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Abstract. In this paper, we establish more properties for the q-analogue of the
unified generalization of Stirling numbers including the vertical and horizontal

recurrence relations, and the rational generating function. This generating func-

tion plays an important role in deriving one of the explicit formulas in symmetric
function form which will be used in giving combinatorial interpretations of the

q-analogue in the context of 0-1 tableau. Moreover, using the combinatorics of

0-1 tableaux, we obtain certain generalization of Carlitz identity.
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1. Introduction

The unified generalization of Stirling numbers given by Hsu and Shuie [16] is a
Stirling-type number pair

{S1(n, k), S2(n, k)} ≡ {S(n, k;α, β, γ), S(n, k;β, α,−γ)}

defined by the inverse relation

(t|α)n =
n∑
k=0

S1(n, k)(t− γ|β)k

(t|β)n =
n∑
k=0

S2(n, k)(t+ γ|α)k
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where n ∈ N (the set of nonnegative integers), α, β, and γ may be real or complex
numbers with (α, β, γ) 6= (0, 0, 0), and

(t|α)n = t(t− α)(t− 2α) . . . (t− (n− 1)α)

the generalized factorial of t of degree n with increment α. For simplicity, we can use
S(n, k;α, β, γ) to denote the generalized Stirling numbers. All Stirling-type number
pairs may be expressed in terms of S(n, k;α, β, γ) with suitable choices of α, β, and
γ (c.f. [1, 2, 4–7, 9, 15–17, 19, 20]). Other properties and combinatorial applications
were thoroughly discussed in [10] and [12]

The exponential-type Stirling number pair was defined by Corcino et al. [11] by
means of the following relations

[t|a]n =
n∑
k=0

S1[n, k][t− c|b]k(1.1)

[t|b]n =
n∑
k=0

S2[n, k][t+ c|a]k(1.2)

where a, b, and c may be real or complex parameters with

[t|a]n =
n−1∏
j=0

(t− aj), [t|a]0 = 1, [t|a]1 = t− 1.

More precisely, S1[n, k] and S2[n, k] may be denoted by

S1[n, k] = S[n, k; a, b, c], S2[n, k] = S[n, k; b, a,−c].
Several properties of these numbers were obtained including orthogonality and in-
verse relations, triangular recurrence relation, horizontal recurrence relation, and
explicit formula.

It is known that a given polynomial ak(q) is a q-analogue of an integer ak if

lim
q→1

ak(q) = ak.

For example, the polynomials

[n]q =
qn − 1
q − 1

, q 6= 1

[n]q! = [n]q[n− 1]q[n− 2]q . . . [2]q[1]q[n
k

]
q

=
k∏
i=1

qn−i+1 − 1
qi − 1

=
[n]q!

[k]q![n− k]q!

are the q-analogues of the integers n, n! and
(
n
k

)
, respectively, since

lim
q→1

[n]q = n, lim
q→1

[n]q! = n! and lim
q→1

[n
k

]
q

=
(
n

k

)
.

Throughout this paper we use [n] to denote [n]q.
The q-analogue {σ1[n, k], σ2[n, k]} of the pair of generalized Stirling numbers was

then defined in terms of the exponential-type Stirling numbers as follows

σ1[n, k] ≡ σ1[n, k;α, β, γ]q := S[n, k; qα, qβ , qγ − 1](q − 1)k−n,
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σ2[n, k] ≡ σ2[n, k;α, β, γ]q := S[n, k; qβ , qα, 1− qγ ](q − 1)k−n.
It was verified in [11] that the following limit relations hold

lim
q→1

σ1[n, k;α, β, γ]q = S1(n, k)

lim
q→1

σ2[n, k;α, β, γ]q = S2(n, k).

These justify the fact that {σ1[n, k], σ2[n, k]} is a proper q-analogue of the pair
of generalized Stirling numbers {S1(n, k), S2(n, k)}. To obtain properties for these
proper q-analogue, we simply multiply both sides of each identity for the exponential-
type Stirling numbers with an appropriate power of q− 1. For instance, the explicit
formula for σ1[n, k] which is given by

(1.3) σ1[n, k;α, β, γ]q =

(
k∏
i=1

[iβ]

)−1 k∑
j=0

(−1)k−jb<k|j>
[
k

j

]
b

[[jβ] + [γ]|[α]]n ,

with 〈k|j〉 =
(
j+1

2

)
− kj, q 6= 1 and

[[jβ] + [γ]|[α]]n =
n−1∏
l=0

([jβ] + [γ]− [lα]),

can easily be obtained by multiplying both sides of the explicit formula of the
exponential-type Stirling numbers in [11]

(1.4) S[n, k; a, b, c] =
k∏
i=1

(bi − 1)−1
k∑
j=0

(−1)k−jb<k|j>
[
k

j

]
b

[bj + c|a]n, b 6= 1

by (q − 1)k−n with a = qα, b = qβ , and c = qγ − 1. Note that when α = 0, β =
1, γ = 0, (1.3) yields

(1.5) σ1[n, k; 0, 1, 0]q =
1

[k]!

k∑
j=0

(−1)k−jq<k|j>
[
k

j

]
q

[j]n = Sq[n, k]

which is the ordinary q-Stirling numbers of the second kind due to Carlitz [3]. This
further gives the explicit form of the second kind of Stirling numbers as a limiting
case:

lim
q→1

σ[n, k; 0, 1, 0]q =
1
k!

k∑
j=0

(−1)k−j
(
k

j

)
jn = S(n, k; 0, 1, 0) = S(n, k).

Moreover, the triangular recurrence relation

(1.6) σ1[n, k] = σ1[n− 1, k − 1] + ([kβ]− [(n− 1)α] + [γ])σ1[n− 1, k]

can also be obtained by multiplying both sides of the triangular recurrence relation
of the exponential-type Stirling numbers in [11]

S[n, k; a, b, c] = S[n− 1, k − 1; a, b, c] + (bk − an−1 + c)S[n− 1, k; a, b, c]

by (q− 1)k−n with a = qα, b = qβ , and c = qγ − 1. When α = −1, β = 0 and γ = 0,
(1.6) yields

σ1[n, k; 1, 0, 0] = σ1[n− 1, k − 1; 1, 0, 0]− [n− 1]σ1[n− 1, k; 1, 0, 0]
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which gives the triangular recurrence relation of the q-Stirling numbers of the first
kind cq[n, k] (see [14,18])

cq[n, k] = cq[n− 1, k − 1] + [n− 1]cq[n− 1, k]

with cq[n, k] = (−1)n−kσ1[n, k; 1, 0, 0], and when q → 1, this further gives the trian-
gular recurrence relation of the Stirling numbers of the first kind

s(n, k) = s(n− 1, k − 1) + (n− 1)s(n− 1, k).

On the other hand, when α = 0, β = 1, γ = 0, (1.6) yields the triangular recurrence
relation of the q-Stirling numbers of the second kind Sq[n, k] (see [3, 14,18])

Sq[n, k] = Sq[n− 1, k − 1] + [k]Sq[n− 1, k]

and when q → 1, this further gives the triangular recurrence relation of the Stirling
numbers of the second kind

S(n, k) = S(n− 1, k − 1) + kS(n− 1, k).

The theory of q-analogues of generalized Stirling numbers needs to be enriched
so that some possible combinatorial interpretations and applications can easily be
drawn. In this paper, we establish another two types of recurrence relations - the
vertical and horizontal recurrence relations, and obtain rational generating func-
tion for S1[n, k] when a = 1 which will be used to derive an explicit formula in a
homogeneous symmetric function form of degree n. Moreover, using (1.1), we ob-
tain another explicit formula for S1[n, k] when b = 1 in an elementary symmetric
function form of degree n. These two explicit formulas are necessary in giving com-
binatorial interpretations for σ1[n, k; 0, β, γ]q and σ1[n, k;α, 0, γ]q in the context of
0-1 tableau. Moreover, using the combinatorics of 0-1 tableaux, we obtain certain
formula which is a kind of generalization of Carlitz identity (used to express the
q-binomial coefficients in terms of q-Stirling numbers [3]).

2. Recurrence relations and explicit formulas

We know that recurrence relations help us generate quickly the first values of a
number. There are three different types of recurrence relations that we can use
to construct the table of values of a number: the triangular recurrence relation,
the horizontal recurrence relation, and the vertical recurrence relation. In [11], the
first two types have already been given to the q-analogue σ1[n, k]. Here, we obtain
another form of horizontal recurrence relation and a vertical recurrence relation using
the triangular recurrence relation for σ1[n, k].

Theorem 2.1. For nonnegative integers n and k, and complex numbers α, β, and
γ, the q-analogues σ1[n + 1, k + 1] of the generalized Stirling numbers satisfy the
following vertical and horizontal recurrence relations

(i)

σ1[n+ 1, k + 1] =
n∑
j=k

[[β(k + 1)] + [γ]|[α]]n+1

[[β(k + 1)] + [γ]|[α]]j+1
σ1[j, k]
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(ii)

σ1[n, k] =
n−k∑
j=0

(−1)j
{[γ]− [nα]|[β]}k+j+1

{[γ]− [nα]|[β]}k+1
σ1[n+ 1, k + j + 1]

where

{[t]|[a]}n =
n−1∏
j=0

([t] + [ja])

with initial values σ1[0, 0] = 1 and σ1[k, k] = 1, k ≥ 1.

Proof. By repeated application of the triangular recurrence relation in (1.6), we have

σ1[n+ 1, k + 1]

= σ1[n, k] + ([(k + 1)β]− [nα] + [γ])σ1[n− 1, k]

+ ([(k + 1)β]− [nα] + [γ])([(k + 1)β]− [(n− 1)α] + [γ])σ1[n− 2, k]

+ . . .+ ([(k + 1)β]− [nα] + [γ]) · ([(k + 1)β]− [(n− 1)α] + [γ])

· . . . · ([(k + 1)β]− [(k + 2)α] + [γ]) · σ1[k + 2, k + 1].

Again, by applying the triangular recurrence relation to σ1[k+ 2, k+ 1] with σ1[k+
1, k + 1] = σ1[k, k], consequently we obtain the vertical recurrence relation (i). For
(ii), we evaluate its right-hand side (RHS) using (1.6) and obtain

RHS =
n−k∑
j=0

(−1)j
{[γ]− [nα]|[β]}k+j+2

{[γ]− [nα]|[β]}k+1
σ1[n, k + j + 1]

+
n−k∑
j=0

(−1)j
{[γ]− [nα]|[β]}k+j+1

{[γ]− [nα]|[β]}k+1
σ1[n, k + j].

Reindexing the first sum, we get

RHS =
n−k∑
j=1

(−1)j−1 {[γ]− [nα]|[β]}k+j+1

{[γ]− [nα]|[β]}k+1
σ1[n, k + j]

+
n−k∑
j=1

(−1)j
{[γ]− [nα]|[β]}k+j+1

{[γ]− [nα]|[β]}k+1
σ1[n, k + j] + σ1[n, k]

= σ1[n, k].

We notice that the recurrence relations in Theorems 2.1 are analogous to the Chu
Shih-Chieh’s identity of the binomial coefficients also known as the Hockey Stick
identity [8]. We may easily remember these recurrence relations with the help of the
patterns as shown in the following table.
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n / k . . . k k + 1 k + 2 . . . n + 1

.

.

. ↓ ↓
↓ ↓

k σ1[k, k]
↓ ↓
↓ ↓

k + 1 σ1[k + 1, k]
↓ ↓

.

.

. ↓
.
.
. ↓

↓ ↓
n σ1[n,k]

↘ ↖
↘ ↖
↘ ↖
↘ ←−←−←−←− ←−←−←−←− ←− ←−←−←−←−

n + 1 ↘ σ1[n + 1,k + 1] σ1[n + 1, k + 2] . . . σ1[n + 1, n + 1]
←−←−←−←− ←−←−←−←− ←− ←−←−←−←−

The entries in the table that are involved in computing the value of σ1[n+ 1, k + 1]
and σ1[n, k] using the vertical and horizontal recurrence relations in Theorem 2.1,
clearly, form a hockey stick as illustrated by the arrows.

It has been mentioned in the introduction that both exponential-type S1[n, k] and
q-analogue σ1[n, k] of generalized Stirling numbers have explicit formulas. These
formulas are quite complicated in form that their combinatorial interpretations may
not be easy to establish. Based on the work of Medicis and Leroux [13], we can
possibly obtain a combinatorial interpretation for σ1[n, k] if we can express it in a
symmetric function form of degree n. In this section, we can establish two such
explicit formulas with restriction α = 0 for the first and β = 0 for the second.

To derive the first formula, let us consider first the rational generating functions
for S[n, k; 1, b, c].

Suppose that

(2.1)
1∏k

j=0 (1− (bj + c− 1)t)
=

k∑
j=0

Aj
1− (bj + c− 1)t

.

Then, we have

k∑
i=0

Ai

i−1∏
j1=0

(
1− (bj1 + c− 1)t

) k∏
j2=i+1

(
1− (bj2 + c− 1)t

)
= 1.

For each j ∈ {0, 1, 2, . . . , k}, we set t = 1/(bj + c− 1) to obtain

k∑
i=0

Ai


i−1∏
j1=0

(
1− bj1 + c− 1

bj + c− 1

)


k∏
j2=i+1

(
1− bj2 + c− 1

bj + c− 1

) = 1.

Clearly, there is only one term in the expansion which is not equal to 0, for each
j ∈ {0, 1, 2, . . . , k}. That is, when i = j, we have

Aj


j−1∏
j1=0

(
1− bj1 + c− 1

bj + c− 1

)


k∏
j2=j+1

(
1− bj2 + c− 1

bj + c− 1

) = 1.
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Thus,

Aj =
(bj + c− 1)k{∏j−1

j1=0 b
j1(bj−j1 − 1)

}{
(−1)k−j

∏k
j2=j+1 b

j(bj2−j − 1)
}

=
(−1)k−j(bj + c− 1)k∏j

j1=1

{
bj1−1(bj−j1+1−1)(bj1−1)

bj1−1

}∏k
j2=j+1

{
bj(bj2−j−1)(bj2−1)

bj2−1

}
=

(−1)k−j(bj + c− 1)k
∏k
j1=1(bj1 − 1){∏k

j1=1(bj1 − 1)
}
bj(j−1)/2b(k−j)j

{∏j
j1=1(bj1 − 1)

∏k−j
j1=1(bj1 − 1)

} .
By making use of the Gaussian polynomial or q-binomial coefficient (with q 6= 1)
defined by [

k

j

]
q

=
j∏
i=1

qk−i+1 − 1
qi − 1

,

[
k

0

]
q

= 1,

we have

Aj =

 k∏
j1=1

(bj1 − 1)−1

 (−1)k−jb〈k|j〉
[
k

j

]
b

(bj + c− 1)k.

Thus, using equation (2.2), we get

tk∏k
j=0 (1− (bj + c− 1)t)

=
k∑
j=0

(∏k
j1=1(bj1 − 1)−1

)
(−1)k−jb〈k|j〉

[
k
j

]
b

(bj + c− 1)ktk

1− (bj + c− 1)t

=
k∑
j=0

 k∏
j1=1

(bj1 − 1)−1

 (−1)k−jb〈k|j〉
[
k

j

]
b

(bj + c− 1)ktk
∑
ν≥0

[(bj + c− 1)t]ν

=
∑
ν≥0

 k∏
j1=1

(bj1 − 1)−1

 k∑
j=0

(−1)k−jb〈k|j〉
[
k

j

]
b

(bj + c− 1)k+νtk+ν

=
∑
n≥k


 k∏
j1=1

(bj1 − 1)−1

 k∑
j=0

(−1)k−jb〈k|j〉
[
k

j

]
b

(bj + c− 1)n

 tn.

Note that when a = 1, formula (1.4) reduces to

S[n, k; 1, b, c] =

 k∏
j1=1

(bj1 − 1)−1

 k∑
j=0

(−1)k−jb〈k|j〉
[
k

j

]
b

(bj + c− 1)n.

This completes the proof of the following theorem.
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Theorem 2.2. For nonnegative integers n and k, and complex numbers b and c
with b 6= 1, the rational generating function for S[n, k; 1, b, c] is given by

(2.2)
∑
n≥k

S[n, k; 1, b, c]tn =
tk∏k

j=0(1− (bj + c− 1)t)
.

Theorem 2.2 plays an important role in proving the following corollary.

Corollary 2.1. The numbers S[n, k; 1, b, c] have the following explicit formula

(2.3) S[n, k; 1, b, c] =
∑

c0+c1+...+ck=n−k

k∏
j=0

(bj + c− 1)cj .

Proof. The rational generating function in Theorem 2.2 can be written as∑
n≥k

S[n, k; 1, b, c]tn−k =
k∏
j=0

∑
cj≥0

(bj + c− 1)cj tcj .

From the identity in [9], we obtain

∑
n≥k

S[n, k; 1, b, c]tn−k =
∑

c0+c1+...+ck≥0


k∏
j=0

(bj + c− 1)cj

 tc0+c1+...+ck

=
∑
n≥k

 ∑
c0+c1+...+ck=n−k

k∏
j=0

(bj + c− 1)cj

 tn−k.

Comparing the coefficients of tn−k completes the proof of the corollary.
We observe that the summand at the right-hand side of (2.4) has exactly n − k

factors of the form bj + c− 1 such that, for each j, the factor bj + c− 1 is repeated
cj times in the expansion. With this observation, we can easily verify the following
corollary.

Corollary 2.2. An alternative form of the explicit formula in (2.4) is given by

(2.4) S[n, k; 1, b, c] =
∑

0≤j1≤j2≤...≤jn−k≤k

n−k∏
i=1

(bji + c− 1).

Again, by multiplying both sides of (2.5) by (q−1)k−n with b = qβ and c = qγ−1,
we can easily obtain the following theorem. For brevity, we use the notation

σ[n, k]β,γq = σ1[n, k; 0, β, γ]q.

Theorem 2.3. For nonnegative integers n and k, and complex numbers β and γ,
the explicit formula for the numbers σ[n, k]β,γq in a homogeneous symmetric function
form of degree n is given by

σ[n, k]β,γq =
∑

0≤j1≤j2≤...≤jn−k≤k

n−k∏
i=1

([jiβ] + [γ]).
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As mentioned in Section 1, the q-Stirling numbers of the second kind introduced
by Carlitz [3] may be expressed in terms of σ1[n, k] when β = 1 and γ = 0. Hence,
using Theorem 3, we present an explicit formula for q-Stirling numbers of the second
kind [3, 14,18] as follows

σ[n, k]1,0q =
∑

0≤j1≤j2≤...≤jn−k≤k

n−k∏
i=1

[ji] = Sq[n, k].

Clearly, this implies the explicit formula of the second kind of Stirling numbers [7]
as a limiting case:

lim
q→1

σ[n, k]1,0q =
∑

0≤j1≤j2≤...≤jn−k≤k

j1j2 . . . jn−k = S(n, k; 0, 1, 0) = S(n, k).

Now, if we replace t with t+ c+ 1 and take b = 1, (1.1) yields

[t+ c+ 1|a]n =
n∑
k=0

S[n, k; a, 1, c]tk.

Note that for n = 1, 2, we have

[t+ c+ 1|a]1 = t+ (−1)(a0 − c− 1)

[t+ c+ 1|a]2 = t2 + (−1){(a0 − c− 1) + (a1 − c− 1)}t
+ (−1)2(a0 − c− 1)(a1 − c− 1).

Hence, by applying induction on n

[t+ c+ 1|a]n =
n∑
k=0

(−1)n−k
∑

0≤j1<j2<...<jn−k≤n−1

n−k∏
i=1

(aji − c− 1)

 tk.

Thus,

n∑
k=0

S[n, k; a, 1, c]tk =
n∑
k=0

(−1)n−k
∑

0≤j1<j2<...<jn−k≤n−1

n−k∏
i=1

(aji − c− 1)

 tk.

Comparing the coefficients of tk, we obtain

(−1)n−kS[n, k; a, 1, c] =
∑

0≤j1<j2<...<jn−k≤n−1

n−k∏
i=1

(aji − c− 1).

Furthermore, multiplying both sides of the preceding equation with (q − 1)k−n and
taking a = qα and c = qγ − 1, we get

(−1)n−kσ1[n, k;α, 0, γ] =
∑

0≤j1<j2<...<jn−k≤n−1

n−k∏
i=1

(
qjiα − 1
q − 1

− qγ − 1
q − 1

)
.

Using the notation
σ̂[n, k]α,γq = (−1)n−kσ1[n, k;α, 0, γ],

we obtain the following theorem.
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Theorem 2.4. For nonnegative integers n and k, and complex numbers α and γ,
the explicit formula for the numbers σ̂[n, k]α,γq in an elementary symmetric function
form of degree n is given by

σ̂[n, k]α,γq =
∑

0≤j1<j2<...<jn−k≤n−1

n−k∏
i=1

([jiα]− [γ]).

Letting α = 1 and γ = 0, Theorem 2.4 gives

σ̂[n, k]1,0q =
∑

1≤j1<j2<...<jn−k≤n−1

n−k∏
i=1

[ji] = cq[n, k]

the q-Stirling numbers of the first kind [14,18].

3. Combinatorial interpretation in the context of 0-1 tableau

As defined in [13], a 0-1 tableau is a pair φ = (λ, f), where λ = (λ1 ≥ λ2 ≥ . . . ≥ λk)
is a partition of an integer m and f = (fij)1≤j≤λi

is a filling of the cells of corre-
sponding Ferrers diagram of the shape λ with 0’s and 1’s, such that there is exactly
one ’1’ in each column. For example, using the partition λ = (5, 3, 3, 2, 1) we can
construct 60 distinct 0-1 tableaux. Figure 1 below shows one of the tableaux with
f14 = f15 = f23 = f31 = f42 = 1, fij = 0 elsewhere such that 1 ≤ j ≤ λi.

0 0 0 1 1
0 0 1
1 0 0
0 1
0

Figure 1. The 0-1 tableau ϕ = (λ, f).

Again in [13], an A-tableau is defined as a list Φ of column c of a Ferrers diagram of
a partition λ (by decreasing order of length) such that the length |c| are part of the
sequence A = (ai)i≥0, a strictly increasing sequence of nonnegative integers.

Let ω be a function from the set of nonnegative integers N to a ring K. Suppose
Φ is an A-tableau with r columns of lengths |c|. Then we set

ωA(Φ) =
∏
c∈Φ

ω(|c|).

Note that as mentioned in [13] Φ might contain a finite number of columns whose
lengths are zero since 0 ∈ A = {0, 1, 2, . . . , k} and if ω(0) 6= 0. Now, we define
TA(x, y) to be the set of A-tableaux with A = {0, 1, 2, . . . , x} and exactly y columns
(with some columns possibly of zero length). We can now state the following theo-
rem.

Theorem 3.1. Let ω : N → K denote a function from N to a ring K (column
weights according to length) which is defined by ω(|c|) = [|c|β] + [γ] where β and γ
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are complex numbers, and |c| is the length of column c of an A-tableau in TA(k, n−k).
Then

σ[n, k]β,γq =
∑

Φ∈TA(k,n−k)

∏
c∈Φ

ω(|c|).

Proof. Let Φ be an A-tableau in TA(k, n− k). Then Φ has exactly n− k columns,
say c1, c2, . . . , cn−k whose lengths are j1, j2, . . ., jn−k, respectively. Now for each
column ci ∈ Φ, i = 1, 2, . . . , n− k, we have |ci| = ji and ω(|ci|) = [|ci|β] + [γ]. Then,∏

c∈Φ

ω(|c|) =
n−k∏
i=1

ω(|ci|) =
n−k∏
i=1

([jiβ] + [γ]).

Using the fact that an A-tableau Φ ∈ TA(k, n− k) can be represented by a multiset
whose entries are the column lengths of Φ, we have∑

Φ∈TA(k,n−k)

∏
c∈Φ

ω(|c|) =
∑

0≤j1≤j2≤...≤jn−k

n−k∏
i=1

([jiβ] + [γ]).

Applying Theorem 2.3, we obtain the desired result.
Before considering the next theorem, let us define first TdA(x, y) to be the subset

of TA(x, y) containing all A-tableaux with columns of distinct lengths.

Theorem 3.2. Let ω : N → K be the column weight according to length which is
defined by ω(|c|) = [|c|α] − [γ] where α and γ are complex numbers, and |c| is the
length of column c of an A-tableau in TdA(n− 1, n− k). Then

σ̂[n, k]α,γq =
∑

Φ∈TdA(n−1,n−k)

∏
c∈Φ

ω(|c|).

Proof. Following the same argument as in the proof of Theorem 3.1, we can easily
complete the proof of the theorem.

4. A generalization of Carlitz identity

In this section, we are going to derive recurrence formula using the combinatorics of
0-1 tableaux which is a kind of generalization of Carlitz identity [3] given by[n

k

]
q

=
n∑
j=k

(
n

j

)
(q − 1)j−kSq[j, k].

Suppose that for some numbers c1 and c2 we have |c| = c1 + c2. Then, Corollary
2.2 yields

S[n, k; 1, b, c1 + c2] =
∑

0≤j1≤j2≤...≤jn−k≤k

n−k∏
i=1

(bji + c1 + c2 − 1).

That is, for any Φ ∈ TA(k, n− k),

ωA(Φ) =
∏
c∈Φ

(c1 + b|c| + c2 − 1),
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where |c| ∈ {0, 1, 2, . . . , k}. Note that the weight of each column of Φ can be con-
sidered as a finite sum with additive constant c1, that is, for each c ∈ Φ, we can
write

(4.1) ω(|c|) = c1 + ω∗(|c|)

where ω∗(|c|) = c2 + b|c| − 1. The following theorem determines how an additive
constant affects the recurrence formula for S[n, k; 1, b, c].

Theorem 4.1. For nonnegative integers n and k, and complex numbers b and c
with b 6= 1, the exponential-type Stirling numbers S[n, k; 1, b, c] satisfy the following
identity

S[n, k; 1, b, c] =
n∑
j=k

(
n

j

)
cn−j1 S[j, k; 1, b, c2]

where c = c1 + c2 for some numbers c1 and c2.

Proof. From Theorem 3.1,

S[n, k; 1, b, c] =
∑

Φ∈TA(k,n−k)

ωA(Φ)

where
ωA(Φ) =

∏
c∈Φ

(b|c| + c− 1), |c| ∈ {0, 1, 2, . . . , k}.

Substituting ji = |c|, we obtain

ωA(Φ) =
n−k∏
i=1

(bji + c− 1).

If c = c1 + c2 for some numbers c1 and c2, then, by (4.1),

ωA(Φ) =
n−k∏
i=1

(c1 + ω∗(ji)), ω∗(ji) = bji + c2 − 1

=
n−k∑
r=0

cn−k−r1

∑
q1≤q2≤...≤qr,

qi∈{j1,...,jn−k}

r∏
i=1

ω∗(qi).

Then ∑
Φ∈TA(k,n−k)

ωA(Φ) =
∑

0≤j1≤j2≤...≤jn−k≤k

n−k∑
r=0

cn−k−r1

∑
q1≤q2≤...≤qr,

qi∈{j1,...,jn−k}

r∏
i=1

ω∗(qi)

=
n−k∑
r=0

∑
0≤j1≤j2≤...≤jn−k≤k

∑
q1≤q2≤...≤qr,

qi∈{j1,...,jn−k}

cn−k−r1

r∏
i=1

ω∗(qi)

Now, we are going to count the number of tableaux with n−k columns such that n−
k−r columns are of weight c1 and r columns are of weight ω∗(qi), qi ∈ {0, 1, 2, . . . , k}.
Note that there are

(
n−k
r

)
tableaux with r columns whose lengths are taken from

the lengths of the columns of Φ. Since there is a one-to-one correspondence between
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weights ω(ji) and A-tableaux, the number of A-tableaux Φ in TA(k, n− k) is equal
to the number of possible multisets {j1, j2, . . . , jn−k} with ji in {0, 1, 2, . . . , k}. That
is,

|TA(k, n− k)| =
(
n− k + k

n− k

)
=
(

n

n− k

)
=
(
n

k

)
.

Thus, for all Φ ∈ TA(k, n − k), we can generate
(
n
k

)(
n−k
r

)
tableaux with r columns

whose weights are ω∗(ji), ji ∈ {0, 1, 2, . . . , k}. However, there are only

|TA(k, r)| =
(
r + k

r

)
distinct tableaux with r columns whose lengths are in {0, 1, 2, . . . , k}. Hence, every
distinct tableau with n− k columns, r of which are of weight other than c1, appears(

n
k

)(
n−k
r

)(
r+k
r

) =
(

n

r + k

)
times in the collection. Thus,∑

Φ∈TA(k,n−k)

ωA(Φ) =
n−k∑
r=0

∑
φ∈Br

(
n

r + k

)
cn−k−r1

∏
c∈φ

ω∗(|c|)

where Br denotes the set of all tableaux φ having r columns of weights ω∗(ji) =
bji + c2 − 1. Reindexing the double sum, we get∑

Φ∈TA(k,n−k)

ωA(Φ) =
n∑
j=k

(
n

j

)
cn−j1

∑
φ∈Bj−k

∏
c∈φ

ω∗(|c|)

where Bj−k is the set of all tableaux with j−k columns of weights ω∗(ji) = bji +c2−1
for each i = 1, 2, . . . , j − k. Clearly, Bj−k = TA(k, j − k). Therefore,∑

Φ∈TA(k,n−k)

ωA(Φ) =
n∑
j=k

(
n

j

)
cn−j1

∑
φ∈TA(k,j−k)

ωA(φ).

Applying Corollary 2.2 completes the proof of the theorem.
By taking b = q and c = 1 with c1 = 1 and c2 = 0, Theorem 4.1 gives

S[n, k; 1, q, 1] =
n∑
j=k

(
n

j

)
S[j, k; 1, q, 0]

=
n∑
j=k

(
n

j

)
(q − 1)j−k(q − 1)k−jS[j, k; q0, q1, q0 − 1]

=
n∑
j=k

(
n

j

)
(q − 1)j−kσ1[j, k; 0, 1, 0]q.

From (1.5), we can have

S[n, k; 1, q, 1] =
n∑
j=k

(
n

j

)
(q − 1)j−kSq[j, k].
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But using Corollary 2.2, we obtain

S[n, k; 1, q, 1] =
∑

0≤j1≤j2≤...≤jn−k≤k

n−k∏
i=1

qji =
[n
k

]
q

which is the representation given in [13] for the q-binomial coefficients. Thus, we get[n
k

]
q

=
n∑
j=k

(
n

j

)
(q − 1)j−kSq[j, k]

Carlitz identity as special case of Theorem 4.1.
Moreover, if we let b = qβ and c = qγ − 1 with c1 = qγ − qγ2 and c2 = qγ2 − 1,

Theorem 4.1 yields

(4.2) S[n, k; q0, qβ , qγ − 1] =
n∑
j=k

(
n

j

)
(qγ − qγ2)n−j S[j, k; q0, qβ , qγ2 − 1].

Multiplying both sides of (4.2) by (q − 1)k−n, we obtain the following theorem.

Theorem 4.2. For nonnegative integers n and k, and complex numbers β and γ,
the q-analogue σ[n, k]β,γq satisfies the following identity

σ[n, k]β,γq =
n∑
j=k

(
n

j

)
[γ1]n−jσ[j, k]β,γ2q

where [γ] = [γ1] + [γ2] for some numbers γ1 and γ2.

It can be seen from the above theorems how the combinatorics of 0-1 tableaux
works in obtaining good and interesting results. A deeper discussion on this can
further enrich the theory of the q-analogue of the generalized Stirling numbers. For
instance, Leroux [18] proved that the q-Stirling numbers of the first and second kind,
cq[n, k] and Sq[n, k], are q-log concave for n ≥ 1 and 2 ≤ k ≤ n − 1 using their ex-
plicit formulas in symmetric function form of degree n and the deeper treatment of
the concept of 0-1 tableau. Since we already have explicit formulas for σ[n, k]β,γq
and σ̂[n, k]α,γq in symmetric function form of degree n, we may possibly prove that
σ[n, k]β,γq and σ̂[n, k]α,γq are also q-log concave using the method of Leroux.
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