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Abstract: This paper describes properties and computational procedures related to orthogonal Laurent-polynomials,

.1 . SR,

continued fractions, two-poini Padé approximants, sirong momenti probiems and L-Gaussian quadrature associated
with log-normal distribution functions ¢(¢) defined by ¢'(¢) = (¢V/%/2kym ) e~/ 2’ 0<g<1, g=e > Log-nor-
mal distributions have recently been found to be applicable in weather research related to hurricanes. They are also of
particular interest since one can obtain many explicit expressions for associated functions, formulae and other
constructions.
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1. Introduction

A distribution function ¢(¢) on (0, o) (i.e., a bounded nondecreasing function with infinitely
many points of increase), whose moments

co=[ (—1)"de(s), k=0, +1, +2,..., (1.1)
Y0
all exist, induces an inner product
(R, s)==f R(1)S(¢) de(t), R, S€A, (1.2)
0

where A denotes the space of Laurent polynomials (L-polynomials)

|

ksn< +00J.

A
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A . — m .
11:=[ 2, Gz ta,€ER, —o0o<m
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Form=0, +1, +2,...,

H{™:=1 and H{™=det(c,.,,,)" ]

i,j=0

k=1,2,3,..., (1.4)
denote the Hankel determinants associated with { ¢, }. It is well known [8] that

H{2P>0, H{*D>0, HG¥™>0, H{Y<0, n=1,23,.... (1.5)
We are interested here in sequences {Q,(z)} of L-polynomials defined by Qy(z):=1 and

C—2n C—l (——Z)_n
an(z)==—(;—21,,):n~1; ' ~ L on=1,2,3,., (1.6a)
H, € H 4 P (_Z)
Co R 4 P | (—Z)n
Cgpr 0 ey (=2)T7!
Qapi1(2) = (_(_12),,’; ’ :n—l , n=0,1,2,.... (1.6b)
Hy, v (4] Can-1 (—z)
Co 0, (—z)"

It follows from (1.6) that the Q,(z) have the form

Q2n(z) = Z q2n,jzj’ Q2n+l(z) = Z q2n+1,jzj, n= 0, 19 2a-"’ (173)

Jj=-—n j=-n—1
where
i i
q2n,—n = q2n+1,—n—l = 1’ q2n,n = H(—2n+1) ’ q2n+1,n = 7(—2—"). » (17b)
2n 2n+1
and satisfy the orthogonality conditions
0, ~n<m<n—1,
-2
(Qsn, z7)={ HZ A n=1,2,3,..., (1.82)
H2(n—2n+1) ’ ?
0, —-n<m<n,
—2n-2)
(Qapsrs 2™) ={ H3 2 me —p_1.7=0,1,2,.., (1.8b)
3 ’ H
2(n+;1)

[6,7,9,10] (see also [5] for further examples of orthogonal L-polynomials). Setting || Q|| %= (Q, Q)
one obtains for n, m=0,1,2,... ,(Q,, Q,,) =0 for m# n, and

-2 -2
_ H{THG D
VNNV
—2n+1
(HS, D)
Hj 22
n

1 Q2nir 17 = Qa1 Z_"_1)=—t'2‘;)—- (1.9b)
H2n+1

”QZn ”2=q2n,n(Q2n’ Zn) (193)
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Our purpose in this paper is to investigate log-normal distribution functions ¢(t) defined by

2

e /2 0<g<l, g=e 2, (1.10)

#(0) = w(t) =L

26/

and the associated orthogonal L-polynomials Q,(z), L-Gaussian quadrature formulae, strong
Stieltjes moment problems, two-point Padé approximants and positive T-fractions

©(_Ez \__Fg Fe| , Fl
1+Gz) T1+Gyz 1+Gz  J1+Gaz

n=1

+---, F,>0,G,>0, (1.11)

which correspond to the pair (L,, L) of formal power series (fps)

o0

(e o]
Ly= Y, —c_iz" Lo,= Y ¢z " (1.12)
k=1 k=0

One reason for interest in the log-normal distribution functions is that their moments (1.1) have
the tractable form

C":fo (=) w(r) dt=(-1) ¢ ¥77* k=0, +1, +2,..., (1.13)

which lead to relatively simple, explicit expressions for the Hankel determinants (1.4) and many
related formulae and constructions. Another motivation for this study is that log-normal
distribution functions have been found to be applicable to research on hurricanes (see, for
example, [13] and references given therein).

Orthogonal polynomials with respect to the weight functions (1.10) were introduced by
Stieltjes [16] and Wigert [18] (see also [17, p. 33] and [4]). Orthogonal L-polynomials with respect
to (1.10), first studied by Pastro [14], have the form (1.7a), but are normalized so that
Gan,n = Q2n+1,» = 1. His starting point is to write down closed-form expressions for the Q,(z) in
terms of g-shifted factorials

1, =0

(a5 q),= {(1—(1)(1—-aq)-~(1 —ag"™), n;1: 2,3,.... (1.14)

(See [2] and [15] for more information on these and related topics.) Pastro proves orthogonality
and biorthogonality of his Q,(z) using the g-binomial theorem, computes the norms || Q, ||, and
states the three-term recurrence relations. Our approach to the subject is to begin by deriving the
positive T-fraction (1.11) corresponding to (1.12). This is done by two different procedures: first
using quotient-difference relations; second by computing Hankel determinants directly. The
latter are used to give explicit expressions for formulae (1.7b), (1.8) and (1.9). Known properties
of positive T-fractions are then applied to give the determinant formulae (1.6) for the Q,(z), to
obtain recurrence relations (3.2), and to prove that the related strong Stieltjes moment problem
for {¢,} is indeterminate (Theorem 2). The latter result is also established directly by giving
other distribution functions that generate the same sequence of moments (1.13). Explicit
expressions for the Q,(z) are obtained in Theorem 3 by using the recurrence relations (3.2). We
conclude by stating in (3.8) the L-Gaussian quadrature formulae associated with log-normal
distribution functions.
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2. Positive T-fraciions

Ml ~ 4l cnen i dae AL 4o e xra ncoriems dlane N o o1 DL o nn D il ol o la
1IHOUZELO LUC 1Cialiuct Ol Ul papcl C addULLC Uldl U =~ ¢§ = 1 1d gl1VCil 10 L1dl UIC ICIdLCU
log-normal moment sequence { ¢, } is defined by (1.13)
Theorem 1. The positive T-fraction (1.11) corresponding to the pair (Lo, L) of fps
_ ¥ k=1 —k2/2+k k = & k _—k?/2—k,—k
= X (=) g L= Y (1) g (2.1)
= k=0
has the coefficients given by
- 1/2 ~ . —n+3/2(4 n—1\ A A a A AN
ri=q" F,=gq =97 7)), n=2,3,4,..., (2.2a)
G,: n=1,2,3,.... (2.2b)

Proof. A straightforward induction argument applied to the FG-relations of McCabe and
Murphy [12]
—c

pm —ag m_ __“=—m-1 =0 41 19 (7 3a3)
47 vy U c ) e Uy, D1, D 4y, s \<.Jay
—m
EM=Fm*D L gD _ g™ p=1,23,..., m=0, +1, £2,. (2.3b)
n+1 ~n ’ ’ ’ ’ ’ ? L Ry A Ly ’ \ J
Fm
Gim) = —tl_gm-1 n=1,2,3,..., m=0,+1, +2,... (2.3¢)
n+1 F(m_l) n > 1) > ) b 5 k. y i ’ ? 1 ]
n+1
vields the array of coefficients, for m =0, +1, +2 ...,
E1(m)=q—m—n+3/2(1_qn—l)’ n>2’ Grfm)=ql/2, n>1 (2.4)
Formulas (2.2) then follow from the relations
F —_—, r —r® ) ;=0 w1 {7 5)
.ll L_l, Ln l.n £ Il7‘c’ Un \Jn £ it = L. \L.J}

The assertion of correspondence is a consequence of [8, Theorem 7.19 and Algorithm 7.3.1]. O

It is noteworthy that formulae (2.2) can also be obtained directly from

- H2 Y m
Fl=_ 1 > E1= H( n+2)H( n+l) n>2, (26)
H( n+2)H( n)
&, = — , >1
n Hrf n+1)H’§_;:+1) ’ =
(see, for example, [11]) and the expressions
k-1
- N k—j
HM™ = (-1) km[q—(m+k 1)?/2—(m+k- 1)] —k(kz—l)/6 3 (1_‘11) J (2.7)
j=1

Formulae (2.7) can be derived by showing that the Hankel determinants (1.4) are essentially of
the Vandermonde type.
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If f,(z), A,(z) and B,(z) denote the nth approximant, numerator and denominator, respec-
tively, of the positive T-fraction (1.11), then it is known [11] that A,(z) and B,(z) are
polynomials of degree at most n, f,(z)=A4,(z)/B,(z) is a rational function holomorphic at

z=0 and oo, and

Ao(f(2))= XL —cpzh+2""a,(2), n=1,2,3,..., (2.8a)
k=1
n—1

A (f(2))= X ez +2"B,(2), n=1,2,3,..., (2.8b)
k=0

where a, and B, are rational functions holomorphic at z =0 and oo. It follows that f,(z) is the
(n, n) two-point Padé approximant of order (n + 1, n) of (L4, L).
It is readily seen that the following continued fraction is equivalent to the positive T-fraction
(1.11), (2.2) 8, Section 2.3]:
z| z| z]

|‘—’1+d12+|ez+d22+|e3+d3z+”" (2.9a)

where

o n=1/2 (‘1; qz)n

el (¢% 4°),’

n=0, €y, (@ &)

d,=qg"%, n=1,2,3,... (2.9¢)

Since {(q; ¢%),} and {(g*% g*),} both converge to finite limits, it follows from (2.2) that
Y%, = q'/?Y%d, < . Hence by [11, Theorems 3.3 and 6.3] we obtain the next theorem.

, n>1, (2.9b)

Theorem 2. (A) The continued fractions (1.12) and (2.9), which have the same approximants f,(z),
are divergent for all 0 # z € C.

(B) The subsequences { f,,(z)} and {f,,.1(2)} converge uniformly on compact subsets of
S,:={z€C: |arg z| <m} to different holomorphic functions Fy(z) and F,(z), respectively.

(C) There exist distinct distribution functions ¢,(t) and ¢,(t) that generate the sequence {c,} of
moments (1.13) and satisfy

©de¢,(t
E(z):= nli_)n;fznﬂ(z) =zf0 z(bl:i—(t) , z€8, v=0,1. (2.10)

Hence the strong Stieltijes moment problem for {c,} is indeterminate and has infinitely many
solutions.

The indeterminacy of the strong Stieltjes moment problem (Theorem 2) has been mentioned in
[1]. By use of a beta type integral introduced by Ramanujan (see, for example, [3]) one can show
that the sequence {¢,} of moments (1.13) is also generated by a distribution function ¢(¢)
defined by

A2 0
V()= —= »oa=—T1
all(1+e/)1+17%") j=0

j=0

(1-¢/")(1-¢/7'7?)
(1+4¢7*")

> (.

(2.11)
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It is as yet not known whether ¢, and/or ¢, in (2.10) overlap with the distribution functions
defined by (1.10) and (2.11), respectively. A further distribution function generating (1.13) is
given in [14]; others, for ¢ =€~ 2, can be obtained from [4, p.73].

3. Orthogonal L-polynomials

Using well-known determinant expressions for the nth denominator B,(z) of the positive
T-fraction (1.12), (2.2), one can show that

Q2n(z)=B2n(_Z)/zn’ Q2n+1(z)=B2n+l(—z)/zn+la n=071,2,-“’ (31)

where the Q,(z) are defined by (1.6). The difference equations [8, (2.1.6)] satisfied by the B,(z)
then yield three-term recurrence relations

Qo(2) =1, Q.(z)=z7"1, (3.2a)
Q2n(z)=(1_GZnZ)QZn—l(Z)_F‘ZnQZn—2(Z)3 n=1’2> 39"'3 (32b)
Q2n+l(z)=(Z_l_GZn+l)Q2n(z)_F2n+1Q2n—l(Z)9 n=1,2,3,.... (3-2C)

By use of (3.2) one can prove the following theorem.

Theorem 3. (A) The orthogonal L-polynomials (1.6) can be expressed by

A O ) I .
Q2n z)= —q(n_J) /2+nzj9 n=0’ 1,"'9 3.3
(4; q)n-;
j=_" B n—j
and
n—1 —~2n+1, ) , .
Qo a(z)=— 2 (g — q)"_’_lq("‘f‘“ 24@n=D2,) p=1,2,.... (3.4)
j=—n (45 q)n-y1
(B) q2n,n = qn’ q2n+1,n = _qn+1/2’ h= 1a 2» 3’---7 (35)
102 12=0"2(q; @ans (Qons 2") =q7 2 "(q; ¢)2n» n=1,2,3,..., (3.6)
1Qans1 2= (Qons1s 27" ) =4 72"(q; @)20, n=0,1,2,.... (3.7)

Proof. (A) It is easy to check that (3.3) and (3.4) hold for n = 0 and n = 1, respectively. Assume
that (3.3) and (3.4) hold for all n > k. First we will show that (3.4) holds for n =k + 1. From
(3.2) we have

Q2k+1(z)=(Z_1_G2k+1)Q2k(z)—F2k+1Q2k—-l(z)
k(g5 q) e,
q s q k— N2 .
= (77 1= g2 2 Tk k=) 24k,
( ! ),=Z_k (45 Q)i ?
k—1 - .
—@Qk+1)+3/2 2k (q 2k+l’ q)k—f—l (k—j=122+Qk-1)/2_j
—q (l—q )Z - (T D z
j=—k q’ q k—j—1




S.C. Cooper et al. / Orthogonal Laurent-polynomials 45

—2k-1,
(‘1 ; 4)2k+1 2K+ 3k+1,—k=1

(45 9)ak+1
1 (g7 q)k—j—l
+,-=Z1k{ (45 )i~ )

% (q(k2—2kj+j2+2j+1)/2 _ q(k2—2kj+j2+2k+l)/2
_q(k2—2kj+j2+2k+1)/2 + q(k2—2kj+j2—2j—l)/2
_q(k2—2kj+j2+2j+1)/2+q(k2—2kj+j2—2k—1)/2

k2 —2kj+j +2k+1)/2 K2=2kj+j2-2j-1)/2 ]
+q( J+j )/_q( J+j J)/)ZJ

gk 2k
(k+1)—1 —2k+1+1,
-— ¥ _ (q > q)(k+l)—1 1q((k+1)—] V224 QU+ D172,
j=—(k+1) (q’ q)(k+1)—] 1

A similar argument establishes (3.3) for £ + 1.
(B) follows by applying (2.7) to (1.7b), (1.8) and (1.9). (B) can also be proved directly using
(3.3)and (34). O

We conclude with remarks on L-Gaussian quadrature with respect to log-normal distribution
functions (1.10). It is known [6, Theorem 2.2] that, for each n>1, Q,(z) has n zeros
(" ¢ ., 1, all of which are distinct and lie on the infinite interval 0 < ¢ < co. If

. Q,,( ) .
W = t<"> f w(t) dr, j=1,2,...,n, (3.8a)
then
f F(t)w(t) dt= Y w"F(¢{™) (3.8b)
0 j=1

is valid for all F(¢z)e A_, ,_,, where
=[Zakzk: a,€ER, —co<m<gkgsn<+ow (3.9)

(see, e.g., [6, Theorem 2.3)).

References

[1] E. Aldén, On indeterminacy of strong Stieltjes moment problems, Univ. Umed, Dep. Math. 2 (1988) 1-8.

[2] R. Askey, Ramanujan’s extensions of the gamma and beta function, Amer. Math. Monthly 87 (1980) 346-359.

[3] R. Askey, Beta integrals and g-extensions, in: Proc. Ramanujan Centennial Internat. Conf., Annamalainagar,
1987.

[4] T.S. Chihara, An Introduction to Orthogonal Polynomials (Gordon and Breach, London, 1978).



46 S.C. Cooper et al. / Orthogonal Laurent-polynomials

[5] E. Hendriksen and H. van Rossum, Orthogonal Laurent polynomials, Nederl. Akad. Wetensch. Proc. Ser. A 89 (1)
(1986) 17-36; also: Indag. Math. 48 (1) (1986) 17-36.

[6] W.B. Jones, O. Njastad and W.J. Thron, Two-point Padé expansions for a family of analytic functions, J.
Comput. Appl. Math. 9 (2) (1983) 105-123.

[7] W.B. Jones, O. Njistad and W.J. Thron, Orthogonal Laurent polynomials and the strong Hamburger moment
problem, J. Math. Anal. Appl. 98 (1984) 528-554,

[8] W.B. Jones and W.J. Thron, Continued Fractions: Analytic Theory and Applications, Encyclopedia Math. Appl. 11
(Addison-Wesley, Reading, MA, 1980); (distributed now by Cambridge Univ. Press, New York).

[9] W.B. Jones and W.J. Thron, Orthogonal Laurent polynomials and Gaussian quadrature, in: K.E. Gustafson and
W.P. Reinhardt, Eds., Quantum Mechanics in Mathematics, Chemistry, and Physics (Plenum, New York, 1981)
449-455.

[10] W.B. Jones and W.J. Thron, Survey of continued fraction methods of solving moment problems and related
topics, in: W.B. Jones, W.J. Thron and H. Waadeland, Eds., Analytic Theory of Continued Fractions, Lecture
Notes in Math. 932 (Springer, New York, 1982) 4-37.

[11] W.B. Jones, W.J. Thron and H. Waadeland, A strong Stieltjes moment problem, Trans. Amer. Math. Soc. 261
(1980) 503-528.

[12] J.H. McCabe and J.H. Murphy, Continued fractions which correspond to power series expansions at two points,
J. Inst. Math. Appl. 17 (1976) 233-247.

[13] C.J. Neumann, National Oceanographic and Atmospheric Administration (NOAA) Technical Memo NWF-NHC
38, National Hurricane Center, Coral Gables, FL.

[14] P.I. Pastro, Orthogonal polynomials and some g-beta integrals of Ramanujan, J. Math. Anal. Appl. 112 (1985)
517-540.

(15] M. Rahman, Some extensions of the beta integral and the hypergeometric function, Preprint.

[16] T.J. Stieltjes, Recherches sur les fractions continues, Ann. Fac. Sci. Toulouse Math. 8 (1894) 122 pp.; 9 (1895) 47
pp.; Oeuvres Complétes 2 (1918) 402-566.

[17] G. Szegd, Orthogonal Polynomials, Amer. Math. Soc. Coliog. Publ. 23 (Amer. Mathematical Soc., New York,
1959).

[18] S. Wigert, Sur les polyndmes orthogonaux et I'approximation des fonctions continues, Ark. Mat. Astr. Fysik 17
(18) (1923) 15 pp.



