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Abstract
Recently, Tremblay, Gaboury and Fugère introduced a class of the generalized
Bernoulli polynomials (see Tremblay in Appl. Math. Let. 24:1888-1893, 2011). In this
paper, we introduce and investigate an extension of the generalized Apostol-Euler
polynomials. We state some properties for these polynomials and obtain some
relationships between the polynomials and Apostol-Bernoulli polynomials, Stirling
numbers of the second kind, Jacobi polynomials, Laguerre polynomials, Hermite
polynomials and generalized Bernoulli polynomials.
MSC: Primary 11B68; secondary 11B73; 33C45

Keywords: Bernoulli, Euler and Genocchi polynomials; generating functions;
generalized Apostol-Euler and Apostol-Bernoulli polynomials; Jacobi polynomials;
Laguerre polynomials; Hermite polynomials; Stirling numbers of the second kind

1 Introduction, definitions and motivation
The generalized Bernoulli polynomials B(α)

n (x) of order α ∈ Z and the generalized Euler
polynomials E(α)

n (x) of order α ∈ Z are defined by the following generating functions (see,
[–, Vol. , p. et seq.] and [, Section .]):
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Recently, Luo and Srivastava introduced the generalized Apostol-Bernoulli polynomials
B

(α)
n (x;λ) and the generalized Apostol-Euler polynomials E(α)

n (x;λ) as follows.

Definition . (Luo and Srivastava []) The generalized Apostol-Bernoulli polynomials
B

(α)
n (x;λ) of order α ∈N are defined by means of the following generating function:
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Clearly, the Apostol-Bernoulli polynomialsBn(x;λ) := B
()
n (x;λ) and generalized Bernoulli

polynomials Bα
n(x) = B

(α)
n (x; ).

Definition . (Luo []) The generalized Apostol-Euler polynomials E
(α)
n (x;λ) of order

α ∈ C are defined by means of the following generating function:

(


λet + 

)α

· ext =
∞∑

n=

E
(α)
n (x;λ)

tn

n!
(|t| <

∣∣log(–λ)
∣∣). (.)

Clearly, the Apostol-Euler polynomials En(x;λ) := E
()
n (x;λ) and generalized Euler polyno-

mials Eα
n (x) = E

(α)
n (x; ).

Recently, Kurt [] gave the following generalization of the Bernoulli polynomials of or-
der α.

Definition . The generalized Bernoulli polynomials B[m–,α]
n (x), m ∈ N, are defined, in

a suitable neighborhood of t = , by means of the generating function

(
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tn
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Clearly, if we take m =  in (.), then the definition (.) becomes the definition (.).
More recently, Tremblay, Gaboury and Fugère [] further gave the following generaliza-

tion of Kurt’s definition (.) in the following form.

Definition . For arbitrary real or complex parameters λ and the natural numbers m,α ∈
N, the generalized Bernoulli polynomials B[m–,α]

n (x) are defined, in a suitable neighbor-
hood of t = , by means of the generating function

(
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tl
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B
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n (x;λ)

tn
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Clearly, if we take m =  in (.), then the definition (.) becomes the definition (.).
In view of (.) in Definition . and (.) in Definition ., we give the following analo-

gous definitions, (.) of which is a natural generalization for the generalized Euler poly-
nomials E(α)

n (x).

Definition . For complex numbers α ∈C, natural numbers m ∈N, the generalized Eu-
ler polynomials E[m–,α]

n (x) are defined, in a suitable neighborhood of t = , by means of
the generating function

(
m

et +
∑m–

l=
tl
l!

)α

· ext =
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n (x)

tn
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. (.)

Obviously, setting m =  in (.), we have E[,α]
n (x; ) = Eα

n (x).
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Definition . For arbitrary real or complex parameters λ, α and natural numbers m ∈N,
the generalized Euler polynomials E[m–,α]

n (x) are defined, in a suitable neighborhood of
t = , by means of the generating function

(
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tl
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)α

· ext =
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E
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n (x;λ)

tn
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It is easy to see that setting m =  in (.), we have E[,α]
n (x;λ) = E

(α)
n (x;λ). From (.) we

readily get

E
[m–,α]
 (x;λ) =

(
m

λ + 

)α

. (.)

In the present paper, we give some properties of the polynomials E[m–,α]
n (x;λ) and ob-

tain some relationships between the polynomials E[m–,α]
n (x;λ) and other polynomials and

numbers, for example, the Stirling numbers of the second kind, Jacobi polynomials, La-
guerre polynomials, Hermite polynomials and generalized Bernoulli polynomials.

2 Some basic properties for the polynomials E[m–1,α]
n (x;λ)

In this section, we state some basic properties for the generalized Apostol-Euler polyno-
mials E[m–,α]

n (x;λ) defined by (.).

Proposition . The generalized Apostol-Euler polynomials E[m–,α]
n (x;λ) satisfy the fol-

lowing relations:
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Comparing the coefficients of tn

n! on the both sides of the above equation, we arrive at (.)
immediately. In the same way, we may get (.), so it is omitted. �
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Proposition . The generalized Apostol-Euler polynomials E[m–,α]
n (x;λ) satisfy the fol-

lowing relation:
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Comparing the coefficients of tn

n! on the both sides of the above equation, we obtain the
identity (.) at once. �

Remark . Setting m =  in (.), we obtain the following familiar relations for the gen-
eralized Apostol-Euler polynomials (see []):

λE(α)
n (x + ;λ) + E

(α)
n (x;λ) = E(α–)

n (x;λ). (.)

3 Some generalizations of the analogues of the Luo-Srivastava addition
theorem

In this section, we give a generalization of the Luo-Srivastava addition theorem and an
analogue.

Theorem . The relationship
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holds between the polynomials E[m–,α]
n (x;λ) and the Apostol-Bernoulli polynomials Bn(x;

λ) defined by (.) (with α = ).

Proof First of all, according to the equation [, p., Eq. ()], we substitute
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http://www.advancesindifferenceequations.com/content/2013/1/61


Chen et al. Advances in Difference Equations 2013, 2013:61 Page 5 of 10
http://www.advancesindifferenceequations.com/content/2013/1/61

into the right-hand side of (.) and we get
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Upon inverting the order of summation and using the following elementary combinational
identity:
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This completes the proof. �

Remark . Letting m =  in (.) and noting (.), we get the Luo-Srivastava addition
theorem (see [, p., Theorem B]):
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4 Some relationships between the polynomials E[m–1,α]
n (x;λ) and other

polynomials and numbers
In this section, by applying the same method as in the proof of (.) of Theorem ., we give
and display some relationships between the polynomials E[m–,α]

n (x;λ) and other polyno-
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mials and numbers, for example, the Genocchi polynomials, Stirling numbers of the sec-
ond kind, Laguerre polynomials, Jacobi polynomials, Hermite polynomials, generalized
Bernoulli polynomials B[m–]

n (x) and generalized Bernoulli polynomials B(α)
n (x).

Theorem . The relationship

E
[m–,α]
n (x + y;λ)

=



n∑
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k
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)
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]
Gk+(x) (.)

holds between the polynomials E[m–,α]
n (x;λ) and the Genocchi polynomials Gn(x;λ) defined

by [, p., Eq. (.)].

Proof By substituting (see [])
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k + 
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]
(.)

into the right-hand side of (.), we can get (.). �

Theorem . The relationship
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holds between the polynomials E[m–,α]
n (x;λ) and the Stirling numbers S(n, k) of the second

kind defined by [, p., Eq. ()].

Proof By substituting (see [, p., Eq. ()])
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Theorem . The relationship
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n (x;λ) and the Laguerre polynomials defined by [,

p., Eq. ()].

Proof By substituting (see [, p., Eq. ()])
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into the right-hand side of (.), we can obtain (.). �
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Theorem . The relationship

E
[m–,μ]
n (x + y;λ)

=
n∑
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j – k

)(
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j

)
α + β + k + 

(α + β + k + )j+
E
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holds between the polynomials E[m–,α]
n (x;λ) and the Jacobi polynomials defined by [,

p., Eq. ()].

Proof By substituting (see [, p., Eq. ()])

xn = n!
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(

n + α
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α + β + k + 

(α + β + k + )n+
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into the right-hand side of (.), we can get (.). �

Theorem . The relationship

E
[m–,μ]
n (x + y;λ) =

[n/]∑
k=

n∑
j=k

(–j)
(

n
j

)(
j

k

)
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E
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holds between the polynomials E[m–,α]
n (x;λ) and the Hermite polynomials defined by [,

p., Eq. ()].

Proof By substituting (see [, p., Eq. ()])

(x)n =
[n/]∑
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(
n

k

)
(k)!
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Hn–k(x) (.)

into the right-hand side of (.), we can get (.). �

Theorem . The relationship

E
[m–,α]
n (x + y;λ) =

n∑
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n∑
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k!
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n
j

)(
j
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E
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j–k (x) (.)

holds between the polynomials E[m–,α]
n (x;λ) and the generalized Bernoulli polynomials

B[m–]
n (x) defined by (.) (with α = ).

Proof According to the equation [, p., (.)], we substitute

xn =
n∑

k=

(
n
k

)
k!

(k + m)!
B[m–]

n–k (x) (m ∈N) (.)

into the right-hand side of(.) and we can obtain (.). �
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Theorem . The relationship

E
[m–,α]
n (x + y;λ) =

n∑
k=

n∑
l=k

(
n
l

)(
l
k

)(
k + j

j

)–

E
[m–,α]
n–l (y;λ)S(k + j, j)B(j)

l–k(x) (.)

holds between the polynomials E[m–,α]
n (x;λ) and the generalized Bernoulli polynomials de-

fined by (.).

Proof By substituting (see [, p., (.)])

xn =
n∑

l=

(
n
l

)(
l + j

j

)–

S(l + j, j)B(j)
n–l(x) (j ∈ N) (.)

into the right-hand side of (.), we can get (.). �

Remark . If we set m =  in (.), (.), (.), (.), (.) and (.), then we obtain the
corresponding results of the Apostol-Euler polynomials E(α)

n (x;λ).
If we set m = , λ =  in (.), (.), (.), (.), (.) and (.), then we obtain the cor-

responding results of the generalized Euler polynomials E(α)
n (x).

5 A remark for the Apostol-type polynomials
In [, pp.-], Srivastava, Kurt and Simsek gave the following remarks about the
Apostol-type polynomials:

‘. . . It should be reiterated in passing that the investigations of the corresponding gen-
eralizations of the Apostol-Euler polynomials, which are associated with any admissible
(real or complex) order f , are not at all affected by the observations made here.

For the sake of the interested readers, we list below the following additional sequels,
some relevant parts of which are believed to be similarly affected by the works of Luo and
Srivastava (see [, –, , , –]).

In each of the main results in most of the aforecited works, which involve the gener-
alized Apostol-Bernoulli polynomials and/or the generalized Apostol-Genocchi polyno-
mials, only the nonnegative integer orders of these polynomials are considered and used
correctly. Finally, it should be mentioned here that a suitable research-cum-expository
article which would deal in detail, both analytically and rigorously, with each and every
aspect of this situation is under preparation.’
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