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1. Introduction

Horadam [4] introduced the polynomial sequence {W,(x)} defined recursively by
Wa(x) = p(OWn_1(x) + qx)Wp2(x), (n > 2), (1)

where

Wo(x) = co, Wi (x) = cix?, p(x) = o2x’, a(x) = c3x°

in which co, c1, c2, c3 are constants and d = O or 1. If Wy = 0 and W;(x) = 1 then the Binet form of W, (x) is expressed as
u"(x) —v'(x)
u(x) —v(x)
and if instead Wy = 2 and W, (x) = p(x) then
Wy (%) 1= Wy (x) = u"(x) +v"(x),
where u(x) + v(x) = p(x) and u(x)v(x) = —q(x).

In some of the literature (e.g. see [9]), {W,(x)} and {w,(x)} are called the Lucas polynomial sequences of the first kind and
of the second kind, respectively.

Special cases of Lucas polynomial sequences of both kinds are well known [4] and listed in Table 1 by their polynomial
symbols and name along with the corresponding p(x) and q(x).

In this paper, we obtain a generalized Lucas polynomial sequence from the Riordan array which is obtained from weighted
Delannoy numbers, say D,,(n, k) where w = (a, b, ¢) is a weight. This enables us to give a combinatorial interpretation for
those Lucas polynomial sequences by a suitable choice of the weights a, b, c respectively. In Section 2 we develop the Riordan
array Dy (a, b, ¢) associated with the weighted Delannoy numbers. In Section 3, we obtain a generalized Lucas polynomial
sequence from the row sum of the Riordan array D,,(a, b, ¢). Finally, combinatorial interpretations for a pair of generalized
Lucas polynomial sequences are given in Section 4.
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Table 1

Pairs of cognate polynomial sequences

p(x) q(x) Wh (%) wi (%)

X 1 Fibonacci, F; (x) Lucas, L, (x)

2x 1 Pell, Pp (x) Pell-Lucas, Q; (x)

1 2x Jacobsthal, J, (x) Jacobsthal-Lucas, j (x)

3x -2 Fermat, %, (x) Fermat-Lucas, fn (x)

2x -1 Chebyshev of 2nd kind, Uy (x) Chebyshev of 1st kind, 2T; (x)

2. Riordan array D, (a, b, ¢)

In this section, we develop the Riordan array introduced by Shapiro et. al. (see [6,8]) associated with weighted Delannoy
numbers for our purpose.

We begin with the concept of Riordan arrays. A Riordan array {d; i }n ken, is defined by a pair of generating functions,

2@ =1+g1z+ o2 +---andf (2) = fiz + 22 + f32° + - - - with f; # 0 such that the generic element d, ; is

doi = [2"18@) (f(2)",

where [z"] is the coefficient operator and Ng = {0, 1, 2, ...}.
As usual, for a pair g(z), f(z) of analytic functions, we denote the array by R(d, ) = (g(2), f(z)) where the rows and
columns are indexed by 0, 1, 2, .. .. From this definition, R(d, ) is an infinite, lower triangular matrix. One example of a

Riordan array is the Pascal triangle P = R ((Z)) for which we have g(z) = 1/(1 — z) and f(2) = z/(1 — 2).
The concept of a Riordan array may be used in a constructive way to find the generating function of many combinatorial

sums. For any sequence {h,} having h(z) as its generating function, we have the summation property (SP) [8] or the
fundamental theorem of Riordan arrays:

> duihi = (212D (f(2)).
k=0

The SP of the Riordan array will be very useful in this paper.

For n, k € Ny, it is well known that the Delannoy numbers [2] denoted D(n, k) count the number of unweighted lattice
paths from the point (0, 0) to the point (k, n) using the steps H = (1,0),V = (0, 1) and D = (1, 1). Now let us consider
weighted lattice paths such that a horizontal step H, a vertical step V and a diagonal step D are endowed with weights q, b,
and c, respectively. We call such a path a (a, b, c)-weighted path. The weight of a weighted path is the product of the weights
of all its steps in the weighted path and the length of a weighted path is the number of steps making up the path.

It is known (also see [5]) that the total sum of the weights of all (a, b, c)-weighted paths in the lattice plane from (0, 0)
to (k, n) is

Dy (n, k) := Z (Z) (n th= d) ak—dprdcd, (2)

=0 k

When a = b = ¢ = 1 they reduce to the ordinary Delannoy numbers.
In [5], Razpet studied the following Lucas property of a number array D,,(n, k) obtained from the (a, b, c)-weighted paths
in the lattice plane from (0, 0) to (n, k) with positive integer weights a, b, c:

Dy(ap + B, yp + &) = Du(a, y)Dyw(B, §) (mod p),

where «, 8, v, § are nonnegative integers such that 0 < 8 < p, 0 < § < p for a prime number p.

In this section, we are mainly interested in a Riordan array expression for the numbers D,,(n, k) and then we obtain a
generalized Lucas polynomial sequence from the row sum. Hence it leads us to a combinatorial interpretation for such a
Lucas polynomial sequence.

For our purpose, let us define an infinite lower triangular array Dy (a, b, ¢) = [dn k]n ken, DY

_ [Dw(n—k, k) ifn=>k,
i = {0 ifn <k, 3)
where D, (n, k) are the weighted Delannoy numbers given by (2). Then we obtain an infinite lower triangular array:
1 0 0 0 0
b a 0 0 0
b? c+ 2ab a® 0 0
Dy(a, b, ) = b®>  b(2c+ 3ab) a(2c + 3ab) a 0

S

b* b (3c+4ab) % + 6abc + 6b%a®>  a*(3c+4ab) «a
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Recently, Barry [1] introduced a generalized Pascal triangle T = [T(n, k)]nken, associated with the sequence {a,} with
ap = 1 which is a centrally symmetric number triangle, i.e. T(n, k) = T(n, n — k), T(n, 0) = T(n, n) = 1, where

ek —k
T(n, k) = Z ( <> <n . )a]—.
N j
In particular, he explored the triangle T when a, = r"(r € Z). In this case T = D,,(1, 1, r — 1). More generally, we have the

following theorem.

Theorem 2.1. D, (a, b, ¢) has a Riordan array expression given by

(4)

1 za—l—cz)
1—bz'"1—bz)"

Dy(a, b, c) = <

Proof. Let D, (a, b, ¢) = (g(2), f(2)) = R(dy). Clearly, g(z) = —-. Now, we show that f(z) = z9=%. Computing d, ; using

1-bz 1-bz"
k
1 atcz :
T (21_bz) , we obtain

1 a+cz\k 1 a+cz\k
__ [tk M
ik = 12 ]l—bz<zl—bz) _[z]l—bz<l—bz>

n 1 k+1
— P - n—p k
= p:zo[z]<1—bz) (2" P)(a + c2)

= ia"—("_p)bpc”_p <k+p) < k ) . (5)

fr; p n—p

By setting n — p = d, we have

u k k—d
dnie =y ap" 4! ( > (n + > = Dy(n, k), (6)

= d k

which proves f(z) = zf_’g . Hence the proof is completed. =

From (5) and (6), since D,,(n, k) = [z"] (l(ftzc)z,fi, , we have the following generating function for the weighted Delannoy
numbers D,,(n, k) (also see [5]):

k
Z Do (n. 2y = Z (a+c2)* 1

k=0 =0 (1— bZ)k“y T 1—ay—bz—cyz

(7)

It is natural to take the row sums of any Riordan array. The row sums of D,,(a, b, ¢) turn out to be closely related to the
Lucas polynomial sequences.

Lemma 2.2. Let ¢(z) be the generating function for the row sums of the Riordan array Dy, (a, b, c). Then

1

¢ = 1—(a+hbz—c2’

(8)

Proof. By applying the SP of the Riordan array D,,(a, b, c) given by (4) together with the generating function h(z) = %_Z we
obtain immediately

1 1 1
00 = (14 - ,
1—bz 1_(2%) 1— (a+b)z — 22
which completes the proof. H
3. Generalized Lucas polynomial sequence
Note that the numbers a, b, c appearing in the Riordan array D,,(a, b, ¢) are weights on the steps (1, 0), (0, 1) and (1, 1),

respectively. Now let us consider a, b, c as weight functions a = a(x), b = b(x) and ¢ = c(x) independently.
Defining p(x) and q(x) by a + b = p(x) and ¢ = g(x), we obtain a Riordan array

Dy(a, b, ¢) := Dy(p(x), q(x)).
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_ We now define W, (x) to be the n-th row sum of D,,(p(x), g(x)). Thus it follows from (8) that the generating function for
W, (x) may be written as
$u(@) = 1 (9)
IO IO,

In this section, we first derive the explicit formula for W, (x) in terms of p(x) and g(x) using the Riordan array method.

Theorem 3.1. For any two functions p(x) and g(x), the polynomials W, (x) may be expressed as powers of p(x) and G(x):

[(n—1)/2] _
W= 3 (” ")(ﬁ(x»"-“(a(x))". (10)

k=0 k
Proof. First, note that

1 _ 1 1 . _ p(x)z
1-p(z — a2 (1 - a<x>z2> (1 - w>’ withw = 4= 57"

Hence by the SP, W, (x) may be expressed by the n-th row sum of the following Riordan array:

1 p(x)z B
(1 g2’ 11— L'J(X)zz> -

S

0 3g*> 0 p
3% 0 4gp® 0 p

v

1 0 0 0 0 0
0 5 0 0 0 0
g o p? 0 0 0
0 25p O P 0 0
7 0
0

where p = p(x) and g = g(x). By inspection (10) follows. &

Theorem 3.2. Let W, (x) be the polynomials as defined by (10). Then for any two functions p(x) and g(x), the polynomials W, (x)
satisfy the following recurrence relation for n > 2:

W (%) = pOWy—1(x) + GO Wy 2 (x), (11)
where Wy (x) = 1 and Wi (x) = p(x).
Proof. Let n be an odd number. Then [”2;21 = [”2;11. Applying the Vandermonde convolution yields the following:
s
2

== . r
POOW, 1 () + GEOWy2(x) = 3 (” « 1)(i:(x))"-”(c‘:(x))"+ 3 (
k=0

k=0 k

n—k—2

A [ CTe

60) + r%w {(n —k— 1> N (n ; k; 1)} 300"

k=1 k

e,
= 3 (") e @y = we.

k=0

By a similar argument, we can establish (11) for an even number n, which completes the proof. ®

Corollary 3.3. In determinant form we have

px) -1 0 - 0
i px) -1 ;
V_Vn(X) = det 0 (_](X) ﬁ(x) 0 . (12)
: . -1
o - 0 qx pM™,.,

Proof. The Laplace expansion of the first row and the three-term recurrence relation for W,(x) given by (11) along with
induction yields (12). =



924 G.-S. Cheon et al. / Discrete Applied Mathematics 157 (2009) 920-927

We note that W, (x) has the same recurrence relation (1) as W, (x), differing only in the initial conditions. By a similar
argument as that used in [4], from (11) we can derive

ﬁn+l (X) _ ‘7n+] (X)

Wl = — 5
where
ii(x) = (%) + VPP (%) + 43(x) and () = 5(0) — VP2 + 4300
= > 7 _ !

giving u(x) + v(x) = p(x) and u(x)v(x) = —q(x).
Let us define the polynomial sequences {w, (x)} by
Wa(x) = 0" (x) + 7" ().

We note that the two functions p(x) and q(x) used in (1) are monomial of degree < 1 whereas p(x) and q(x) used in (11)
are any functions. It is easy to show that when p(x) = p(x) and g(x) = q(x) we have W,(x) = W1 (x) and w,(x) = wp1(x)
for n € Ny. In this sense, we shall call {W,(x)} and {w,(x)} generalized Lucas polynomial sequences of the first kind and of the
second kind, respectively.

The following theorem for an expression for the polynomial sequence {w,(x)} follows from (10) and

Wa(X) = qXOWa 1 (X) + W1 (0, (n= 1), (13)
where wy (x) = p(x) and Wy (x) = 1.

Theorem 3.4. Let {w,(x)} be the generalized Lucas polynomial sequence of the second kind. Then w,(x) may be expressed in terms
of powers of p(x) and g(x):

in() = (g (o) + (" D ewr= @ (14)

With the Riordan array notation, (13) can be written as the following matrix form:
(14302, 2[Wo(x), W1 (%), ...]" = [1,Wo (), w1 (%), ....]".

By applying the SP to the Riordan array (1 + §(x)z?, z) together with the generating function ¢,,(z) for W, (x), we obtain the
generating function for {w,(x)}:

14+ g2 _ _
_— = n— n, _1:=1). 15
15007 = 1002 HZZOW 102", (o =1) (15)
Now, we are interested in pairs of generalized Lucas polynomial sequences similar to the pairs of cognate polynomial
sequences given by Table 1.

Theorem 3.5. Let p(x) = ax + b and q(x) = cx. Then
(D) Wa®) = o (Shoo (5) (") @b 4et) ¥, n > 0;
(i) W1 () = Lo (Thoo 5 ("5) (oh) @b dch) ¥, n> 1.

Proof. (i) By applying the SP of the Riordan array D,,(a, b, c) together with h(z) = ﬁ we obtain

n 1 1
D, (n—k, k)x* = [Z"] ( )

5 &) ()

1 1

1 — (ax + b)z — cxz2 =1 1-p(x)z—qx)z2
= W,(x).

= [2"]

The last equality follows from (9) and this finishes the proof of (i).
(ii) By substituting p(x) = ax + b and q(x) = cx into (14) and then applying the binomial theorem, we can establish (ii)
by elementary algebraic calculations. H

Example 3.6. Let p(x) = x + 1 and g(x) = x. Then we obtain the generalized Lucas polynomial sequence of the first kind
with the same coefficients as the Delannoy numbers. Denote it as the Delannoy polynomial sequence {D,(x)}:

D,(x) = ;D(n —k, k)x* = i’Z( (Z) (n ; d)x".

k=0 d=0
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From (9) we have the generating function for the Delannoy polynomials:

‘l [o°]
e e D n.
1—(x+1)z—xz22 g n()z

The first few polynomials are:
Do(x) =1,
Di(x) =x+1,
Dy(x) =x* +3x+ 1,
Da(x) = x> +5%° + 5x + 1.

Now we consider a cognate polynomial sequence to the Delannoy polynomials. From (15) we obtain the generalized
Lucas polynomial sequence of the second kind {C,(x)} with the generating function:

1+ x2?

—— =) Gz

1—(x+ 1)z — xz2 é n()
The first few polynomials are:

Co(x) =1,

Cix) =x+1,

G =X +4+1,

C3(x) = x> +6x% +6x+ 1.

It follows from (13) that
Cn+1 (X) = xDp_1 (X) + Dn+1 (X)s n=> 1. (]6)

By consulting [7] we find [(see A102413)] that the coefficients of x* in the polynomial C,(x) are the same as the corona
numbers, C(n, k), which count the number of k-matchings of the corona C, o K; of the cycle C, and the complete graph Kj.
That is, G, o K; is the graph with 2n vertices obtained from C, adding one edge to each vertex of C,. For more information on
corona graphs, see [3]. We shall call {C,(x)} the corona polynomial sequence. Note that the corona numbers have an explicit
form from (ii) of Theorem 3.5:

c<n,k>=g%(;;;)(“;k).

1

Furthermore, corona polynomials C,(x) can be interpreted as the total sum of weights of all k-matchings in a weighted
corona C, o K1 where each matching edge has a weight x.

Corollary 3.7. The corona numbers C(n, k) may be expressed in terms of the Delannoy numbers D(n, k):

C(n,k)=D(n—k—1,k—1)+D(n—k, k), n>2, k>1. 17)

Proof. From (16), we have

XH: C(n, k)x*

k=0

Ca (X) = XDy (X) + Dy (X)

n—2 n
XY D(n—k—2,kx + Y D(n—k, kx*
k=0 k=0

n—1 n
ZD(n —k—1,k—1x*+ ZD(n — k, k)x*
k=1 =0

n—1
= D(n, 0) + Z{D(n —k—1,k—1) +D(n — k, k)}x* + D(0, n)x".

k=1

Comparing the coefficients of x* for k > 1yields (17). =
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Fig. 1. (x, 0, 1)-weighted paths and their weights.
4. Combinatorial interpretations and examples

In this section, we obtain combinatorial interpretations for a pair of generalized Lucas polynomial sequences.

Theorem 4.1. Let {W,(x)} and {w,(x)} be a pair of Lucas polynomial sequences. Then
(i) Wa(x) = Yoo @nk(x) (n = 0);
(i) Wa () = Yh_o Okn—k®) + GX) Xj=p Ornr—2(®), (n > 2),
where wy n—k(x) := Dy (n —k, k) is the sum of weights of (a(x), b(x), c(x))-weighted paths from (0, 0) to (k, n — k) using the steps
(1, 0), (0, 1) and (1, 1) for which a(x) + b(x) = p(x) and c(x) = q(x).
Proof. Since W, (x) is the n-th row sum of the Riordan array D,,(p(x), §(x)), (i) and (ii) immediately follow from (2) and (13),
respectively. ®

Combinatorial interpretations for pairs of Lucas polynomial sequences listed by Table 1 may be obtained from
Theorem 4.1 by setting p(x) = p(x) and g(x) = q(x) so that a(x) + b(x) = p(x) and c(x) = q(x). Also explicit forms for those
polynomial sequences may be simply determined by (10) or (14). For instance, the Chebyshev polynomial of the second kind
U,(x) is obtained in the form:

[(n=1)/2] n—k
Un+1(x) — Z (_l)k < B > (Zx)n—Zk_

k=0

Example 4.2. Let us consider the Fibonacci polynomial sequence {F,(x)}. First note that F,(x) has the following generating
function:

_ ZFn(x)z”.

2
1-xz2-22 =

By using (12), the Fibonacci polynomial has also a beautiful determinantal expression:

x -1 0 --- 0
1 x -1
Frp1(x) =det | 5 4 x .0 , (m=1).
: .. .. |
o --- 0 1 X

nxn

Of course, by substituting a = x, b = 0, c = 1 we may immediately obtain the Fibonacci polynomials from the row sums of
the Riordan array D, (x, 0, 1):

1.0 0 0 07r1 1 Fi(x)

0 x O 0 011 X F(x)

01 ¥ 0 0]]1 1+ F3(x)

0 0 2x x* 0|]|1|=| 2+ = | F(x) |- (18)
0 0 1

1 3x 14 3x% +x* Fs(x)

Now let us consider a combinatorial interpretation for F4(x) = 2x + x>. Since F4(x) = W4(x) = Ws(x) when p(x) =
a(x) + b(x) = xand q(x) = c(x) = 1, we may take a(x) = x, b(x) = 0 and c(x) = 1. By (i) of Theorem 4.1, we have
F4(x) = wp3(x) + w1.2(X) + wz.1(x) + w3,0(x). Note that wp 3(x) = 0, w1.2(x) = 0, while wy,1(x) = 2x and w3 o(x) = x°, see
Fig. 1.

Example 4.3. Let us consider the Pell-Lucas polynomial sequence {Q,(x)}. First note that Q,(x) has the following generating
function forn > 1:

1 2
tz 5 = ZQn(x)z".

1-2x2—-22



G.-S. Cheon et al. / Discrete Applied Mathematics 157 (2009) 920-927 927

I S A U

T z?

z? x? 1

Fig. 2. (x, x, 1)-weighted paths and their weights.

Moreover, by (14) Q.41 (x) has the following explicit formula:

Qu+1(x) = % {(::’;) + (" a i’L 1)} (2x)" 2+,

k=0

Now let us consider a combinatorial interpretation for Q,(x) = 2 +4x2. Since p(x) = a(x) +b(x) = 2xand q(x) = c(x) = 1,
we may take a(x) = x, b(x) = xand c(x) = 1. By (ii) of Theorem 4.1, we have Q2 (x) = w2 (x) + w1,1(x) + w2,0(x) + 1 - wo,0(x).
Note that w2 (x) = x?, w1.1(x) = 2x* + 1, wy,0(x) = x? and wg o (x) = 1, see Fig. 2.

5. Concluding remarks

We have used the Delannoy polynomials in a Riordan group context and shown how many results follow in a natural
manner. The key point is that the Riordan group works over any integral domain and not just the integers. Often the rows
provide polynomial sequences that mesh with the column generating functions of the Riordan group.
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