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Definition 1 The sequence {Pn}n≥0 is said to be a q-classical
OPS on the lattice x(s) if satisfies the orthogonality conditions
b−1∑

s=a

Pn(s)Pm(s)ρ(s)∇x1(s) = d2
nδn,m, ∆s = 1, n,m = 0, 1, . . .

where

(i) ρ(s) is a solution of the q-Pearson equation

∆[σ(s)ρ(s)] = τ(s)ρ(s)∇x1(s).

(ii) σ(s) + 1
2τ(s)∇x1(s) is a polynomial on x(s) of degree, at

most, 2.

(iii) τ(s) is a polynomial on x(s) of degree 1.

q-numbers

[s]q :=
q

s

2 − q−
s

2

q
1
2 − q−

1
2

, q ∈ C, |q| 6= 1.
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1. q-classical orthogonal polynomials (or q-Polynomials)

> Hq = σ(s) ∆
∇x1(s)

∇
∇x(s) + τ(s) ∆

∆x(s) , xk(s) = x(s+ k

2
),

> σ(s) := σ̃(x(s)) − 1
2 τ̃(x(s))∇x1(s), τ(s) = τ̃(x(s)),

> ∆[σ(s)ρ(s)] = τ(s)ρ(s)∇x1(s),

> x(s) = c1q
s + c2q

−s + c3.

Polynomial eigenfunctions of Hq

Pn(s)q :=

[
Bn∇ρ1(s)

ρ0(s)∇x1(s)

] [
∇ρ2(s)

ρ1(s)∇x2(s)

]
· · ·

[
∇ρn(s)

ρn−1(s)∇xn−1(s)

]
,

Symmetric form of Hq

Hq =

[
1

ρ(s)

∇

∇x1(s)
ρ1(s)

]
∆

∆x(s)
.



Standard and ∆

• Menu

PART I

First ingredients: The
Classical Orthogonal
Polynomials

• The definition

• q-Polynomials

• Standard and ∆

One foretaste:
Connection with
Operator Theory

The Chef’s Special: The
Main Results

PART II

The late ingredients:
The Semiclassical
Orthogonal Polynomials

Another foretaste:
Connection with
Operator Theory...again

The q-semiclassical
quasi-orthogonal
polynomials

The dessert

A general difference calculus approach of COP Slide – 7 / 30

1. Standard classical orthogonal polynomials (Hermite, Laguerre,

Jacobi)

> H := σ̃(x)
d2

dx2
+ τ̃(x)

d

dx
, λn = nτ̃ ′ + n(n− 1) σ̃

′′

2
.

> d
dx

[σ̃(x)ρ(x)] = τ̃(x)ρ(x).

2. ∆-classical orthogonal polynomials (Hahn, Meixner, Kravchuk,

Charlier, etc)

> H∆ := σ(s)∆∇ + τ(s)∆, λn = nτ̃ ′ + n(n− 1) σ̃
′′

2
.

> σ(x) := σ̃(x) − 1
2 τ̃(x), τ(s) = τ̃(x),

> ∆[σ(s)ρ(s)] = τ(s)ρ(s),

> ∆f(s) = f(s+ 1) − f(s), ∇f(s) = f(s) − f(s− 1),
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Definition 2 Given functions σ and ρ, where ρ is supported on Ω,

and a lattice x(s), we define the k-th Rodrigues operator
associated with (σ(s), ρ(s), x(s)) as

R0(σ, ρ, x) := I, R1(σ, ρ, x) :=
∇

ρ(s)∇x1(s)
ρ1(s),

Rk(σ, ρ, x) := R1(σ(s), ρ(s), x(s)) ◦Rk−1(σ(s), ρ1(s), x1(s)),

where ρ1(s) = σ(s+ 1)ρ(s+ 1) and I is the identity operator.
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Definition 2 Given functions σ and ρ, where ρ is supported on Ω,

and a lattice x(s), we define the k-th Rodrigues operator
associated with (σ(s), ρ(s), x(s)) as

R0(σ, ρ, x) := I, R1(σ, ρ, x) :=
∇

ρ(s)∇x1(s)
ρ1(s),

Rk(σ, ρ, x) := R1(σ(s), ρ(s), x(s)) ◦Rk−1(σ(s), ρ1(s), x1(s)),

where ρ1(s) = σ(s+ 1)ρ(s+ 1) and I is the identity operator.

Standard COP: R1(σ, ρ) :=
1

ρ(x)

d

dx
ρ1(x), ρ1(x) := ρ(x)σ̃(x).

∆-COP: R1(σ, ρ) :=
∇

ρ(s)
ρ1(s), ρ1(s) := ρ(s+ 1)σ(s+ 1).
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Theorem 1 If (σ, ρ, x) is a q-classical tern, then for every integer k,

if π ∈ Pm[xk+1],

R1(σ, ρk, xk)[π] = π̃ ∈ Pm+1[xk].

If π monic, the leading coefficient of π̃ is

−λm+1+2k/[m+ 1 + 2k].
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Theorem 1 If (σ, ρ, x) is a q-classical tern, then for every integer k,

if π ∈ Pm[xk+1],

R1(σ, ρk, xk)[π] = π̃ ∈ Pm+1[xk].

If π monic, the leading coefficient of π̃ is

−λm+1+2k/[m+ 1 + 2k].

Theorem 2

{Pn}n≥0 is q-classical ⇐⇒

{
∆Pn+1

∆x(s)

}

n≥0

is q-classical.
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Theorem 1 If (σ, ρ, x) is a q-classical tern, then for every integer k,

if π ∈ Pm[xk+1],
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If π monic, the leading coefficient of π̃ is

−λm+1+2k/[m+ 1 + 2k].

Theorem 2

{Pn}n≥0 is q-classical ⇐⇒

{
∆Pn+1

∆x(s)

}

n≥0

is q-classical.

Theorem 3 {Pn}n≥0 is q-classical ⇐⇒
{Rn(σ, ρ−1, x−1)[1]}n≥0 is q-classical.
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Theorem 1 If (σ, ρ, x) is a q-classical tern, then for every integer k,

if π ∈ Pm[xk+1],

R1(σ, ρk, xk)[π] = π̃ ∈ Pm+1[xk].

If π monic, the leading coefficient of π̃ is

−λm+1+2k/[m+ 1 + 2k].

Theorem 2

{Pn}n≥0 is q-classical ⇐⇒

{
∆Pn+1

∆x(s)

}

n≥0

is q-classical.

Theorem 3 {Pn}n≥0 is q-classical ⇐⇒
{Rn(σ, ρ−1, x−1)[1]}n≥0 is q-classical.

Rn+1(σ, ρ−1, x−1) = R1(σ, ρ−1, x−1) ◦Rn(σ, ρ, x).
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1. R1(σ, ρ, x)[1] = τ(s). q-Pearson equation.

2. For every integers, n, k, n ≥ max{k, 0}, there exists a

constant, Cn,k such that

∆(k)Pn(s)q = Cn,kRn−k(σ, ρk, xk)[1].

Where xk(s) := x(s+ k

2
), ρk(s) := ρk−1(s+ 1)σ(s+ 1),

being ρ0 ≡ ρ, and

∆(k) :=





∆

∆xk−1

∆

∆xk−2
· · ·

∆

∆x
, if k ≥ 1,

Rk(σ, ρk, xk), if k ≤ 0.
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Theorem 4 Let {Pn}n≥0 be an OPS with respect to ρ(s) such that

is complete as orthonormal set in ℓ2([a, b], 〈�, �〉ρ). The following

statements are equivalent.

(i) {Pn}n≥0 is q-classical and the following boundary conditions

hold

xk(s)x−1(s)
lσ(s)ρ(s)

∣∣∣
s=b

s=a
= 0, k, l = 0, 1, . . . (∗)

(ii) {∆(1)Pn+1}n≥0 is an OPS with respect to ρ̃(s) and the
following boundary conditions hold

xk(s)x−1(s)
lρ̃(s− 1)

∣∣∣
s=b

s=a
= 0, k, l = 0, 1, . . .
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Theorem 5 Let {Pn}n≥0 be an OPS with respect to ρ(s) on the

lattice x(s) and let σ(s) be such that boundary condition (*) holds.

Then the following statements are equivalent:

1. {Pn}n≥0 is a q-classical OPS.

2. The sequence {∆(1)Pn}n≥0 is an OPS with respect to ρ1(s)
where ρ satisfies the last q-Pearson equation.

3. For every integer k, the sequence {Rn(ρk(s), xk(s))[1]}n≥0 is

an OPS with respect to the weight function ρk(s) where
ρ0(s) = ρ(s), ρk(s) = ρk−1(s+ 1)σ(s+ 1) and ρ satisfies

last q-Pearson equation.

4. (Second order difference equation):

σ(s)
∆

∇x1(s)

∇Pn(s)

∇x(s)
+ τ(s)

∆Pn(s)

∆x(s)
+ λnPn(s) = 0,
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5. {Pn}n≥0 can be expressed in terms of the Rodrigues operator

Pn(s) = BnRn(ρ(s), x(s))[1] =
Bn

ρ(s)

∇

∇x1(s)
· · ·

∇[ρn(s)]

∇xn(s)
,

6. (First structure relation):

φ(x1(s))
∆Pn(s)

∆x(s)
= anMPn+1(s) + bnMPn(s) + cnMPn−1(s) + jnx1(s)MPn(s).

7. (Second structure relation):

MPn(s) :=
Pn(s + 1) + Pn(s)

2
= en

∆Pn+1(s)

∆x(s)
+ fn

∆Pn(s)

∆x(s)
+ gn

∆Pn−1(s)

∆x(s)
,

where en 6= 0, gn 6= γn for all n ≥ 0, and γn is the

corresponding coefficient of the following three-term recurrence

relation x(s)Pn(s) = αnPn+1(s) + βnPn(s) + γnPn−1(s).
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Definition 3 The sequence {Pn}n≥0 is said to be a

q-semiclassical OPS on the lattice x(s) if there exists u ∈ P′ such

that 〈u, PnPm〉 = d2
nδn,m, n,m = 0, 1, . . .

where

(i) u is a solution of the distributional equation ∆
∇x1(s)

[φx] = ψx.

(ii) φ̂(s) := φ(s) + 1
2ψ(s)∇x1(s) is a polynomial on x(s) of

degree p ≥ 0.

(iii) ψ is a polynomial on x(s) of degree, t ≥ 1.

(φ̂, ψ) is an Admisible pair if t 6= p− 1, or if t = p− 1 and

q
m

2 + q−
m

2

2
bt + [m]qap 6= 0, m ∈ N0.

n0-singularity, order and class of u.
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> φ(s)
∆

∇x1(s)

∇Pn(s)

∇x(s)
+ ψ(s)

∆Pn(s)

∆x(s)
=

n+t∑

j=n−σ

λn,jPj(s),

>
∆

∇x1(s)
[φu] = ψu,

> x(s) = c1q
s + c2q

−s + c3,

where

σ := max{t− 1, p− 2} order of u.
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Definition 4 Given a function φ and u ∈ P′, and a lattice x(s), we

define the k-th Rodrigues operator associated with (φ(s), u,
x(s)) as follows: Rk : P[xk+1] 7→ P[x]

R1(φ, ρ, x)[f ] := g ⇐⇒
∆

∇x1(s)
[fφu] = gu,

Rk(φ,u, x) := R1(φ,u, x) ◦Rk−1(φ,u1, x1),

where

〈uk, P (s)〉 := 〈uk−1, φP (s− 1)〉, k = 1, 2, . . .
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Theorem 6 If (σ, ρ, x) is a q-semiclassical tern, then for every

integer k, if π ∈ Pm[xk+1],

R1(σ, ρk, xk)[π] = π̃ ∈ Pm+1[xk].

If π monic, the leading coefficient of π̃ is

qm+(σ+2)k + q−m−(σ+2)k

2
br + [m+ (σ + 2)k]qap.
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Theorem 6 If (σ, ρ, x) is a q-semiclassical tern, then for every

integer k, if π ∈ Pm[xk+1],

R1(σ, ρk, xk)[π] = π̃ ∈ Pm+1[xk].

If π monic, the leading coefficient of π̃ is

qm+(σ+2)k + q−m−(σ+2)k

2
br + [m+ (σ + 2)k]qap.

Remark 1

{Pn}n≥0 is q-semiclassical <

{
∆Pn+1

∆x(s)

}

n≥0

is q-semiclassical.

Remark 2
{Pn}n≥0 is q-semiclassical < {Rn(φ,u, x−1)[1]}n≥0 is

q-semiclassical.
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Definition 5 Given u ∈ P′, the sequence of polynomials {Pn}n≥0

is said to be quasi-orthogonal with respect u of order σ if

〈u, PnPm〉 = 0, |n−m| ≥ σ + 1,
〈u, PnPm〉 6= 0, |n−m| = σ.

Definition 6 A sequence of polynomials {Pn}n≥0 is a sequence of

q-semiclassical quasi-orthogonal polynomials (SQOPS) with respect

u of order σ if u is a q-linear semiclassical functional and satisfies
the last quasi-orthogonality relations.

Theorem 7 Let {Pn}n≥0 be a SQOPS orthogonal with respect to

u ∈ P′ such that is complete as orthonormal set in ℓ2([a, b],u).

The following statements are equivalent.

(i) {Pn}n≥0 is q-quasi-orthogonal semiclassical.
(ii) {∆(1)Pn+1}n≥0 is a QOPS.
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Theorem 8 Let {Pn}n≥0 be a PS quasi-orthogonal with respect to

u ∈ P′ on the lattice x(s) and let φ be such some boundary

condition hold. Then the following statements are equivalent:

1. {Pn}n≥0 is a q-SQOPS.

2. The sequence {∆(1)Pn}n≥0 is a SQOPS with respect to u1

where u satisfies the last distributional equation.

3. For every integer k, the sequence {Rn(φ,uk, xk)[1]}n≥0 is a

SQOPS with respect to uk where u satisfies last distributional
equation.
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4. (Second order difference equation):

φ(s)
∆

∇x1(s)

∇Pn(s)

∇x(s)
+ ψ(s)

∆Pn(s)

∆x(s)
=

n+σ0∑

j=n−σ1

Λj,nPj(s),

where σi, i = 0, 1, is the order of quasi-orthogonality of Pn and

∆Pn(s)/∆x(s), respectively.
5. {Pn}n≥0 can be expressed in terms of the Rodrigues operator.



The dessert

• Menu

PART I

First ingredients: The
Classical Orthogonal
Polynomials

One foretaste:
Connection with
Operator Theory

The Chef’s Special: The
Main Results

PART II

The late ingredients:
The Semiclassical
Orthogonal Polynomials

Another foretaste:
Connection with
Operator Theory...again

The q-semiclassical
quasi-orthogonal
polynomials

The dessert
• The N -Askey-Wilson
polynomials

• The coffee: Relevant
references

• Thanks

A general difference calculus approach of COP Slide – 27 / 30



The N -Askey-Wilson polynomials

• Menu

PART I

First ingredients: The
Classical Orthogonal
Polynomials

One foretaste:
Connection with
Operator Theory

The Chef’s Special: The
Main Results

PART II

The late ingredients:
The Semiclassical
Orthogonal Polynomials

Another foretaste:
Connection with
Operator Theory...again

The q-semiclassical
quasi-orthogonal
polynomials

The dessert
• The N -Askey-Wilson
polynomials

• The coffee: Relevant
references

• Thanks

A general difference calculus approach of COP Slide – 28 / 30

See attached file.
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THANKS FOR YOUR ATTENTION !!
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