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Abstract—~For a certain class of generalized hypergeometric polynomials, the authors first derive
a general theorem on bilinear, bilateral, and mixed multilateral generating functions and then apply
these generating functions in order to deduce the corresponding results for the classical Jacobi and
Laguerre polynomials. They also consider several linear generating functions for these polynomials as
well as for some multivariable Jacobi and multivariable Laguerre polynomials which were investigated
in recent years. Some of the linear generating functions, presented in this paper, are associated with
the Stirling numbers of the second kind. (© 2002 Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION, DEFINITIONS, AND PRELIMINARIES

The classical Jacobi polynomials P,(Lo"ﬁ ) (z) of degree n in x (and with parameters or indices o
and J) are defined usually by

PB)(z): = g(zt:) (n;ﬁ) <z;-1>"‘k (xgl)k

= (n:a)zFl (—n,a+,6+n+1;a+1;1;$),

(1.1)

The present investigation was completed during the third-named author’s visit to Tamkang University at Tamsui
in April 2001. This work was supported, in part, by the Natural Sciences and Engineering Research Council of
Canada under Grant OGP0007353.

0898-1221/02/$ - see front matter (©) 2002 Elsevier Science Ltd. All rights reserved.  Typeset by AAS-TEX
PII: S0898-1221(02)00277-8



1540 W.-C. C. CHAN et al.

where 2 F; denotes the familiar (Gauss’s) hypergeometric function which corresponds to the spe-
cial case
u—1l=v=1,

of the generalized hypergeometric function , F,, with v numerator and v denominator parameters.
These polynomials are orthogonal over the interval (—1,1) with respect to the weight function -

w(z) = (1 — z)*(1 + z)P;
in fact, we have (cf., e.g., [1, p. 68, equation (4.3.3)])

1
/ (1 - 2)%(1 + 2)° PP (2) Pl () da
-1

208+ (a + n + )I(B+n + 1) (1.2)

m,nsy

Tnlla+B+2n+ DI(a+B+n+1)
(min{R(a), R(F)} > —-1; m,n € Ny :=NU{0}; N:={1,2,3,...}),

where 0., ,, is the Kronecker delta.

Many other members of the family. of classical orthogonal polynomials, including (for exam-
ple) the Hermite polynomials Hy(z), the Laguerre polynomials lea)(m), the Bessel polynomi-
als yn(z; @, §), the Gegenbauer (or ultraspherical) polynomials C¥(z), the Legendre (or spheri-
cal) polynomials P,(z), and the Chebyshev polynomials T, (z) and Uy () of the first and second
kind, respectively, are special or limit cases of the Jacobi polynomials P,(La’ﬁ)(

for the classical Laguerre polynomials Lgf‘) (z) defined by

z). In particular,

L) =3 (ng) =) . (” N 0‘) VFy(~ma+ 1), (1.3)

k=0 n

it is easily observed that [1, p. 103, equation (5.3.4)] .

Li®(z) = lﬁlliinoo { pleh) (1 - %x) } , (1.4)

which can indeed be applied to deduce properties and characteristics of the Laguerre polynomials
from those of the Jacobi polynomials.
For the Jacobi polynomials P,(f”ﬁ)(z), it is known that (cf., e.g., [2, p. 170, equation 10.8(17)])

ok
p {P("‘"’) (z + 2t)}
0, (k:n+1,‘n+2,n+3,...).

Thus, as an immediate consequence of the Taylor expansion of
PP (4 2t)

in powers of ¢, we obtain

k=0
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Other linear generating functions of the type (1.6), in which the summation index appears in the
Jacobi polynomials’ parameters o and 3, include the known results (cf., e.g., [3,4])

Z (k —-ax—-"n— )P(a,ﬂ+k)($)tk — (1 )nP"(la.ﬁ) (x_.__t> (1.7)
k 1-t
k=0
and
" (k—fB-n-1 (a+k,B) /. sk n pla.f)
kZ=O( k )Pn—k (@)t* = (1+ )" Py 1+t (1.8

which are, in fact, equivalent, since [1, p. 59, equation (4.1.3)]
PE)(z) = (1)) (~a). (1.9

As a matter of fact, by appealing to the known relationship [1, p. 64, equation (4.22.1)]

1-2z\" (—a-f-2n- z+3
Pr(za,ﬂ)(x) - ( > ) PT(l a~f-2n-1,0) (w — 1) , (1_10)
which, in view of (1.9), can be rewritten in the form:
1+z\" 3—z
(@, 8) = [2T% plo—a—p-2m-1) (2~ %
PP (z) ( 5 ) n ) <1+x>, (1.11)

each of the formulas (1.7) and (1.8) can be shown to be eciuiva.lent also to the generating func-
tion (1.6). Moreover, upon reversing the order of the sum in (1.6)—(1.8), if we replace «, 3,
and t (wherever necessary) by a —n, 8 —n, and t~!, respectively, we obtain the following further
equivalent forms of these generating functions:

n -1 ~1
3 (n)<a + 6) pLeRE=R) (gypk = (a N ﬁ) t" PemA=m) (g 49t 1) (1.12)
= k k n
i n a+k -1 a,B-k) k__ a+n -1 . n p(a,f~n) 1+.’Et
kg(k)( N ) P, (z)t _( N ) (1+t)"PS (“17?) (1.13)
and
n -1
Z ( ) (ﬁ+k) P(a—k,ﬁ)(z)tk =(-1)" (ﬁ:n) 1- t)nP,Sa_n’ﬂ) (_ 11-0:_.’1;;25) . (1.14)
k=0
respectively.

In view of several known hypergeometric representations for the classical Jacobi polynomials
(cf., e.g., [5, p. 91, Problem 16]), it is not difficult to show that each of these last results (1.12)-
(1.14) (and hence, also (1.6)—(1.8)) is a special case of the familiar hypergeometric generating
function (cf. [6, p. 62, equation (25)]; see also [5, p. 138, equation 2.6(8)])

o= (X
Z (k) u+1Fv(—k,a1, ceny Gy b17 e 3bv;I)tk
k=0

= (1 -+ t))\u_*_va (—)\,al, e ,au;bl, e ,bv; m)

(AeG; |t| < 1),

when
u=v=1 and A=n (neNy).
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More generally, for the hypergeometric polynomials

Bl [a1,...,64;01,. .., by 2] i= pmpu By [A(M; —n), a1, .., Gy b1, - - by T (1.16)
where, for convenience, A{m; ) abbreviates the array of m parameters

A 1 -1
_’)‘+ ,..‘,/\+m (m e N),
m m m

it is known that (cf. [7, p. 187, equation (55)]; see also [5, p. 136, equation 2.6(2)])

(A
Z(k>6,'c"[al,...,au;bl,...,bv:a:]tk
k=0
N t \™ (1.17)
= (l +t) m+qu [A(m, ——)\),al,...,au;bl,...,bv;a: (1——+—t> ] ,

(meN; Jt|<1; AeC),

which, for m = 1, reduces immediately to (1.15).
For A = n (n € Np), the hypergeometric generating function (1.17) assumes the form:

Z (:)B,T_k [01,- -+ @u; by, by s 2]t

k=0
. (1.18)
:(1+t)nBZll:al,-..,au;bl,...,bvim ,

(m € N; n € Ny),

which obviously contains, as its special cases, numerous generating functions for the Jacobi,
Laguerre, and many other hypergeometric polynomials.

In this paper, we first make use of the general formula (1.18) with a view to deriving a class
of bilinear, bilateral, and mixed multilateral generating functions for the hypergeometric poly-
nomials defined by (1.16). We then apply these generating functions in order to deduce the
corresponding results for the Jacobi and Laguerre polynomials. Several linear generating func-
tions for these polynomials as well as for some multivariable extensions of the Jacobi and Laguerre
polynomials, which were investigated in recent works, are also considered briefly.

2. APPLICATIONS OF THE GENERAL FORMULA (1.18)

Making use of the general formula (1.18), we first prove the following.

THEOREM 1. Corresponding to an identically nonvanishing function Q,(y1,...,ys) of s (real or
complex) variables y1,...,ys (8 € N) and of (complex) order u, let

(n/d]
AL sy, ys 2] =Y Ak Quapk (U1, Us)
k=0 (2.1)

Bk lar + pik, ... ay + puk; by + a1k, .. by + opk s x] 28,
q
(Ax #0; n,k € No; m,p,q € N),

where p1,...,py and 01,...,0, are suitable complex parameters. Suppose also that

lk/q)

n—ql

Ft ) = 3 (1 70 A D s )
=0

Bl lar +p1ly -y ay 4 puliby + a1l by + oyl ] 2L

(2.2)
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Then
n ‘ k (1) T t a
E : TG (. . — n . .
k_oek,n,p (mvyla~~~7ysyz)t - (1+t) An,p,q (1+t)m)y11"'7ysaz(1+t) ] 3 (23)

provided that each member of (2.3) exists.

REMARK 1. In each of our definitions (2.1) and (2.2), as well as in similar situations elsewhere
in this paper, the product of the essentially arbitrary coefficients Ax # 0 (k € Np) and the
identically nonvanishing functions

Quypk Y15+, Ys) (k€eNp; p,seN; peC)

can indeed be notationally merged into one set of essentially arbitrary (and nonvanishing) co-
efficients depending on the order i aend one, two, or more variables. However, with a view to
applying such results as (2.3) above to derive multilinear and multilateral generating functions
involving simpler special functions of one, two, or more variables, we find it to be convenient to
specialize Ay and Q,, individually as well as separately (and in a manner dictated by the problem).

REMARK 2. The additional hypothesis surrounding assertion (2.3) of Theorem 1, as also such
hypotheses occurring in conjunction with other assertions made in this paper, is meant to guaran-
tee that exceptional parameter (and variable) values which would render either or both members
of (2.3) invalid or undefined are tacitly excluded.

ProOF OF THEOREM 1. For convenience, let S(x,t) denote the first member of assertion (2.3).
Then, upon substituting for the polynomials

Ot (T3 Y1, -+ 3 Ys3 2)

from definition (2.2) into the left-hand side of (2.3), we obtain

n [k/Q] 'n“'ql
S(z,t)y=Y tF ) (k —ql)A’ Quipt (Y151 Ys)
k=0

1=0
B lar+ o1l yan +puliby + ol by + oyl m]tk,
which readily yields

[n/a]

S(:c,t) = Z Al Qu+pl (yh . 7ys) (th)l
=0 (2.4)

n—ql
—ql
> (" kq)zs;n_k_q, [a1 + p1ly. .. 0w + puliby + 01l ... by + 0yl : T R
k=0

Now, by appealing to the general formula (1.18) with
n—n—ql, a;+——a;+p;l (G=1,...,u), and bjr—bi+o;l (j=1,...,v),
we find from (2.4) that

[n/q] PN
S(z,t) = (1 + t)” Z A; Q/H—pl (yl,. .. ,ys) <m>
=0

T
BT I,...,ay + pu ;b I...,by l:——o1,
n—ql [a1+p1 ay + pul; 0y + 01 + oy (1+t)m]

which leads us at once to assertion (2.3) by means of definition (2.1).

For the classical Jacobi polynomials, by suitably specializing Theorem 1 with
u=v=1,

we obtain Corollaries 1 and 2 below.
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COROLLARY 1. Under the hypotheses of Theorem 1, let

[n/q]
—pak, o+1)gk
AZ) (my. Y2 = Y Ak pla AT () (W1, -+ - ¥s) 25, (2.5)
k=0 )
(A # 0; n,k € No;p,g €N)
and ik/4)
q
k—a+pgl—n-—1
D0 (gryy, .., ys 2) 1= ( A
ko ’ ZZ:% k—ql (2.6)
—pgl,B+k+aql
'Py(lcikpq prktoq )(x)ﬂu+Pl (yh sy Z/s) zlv
where p and o are suitable complex parameters.
Then
= o r—1 t ?
Z szn,,?l (z; Yy -y Ys; z) tk = (1 — t)nA1(12,2>,q l:l 7 UYL, - Ysi 2 (m) ] N (27)
k=0
provided that each member of (2.7) exists.
COROLLARY 2. Under the hypotheses of Theorem 1, let
) (a+(p+1)gk,B—oqk)
Agl.s,;J,q [1:) yl""ays;z] = Z Ak Pniqkp e (‘r)Q#+Pk (y11"'7y8)zk7 (2 8)
k=0 )
(Ak #0; n,k € No; p,g €N)
and (k/d
q
k—fB+ogl—n—-1
UOT (g, Ys; 2) 1= ( )A,
kn,p s g k—ql (2.9)
k l,B—oql
P (@) Qg (1, s) 2
where p and o are suitable complex parameters.
Then
N o k np3) [Z_t t \*
> URT (B, s 2) tF = (1+8)"AP), T o1 ) | (2.10)
k=0

provided that each member of (2.10) exists.

Corollaries 1 and 2 can indeed be proven directly by making use of (1.7) and (1.8), respectively,
each of which is a special case of the general formula (1.18). If, instead of (1.7) and (1.8), we
apply the equivalent result (1.6), we similarly obtain the following.

THEOREM 2. Under the hypotheses of Theorem 1, let

Aﬁf%,,q [Z3y1, ..., Yss 2] = [:Z/ql Ay Pffl‘;,ﬁ”“)""’ﬁ*("*”"’“)(x)QM,,k (Y1, .- ys) 2%, 211
(;12 #0; n,k € No; p,g €N)
and
—prosa ) l&/g] a+fB+(p+oigl+n+k
Fhinip (531 455 2) = g ( k—ql )A' (2.12)

k I k 1
PplothteaBbtoad 0)Q) ot (U1, -, ys) 2

where p and o are suitable complex parameters.
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Then

n
=P 04 (4)

B (T Y1, o Ys; 2) tF = Ay p gl + 201,00,y 289, (2.13)
k=0
provided that each member of (2.13) exists.
Next, we turn to the classical Laguerre polynomials Lﬁf")(m) defined by (1.3). As a matter of
fact, in view of the limit relationship (1.4), if we first replace z and ¢ in (1.6) or (1.8) by

2z t
1—-— and -,
B B
respectively, and then let |8] — oo, we get the known result (cf., e.g., [8, p. 348, equation (27)],
[9, p. 142, equation (18)], and [10, p. 319, Entry (48.19.2)])

ZL(““‘)( ) = LNz - t), (2.14)
k=0

which is precisely the Taylor expansion of L%a)(:n — t) in powers of ¢, since (cf. equation (1.5)

above)
LRz —t), (k=0,1,...,n),
8k {L(“)(a: )} - (@=2) ( ) (2.15)
ot 0, (k=n+1,n+2,n+3,...).
In case we replace z in (1.7) instead by a
1 - 22
s

and let |3] — oo, we similarly obtain another known result for the classical Laguerre polynomials
(cf. [11, p. 85, equation (9)] and [12, p. 35, equation (1)]):

; (O‘ “l: ") L, (z)tk = (1 + )" L (1 — t) (2.16)

which, in view of the hypergeometric representation in (1.3), is an immediate special case of the
general formula (1.18) when

m=1 and u+l=v=1.

Thus, by suitably applying Theorem 1, Corollary 1, and Corollary 2, or by appealing directly to
the known results (2.14) and (2.16), we can deduce the following families of bilinear, bilateral,
and mixed multilateral generating functions for the classical Laguerre polynomials.

COROLLARY 3. Under the hypotheses of Theorem 1 (or Corollary 2), let

In/q)
gk
Az, vsi 2l = Y Ae LTV @)k (w1, 6) 2, (2.17)
(Ar # 0; n,k € No; p,g €N)
and
(k/q] Az ( +k )
,qJ’ (.'1: Y1, Y3 2) 1= Z (k . L a+k+pg (@) st (W1s- -+ Ys) 2, (2.18)
where p is a suitable complex parameter.
Then
n
DOUGEE (i, e @) = AT e — by, s 2t (2.19)
k=0

provided that each member of (2.19) exists.
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COROLLARY 4. Under the hypotheses of Theorem 1 (or Corollary 1), let

[n/q]
k
A o lmyn, o ysid = Y A L@k (1, ) 2F,

(Ax #0; n,k e Ng; p,geN)
and

[k/q]
X p—1gl+n
Vkrgyp( ,yl,yysy‘z) =Z( (k q)l

=0

where p is a suitable complex parameter.
Then

n q
4P k 6 z . ¢
E ooy (T3 YL, -1 Ys 2) T (1+t)"1\(,3w[1+t’y1’ "’ys’z<1+t> ]

provided that each member of (2.22) exists.

)A LD (200t (31,1 y) 2

(2.20)

(2.21)

(2.22)

For several families of linear and bilinear generating functions for the Laguerre and related
polynomials, including (for example) the probabilistic derivations of some of these generating

functions, see the recent works by Lee et al. [13,14] and Pittaluga et al. [15].
Finally, for the classical Hermite polynomials defined by (cf. equation (1.16))

(/2]
Hy(z): Z( 1) <2k) 2:,) (2a)" %

= (2z)" 2 Fo [A(Z; —n);—; _x_12] ;

it is easily seen from the general result (1.18) with

1
m=2, u=v=0, and Tr— ——
T
that
" /n 1
> (k>Hn_k(x)t’“ =H, (a: + Et) .
k=0
Thus, by applying Theorem 1 once again, we obtain the following.
COROLLARY 5. Under the hypotheses of Theorem 1, let
[n/q]
A$Z2,,q [T391,. .., ¥s5 2] = Z Ak Ho g (2)Quppk (Y1, - -, Ys) 2%,
k=0

(Ak#ov nvkeNO; pvqu)

and
(k/q] n
Wp’q (391, .. JUsi Z) = Z (k‘ _ ql)Al n— k(z)ﬂu+pl (y1,.-. 2 Us) 2
=0
Then

n
1
§ :WI’::;I), (.’E, Yi,.-. 1ys§7«) tk = As‘Z;,q [1: + Et;ylw . -7ys;th} )
k=0

provided that each member of (2.27) exists.

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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3. GENERATING FUNCTIONS ASSOCIATED WITH
THE STIRLING NUMBERS OF THE SECOND KIND

For each of the polynomials considered in the preceding section, we now derive several (pre-
sumably new) generating functions associated with the Stirling numbers S(n, k) of the second
kind, which are defined by (cf., e.g., [16, p. 90 et seq.])

k
S(n,k) = %Ijgj(—1)k—j<§>j“, (3.1)

7=0
so that
S(n,0) =6, (neNg), S(n,1) = S(n,n) =1, and S(n,k) =0 (k>n), (3.2)

Om,n being the Kronecker delta involved also in the orthogonality property (1.2).

By applying the method of proof of Srivastava’s result [17, p. 754, Theorem 1] mutatis mutandis,
we can easily obtain the following general family of generating functions involving the Stirling
numbers S(n, k) defined by (3.1).

THEOREM 3. Let the polynomial sequence {7,(z)}3%, be generated by
> Taokl(@) o = f@ {9, O Talh(z, 1), (n€No), (3.3)
k=0 )

where f, g, and h are suitable functions of x and t.

Then, in terms of the Stirling numbers S(n, k) defined by (3.1), the following family of gener-
ating functions holds true:

m

kn z k . -1 -m
2 & Tm-k(h(z, ~2)) (m) = {f(z,—2)} " {g(z, —2)} o

min(m,n)

. Z S(n, k)Tm_k(:E)Zk, (m,'n € No) R
k=0

provided that each member of (3.4) exists.
REMARK 3. The functions f(z,t), g(z,t), and h(z,t) in (3.3) are suitably chosen such that the
generating function (3.3) exists for a given polynomial sequence {7, (x)}5%,. Thus, for example,
for the generating function (1.8), we have

Fat) =1, glz,t)=1-t, M%ﬂ=ff?

and .
T@— (P77) PeO@) mem),

in terms of the Jacobi polynomials plep )(:v) defined by (1.1). Furthermore, with a view to
avoiding any ambiguity, the nt" power of the function g(z,t) has been denoted consistently by

{9(z,y)}" instead of ¢"(z,y) or  (g(z,y))" (n€Ny).

PROOF OF THEOREM 3. Denote, for convenience, the left-hand side of assertion (3.4) of Theo-
rem 3 by Q(z, 2). Then, since hypothesis (3.3) implies that
n !
— _n —Z
Ta(h(z,~2)) = U@~} oo~ Y Tae) S22, (e,

=0
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by applying definition (3.1) as well, we readily have

n 2 k
,2): = kzok' sl =2) (52

m m— 1
= =) ol )Y SN g ager
=0
n(m,n) zl 1 ;
= U1 Hol@ -2} 3 T Z(—l)"k(k>kn
=0 " k=0
mm(mn)

= {f(z,—2)} Hglz,-2)}™ Y. S(n0)Tna(z)?,  (m,neNp),
=0

which evidently completes the proof of Theorem 3.

Theorem 3, when applied appropriately to the generating functions (1.6)-(1.8), (1.18), (2.14),
(2.16), and (2.24), would yield the following generating functions associated with the Stirling
numbers S(n, k) defined by (3.1).

I. GENERALIZED HYPERGEOMETRIC POLYNOMIALS.

5 (e () ()

min(n,N} N
=(1-27" ) ( k)k! S(n, k)BT_,(x)2",
k=0
(meN; n,N € Np),

(3.5)

which, for
z and T S —
1+2 1+ 2z)m™’

assumes the form:

imn(n,

i@r)k" N_k(@)2" = (142) mz ( )k!S(n,k)

k=0 . k=0 (3.6)
: W_k((lerz)m) <1iz> . (meN; n,NeN).

1I. JACOBI POLYNOMIALS.

m
Z (a + 4 4}; m + k> L P7(rla_-+—kk,ﬂ+k)(x)zk

(3.7)
k! S(n, k)PLHERHR) (4 4 22) 2k,

(m,n S N()) .

(k= —m =1\ o (aBHk) o\ k
Z k kK™ P T (x)2

k=0

min(m,n) k
m k—a-m-1 @ T—z z (3.8)
—a-am Y (P T esmreg ($22) ()

k=0

{m,n € Np).
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i(k B—m~— )knP(a+kﬁ)( )2

k=0
min(m,n) k 3 9)
k-f-m-1 (a+k/3) z (3.
= m ] k)P £z
(1+2) kz=0 ( k )k 5(n. k) 1+z 14+2/) "
{m,n € Np).
ITI. LAGUERRE POLYNOMIALS.
m En min(m,n)
3= o L@ = S SmBLE (@ -2, (mneNy). (3.10)
k=0 =
i +m min(m,n) a+m
3 (a i )k" LY (@) =1+2™ S ( ! )k! S(n, k)
k=0

. k=0 (311)
T z
-Lf,‘:)_k(HZ) (1+z> . (m,neNpy).

IV. HERMITE POLYNOMIALS.

m min{m,n)

3 (’Z) K Hpog(@)? = (’Z) K S(n, k) B (x + %z) ., (mneNy). (3.12)

k=0 k=0

Numerous further applications of Theorem 3, involving (for example) some of the aforemen-
tioned and other relatives of the classical Jacobi, Laguerre, and Hermite polynomials, can be
presented in an analogous manner.

In view of the following recurrence relation for the Stirling numbers S(n, k) defined by (3.1):

Stn+1,k) =k S(n, k) +S(n,k—1), (n2k=21), (3.13)

it is readily seen by the principle of mathematical induction on n € Ny that (cf., e.g., [16, p. 218,
equation (34)])

(2D.)" = 3 S(n, k)z* Dk, (Dz =dine No) | (3.14)

By means of the operator identity (3.14), many of the particular cases (listed under I-IV above)
can alternatively be obtained by applying the differential operator (2D,)" to both sides of the
corresponding generating functions. For the sake of illustration, we first rewrite the generating
function (2.14) in the form (cf. Definition (1.3))

ZL(a—HC) Z (Z't‘;) M (3‘1'5)

!
= 3!

Then, operating upon both sides of (3.15) by (2D.)™ (n € Np) and making use of (3.14) on the
right-hand side, we find that

> R =3 (M) L eny (- a0

m=7
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Il

min(m,n) —k .
Z S(n k)zkm ( m+a )(z—x)ﬂ
= o m—k—j 3!

min{m,n)

> St KLt (@ - 2)2F,
k=0

J

by means of definition (1.3). This evidently completes the alternative (operational) derivation of
the particular case (3.10) involving the Laguerre polynomials.

Such alternative (operational) derivations of the other particular cases (listed under I-IV above)
can also be detailed similarly.

4. JACOBI AND LAGUERRE
POLYNOMIALS IN SEVERAL VARIABLES

Motivated essentially by the works of Erdélyi [18] and Chak [19], Carlitz and Srivastava [20]
considered two classes of multivariable hypergeometric polynomials associated with a particularly
simple form of the (Srivastava-Daoust) generalized Lauricella function (cf. [21-23]; see also [24,
p. 37 et seq.]). The work of Carlitz and Srivastava [20] is described fairly adequately in Section 9.4
of the monograph by Srivastava and Manocha [5, p. 462 et seq.].

A very specialized class of multivariable hypergeometric polynomials was investigated recently
by Shrivastava [25] who considered the Jacobi polynomials in several variables, defined by (cf.
[25, p. 65, equation (15)])

Pr(Lal,ﬂl;,..;a,-,ﬁ,») (:L'ly . ’zr) = (011 + n) o (ar + n)

n n
FO N noy+B1+n+1,...,an + B +1+1; (4.1)
1 1
a1+1,...,ar+1;§ (1—:1:1),...,—2- (l—wr)J,

where FX) denotes one of Lauricella’s hypergeometric functions of r variables [26, p. 113]:

(r) . .
FA [a,bl,...,br,cl,...,cT,zl,...,zr]

— i (@kr 4otk (b1, - (br)y, 28 2h )

e (e1)g, - (er)g, k! kD
(lzaf + -+ 2 < 1),
(Mg = T(A + k)/T(A) being the Pochhammer symbol (or the shifted factorial, since (1) = k!

for k € Ny).
Just as in the limit relationship (1.4), it is easily observed that

lim {P(al'f’“"*“wﬁr) (1 A gﬂ)}
min({By |-, |8, )—so0 | " 63} Br (4.3)
= Ly (zy, . z,)

in terms of the Laguerre polynomials in r variables, defined by (cf., e.g., [27, p. 163, equa-
tion (7.3)]; see also [28, p. 113, equation (1.1)])

leab.,,,a,\) (xl, L ,157-) — <a1 + n) . (ar + n)

n n (4.4)

-\Ilgr) ;e +1,... 00+ L1, .., 20|,
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where \IJ({) denotes Humbert’s confluent hypergeometric function of r variables (cf. [29, p. 429];
see also [30, p. 134, equation (34)] and (24, p. 35, equation 1.4 (11)}):

et k

k
) (@kr+-tkr 21" 27

ey @)y - (o), Bl R

= li F{ ,b,...,br;c,...,cr;ﬂ,...,ﬁ .
min(lbll,..l.r,rl})rl)——»oo{ A B2 ! by b,

For the multivariable Jacobi polynomials defined by (4.1), it is not difficult to derive the
following family of linear generating functions:

) Qj +n - (1,815 505,8:) "
5. st f1(o77) e

j=1

‘II(ZT) [a;cl7" 3 Cry 21y .72,,.] =
(4.5)

AT 0[(,\ TIER TOUOUS § IUDRIN O RETS OURUS § I8
g+7:1;...51;0 . .
(p1:1,...,1) .., (pg s 1,...,1), (4.6)

(a1+ﬁ1+l:2,1,...,1),...,(a¢+ﬂr+1:1,...,1,2,1):
(a1 +B1+1:1,...,1),...,(ar+Br+1:1,...,1):

3 ; ;1

(a1+1:1);...;(ar+1:1);—;5

1
(3= Dty 5 @ =Dt

where we have made use of a special case of the aforementioned (Srivastava-Daoust) generalized
Lauricella function (cf. [21, p. 454]; see also [22,23], and [24, p. 37 et seq.]).
In its special case when

p=r, g=1, Aj=a;+8;+1 (G=1,...,7), and 11 =

the generating function (4.6) reduces immediately to the form:

i (al + b1+ 1)n ce (Otr + Br + l)n (n!)r—lpr(lal,ﬁl;...;a,.,ﬁ,.) (-"31, N 75131—) o
0 (Wl +1),.. (o +1),
= B9 [(alwlﬂ:2’1""’”""’(“r+ﬁr+1=1,---,1,2,1): (4.7)
1515 (B:1,...,1):
beeed ; ;1 1

which provides the corrected version of a known result [25, p. 66, equation (19)].
Next, by appealing to the limit relationship (4.3), we find from (4.6) with

2z,

By 1=20 (=lor)  end  min(Bil,- ) — oo
J
that .
An- - Q) (aﬁn)_ ( "
Ln"“‘“*o‘") T1ye..,Lp) —
7;) (1), - (/»‘q)njl—'[l n (o )n!
p0is00 [(M i1 1), 0 Qg i Ly, 1) 48
=F (48)
@0 gy 01,00, 1), (g i 1y, 1)

(on+1:1);.. (@ +1:1)5——; —xlt,...,—xrt,t],
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which, for
—l=g=1, Alev A2=M7 and H=v,

yields the generating function

(nl 7‘ I(A)n(ﬂ)n Aot )
Z (V)n (0q + D, .. (ar +1) L( )(z1,~--:$r)t

_ _ A p2:05..50;1 yoon
= (1 t) F1:1;...;1;0 (I/ :1,. ’1) (49)
—y e (vopil) ozt ozt ¢
(ep+1:1);..05 (op+1:1); — & 1—-¢7"7 1-t" 1-¢t|’ (It < 1),

where we have made use of the Pfaff-Kummer transformation (cf., e.g., [5, p. 33, equation 1.2

(19)]).
An obvious further special case of (4.9) when yu = v happens to be another known result [27,
p. 164, equation (7.6)]:

0o _
a; + 1 ar +1), o

(4.10)

xit Tt

11—t 1—¢t|’

=(1— t)—’\\IlgT) [)\;Oq +1,...,00 +1; - (lt| < 1),
which is actually a very specialized case of some general multivariable generating functions con-
sidered, over three decades ago, by Srivastava (cf., e.g., [5, p. 455, Theorem 1]; see also [5, p. 489,
Problem 1]). The generating function (4.10) and its limit case when
t
t— X and [A] — o0

are stated also in [28, p. 114, Section 2] indicating their derivation from one of the much more
general known results referred to above [5, p. 490, Problem 1 (iii)].

Some further properties of the multivariable Jacobi polynomials are worthy of note here. First
of all, it readily follows from definition (4.1) that

r
py(lal,ﬂl;-u:a,-,ﬁr) (... 2,) = { (aj: n) }

kz;(:) (o chir:{;:l)k (a:2—1 k A—l{(aj:_nk_ k)—l} (4.11)

,P(al,,31+k;...;a,<_1,ﬁ,._1+k) (

T1y-. o3 Tp— 1)7

which provides the corrected version of a known formula [25, p. 66, equation (17)]. Secondly, by
making use of some familiar linear transformations of Lauricella’s multivariable function FX) (ct.
[26, p. 148]; see also [30, p. 116]), we obtain an analogue of the relationship (1.11) in the form:

n
P?S,alyﬁl;m;a”ﬂr) (mly e ,1171') = <1 - xl)

2

plen,—e1=f1 =2n—LiagBai..iarB,) (3= %1 T1+22p — 1 1+ 2z, —1
™ 1+z;” 14z 777 14z ’

(4.12)

with similar results involving one, two, or all of the parameters 3, ..., 8.
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Next, for nonpositive integer values of the parameter A, we find from the generating func-
tion (4.10) and definition (4.4) that

r

£ 0 T

k=0 i=1 (4.13)

= (1 + $)*L{x1s0r) 1 cay I ’
(1+¢)"Ly (1+t’ 1+t

which obviously provides a multivariable extension of the known result (2.16). By suitably
applying Theorem 3 to the generating function (4.13), we obtain

T\ v (e +m ( YA T z \*
n 5 A1y Oy r
20 eI () e (2 12) (75)

k=0 j=1
min(m,n) 1-r r
) 4.14
e B TR e
k=0 ji=1
.Lﬁr‘z‘l’l'c"’a') (z1,...,2,) 2", (m,n € N),
which, for -
Z— —T—z and wj'_—)l-:z’ (G=1,...,7),
assumes the form o
2 m\ T - a; +m
2 (k) el {( Tk >}L(n71’,;"""" (@10 2p) 2°
k=0 j=1
min(m,n) m 1—r 71 s +m
=(1+2™ Y (k) H{( Jk )}k!S(n,k) (4.15)
k=0 j=1

k
rla1,..ar) Al Ty z
L.n (1+z""’1+z) (1+z> , (m,n € N)

involving the Stirling numbers S(n, k) defined by (3.1).

Finally, we recall another very specialized case of the aforementioned multivariable generating
functions which, just as we remarked with (4.10), were considered by Srivastava over three decades
ago (cf. [5, p. 455, Theorem 1]; see also [5, p. 490, Problem 1 (iii)})

oY
Z (n)f,(lml""’m") (T1,. .. )"

n=0 (4.16)
A (ma my) t my ¢ mi
=(1 e a— .. P
( +t) f}« T 1+t y s Ly 1+t 9
where
oo
fgmhm,mr) (931, e ,-T'r) = Z (—)\)mlk1+.A.+m,vk,.C (kl, ey kr) .’E,lcl . .’Eﬁ",
k1yeeykr=0 (4.17)
(mjeN; j=1,....,r; A€ C)
in terms of a bounded multiple sequence {C(k1,...,k.)} of complex numbers.

The multivariable generating function (4.16) is itself a generalization of (4.10) as well as (1.17).
Furthermore, for nonnegative integer values of the parameter X, (4.16) yields the following gen-
eralization of (1.18):

~ n) (m T T
Flmime) yee ey Zp) tF = (14 ) FLmme) ( L T ) ,
,f;o (k ok (@ =0+ (L+)y™ " A+t ) (4.18)

(m]‘GN;j=1,...,'I‘; nENo).
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In terms of the Stirling numbers S(n, k) defined by (3.1), we find from (4.18) that

zjv: N k’n ‘7_-(7711,...,"2,,.) I T, z k
P k N-k (1_z)m1,...,(1—z)mr TS

min{n,N)
N (4.19)
=1-2" ¥ (k>k' S(n, K)F ™) (24, 2y) ¥,
k=0
(mjeN; j=1,...,r; n,N € Ng),
which, for
NP N -
z»—>1+z and :n]»—+(1+z)mj G=1,...,r),
assumes the form:
N min(n,N)
N N
3 <k>k" Fm ) @y, z) = (1N Y <k>k' S(n, k)
k=0 k=0
_p(ma,..my) T1 Ty z k (420)
N—k (1+z)m1""’(l+z)m7‘ 1+Z ?
(mjeN; j=1,...,r; n,N € Np).
Upon setting r = 1, if we also let {cf. equation (4.17))
Ck) = M (k € Ny), (4.21)

(b1)y - (bo)y’

these last results (4.19) and (4.20) would reduce to the generating functions (3.5) and (3.6),
respectively.

We conclude this paper by remarking that, by making use of the generating function (4.18) di-
rectly (or, alternatively, by appropriately specializing a general result due to Chen and Srivastava
[3, p. 183, Theorem 3 with A = —N (N € Ny)]), we can deduce a multivariable generalization
of Theorem 1 above, which would apply relatively more easily to derive bilinear, bilateral, and
mixed multilateral generating functions for numerous multivariable polynomials including (for
example) the Laguerre polynomials Lﬁlal""'a")(fcl, ..., zy) defined by (4.4). For the sake of com-
pleteness, however, we choose to state these interesting consequences of the general result of Chen
and Srivastava [3, p. 183, Theorem 3] as Theorem 4 and Corollary 6 below.

THEOREM 4. Under the applicable hypotheses of Theorem 1, let

in/ql
AS‘LS,Z),Q [Ila cee sy Ty Yty - 7?,/3;2] = Z Ak f,gT;;c,mJ (:Elv- .. 1:1:1‘) Q[L-i—pk (ylv' .. 7ys) Zk7 (4 22)
k=0 )
(Ar#0; nkeNy; m;eN(G=1,...,r); pgeN)
and
[k/q] n—gl ( )
PPy, T YL, e, Yss 2) 1= ( )A Fme M) (e T
k,n( 1 n Ys ) ; k—gql I Sk ( 1 ) (423)
'Q,u+pl (yla--~7ys)zl'
Then

Z'P,f:fl (1, -, Tr3Y1, - - - ,ys;z)t'c
k=0 (4.24)

:(1+t)”A(8) 1 Ir TYLy -2 Yss 2 o !
n,p,q (1 + t)ml’ 1 (1 + t)m"’ bl k) 3 1 +t k]

provided that each member of (4.24) exists.

n




Jacobi and Related Hypergeometric Polynomials 1555

COROLLARY 6. Under the applicable hypotheses of Theorem 1, let

[n/q)
Aslg,g,,q [T1ye s TriY1y---,Ysi 2 Z Ay L(O‘”L’"k et prk) (1., 1)
(4.25)
'Qu+pk (y17 (RN ys) zkv
(Ak 7607 nvk S NO» p.g € N)
and
(k/q] n~ql 1-r (ariml )
Qlléy;l,,’p (Ila o Ty Ytse -5 Yss Z) = E <k - ql) Al Lna_lk pibiartpr (.’171, .o ,1,',.)
. 1=0 (4.26)
a;+(p; —1l)gl+n
-H{(J @Y Vgt (01, 38) 7
j=1 e
where p1, ..., p, are suitable complex parameters.
Then n
ZQu:g;(zl)"OvIT;ylv'”ays;Z)tk
k=0 (4.27)

t q
= (1 nAL9) L1 you ":—ET—‘, gou 5 ——
R Nl F et st SRR R L S g B

provided that each member of (4.27) exists.

Evidently, Corollary 6 provides a multivariable extension of Corollary 4 involving the classical
Laguerre polynomials L )(z) defined by (1.3). On the other hand, in the definitions (4.22)
and (4.23) of Theorem 4, the coefficients of the multivariable F-polynomials are tacitly assumed
to depend suitably upon the summation indices k and [, respectively.
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