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SUMS OF PRODUCTS OF GENERALIZED
FIBONACCI AND LUCAS NUMBERS

Abstract. In this paper we obtain explicit formulae for sums of products of a fixed
number of consecutive generalized Fibonacci and Lucas numbers. These formulae are
related to the recent work of Belbachir and Bencherif. We eliminate all restrictions about
the initial values and the form of the recurrence relation. In fact, we consider six different
groups of three sums that include alternating sums and sums in which terms are multiplied
by binomial coefficients and by natural numbers. The proofs are direct and use the formula
for the sum of the geometric series.

1. Introduction

Let p and g # 0 be complex numbers. The generalized Fibonacci and
Lucas sequences {U,} = {Ux(p, q)} and {V,,} = {V,(p, q)} are defined by

Uy=0, Ui=1, U,=pUy-1—qU,2 (n>2),

and

Vo=2, Vi=p, Va=pVhoi—qVha (n=>2).
The numbers U,, and V;, have been studied by Lucas [3] (see also [2]).

2. Sums of products of Fibonacci and Lucas numbers
We first want to find the formulae for the sums

\Ill = Z Ua+bj(p7 Q) Uchdj(pa Q)v
=0

Uy = Z Uatvj (0, @) Veraj(p, ),
=0

1991 Mathematics Subject Classification: Primary 11B39, 11Y55, 05A19.
Key words and phrases: generalized Fibonacci number, generalized Lucas number,
sum of products, Maple V.



248 7. Cerin

\113 = Z Va-‘rbj(pa Q) V;+dj(p7 Q)7
=0

whenn >0,a>0,¢c>0,b>0 and d > 0 are integers.

In [1] Belbachir and Bencherif have found explicit expressions for these
sums (and for the related alternating sums) only in the special case when
g = t1 and b = d = 2. The main goal in this paper is to completely eliminate
these assumptions and to treat some other similar sums. In the end, we
consider altogether eighteen sums that are grouped by three in six classes.
Once we discovered the formulae for the sums ¥y, W9 and U3 (the first class)
and much simpler sums Wy, ¥5 and ¥g (the second class in which the terms
are multiplied by binomial coefficients (T.L)), the remarkable feature is that
in other classes of sums essentially the same formulae hold.

Since this paper contains more than two hundred claims we can only
prove a few that can serve the reader as examples in checking the truth of
the others. We thank the referee for useful comments that improved our
results and their presentation.

Let o and 3 be the roots of 22 — px 4+ ¢ = 0. Then o = # and G = %,
where A = /p? — 4q. Moreover, « — 3 = A, a+ 3 =p, a3 = q and the Bi-
net forms of U,, and V,, are

Un:a _67 Vi =a"+ 6",
a—p
if a £ (3, and
U, =na" !, Vo =2a",
if o = (.

Let E=a"" F=atp? G=0a%p" and H = g Let e = a®te,
f=a% g 9= a® B and h = 3%t¢. When E # 1, for any integer n > 0,
let E,=L£"=L We similarly define F,,, G,, and H,. On the other

E—1
hand, when ol # (°, for any integer n >0, let b, = % and
by, = % We similarly define d,, and d;;.
THEOREM 1. (a) When A =0 and E =1, then
e(n+1)[6ac+3n(ad+bc)+n2n+1)bd]
U, = 6oz .
b) When A =0 and E # 1, then V| = e[Mac+N(ad+bc)+Pbd}, with
(

a?(E-1)3
M=(E-1)*E"'-1), N=E(E-1) [nE" —(n+1) E" +1],
P=En*E""?-2n*+2n-1)E" +(n+1)? E"—E—1].
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Proof of (a). Since A =0 and F = a’" =1, we see that the product

Ua+b(p, @) Ucta(p; q) is equal to
(a+bj) a7l (c 4 dj)atdi=t = % l[ac+j(ad+bc)+5bd].

From}>% g l=n+1,3" ¢j= %, and 377, §2 = w, it fol-
lows that ¥, has the above value.

Proof of (b). Since A =0, the product ﬁa+bj(p, q) ﬁchdj(p, q) is
) ) EJ
(a+bj) a7l (c 4+ dj)actdi—t = 6—2 l[ac+j(ad+bc) —I—ijd] :
e
From Y0 BV = E,, Yo j BT = ﬁ and > 7_ j* B/ = ﬁ it fol-
lows that ¥y has the above value.

The following theorem covers for the sum W; the cases when A # 0. It
uses Table 1 below that should be read as follows. The symbols B and [
in column F mean F # 1 and E = 1. In column b they mean o # ° and
o’ = 3% In columns F, G, H and d they have analogous meanings. The
symbol K is a conditional [J. How it works becomes clear from the following
interpretation of the third subcase or row that should be read as follows:
When (A #0), E=1and o’ = 3, then G =1 and H = F and for F # 1
the product A2 ¥y is equal to (n+ 1) (e — g) + Fy, (h — f).

THEOREM 2. When A # 0, then Table 1 gives the value of A% W;.
Proof of row 1. When A # 0, the product Uy44;(p, ¢) Ueta;(p; q) is

<aa+bj _ﬂaerj) (ac+dj _g0+dj> _eEJ B fEI B gGI N h HI

A A A2 A2 A2 Az
From Y77 B/ = E,, we get A*Uy = e B, — fF, —gGn+hHy. u
Proof of row 2. When A # 0 and E = o7 = 1, we get
. j 4

Uress 0 ) Uoeas 0 0) = o~ oy = 2o (55) 4 20
From Y% (1= (n+1), Y0y F/ =F, and Y7, <§—Z)j =b, (for a® #
%), it follows that A2 Wy =e(n+1)— fF, —gb, +h H,. =
Proof of row 3. When A #0, E = o’*? =1 and a® = °, then

G=pal=atal=E=1

and H = 5% = ot 3% = F. Hence,

e—g  (h—f)F
Ua+bj(]9, Q)Uc+dj(p7 q) = A2 +( A2) '
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E|F|G|H|b|d A2y
e AN AN AN Ene—F,f —Gng+Hyh
2 0| m N (n+1)e—F,f —byg+ Hyh
3|o/m|x|F|O (n+1)(e—g)+ Fu(h—f)
4| O EE B (n+)e—dyf—Gng+Hyh
5| 0|X | m| G O (n+1)(e—f)+Gn(h—g)
6 |00 X (see 5)
70O O X (see 3)
8 | O O B (n+l)(e—g)+dn(h—)
9 | O O M| (n+l(e+h)—d,f—dg
10/m|0 = n Epe—(n+1)f—Gng+byh
11/m|0|F|X|DO E,(e—g)+ (n+1)(h—f)
12 O/m|m B de—(n+1)f—Gug+H,h
3|X|0|m|G O (n+1)(e—f)+Gn(h—g)
14 0| O B die—(n+1)(f+g) +duh
15 O 0O X (see 11)
16 O O B de—g +n+D)(h—f
17 CAEEEN BN | bie—F,f—(n+1)g+H,h
B|IX|m|O|F|DO (n+1)(e—g)+ Fu(h—f)
19|m|m| O B E,e—F,f—(n+1)g+dyh
20 | M| E|D|K O Eule—f)+n+1)(h—yg)
21 OO0 (® | X| be—fl+n+1)(h—g)
22| | [ BNl | Ene—0bf—Gng+(n+1)h
23| @ | X |E|0O|O E,(e—g)+ (n+1)(h—f)
24 |m|m O M| E,e—F, f—dig+(n+1)h
25 | W | F|X| O O| E.e—f)4+n+1)(h-g)

Table 1. The product A% ¥; when A # 0.

From 377 1= (n+1)and 37, Fi = F, (for F # 1, of course), it follows
that the product A? ¥y is equal to (e — g) (n+ 1) + (b — f) F,

The missing case in the Table 1 after the third row is clearly when £ =1,
al = % and F = 1. However, it is easy to see that this situation can not
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happen since A #0, b >0 and d > 0. The similar statement holds for all
other subcases missing from the Table 1.

Notice that a” = V"%AU" and g" = V"%AU" for A #0 and o™ = (" =

Z’fll = ‘g" for A = 0. Hence, it is clear that each of the above expressions
for the sum ¥y could be transformed into an expression in Lucas numbers Uy,

and V, (or U, and V},). In most cases these formulae are more complicated
then the ones given above. This applies also to other sums that we consider

in this paper.

AWy

1| EnetFof—Gng— Hph
2 | n+l)e+F,f—byg—Hph
3] (n+1)(e—g)+Fal(f—h)
4 | (n+1l)e+dyf—Gng—Hph
5

8

9

(n+1)(e+f) —Gnlg+h)
(n+1)(c—g) +du(f — )
(n+1)(e—h)+d, f—d}g
10| Epe+(n+1)f—Gpg—>byh
11| E,(e—g)+(n+1)(f—h)
12 |die+(n+1)f—Gng—Hph
13| (n+1)e+f)—Gn(g+h)
4| diet+t(n+1)(f—9) —duh
16| dilc—g)+(nt)(f—h)
17| bie+F,f—(n+1)g—Hyh
18| (n+1)(e—g)+ F.(f—h)
19| Epne+FE,f—(n+1)g—dyh
20| Enle+f)—(n+1)(g+h)
21| bi(e+f)—(n+1)(g+h)
22 | Ene+b f—Grg—(n+1)
23| Ep(e—g)+(n+1)(f—h)
24 | Epe+ Fof—dig—(n+1)h
25| Ep(e+f)—(n+1)(g+h)

h

Table 2. The product A ¥, when A # 0.
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Next we do the same for the sum Wy. Of course, the first is the simpler
case when A = 0.

THEOREM 3. (a) When A =0 and E =1, then

e(n+1)[2a+nb]
Uy = . .

(b) When A =0 and E # 1, then

2e EnE"™ —(n+1)E"+1) b
Uy == |E,
2=y et (-1

The following theorem is rather similar to Theorem 2 and covers for the
sum Wy the cases when A # 0. Its Table 2 above has the same columns 2-7
as in the Table 1 so that we shall give only the first and the last column with
rows 6, 7 and 15 omitted.

THEOREM 4. When A # 0, then Table 2 gives the value of A Vs.

Somewhat simpler is the third sum W3 that we treat now in much the
same way. We begin with two cases when A = 0.

THEOREM 5. (a) When A =0 and E =1, then V3 =4(n+1)e.
(b) When A =0 and E # 1, then U3 =4e E,.
The following theorem considers for the sum W3 the cases when A # 0.

Its Table 3 below is again reduced to the first and the last column because
the other columns and the missing rows agree with those of Table 1.

THEOREM 6. When A # 0, then Table 3 gives the value of V3.

3. Sums with binomial coefficients

In this section we consider the sums

n

n
by = Z <]> Uatsj (0, @) Ueraj(p, 9),

i=0

n

Z <ZL> Uatbi (0 @) Veraj (s 9),

J=0

Vs

Ve

e n
Z ( > Va+bj(p7 Q) ‘/;+dj(p7 Q)v
=0 N

whenn >0,a>0,c>0,b>0and d> 0 are integers.
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U3

1 Ene+ F,f+Gng+ Hyh
2 | (n+De+FE,f+byog+Hyh
3 (n+1)(e+g)+ Fo.(f +h)
4 | (n+1)e+dpf+Gng+ Hph
5

8

9

(n+1)(e+ f)+Gn(g+h)
(n+1)(e+g)+dn(f+h)
(n+1)(e+h)+dnf+dyg
10| Epe+(n+1)f+Grg+byh
11| Ey(e+g)+Mm+1)(f+h)
12 |die+(n+1)f+Gng+ Hph
13 (n+1)e+f)+Gn(g+h)
4] diet(n+1)(f+g)+duh
16 | di(e+g)+(n+1)(f+h)
17| ble+F,f+(n+1)g+ Hyh
18| (n+1)(e+g)+F,(f+h)
19| Epe+FEf+(n+1)g+dyh
20 | En(e+f)+(n+1)(g+h)
21 | bi(e+ f)+(n+1)(g+h)
22 | Epe+ b f+Grg+(n+1)
23| En(etg)+(n+1)(f+h)
24 | Epe+ F,f+dig+(n+1)h
25| Ep(e+f)+(n+1)(g+h)

h

Table 3. The sum W3 when A # 0.

THEOREM 7. (a) When A =0, then

&207 an = 0,
(0%
U, = e[(E+1)ac+§2(ad+bc+bd)}7 ifn=1,

e(E+1)"2[(E+1)2 ac+n E(E+1)(ad+bc)+n E(n E+1) bd]
a2

2ea :
, ifn=020,
%{ *

, ifn=2,

2¢(E+1)""Y[(E+1)at+n Eb| ifn>1.

o )
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(b) When A # 0, then

(E+1)"e—(F+1)"f—(G+1)"g+(H+1)"h
A2 ’

(E+1)"e+(F+1)"f—(G+1)"g—(H+1)"h
A :

Uy =

Uy =

(¢) The sum Wg is equal to
(E+1)"e+(F+1)"f+(G+1)"g+ (H+1)"h.
Proof of (c). Since
(7) Vassston @ Verasto ) = () (B9 4 £ 4967 ),
from >0, (7;) EJ = (E+1)", it follows that s indeed has the above

value. m

4. The improved alternating sums

In this section we consider the sums obtained from the sums ¥,—Wg by
multiplication of their terms with the powers of a fixed complex number k.
When k£ = —1 we obtain the familiar alternating sums. More precisely, we
study the sums

\117 = Z k] Ua—i—bj(p, q) Uc-‘rdj(pa Q)7
=0

U =" K Uars(p, @) Veraj(p: @),
=0

Uo =" K Varn(p, @) Vera;(p, 9,
=0

n In
\Ifl[) = Z k7 <]> Ua—l—bj(pa Q) Uc+dj(p’ q)’
7=0
n In
\1111 = Z k] (j) Ua+bj(p7 q) ‘/C+dj(p7 q)’
7=0

n /n
Uy = K (j) Va0, @) Veta;(p; a),
§=0

when n >0,a>0,c>0,b>0and d > 0 are integers.
Let E=kao’t F=ka'p% G =ka?Bland H = k"% When FE # 1,

for any integer n > 0, let £, = % We similarly define F,,, G,, and H,.
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In this section we can assume that k£ # 1 and k # 0 because the case
when k& = 1 was treated earlier while for £ = 0 all sums are equal to zero.

With this new meaning of the symbols E, F, G and H we have the
following result.

THEOREM 8. (a) The values given in Theorems 1 and 2, 3 and 4, and 5
and 6 express the sums Wy, Wg and Vg, respectively. In particular, when
A #0, then Tables 1, 2 and 3 give the values of A2 U7, AUy and Vg.

(b) The values given in Theorem 7 for the sums Wy, U5 and Wg express
also the sums Wig, U1 and PUis.

Proof of (b) for ¥;5. Since
0 (") Varnsn 0 Veras ) = (1) (B4 £ 4967 i),

from 7%, (’;) EJ = (E+1)", it follows that W5 indeed has the same ex-
pression as the sum Ug. m

5. Terms multiplied by natural numbers
In this section we study the sums

Uiz =3 K (j+1) Uss;(p; @) Ueraj(p, 9),
=0

Uiy = Z kj (] + 1) Uaerj(p: Q) ‘/Cer]'(p’ Q)’
j=0

U5 =Yk (j+1) Vasoj(p, @) Veras(ps @),
j=0

n o n
\Ijlﬁ - Z kj (] + 1) <]> U(l+bj(p7 q) UC+dj(p7 Q)7
7=0

n o n
Uy =3 W (G4 (J) Unsss (5 0) Vras (s ),
=0

n o n
\1118 - Z k] (] + 1) <]> V(l+bj(p7 q) ‘/C+dj(p7 q)7
j=0
when n >0,a>0,c>0,b>0and d > 0 are integers.

Let E=kottY, F=ka®B% G =ka?p?and H = k19 Let e = %€,
f=a%B% g=aB*and h = ¢, When E # 1, for any integer n > 0, let
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E, = (RH)EH(QE__(?;;Q)EHHH. We similarly define F,, G, and H,. On the

other hand, when a® # %, for any integer n > 0, let
a?2) 4 (n 4 1)+ — (n + 2)ab gt
n = abn(ab — B9)2

and
o _ ﬁb(n+2) + (n + 1)ab(n+2) _ (n + Q)ﬂb a1
n Bon(ab — (3P)2 )
We similarly define d,, and d};.

THEOREM 9. (a) When A =0 and E =1, then

e(n+1)(n+2)[6ac+4n(ad+bc)+n(3n+1)bd]
122 ’

2e(n+1)(n+2)[3a+2nb]
6 o ’

Vi3 =

Wiy =

and V15 =2e(n+1)(n+ 2).
(b) When A =0 and E # 1, then

Wy = — [Enac—i- ad+be)+ 4Nbd},
(0%

E
@-1p M E-1)

where M and N are polynomials n(n+1)E"2 —2n(n+2) E"Tl4
(n+1D(n+2)E"—-2 and n?(n+1)E"3 —n(3n2+6n—1)E" 24
(n+2)3n2+3n—2)E" ™ — (n+2)(n+1)2E" +4E +2,

2e
U=\ Eja+———_Mb]|,
. a[ “TES ]

and Wi5 = 4e L),
Proof of (b) for ¥i4. Since A = 0, the product

(54 1) Ustn (9, @) Veraj(ps q)
is

2e EJ
«

27 (j + 1) (a+bj) a®tbit qotdd = [a(G+1)+j(G+1)b].

From Y77 o (j+1) B/ = By and 377 5 (j +1) EI = %, it follows that
W4 has the above value. n

THEOREM 10. When A # 0, then Tables 1, 2 and 3 give the values of
AQ \1113, A\IJ14 and \1’15.
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Proof of row 1 in Table 1 for ¥13. When A # 0, we have

k' (+ 1) Ustt; (P, @) Ueraj(p, q) =
A aatbi _ 5a+b J actdi 5c+dj
J y 1 . —
Wi (57) ()

. eEBl  fFI ¢gGI  hHI
(]+1) (AQ T A2 A2 + A2 >
From Y7o (j + 1)E? = Ep, we get A2 W3 = e B, — fF, — g Gy + hH,. =

For any integer n >0, let Ef = (n+1)E+1, E*=E:(E+ 1)L
We define F};, Gy, Hy;, F;*, G} and H}* similarly.

THEOREM 11. (a) When A =0, then

gac, ifn=0,
(0%
e[(2 E+1)ac+iZE(ad+bc+bd)], ifn =1,
W16 = e[(E+1)(3 E+1)act+2 E (3 E+2)(ad+bc)+4 E(3 E+1) bd)] o
7 , ifn=2,
n—3 * 2 *
k e(E+1)"3[ B} (E+1) ac—‘ran(E-i-l)(En—H) (a d+bc)+Rbd]7 ifn>3,
where R=nE(n(n+1)E? +4nE + 2),
2 .
22, ifn=0,
Uy = 23[(2E+;)a+2Eb]’ ifn=1,
2¢e(E+1)""2[(E+1) E a+n E (E;+1)b] ifn>2.

«
(b) When A # 0, then
EXe—F>f—-Gyg+H>h
A? ’
EXe+ > f—-Gyrg—H>h
A .
(c) The sum Vg is equal to E} e+ F;* f+ G g+ H'* h.

Proof of (c). Since

Vi =

V7 =

k(5 +1) (?) Vot (0, @) Veraj(p, @) =
(j+1) <?> (eE! + fFI+gG’ +hH),

from 377 (i +1) (’;) EJ = E** it follows that W;g indeed has the above

n
value. m
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