i00; Q — C, i,,:@—»(c,,

Key words : p-adic L-function — Hilbert cusp form — Complex-valued distribution -
Growth condition — Non-archimedean Mellin transform.
A.M.S. Classification : 11F67 — 11F85.



1026 ANDRZEJ DABROWSKI
where C, = @p is the Tate field (the completion of a fixed algebraic closure
Q, of Q) endowed with a unique norm | - |, such that |p|, = p~'.

Put
1-C(p, /)X + Y(p)Np* 1 X2 = (1 — a(p)X) (1 — &/ (p)X) € Cp[X]

where a(p),o/(p) are the inverse roots of the Hecke polynomial; assume
ordpa(p) < ordyo/(p). Note, that with an embedding o; € Jr one can
associate the embeddings F — Q, F — C, and define a prime divisor
p = p(0;) of p in F attached to o;.

Let [m,, m*] be the critical strip for L (s, fy), where
m, = max{(ko — k;)/2} + 1, m* = min{(ko + k;)/2} — 1.
1 7

ko —k;
2

Let A(s, fy) == ﬁ Tc (s -
of fy. =

Let Gal, denote the Galois group of the maximal abelian exten-
sion of F unramified outside p and co. The domain of definition of
the non-archimedean L-function is the p-adic analytic Lie group X, :=
Homcont (Galp, Cp) of all continuous p-adic characters of the Galois group
Gal,.

) L (s, fx) be the modified L-function

For a Hecke character x of finite order, with conductor ¢(x), let G(x)
denote the Gauss sum; also define sgn{x) = sgn(xco) = (€5(x)) € Sgnp.

The aim of this paper is to prove the following result (stated in [Pa2;
8.2] without proof).

THEOREM 1. — Put h = [m?.x(ordp(a(p(ai)) — (ko —k;)/2))]+1.Then
for each sign €y = {€o, -} € Sgnyp there exists a Cp-analytic function LE;‘;)
on X, of type o(logh) with the properties :

(i) for all m € Z,m, < m < m*, and for all Hecke characters of finite

order x € X, with (—1)™es(x) = €0,, (0 € Jr) the following equality
holds :

L (N ) = HAp (Fom)- gt
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where
4 (1- a'(ggﬁfx‘)’")(l —a(p)INP™ ) ifp fe(x)
p (Fom) = [NE_&) ] ifp | e(x)

and
Qeo, f) = (2m5) ™™™ - D - [] = (o, f),

is a certain constant depending only on €y and f.

(ii) If h < m* —m, +1 then the function LE;‘;) on X, is uniquely
determined by conditions (i).

(ii) If max (ord,,a(p(ai)) _ (k‘)—;k’)) = 0 then the function Lé;‘;) is

bounded on X,.

Remarks. — (i) Note that the quantities ¢t (o, f) are defined in terms
of the corresponding “motivic data” M (f). In section 4 of his recent paper
[Yo] Yoshida explained that the existence of these quantities is in agreement
with the Shimura’s paper [Shi] : take

w(m, £#) := DE [] e (0, )

then the Deligne’s period conjecture for M(f) is equivalent to the Shimura’s
result ([Shi;Th.4.3.(I)]).

(ii) In Shimura’s theory, to deduce an algebraicity theorem for
L(m, fy) (m critical) itself, on would like to be able to divide by L(n, f,)
for some integer n and some Hecke character of finite order p. In fact, by

[Shi, Prop.4.1.6] we have L(s, f) # 0 for Re(s) > kot 1
ko + KO
2

, 80, assuming

k® > 3, we can divide by L ( - 1,f,,) in this case. If kg = 2, ko

have to be even, and the only choice for n is n = ?0. By a recent result of

Rohrlich [Roh] we have in this case L (%, f,,) # 0, for some choice of p.

Strategy for proving the theorem.

First we give the Rankin type representation for the appropriate
complex-valued distributions on the Galois group as a convolution with
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the Eisenstein series. In order to prove algebraicity properties of special
values of distributions, we apply the holomorphic projection operator. In
the proof of the growth conditions we use Atkin-Lehner theory and explicit
form of Fourier coefficients of the corresponding modular forms. Then the
p-adic L-function is constructed as the non-archimedean Mellin transform
of the corresponding admissible measure.

We follow the notations and definitions from [Pal], [Pa2], [Shi] if
otherwise is not stated.

2. Eisenstein series for Hilbert modular group.

Notation. For k = (k1,...,kn) € Z"™ and z = (21, ..., 2,) € C, we write

2k = H zﬁ“ , {k} = Zk/‘ , {2} = Zz“.
u=1 u=1 4

pu=1

Let ep(z) :=e({2}) = exp (27ri i z,L).

We recall the definition of Eisenstein series in the Hilbert modular
case. Let a, b be arbitrary fractional ideals, n be a Hecke character of finite
order of conductor ¢ C OF such that n*((z)) = sgn ™! for x = 1 mod ¢
(here m -1 = (m,...,m), for m > 0 an integer ). Let ¢ = (q1,...,qn) € Z",
q, > 0. Put

K§,(2,8,0,b,1) = (210) (D (z — 7)1

m, % —1 CE+d
xci:dsgn/\/(d) n*(db )<cz+d

L%, (z,5,0,b,7) = (2mi) (B (z %)™

X Z sgn N (c)™n*(ca™) (
c,d

)‘1 N(cz+d)"™|N(cz + d)|~2*

czZ+d
cz+d

)q./\/(cz +d) ™ N (cz + d)| 7%

the summation being taken over a system of representatives (c,d) of
equivalence classes with respect to the Ox-equivalence relation for non-
zero elements in a X b given by (¢,d) ~ (uc,ud) with u € OF. The above
series can be extended to functions on the adelized group G4 so that

K;'In(sa a,b, 77)/\ = N(EX)S+%N(y)sK$n(za S’E)\aﬁ’ b, 77)

Li(s,0,6,m)x = N(Ex) T "EN () LL (2, 5,0, b8 971, 7).
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We shall need the explicit form of Fourier expansion of the Eisenstein
series.

ProrosrTioN ([Ka], [Pal; 4.4.2]). — For s € Z such that Vv s—q, <0
we have the following Fourier expansion :

DING)ILT(s+m+4q,)
(—2mi)n(m+2s)(—1)ns+{a}

= (47Ty)—q Z a)\(f’ $Y, 77) CF(£Z)

Lgn(z’ S, OF: {)_\119_15 7])

0KE€Ety
where
ax(&,s,y,n) = > sgn N (d)™ "IN ()™~ I (d)
é=d d' , deiy ,d'eOF
< [[Wrnéy, , m+s+a,, s—q)
v
and

o =r) = 3y (7)) SE@ s
forreZ, r>0.

Let x, p be Hecke characters of finite order of conductor m, n
respectively, such that x(Ze) = sg0(Tx0)?, p(Too) = sgn(Too)?, Where
q = (g1, qn),t = (t1,...,tn) € Z™ (parity of x, p respectively). Assume
that ¢+t =1-1(mod 2Z") for some ! € N. Then there exist modular forms
g1(x), 977 (x) € My.1(mn, xp) such that

L(57gl(X)) = Ln(s) p) ) Lm(S + 1- laX)’
L(S,gzN(X)) = Ln(s +1- l7p) ' Lm(SaX)
(see [Shi, p. 660]).

3. Algebraicity theorem.

Let f € Mg(c,v) be a primitive cusp form of type (k,), where
. = kp(mod 2), i.e. fis a “motivic” form. Then

—~

Demn (8, £5,91(x)) = Lemn(28 + 2 — ko — 1, 9x) - L(s, f, q1(x))
= L(5+ 1 _lafx) 'L(37fp)
where 1 <1< k° — 1, k% := min{k, }, ko := max{k,}.
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Let
U(s, f,91(x)) = Tn(8) - Dem(s, £, 91(x)),
where
=t o i) e o B58)
v=1

We have the following fundamental result of Shimura (see [Shi, p.
661-662]) :

v h'* + 7fa ) s
O ke,

OS’I"Sh*—h*—l

where

— py— ko_ku
he = h.(l) .—-mlf).x{ 3 }+l,

h* = k() = min{kL;iﬁ}.

Let 7(l) := h*(I) — hy(I) — 1 = k® — I — 1. We have a sequence of modular
forms

am (), Ur)= K —r—1,r=0,1,..,k° =2, I(r) - 1 = ¢ + t(mod 2Z™).

Now, fixing the sign € as in Theorem 1, we choose p = p(€g) so that

r(BEE1p) 20

Then (1) is equivalent to the following :

L(r+1+53% 1) .

(—2m)" ) - 0(f)

for0<r <k®—2, (K —r—1)-1=q+t(mod 2Z"),
where

k0+k0_
2

-1
Qeo, f) ==L ( 1,f,,> G(p)L S, fle - (=2mi) (kI—nlhotk®=1)

(compare [Shi, 4.34]).
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4. Complex valued distributions on Gal,
associated with the Hilbert modular form.

We define a family u)” = pr (e°), r=0,1,...,k° — 2 of complex-valued
distributions in the following way :

Brm (Xm)

0
. N(cﬂ)ﬁq‘}kj"l j\/’(m)ﬂ% ' v (h%”c_ -1, fo, g[?r)(Xm)lJmn)
T a(m) - 22{k}-nlkotkO=r=1) g {k}-n(ko+i(r)=1) . j{k+(K—r+D)1} . (f F)

where m is arbitrary ideal with the condition mgc(x)|m, mg := []p and
slp

for= 3 @ (@) fle.

a]mo

The operators F|q, flu(q), fls. are defined in [Pal, p.124], [Shi, p.655].

5. The Rankin integral representation.

First let us specialize the integral representation of Rankin type (see
[Shi, 4.32]) to our situation :

1 k—k0.1 o kg+k©
v (s, Fos 93¢y Oxm)| Jm) = DE (—1)(5552) gmntkotkO+ k) (B354 (k)

ku - lu - kO - lO
T 14—
T (s AL )
X < f(';) ) gf(lr) (Xm) Kg+1(0’ cmn, wx_l»cmﬂ'

The method by which the right hand side can be explicitely calculated
is based on an application of the trace operator (see [Pal, p.136]). Actually,
we obtain the following representation for the values of the distributions :

o m) = gf("% 857y Ome) * 10, O, O 90X ™) sy

where

y(m) := a(m)™" - N (mg) # 1
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and

E%(s,0p,0p,1) = D> T] T(s + m + g,)(~2mi)~"(m+*)

x (—4m)™* L1 (s,0F,OF, 7).

6. Application of the holomorphic projection operator.

In order to prove algebraicity properties of special values of distribu-
tions, we apply a certain holomorphic projection operator to the Hilbert
automorphic form

gl’\(‘r) (X‘“) : Eg-}—l(o? 0F7 OF» "/)X—l)‘

DEeFINITION. — Let My(c, ) denote the C-linear space of C*°-Hilbert
automorphic forms consisting of Hilbert automorphic forms of weight
k € Z", level ¢ C O, and Hecke character i satisfying the following
condition :

(*) for each ¢ € G4 with o, = 1 there exists a C*- function G, :

H"™ — C such that F(z y) = (Gzlx ¥)(¢, ..., %) for all y = (‘Z Z) € Goo.

For A=1,...,k, F):= Gy belongs to the vector space M(T'x, %) of
all C**-modular forms on H™ relative to the congruence subgroup I :

(Fale 7) (z) = ¥(7) Fa(2) Vv €T,
where ax(§,y) € C*((R4)").

The map
Fr— (Fla "'aFA)

defines a vector space isomorphism

Mi(c,9) = @5, Mi(Tx, ¥).

DEFINITION. — A function F € Mgy(c,v) is called a function of
moderate growth if for all A\ = 1,....,.h, z € H", s € C, Re(s) > 0 the
integral

F(w)(@ — z)7% 12! Im(w)**+* d*w
H"
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is absolutely convergent and admits an analytic continuation over s to the
point s = 0.

Here we use the notation :

uk—12el . Nu—kINu|-23 — H (u;ku luul—Qs).

v

ProposITION. — Let F € My(c,) be a function of moderate growth
such that its Fourier expansion contains only terms ay(§,y) with totally
positive £ € tx. Set for £ > 0, £ € ty

ax(€) = (4ne)* T[Tk, — 1) /(M ax(€, ver (i€y)y*~2dy
and suppose that the integral is absolutely convergent.
Put

Hol(F) = (Hol (F1), ..., Hol (F})),
Hol (Fy(2)) = 3 ax(§)er(€2).
gety

Then Hol(F) € My(c,v¥)and for any cusp form g € Sg(c,v) we have that

<g,F >=<g,Hol{(F) >, .

The proof of the proposition is carried out in a similar way to that
of the Proposition 4.7 in [Pal], where the case of scalar vector weight was
treated (see also [Ka]), so we omit the proof.

Now we put

‘/'rq+1(X) := Hol (g;zr) (Xmo) ) Eg+1(07 OFv OF’ T/f‘X_l)) .

Then

) = 8 (8. V2a 00l

tmon

7. Explicit formulae for the Fourier coefficients.

From Proposition in Section 2, we plainly obtain (see [Pal, pp.142-
143], for a similar calculation) the following
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ProposITiON. — V2, ,(x) has the following Fourier expansion :

V3L00x(2) = Y Ui(&rx)er(£z)

o<éety
where
Uz(é.’ T, X) = N(EA)_# : Z b)\(T', 51, X)
§=£1+£2,£1>0,£2>0
x > sgnN'((d)) - V(@)™ (wx~1)((d)
(&2)=(d)(d"),detxr,d’€OF
X H Pg(é&uafua"')
v=1
and

P3(€2,U, §V’ T)

= i JTr+14g,—14) Tk, —1) 2>’

and

9y Ome)(@a = > balr, €, x)er(£2) + b3 (r, X)-
0<KEETy

8. Application of the Atkin-Lehner theory.

Now let us consider the linear form given by

(f(;,’ q:>|J¢,..0.‘>
{£: fe

on the complex linear space Mj(cmp, ). From the Atkin-Lehner theory
(in Miyake’s form [Miy]) it follows that L is defined over Q, i.e. for a finite
number of ideals m; and fixed algebraic numbers I(m;) € Q we have the
equality :

L:®d—

L(®) =) _ C(m;, ®)i(m,).
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Therefore the distributions y;’ can be written in the form
Hrm (Xm) = (M) - L(®F 1 (X)),
where

Qg,m(X) = qu+1 x) (U(m) .

9. The growth conditions.

Given an integral ideal m C Op, let I(m) denote the group of all
fractional ideals in F', prime to m. Also let

P(m) = {(e)] @ € F}, a=1(mod*m)}, H(m):=I(m)/P(m),

h(m) := card H(m).

Then Gal, = lim H(m) (where limit is over m with the condition S(m) C
S(mo) ).

Let 7y : Galp, — H(m) be the natural projection; put (m) := ker mp.

Let C™(Gal,) denote the space of C,-valued functions, which locally
can be represented by polynomials of degree less than m in variable Nz,.

THEOREM 2. — There exist C, - linear forms
pr =~ (o) Cko'l(Galp) -C,
such that
/ NzTdp™ = (-1)™ / duy, r=0,1,..,k" 2.
a+(m) a+(m)

For p~ the following growth condition is satisfied :

sup / (N.’Bp —Na,p)"du'\‘ -0 (Iml;;—ordpa(p)) )
a€Gal,

at(m) »
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Proof. — The existence follows from the definition of u,'. We now
check the growth condition ; we can suppose that a € Of. From the section
8 we obtain :

[ wa-nayar =3 (D) v@yns [ s

=0

a+(m) a+(m)
— (_l)rn T‘ __N _ r—j
> (7)w-ay
) v
) z:d X~ Ha)us (x)
x MOd m

T

=1 3 () A -a

j=0

< Y X @L@I0)).

h
(m) x mod m

From the Atkin - Lehner theory it follows that the congruences in
the above theorem are sufficient to check for the following number A (for
¢3! = 0mod m) :

r

A= () Y () (N ey s

> x @)U 5,%)

3=0 x mod m
T r ) 1
= (=)™ N(=N(=a)) 7
(-1) 7(m)j§_;) (J)( (—a)) =
x Y. xa) > b2 (4, €1, %)
x mod m €=£116£2,£1>0,£2>>0
X > sgnN'(d) - N (@) (¥x~)(@) [] PA(E2 800 9)-
(&2)=(d)(d'),d€tr,d’€OF v=1

Now, taking into account the explicit form of the Fourier coefficients for
9i(r) (xme) (see [Shi], p 660) and taking summation over all y, we obtain :
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A = (=1)" - a(mmg)~1 - N(mg) # 1
xS pE(d)senN(de) (J) (~N(=a))"™ - N(d
£=6 +&, j=0
&>0,6£>0,
(é1) = (e)(€') ,
(&2) = (d)(d') ,
—ae = dt, " (mod m)

n

x N () =171 N(E3 Y - [ PHeaw 60r ).

v=1

LEMMA. — Let h > q be positive rational integers, and o, 3 € Op,
a = @ mod m. Then

Zh: (h) oI (=) - 1

=0 \J

belongs to m*~9.

Proof (of the Lemma). — Induction with respect to ¢. The case ¢ = 0
is trivial.

Now

5 (M)eri-ysm = 3 (Mot G- a 1)+ s

Jj=0

h
=h- .o (h=g+1) (=) (a— AP+ (?) oI (=B) Py-1(4)
j=0

where Py_1(j) is a polynomial of degree ¢ — 1 in j.
The assertion follows.
n
Let us continue the proof of the theorem. Firstly, [ P2 (&2,.,&.,7) is
v=1
n
the polynomial of degree ) g, in variable j; note also that PJ (§2,,,&,,5)

v=1
is homogeneous of degree ¢, in variables &3, and £,. On the other hand,
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€ is divisible by m and |€,|, = |€|,; consequently H £ is divisible by
=1
H md . Now, if r > 2 v, then the theorem follows from the above lemma :

take h=r,a= N(——ae), B =N (dt)). The case r < )_ g, is trivial.

10. End of the proof of Theorem 1.

First, we can explicitely determine Euler factors of the Rankin con-
volution. Proceeding similarly as in ([Pal], p.130-132; or [Pa3], p.135-140)
we obtain

N

ko + k°
o ( 0 5— — 1, Jo,9ir) (xmo) '-]:mmon)

1(r)—kq+k°

= P(f, p)N(cmon)—2°— N (n)H") ko

0
XG(X)HAp (fx,l- k0-|2—k +1)

plp

0 0
r [Fotk -1,f,)L !c_i’_"'_k__l’fY
2 2
where

qln Plt

In order to finish the proof of Theorem 1, we put

e= [ s,
Gal,

where

1
(e0) .— .y~ (€0) .
HE =By M ler (Galy)

It is well known (due to Amice-Vélu and Vishik), that such non-
archimedean Mellin transform is C,-analytic function of the type o(logh),
and p(%) is uniquely determined by LE;‘;) (xNzP), x € X, m =
0,1,...,h—1.
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11. p-adic functional equation.

THEOREM 3.

€ . n kg _ (€0) -
LE) (z) = itkHko . N (o) F 1) Lf )" (Wakoz ™).

Proof. — Let we use the archimedean functional equation :
N(e8?)8 - A(s, f) = i} - N (0?) 5" - Alko — 5, 1)
and the following properties :

flae=Af) - 7, A(fx) = @ X)() - G()* - N(m) ™1 - A(f).

On the other hand, we remark that the product [] A, (fy,m) is

slp
invariant under change of the type

(6 a(p), B(p), m) — (x~1, (p), B(p), ko — m),

where a(q) := ¥(q) - a(q), 8(q) := ¥(q) - B(q). Here Lf;;O) denotes the
p-adic L-function, which correspond to the Mellin transform of a measure

associated to the form f*.

12. Remarks.

In the p-ordinary case Theorem 1 was established by Yu.l. Manin
(see[Mal) using the theory of generalized modular symbols on some Hilbert-
Blumenthal modular varieties. Another approaches (still in the p-ordinary
case) are given by the work of H. Hida (see[Hi]), and in CM-case by N.M.
Katz (see[Ka]), although they obtain p-adic L- functions of several variables
and from their theory we can obtain some p-adic analytic families of Hilbert
modular forms. The non-p-ordinary case was treated only for F' =Q by
M.M. Vishik [Vi]. Conjectural generalization of the Hida’s construction
to arbitrary motives has been formulated in the recent paper of A.A.
Panchishkin ([Pad]). In general (including non-critical case) all this ought
to be deeply related to Mazur’s theory of deformations of representations,
Fontaine’s theory, p-adic Hodge structures and the like. We hope to treat
all this in a separate article. On the other hand it would be interesting to
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generalize construction of our article to Sym”(f), r = 2,3,...(see [Dab] for
the case of elliptic modular forms).
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