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EULERIAN NUMBERS AND OPERATORS

by

1. Carrrrz

1. InTrRODUCTION. The Eulerian numbers 4,, are usually intro-
duced by means of [1], [6, Ch. 8]

@ = R A

It follows from (I.1) that

(1.2) Ajypo=m—k+2)4,, + k4,
and

(1.3) Ae=A4,, 11 (1 <k <n).

It is evident from (1.2) and A4,, = 1 that the 4,, are positive in-
tegers for n > k£ > 1.

The symmetry relation (1.3) is by no means obvious from the
generating function (1.1). This has motivated the introduction of the
symmetric notation [3]

(1'4) A (7: s) == Ar+s+1,r+1 = Ar-:—s+1,s+1 =4 (3, 7’),

where now » >0, s > 0. It then follows from (1.1) that

) . ) xrys g
(1.5) mgo A, s) CESEDIC F (%, v),
where
ev — v
(1.6) F(x, y) = 7 —ye
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176 L. Carlitz

The recurrence (1.2) becomes
(1.7) A, s)=+ 1A s—1)+(s+1)A@F—1,5).

Moreover in addition to (1.5) there is a second generating function

(18 2 A6, 9 2 (1L 2P (59) (1 + 9 F (1)

7,520 r +9)!
with F (x, y) defined by (1.6).
If we put
(1.9) Ay =A4,(63) =X A, s)xy,

r4-s=n

it follows from (1.7) that

(1.10) A, (x,y)=x+y+xy(D,+D)NA,_, (x,),

where D, = 0/0x, D, = 8/dy. Iteration of (1.10) gives

(1.11) 4, 9) = (& +y + 2y (D, + D,))"- 1.

It is accordingly of interest to consider the expansion of the
operator
(1.12) = (x+y-+xy(D,+ D)™

We shall show that

(L.13) Q=3 Cpp % ) (83)" (D; -+ D)%,
where
— 1 k .
(1.14) C, 1 (%, ) = ATCES (D, + D)4, (x, v) (0 <k <)

The generating function (1.8) suggests the generalization [3]

(113) B Al sle, f) Z2 = U+ #F (5 9)2 (1 + F (5, )
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Eulerian numbers and operators 177

where again I"(x, y) is defined by (1.6). Thus
A, s) =4 s|1,1).

It follows from (1.15) that
(1.16) 4 (r,5]a, f)=(r+B) A (r, s — L[, f) -+ (s ) A (r — 1, 5 a5 ).
which evidently reduces to (1.7) when « = f = 1; also
(1.17) Ay, sla, ) = A(s, 7|8, «).
By (1.16), 4 (7, s|«, ) is a polynomial in «, 8 with positive integral
coefficients. Combinatorial properties of A4 {7, s|«, f) are discussed

in [3].
Put

(1.18) A, (%, v, B) =X A(r, s|a, B) 2"y

r4-s=n

Then by (1.16)

(1.19) A, (x, yla, B) = (ax + By + %y (D, + D)) 4, (%, yla, B),
so that

(1.20) 4, (% yla, B) = (ax + By + xy (D, + D,))"- L.

It is therefore of interest to consider the expansion of the operator

(1.21) Q5= (ax 4+ By + xy(D, + D).

We shall show that

(122 2p = BCEP (. 9) ()" D, + D),
where
1
(x, 8 _ s
(1.23) G (%, y) = A CE D+ D) A, (% v, ) (0<k<mn),
where

@t+Bhp=@+Blt+tp+1) .. lat+p+k—1).
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The case o - f equal to zero or a negative integer requires special
treatment.
We consider also the inverse of (1.22), that is,

(1.24) (xy)* (D, + D, :EOBL",",{” Q2.

We show that

(1.25) (D, + D)) B (5, 9) = m (e + B+ n — 1) BEA 4 (x, 9)

and

(1.26)

3 "W\ pla, 1 —xu\~

22 B e ) = () (s (1 =y

Additional properties of BJ*Y (x, y) are given in §§ 8-10.

In recent years the Eulerian numbers and certain generalizations
have been encountered in a number of combinatorial problems [2],
[3], [4], [5], [6], [7]. The study of Eulerian operators is of intrinsic
interest and may be useful for applications.

2. It is convenient to first discuss (1.13), that is,

M e

Cn,k (xt y) (xy)k (Dx + D'y)k'

0

(2.1) (x+y 42y (D, + D))" =
We shall require the following operational formulas:

(22 (D, + D)t (x +9) = 2k (D, + D)1 + (x + 9) (D, + D),
(2.3) (D, + D) xy =k (k — 1) (D, + D=2+
+ (& +9) (D, + D)*1 + 2y (D, + D)~

The proof is by induction on k. For (2.2) we have

(Dx + Dy)k (x +y) =2k (Dz + Dy)k + (Dx + Dy) (x +y) (Dx + Dy)k
=2k (D, + D,)* + 2 + 1 + ) (D, + D,)] (D, + D,)*
=2(k+ 1) (D, + D)* + (x + y) (D, + D,)**+1.
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Euletian numbers and operators 179

As for (2.3), we have

Dy + D)+ xy = k(k — 1) (D, + Dyt +
+#(D, + D)) (% +) (D, + D)~ + (D, + D,) xy (D, + D,)*
=kt —1) (D, -+ D))" + k[2 4 (x + 3) (D, + D,)] (D, + D)+~1
+x+y+xy (D, + D) (D, + D)
=k(k+ 1) (D, + D) + (e + 1) 2y (D, + D) + xy (D, + D )1,

Incidentally, the special case 2 = 1 of (2.3) may be noted :

(2.4) D, +D)sy=2x+y+xy(D,+D,)=Q
Thus
(2.5) @ = [(D, + D,) xy]".

We now apply £ to both sides of (2.1). Then

Q! = EOQ Cor (0 9) (x9)% (D, + D)
Since
(D; + D,) {C,1 (%, ¥) (xy)y
=k(xy)* 1 (x + ) C,. (% )
+ (#9)* (D, + D,) C,, (%, ) + (x3)*C,, (%, %) (D, + D,),

it follows that

O = (5 + ) éoc,,,k (%, ) (x3)* (D, + D,)*

+ 49 3 (231 (5 +5) Co () + () Dy + D,) o (5, )
+ (29" Cop (5, 9) s + D) (D, + D)
=3 ) 1 + 1) (¢ +3) + 5 (D, + D,)] Cye (1.9)
+ Coacs (5,3 (D, + D,

We therefore have the recurrence

(2.6)
Covra® ) =[k+1) (x+y)+xy(D,+ D)C,r (# ¥) +C s (2, ¥).
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This establishes the existence of the expansion (2.1} and indeed
shows that C,, (x, y) is a homogeneous polynomial in x, y of degree
n — k.

In the next place we apply 2 to both sides of (6.1) but now on the
right. Then

On+t =k§oc"”’ (x, ¥) (x»)* (D, + D,)*[x +y + xy (D, + D,)].

Applying (2.2) and {2.3), we get

241 = 3.C,0 (5, 5) (#9)* 2B (D, + D) + (v +9) (D, + D)

"

+ X Cop (%, 3) (x)* k(R — 1) (D, + D,)*=? + k(x + ) (D, + D,)*!
+ 2y (D, + D)% (D, + D,).

It follows that

(2.7) Corra(® ) =+ 1) (x + ) C,i (% 9)
+ &4+ 1) (B4 2) 2yChpi (0, 9) + Copi (2, ).

Comparing (2.7) with (2.6), we get
(2.8) D+ D)Coalr,y) =R+ 1) (k4 2) C,prs (%, 3).

It is clear from {2.8) that

1
(2.9) Coilx, y) = ATCES] (D, + Dy)*C,.0 (%, ¥).
Since, by (1.1),
Cn,O (x’ y) = An (x’ y)'
(2.9) becomes
1
(2:10) Cpp(9) = grorpyyr O + D)4, (y) O <k <n).
so that we have proved (1.14).
3. Put

(3.) Fol 3, 2) = B (b 1)1Cpp (5, ) 2
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Fulerian numbers and operators 181

Then f, (x, v, z) is homogeneous in ¥, y, z of degree n. We also define

(32) & (9 = 3 o Con :9)
Since, by (1.5) and (1.9),

it follows that

(3.3 & (5.9) = grgr iy (Os + D F (0 3).

It is easily verified that

(D,+ D) F = F2
and therefore

(3.4) (D, + D,)* F = k! F*+,

Thus (3.3) becomes

(3.5) & ix, y) = FE +1 P FE L (x, ).
Therefore
& Fix, )
(3.6) G(x 9 2 = k§=:0 B+ 1)!ge(x, 5z =T—zF(x 9"
Also, since
® 1
G(x, 9, 2) _”go n + 1)!fn(x»y! 2),
we get
0 F(x, y)
(37) ”§0 (’ﬂ 1)|fn(x ' Y )— iTz_F——(—x,—y)
By (1.6),
Fxy) _ ¢ e
1 —2zF (x, %) T (ke — yer) — z (" — &%)
—— ex - gy
Tt —(y+2)e
Bz+3 —_ gy+‘

BT iU i

12 — Collectanea Mathematica
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Thus (3.7) becomes

0

68 8o =Fltsn vt
Since

Flotsy+a=3 4,6+ny+2),
it follows that
(5.9) S, 2) = A, + 2, 5 + 2.

This formula can also be proved without the use of generating
functions.

4. We now consider the general case:

@@= X0 () () (D, + Dy,
where
(4.2) Q.e=0ax+py+xy(D,+ D,).

We apply Q, ; on the left of each side of (4.1). Since

Q.5 {Coi (%, 9) 9)* (D, + D3)]
= (ax + B3) Col) (5, 9) (w9)* + k(5 + 3) C2P (%, 3) (5y)*
+ (£9)**1 (D, + Dy) Cui (3, 9) + (x3)*+1 Cf (x,3) (D, + D),

we get the recurrence

(4.3) Cofla(x, ¥) = (ax + By) CBP (%, )
+ k(x4 9) + xy (D, + D)1 CEP (v, 9) + C&E, (%, ).

Next, apply 2, ; on the right. Since

o (BY i i
0.+ D) ax+ By) = ¥ (1) DD} (ax + )

7=0

k . . . ) _ .
=~ & (f) la (xD% + jDL)Dy™ + DL (yDF + (k — ) Di~7)]
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Fulerian numbers and operators 183
k
:ax}_](;"> DY 4 ko 2( )D’ ! pt- ’+ﬂy2( )D’Dk i

Y 2 ( . )D’ Dt
=(°cx+13y)(  + y) +k(0t+ﬂ) (Dx+Dy)k—l
and, by (2.3),

(Dx + Dy)kxy =+ k(k - 1) (Dx + Dy)k_z
+ k& +3) (D, + D) + 2y (D, + D)%,

we get
Q' = 2 Coit’ (%, 9) (x9)* (e % + B) (D, + D,)*

+ B o+ B) + (D, + D)t
+ h(k— 1) (D, + D) + k(5 +3) (D, + D) + 2y (D, + D).

It follows that
(4.4) CoHila@ ) = (k+ )2 + (B + B)y) Cl (%, 9)
+ (b + 1) (& + o« + B) 5y Chlly (%, 9) + CLy (x, 3).
Comparison of (4.4) with {4.3) gives
4.5) (D, + D) CEP (x,5) = (B + 1) (k + o = ) C2 (x, 9).
It follows that

(46) o) = M(+m( » + DI (5 ),

provided « + B is not equal to zero or a negative integer. Moreover,
by (1.20),

Csta:'g) (x: y) = An (x’ y o, .3)1

so that (4.6) becomes

@7 CHP(x,y) = (D, + D)4, (x, ¥ |, B).

L
Rl (e + B
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It follows from (1.19) and (4.7) that

(4.8) Apin %,y |, B)
min (m,n) 1
= & FeEa, (xy)* (D, +D)*4,,(x, y|«, 8) (D,+ D) 4, (x, y|a, B).
5. Put
6D fEnzlaf =X @O0 @)
(5.2) 8 (%5 yla, f) = nijk % Cod (. 9),
(5.3) Dp (%, y) = (L + xF (x,9)* (1 + yF (x, ).
Since
) l A, (x5, B) =D, 5(x, 3),

nO'n|

I

it follows from (4.7) and (5.2) that

(5.4) g (% y) = H@—:——ﬂ)k Dy + D), 4 (x, y).
But
(5.5 Dyt D)f®ypi(x,y) = (¢ + ) F* (%, 3) @, 5 (%, ),
so that (5.4) becomes
(5.6) 8 (5. ¥ 1%, B) = 2, F* (5, 9) By (5, ).
Now put

Gy zla f)= 5 @+ Phelnyle f) 2
Then, by (5.6),

(5.7) G (% 2l f) = 1— f;ﬁ(g,yj,’)y))“”'

Since

_ (x _y)a+ﬁgx+y
D,5(% 5) = 5o — yP)Th
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and
Dop (%) & — y)eth prtab
(T—2F (x, )% ~ [(xe’ —ye) —2 (& — ]
B (x — y)e+B grstBy
((x +2) e — (y + 2) £7]
_ (x — y)atB palr+n+8iz+3)
[(x + 2)e** — (y + z) 7] +F

(5.7) becomes

(5.8) G,y 2la,f) =0, 5(x+ 2,5+ 2).

On the other hand, by (5.1) and (5.2),

Gy zlaf)= 5 @t phz ¥ 2 Cof (r,9)

n=

=3 8 (B CEP () 2
k=0 70: k=0
=3 Sfm e,
so that, by (5.8),
(59 B fwy sl =Pt syt ).

Therefore, by (1.15) and (1.18), we get
(5.10) Loy, zla, B)=A,(x + 2,y + z]a, ).
This identity implies

(511) 4,5y 420w ) =5 D+ D)4, (310 p)

185

which can also be obtained by applying Taulor’s theorem to

4,(x ya ).

6. As noted above, (4.7) is not valid when o + B is zero or a
negative integer We shall now consider the excluded values It is
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convenient to begin with the special case « = 8 = 0 In place of
(4.1) we now have

(M)(WWMJ)“—ZUNWy@w(x+%) (n>1)

The recurrence (4.3) reduces to

(6.2) Cofls(x y)="[k(x+y) +xy(D,+D)ICY (%, 3) +COL( (v, ),

while (4.4) becomes

(6.3) Cofla(® ) =k (x + ) CP (%, ¥)
+ k(e 4 1)xyCONt (%, 3) + CLy (x, )
Hence
(6.4) (D. + D,) Co¥ (%, y) = k(k + 1) COP\ s (%, »),
so that
1
(6.5) Coi (x,5) = FE =11 (D, + D)1 Co7 (%, ) (k>1)

For & =1, (6.2) reduces to
Cafli (%, 9) =[x + 5 + 2y (D, + D)1 C (x, ),
which yields
Col? (4, 9) =[x + 5 + 2y (D, + D)+ CLP (x, 9)
It is clear from (6.1) that C{%% (¥, y) = 1 and therefore
(6.6) Gl (5, 9) =4, (8,9) = 4, (x| L1)

Thus (6.5) becomes

(67 COP @ 3) = grpryy (Pe + D) Ay (5,)
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Before discussing the general case « + f§ equal to zero or a nega-
tive integer, we consider the expansion

(6.) Lo = 3 0% (5. 9) &y (D, + D),

where the Q%f (x, y) are to be determined Clearly

#n

Qi = (ax + By) > Q% (x, y) (wy (D, + D,))*

k=0

2y £ (D + D)0 (5, 9)- sy (D, + D)
+ 3 050 (n9) oy (D, + D),

so that

(6.9) e (@ ) = Q00 (3, 5) + Qi (v, )

For k=0, (6.9) reduces to

O%iflo (x, 3) = 2, 505 i (%, )

Since, by (6.8),

QFP (x,5) = ax+ By = A1 (%, ¥ %),

it is clear that

(6.10) il w,y) = A4, (% v p)

We shall now show that
(6.11) 05 (.9) =) dus iy 0 p) O <E<n

Clearly (6.11) holds for # = 0 Assuming that it holds up to and
including the value #, we have by (6.9),
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(o, B) n

8 (%, ) :<k) Qo pd, 1 y]|a, p) + (k %

" ) Ansns G 0 B

n

— (:) Ay oyt y]a, B) + (k "’ 1) Ay iy (% Y] 2, B)

=<Z) Ay i,y a, )

We have therefore proved

"

612 2= 3 (}) 4,005 1% 8) ey (. + D))

This suggests the following more general result:

n

(613 Divrpso= 3 (3] dus (5,715, B) 2.

To prove {6.13), consider
Qoiypro = kgo R, 25,

where the R, , are functions of x, v, «, 8, ¥, 8. Then

'Q:-l-til',ﬂ+6 = [(“ + 7) %+ (/3 + 6)y + xy (Dx + Dy)]kgoRn,k‘Qs,ﬁ
=+ 9%+ B+ 9 XR, . %,

+ay B (D, + DY R,y Do + B R, 5y (D + D) 2

= E 'Qa,ﬁ I{n,k.'Q‘f:»ls + 2 Rn,k‘Qﬁ:”
k=0 k=0

This evidently implies

(614) Rn+1,k - 'Q-.',B Rn,k + I\)n,k—l'

Then, exactly as above, we show first that

Rn,O = An (_x! y l a, ﬂ)
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and generally

Ry =(3) 4rsttylm ) ©<k<n)

This completes the proof of (6.13)
As a special case of (6.13), we note

(615) (5 (D + Dy = X (i) A o3| — 20 — ) B

k=0

7 We now treat the general excluded case in (4.7), « + 8 equal
to zero or a negative integer. We shall require the following formulas:

1

(71) ¢u.ﬂ (x’ y) nl

OMS

4, (% y e, p)

=14+ 2F @ y){1 +yF (x y),
(7.2) (D: + Dy)* F (%, y) = kL F**' (1, y),
(7.3)  (Dat D) Dy 5%, ) = (x + )i F* (x, ) Dy (%, ).

If « 4 B is not equal to zero or a negative integer, we have seen

that
C,(,ak (x y) k'( + ﬁ) (Dx + Dy)kA” (x,y l a«, ﬁ).
It follows that
w© - 1
S 1 CEP 69 = g 0s + D0 (9)

and therefore, by (7.3),

(7.4 S CEP (5,9) = 5 F* (5,9) B, 5 (5, ).

n=k

Put

(1.5 Fr(x,y) = fj AY () (k=1,2,3,.),

("+)
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where A (%, y) is homogeneous of degree # in x, y. For k=1
we have

(7.6) A (x,y) =4, (%, 9) =4, y|1,1).

It follows from (7.5) and (7.6) that
) 4w = 3 ("N A4, )

and therefore the coefficients in 4% (x, y) are positive integers
By (7.4) and {7.5) we get, since C* (¢, y) is of degree # — £,

08 CEP ) = 51 3 (1) A% 4, (6 v B,

Since both C®P (x, ) and A, (x, yl«, f) are polynomials in «, 8
(as well as in x, y), it follows that (7.8) is valid for all «, f. The nu-

merical coefficients in Cﬁff’,f) (%, v) are integers; however that is not
obvious from (7.8)
Since

4, y10,00=0 (n>0),
it is evident that (7.8) implies
(7.9) Cow’ (%, 9) = 77 A4 (5, ).
By (7.2) and (7.5) we have

=118 G A 60 = a4 D 8 4,

so that
1

(7.10) 49 (%, 9) = o Ot D) () (T<E<n).
Thus (7.8) becomes

(711) C(a P (x .I)) W_‘_T| 2:] ( ) v)k_lAr—l (x: y)

A, wyle ) (L<E <)
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For o = § =0, (7.11) reduces to

(.12)  C80 (69) = o=y @s + D A (5,9

in agreement with (6.7)
Both (7.8) and (7.11) are valid for all «, f.

8. We now consider the inverse of (4.1), that is,

(8.1) (e3)* (D, + D) = 3 (= 1)+ Bl (v, y) Qs

k=0

where, as will appear presently, B%/ (¢, y) is a homogeneous poly-
nomial in %, y of degree n — k. The existense of a formula of this
kind is evidently implied by (4.1). For example

xy (D, + D)) = — (ax + By) + 2, 5,
xy)2 (D, + D)2 = (ax + )2 + ax2 + B2
—[Ra+1Dx+ 28+ 1)y 2,5+ Qs

To get a recurrence for the coefficients B® we apply the opera-

tor xy (D, + D,) to both sides of (8.1) — on the left. This gives

n (% +y) (x)* (D, + Dy) + (xy)**1 (D, + D)+

= xy X (= 1)**{(D, + D,) B (%, y) + Biix) (%, y) (D, + D)} Q5.5

k=0

= X (= 1)""*{xy (D, + D,) B (8, 9) — (ax + By) B (& y),

=0
+ Bfff’f’ (x, ¥) ‘Qa,ﬂ} Qéi,ﬁ-
It follows that

()t Dy + Dy)¥t = —m(x + ) 2 (— 1=+ B (%, )

”

+ 3 (= 1) {2y (D, + D,) B (&, 9)
— (ex + By) BED (%, 5)} Qi
w41
‘I‘E(‘“ )n kﬂB(dﬂ) (x y)Q
k=1

||M=
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Therefore

(8.2) BE4(x5) =[a+mx+ (B+ny —xy (D, + D,)]
*BEP (x, y) + BEP | (x, v).

On the other hand, if we multiply both sides of (8.1) on the right
by 2, , we get

X (= 1)k BEY (v, y) Q'
E=0

= (9)" (D, + D,)"[ax + By + xy (D, + D,)]
= (x)" (o + B) (D, + D,)*~' -+ (xx + By) (D, + D)
+ @)t n{n — 1) (D, + Dy)*~' + nx ++ y) (D, + D,)*
+ 5y (D, + D,y
=na+f+n— 1) (9) (D, -+ D,y
+ [+ )% + (8 + #) ] (xy)* (D, + D,)* + (xy)*+1 (D, + D,)*+1.
This implies
(8.3) B (e, 9) = [« + m) x + (B + n) y] B (x, )
— (a4 B +n—1)2yBE0, + BUP (x,y)..
Comparing (8.3) with (8.2), we get
(84) (D, + D) By (5, 9) =n(e+ f +n— 1) BEA, (%, ).

In the next place, it follows at once from (4.1) and (8.1) that

(8.5) Y (= )CE (x, 3) BEP (5, 9) = 6,
k=j

and

(8.6) ;LAWwWWJWWww=%i
=7

A formula of a different kind can be obtained by applying each
side of (8.1) to 4, (x,y|«, B). Since

(D, + DY) A, (5,90, ) =0 (0 <r <),
Qs A, %,y 0, b) =A4,,,(x ] f),
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we get

6D (= B () 4,y w =0 0 <7 <)

In either (8.5) or (8.6) take j = #. Since C/5P (x, y) = 1, we have
(8.8) B (%, 9) = 1.
Also it is easily verified that

‘Qa,ﬁ (x—ﬂy—cx) =0
so that

Qs Py =0 (k=1,23,..).
Thus (8.1) implies
(— 1" B” (v, 9) = (x9)" (D, + D,)* 50y,
A little manipulation leads to

n

(89) BED (1,9) = X () @ Basrt st

k=

This is equivalent to
!
810 5 BE(0y) % = (1 — i< (1 -y

We remark that B%P (x, y) satisfies the following recurrence :

(8.11) B, (x,5) = (ax + By 4 22D, + y2D,) B&H (x, y),
Indeed, by (8.9),

(x% + By + 22D, + y2D,) B&P (%, )

= («x + By) é ( )(a (B, 2% 7~

+ 5 B b Gus 1 1 5 =8 () @ 9y e
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The coefficient of *y#~+*1 on the right s equal to
1y " 1) @t Buorss + (7)) Bl
+E=1(, " ) @t Burir + 6 = B }) @ B
= (" ) @B + () @ Bares = (" F ) @ B

It follows from (8.11) that

(8.12) B&P (%, y) = («x + By + x2D, +y2 D))" 1.

9. When a = f =0, (8.1) reduces to

O1) (9 (s + D = ¥ B (5,3) (29 (D + D),
while (8.3) becomes

(9.2) BS,u(%,9) = n (x +3) B (v, 5) — n(n — 1) xy B2, (%, 3)
+ Boili (%, ).

It is evident from (9.1) that
9:3) Byl (,9)=0  (n>0)
For brevity, put

— 1 {0,0)
b, s = m B, (%, ¥) (n > 1).

Then (9.2) becomes
1
(9.4) b, — (x+9) b,z + xYb, 1,5 = p byr1 (B =>1).
For k=1, (9.4) reduces to

(9.5) b1 — (x+30b,,+xyb, 1, =0 (n > 1).
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The recurrence (9.5) implies
by = C12” + e y",

where ¢y, ¢, are constant. Since

b, =1, by =%+ ¥,

we get
. X" __yn _
(9.6) b, = g = a,.
Next, for 2 = 2, we have
n
(9.7) bpr1,2 — (x + ) b2+ xy b1,z = 1 %
Since
b1,z = bz,o =1,
(9.7) holds for # > 1. It follows that
(1= +5)z+ay2) Yoy =N ] 0,20
Since
1 o "
L —{x+y)z+ xyz2 % Tn 1%
we get

n

b”+1‘2 = E - Gf U”_i+1.
i=1]

Generally (9.4) implies

D R LR 2T N ELE S SN

ne=k— neg—1 1
that is,
08) ¥ b= 1_(x+; z+xyz2,.=2k:_1 by
Therefore, as above, we get
(9.9) Byors = ’é_l ]1 Bikos Ou_iir.
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We may rewrite (9.9) in the form

i 1
(9.10) byyn = 7,}30 TFE=1 bitk=1,2-105j410
Using this formula we get
brraa= 5 0 ,
n+3,3 = 0<iTisn (1’ + 1) (] + 2) Oit10j—it1 Op—jsts

1
et = o e GG F B 3) O i i o

and so on
We may also mention an operational formula for b, ,. Define

the operator D; ' by means of

D' fe) = [f)as

Thus

ilo‘z”=D_1§a #* = D! 1

Pyl f n=0 it ! (1 —xz) (1 '—'Zy)
By (9.7)

® B 1 1 1

,El b2 2" = (1 —x2) (1 —y2) D (1 —=x2) (1 —y2)’
so that

bed 1

= _ — wz)—172.
E;n—{-l wi1,2 2% = [D; "1 —x2)-1(1 —y2)-1]2- 1,

At the next stage we get

00

Y byp,32* = [(1 —%2)71 (1 —y2)~1 D712 (1 ~ x2)~1(1 — y2)~1

The general formula is

(9.11) pX lbn+1,kz"

H=p—

—[(1 —#8)~1 (1 —yz- 1 D'P-1 (1 — 22"t (1 —ya)~1 (k = 1).
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10. A generating function for B® (%, y) in the general case can
be found in the following way. It follows from (8.5) that

(10.1) 2 Z_l g (= 1)%7 C#P (x, ) B (x, 5) =]§_"_'_
nmo 1 2 i
(7.4) we have
i 1 Ca,B)(x )_ 1 Fk(x )d)
nzkm ek Y= Ei 'Y a,f (x: y)

Since Cf (x, y) is homogeneous of degree n —

&, this implies

Zk Corl) (x, ) = 2—k| Fr(xz, y2) D, 4 (x2, y2).
Thus (10.1) becomes
=% o ) £ 7 Pty
=0y (e 38) £ (= 1) B () 2T B,

Multiplying by ¢/ and summing over j, we get

(10.2) e =@, ,(xz, y2) X X (— 1)1 B (x,
£=0j=0
Consider the equation
(10.3) 2F (xz,y2) = u,
that is,
ovE — ot .
ey — yer
This reduces to
(= 1 —xu
egle—y)z —
I —yu’
so that
1 L+ 20 & w1
(10.4) @ = log H_W—El]( 1)

13 — Collectanea Mathematica
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where as above

o, = (¥ —y)[(x — ).
Since

D, s(x2, y2) = (1 + x2F (x2, ¥2))* (1 4+ y2F (xz, y2))#

= (I + zu)* (1 + yu),
(10.2) becomes

(10.5) e = (1 + xu) (1 —|—yu)

But, by (10.4),

é( )i=1 B (x, ) ol

ntﬁs
w~|§

o (1 + xu vf(x—y)
T\ +yu ’

so that (10.5) may be replaced by

(10.6) ij ZL B&P (%, y) (x —y)ivi = (1 ___;Z)—v(l —xu)"%(l —yu).

In particular, for » = 0, (10.6) reduces to

(107) £ E B (9) = (1 — xu)e (1 — yu)s

which is evidently in agreement with (8.10).
For « = # = 0, (10.6) becomes

k -
® uk (0 0) AN i e 1 —xu
(10.8) g 9l §=] (%, ) (x — y)ivf = (1 _y%) .
Since
1 — XU - v ( ) °°‘ (_ v)s S oS
(1 “y”) o Z=: —" 32:0 st V7
we get

k k
(108) 3 BEY (53) (s —3)vi = X (1) (=), 0o

r=0\¥
The general result is only slightly more complicated, namely
k

(10.10) _E BE (5, 9) (6 — y)ivi = B (f> (@ + v), (B — V)

=0 r=0

An evaluation version of novaPDFE was used to create this PDF file.
Purchase a license to generate PDF files without this notice.


http://www.novapdf.com/

Eulerian numbers and operators 199

It follows from {10.6), (10.7) and (10.8) that
a0
B (3w = ¥ (7) B2 ) 5, B 9y w
r=0

and therefore
(10.11) BEP(x, y) = 2 B9 (x, y) B, (x, ).

Comparing coefficients of v/ on both sides of (10.8), we get

5 % poo (= 1 1 = 0y
E,k' Bii" (%, y) = 7l log T —yul -

Differentiation with respect to u gives

) ‘“k
5B )
(— 1)i-1 1 — xuyi

=G =11 -y)‘f“(IOg T :

yil T ~ )

which is equivalent to (9.8).

13* — Collectanea Mathematica

An evaluation version of novaPDFE was used to create this PDF file.
Purchase a license to generate PDF files without this notice.


http://www.novapdf.com/

REFERENCES

o

L. Carvrrz, Eulevian numbers and polymomials, Mathematics Magazine,
vol. 33 (1959), pp. 247-260.

2. L. CaARLITZ, Enumeration of sequences by vises and falls: a refinement of
the Simon Newcomb problem, Duke Mathematical Journal, vol. 39 (1972),
PpP. 267-280.

3. L. Carirrz and RICHARD SCOVILLE, Generalized Eulevian numbers: com-
binatovial applications, Journal fiir die reine und angewandte Mathematik,
to appear.

4. J. F. DoroN and D. P. ROSELLE, Simon Newcomb's problem, SIAM Jour-
nal on Applied Mathematics, vol. 17 {1969), pp. 1086-1093.

5. D. Foara and M. P. SCHUTZENBERGER, Theorie Geometrique des Polynomes
Euleriens, Lecture Notes in Mathematics, 138, Springer-Verlag, Berlin,
Heidelberg, New York, 1970.

6. JOHN RIORDAN, An Introduction to Combinatorial Analysis, Wiley, New
York, 1958.

7. D.P. ROSELLE, Permutations by number of vises and successions, Proceedings
of the American Mathematical Society, vol. 19 (1968), pp. 8-16.

An evaluation version of novaPDFE was used to create this PDF file.
Purchase a license to generate PDF files without this notice.


http://www.novapdf.com/

