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PRODUCTS OF APPELIL POLYNOMIALS

by
L. CarnITZ
I. Let
o0 tn
(1.1) =X tfh— (=1
0 n!
denote a formal power series and put
[»e] tn
(1.2) et =3 fule)
0 7.
so that
(1.3) I®) =3 (’;’ ) Fos %%, fu (0) = .
y=0

Thus with every power series f(¢) is associated the set of ArpELL,
plynomials {f,(x)} defined by means of (1.2) or (1.3). The polyno-
mials f,(x) have the property.

(14) ]un (x) = nfn—l (x) ;

conversely if a set of polynomials have the property (1.4) then there
exists a power series f (#) such that (1.2) holds.

It is convenient to put

o o0 , " .
(Y =21y (o= 1),
so that
n n ,
(1.5) x _20(7) Faer 1y (%),
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In addition to f({) we also take

co tn t”
g = g, h(t) = hnﬂgo—ho— D
S n!
and put
o0 t” co n
¥ = ¥ A X)) -, h(t) e = hn x) — .
g@) e Tg()’Z! ®) % ()nl

Now consider

m

I (ax) g, (bx) = E E:] ( ) (Z ) Ty Gns @7 B 5715,

As in (1.5)

y=0 r
where
(1.6) h@)yt= 3 i,
0 !
Thus
i ” I t 5 7 s s
Fu(@2) g, (bX) = 3 \‘( )( )f,,, L Gy 0 B, E( ™ )h,..;.s_; I (x).
r=0 s=0 \ ¥ i=0 7
We put
(1.7) fo (a%) ga (B) = %0 A" Iy (),
=0
where

)l

(18) A_ M) 4 () ((l b f—

i [~/

S ( Y )(“;*“) R T

Then

umvn o ’Zl”"'U” 1zz " 7 7_|_ S ,
$ oA o TG ( )( )( )f s Wy @b
s 7

|
om0 mlnl  pam=omin! Sosmo\ 7

<] ( ) 7 + s o wm
E ‘T‘ ( . ) hlr«}s~;’ . 2 fm g» 1
7,5=0 7 . ,7 i, p=0 - a2

Hi)e(w 021 cm)l' (' ) (rj—s)h,’:s y

#,5=0 S
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rds=k 7! s!

=f(u)g) ¥ 21

E=j\]

(aw + bu)*i _ f(u) g (v) (au + boy

2 <k) Wy, (au-+bv)*

=7 (u v ;3 h’.’e
f( )g( )k:O 71/‘,’! h(au—’—b"l)) ’I'

by (1.6). We have therefore obtained

(1.9) 3 AV [ g (aut by
=0 m!n!  h(au 4 bv) 7!

a generating function for A" with 7 fixed.

We remark that there is no difficulty in proving the correspon-
ding formula for the product of an arbitrary number of AppPELL poly-
nomials, If

Mgy = s 0L pe = 1 A
g = L A— 1) —= = ey 5
19 (@) EOJ’” n!,fo ( , )
. oC . tﬂ
f(t) (t) e = E fn“) (x) I
w=0 n:
and we put
. gt bmp
(1.10) £V (@ 2) oo A (e x) = 8 Ay (x),
=0
then we find that
(1.11) Y A W
ey mk=0 741»1 !. .. mk!
— FO () o W () (ag wg e oag )]
hia, 1, + ...+ a,u) g!
2. In place of (1.7) we may write
(2.1) Fu(02) g0 (02) = %) A5 By ().
i=0

This suggests evaluating

lL?ﬂ .Un

% (s 1)
E Am+’n-—j

m, n=0 m! nl
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By (1.8) this sum is equal to

o yn gr m " m )( n ) ( 1’+S

E E( )fm rgn 5. poS— =] a bs

mmeo m! !, S0 To\ 7 m -t n—
o " mn #" o
= N jt__T_)__ E (WL) <’}’L) (m + n 4 S) ]‘r g h’i am—t pr—s
. s —r—5
m,n=0 777/! 11/' y=0 s=0 S/ 7 — 7 — 5
1 , u v o0 m 4+ n (au)m (bv)"
= }‘ fr gs h j—r—s " "' . }‘ . e
745 r.Ss. n,n=0 7 — ¥ — S m %'
“ u v D: " (a“ _+_ b'U)’"
= \ f gs h y—s T 7T s Jhi—
— i- .
rEssd rlsl WZe\j—7r—s i |
' . Wyt e ¢ mij—r—s
_ V /e jores WV (aur + bv)
. A _ _ ! | aaed )
r+ 51 (7 4 S).1’.S. me=0 - m!

We have therefore proved

% u Yt ; u v (au -+ bo)yi—r=s
22) ¥ AP ey gy, MEE RV
A0 m'nl ras<i rls! (j —r —3s)!

This suggests that we multiply by # and sum over j. Then

(=] ¥ g8 oj—7—s
. u v 4

'
SN fg i — -

im0  rtssg rlsl (j —r—3s)!
- (tuy (o) 2, (tz)i—7~s
= ¥ r8s = -~ Yk j—r—s .
,,‘;:0/ olst s (] —7 — s)!
LG ey f g )
Bo(tz) 520 0 wls! R (t2)

We have therefore

u g b gewbo f (tu) g (t‘v)

oo
2.3 oAy )
23) [ " ml ! h(t (a4 bv))

The generalization corresponding to (1.11) will be omitted.
Another variant may be mentioned. Rewrite (2.1) in the form

M- ]lm_._ng- (x)
24) fm (le) " (bx) =W B.(m, #) _____l___ )
( g 7:0 7 (ﬂ’L + " — ]) 1
so that

Bionn = (m+on — ) AR
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Making use of (1.8) we get

Bjmn = SIS ( m ) ( n ) ( m-tn—vr—s (1 — ) gy @™ B
r=0 s=0

r s j—r—s

B m ny(m4+n—r—s)! , s
:2 E(?’ )( >( ) f,g_;h]—_,_s,a’" b,

r=0 s=0 N (] — ¥ — S)I

This evidently defines B, # for all m, n, §; the condition m +#n > j
is no longer needed. We now find that

25 ¥ Bmn T _ 1 $ g i WY
m,:t-‘——-O ’ m! n! 1 — auw — by r+s<j r e (]‘——7’—3)!}'!3!
and
(2.6) S B Uy 1 [Eg@)
iy 1y =0 m! n! 1 — au — bv h (t)

This formula admits of an obvious generalization analogous to
(1.11).

3. There are many well known instances of APPELL polyno-
mials. The BERNOULLI and FULER polynomials defined by means of

text o0 tn
3.1 — = ¥ B,({x) —
( ) e —1 ,,:0 ( ) n!
and
e oo "
(32) = Eu xX)—
¢t + 1 ,,go ( ) nl

respectively, furnish examples; more generally this is also true of
the BrrNoOULLI and EULER polynomials of higher order [4, Ch. 5]
which may be defined by

t z [ve] 5 tll

(3.3 ( ) et = ¥ BE (x) —,
) et — 1 ”:0 ()%'

2 z oo an

3.4 e = ¥V EG) (x) — ,
34 (o) =2 pm

where z is an arbitrary complex number. We may also cite NO&-
LUND's polynomials of order % defined by
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. . ko xl oo 7"

(3.5) oN wy t* ¢ = ¥ BW (x|, ..., o) ” )
(e — 1) ... (2 R —1) S n!
k! o "

(3.6 e ' = SER (x| oy, ..., o) "
(ev 1) ... (e 4+ 1) ,So n!

A less familiar example is that of the « EULERIAN » polynomial [1]

defined by
(3.7) Lt Sy Daz

¥ —A #=0 !

This polynomial can be generalized along the lines of (3.4) and
(3.6).

In the next place the HERMITE polynomial H, (x) may be men-
tioned. We have the familiar generating function

(3.8) 2t = ¥ H, () L
=0

;
M 7!

thus the polynomials { H, (x/2)} form an ApPELL set. In this case
we evidently have

f@) =e",
so that

{ (— 1y 7(27')! (n = 2r)
7! (n odd).
If we take

(3.9) fOy=gW)=h()=¢e"

we find that (2.2) and (2.5) can be simplified. We may assume § even.
Then

, uZa‘ .UZS au + bv 2j—2r—2s
2 er §2s h 2j=2r—2s ( B )
rds<i 271 (28)! (27 — 2r — 2s)!
2 425 2j—2r—2j
=% (-1 w v (au.—i- bv) — 1_ (1 — a2 w2 — b2 v2)i,
e rls! (j—7r—s)! 7!
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Thus (2.2) becomes

oo (o, ) wh ot 1 . .
(3.10) ¥ Anin—z = — (1 —a? u? — b2 2)f govi by
m, n=0 m ! n ' ] '

Similarly we find that, when (3.9) is satisfied (2.5) reduces to

(3.11) v opgmamv L0 —au— By
1:1,7:0 ! m ’ n ‘ 7 ' 1 —au - b‘l)

We remark that (3.11) was derived in [3] for the product of an
arbitrary number of HERMITE polynomials.

4. Tor the LLAGUERRE polynomial L,®(x) we have the two gene-
rating functions

41 b3 L (x) 0 = (1 — §)=2—1 g=#l1—0)
n=0

(4.2) LY ()t = (1 4 t)* e .

8

Thus the polynomials {L{ ) (— %)} constitute an APPELL set and
therefore the results of §§ 1,2 apply. This is however not true of the

{L® (x)}. We therefore consider the following situation.
Let f(¢) be of the form (I.1) and let

Fy=73 F
n=|1

be a formal power series without constant term. Put

(4.3) 1O e = 3 £, (1) 2
#=0 n'
We also put
g (t) exG(:‘) = S‘ gn (X) f’ H h’ (t) G'VH(l) = O\E hn (x) t_ )
#=0 %1 n=0 ’VL’

where G (t), H (¢) are series similar to F (f).
Let

f,, (x) = E (’%>fn,r x5 L (’V) =V (7:) En,r X', hn (x) == § (n) h’n,r X

r=0\¥ r=0 \7
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Then we have

m-n
(4.4) fm(ax) g, (bx) = ¥ Cm" ki (%),
i=0
where
@s) g =% 3 (™))" P)a b B
r=0 5=0 4 N 7
and
" n ,
(4.6) =y ) i By )
i=0 \ 7
It follows that
0 m qn oo r bv)s 7’+S
4.7 S g WU (e (BU) ( )h :
“7 m,%io ! m!nl ,,éo r!sl 7 !
o0 A um 7)"
v mr,r "8, s .
m,‘nTLOJl ' g ' 771! n'
On the other hand, we have
=] tm [o%e) tm n wm oo (xt)r co tm
Vi) —= Y%V — myr ¥ =¥ D mir,r T
m:o f ( ) m ! m:o m! y=0 ( 4 ) f ’ ,:o 7! m:‘of !
[} (xt)r
= r t 3
EO . fr (8
say. But since by (4.3)
S @l == fF oL,
mh:o m’ y=0 7’!

it is clear that
(4.8) v @=7@ F@).
Thus (4.7) becomes

(49) 3 g "T _$ @ bs(“rs)h',”, o H) F (). (0) G+ (o)

=0 mlnl ]

% ik , a b F (u) G (v
~1o0g@ ¥ (%) m, x Lo
iv] rs=k rY.s.!

2
I
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0 F bG k
— f )2 (o) g (f ) Wy (a (u):’ ()

e, (@ F (u) + bG (v))*
PR El

g G W +’ bG ()Y

We now make an additional assumption concerning
(o]
H(t) = 2 H, ¢,
n=1

namely H, # 0. This is equivalent to assuming the existence of a
series I(f) such that

(4.10) HI@)y=IH@)=:.
Using (4.6) we get

© Hi (f) &= _, H" ()
cH(t) )
€ ,-goh’(x) ;1 ngohn—u a
Since
1 o ¢
eH) — s (x) —
o
it follows that
) o0 H» (3) ¢
Hi (¢ Wi —t =
(),,g‘o "l h()
Now using (4.10) it follows that
o i Ii (1)
# Wori 7 — =
2 T R )
Thus (4.9) becomes
(411) § Cl_(m, n) u” v — f(%)g(’l)) I’ (aF(u)—}—bG(v)) )
m ne0 m!n! h{l(aF(u) -+ bG(v)) !

The generalization corresponding to a product of %2 polynomials is
immediate.
We now examine the special case suggested by (4.1), that is
¢ ¢

) 1t —t ) 1+ ¢
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If in addition we take
ht)=(1—#1t,
we find that the right member of (4.11) reduces to

f(u) g (v) (a F (1) -+ bG (v))?
7! (1+ a F (1) + bG (v))>+i+1

(4.12)

which is in agreement with [3, (6)].
5. Finally we discuss briefly a ¢g-analog of (1.9). Put

5.1 H=TU—gty1=v-"
(5.1) e (t) IOI( g* t) 20‘(9)”
where
@n=0—-9 1—=¢)...(1L —q).
ILet
o0 tﬂ
5.2 |1 xt) = Y n (x) ——
(5.2) f(t) e (xt) %‘/ (%) o
where
o0 tn
) = n = ’
/() ‘%':f(q)n (fo )
then
n n
(5.3) L =3 [ ]f,._, ¥,
r=0 4
where
I:”] - () )
r 1 (g (@,
We also put
]_ oo tn
5.4 — = ',, =1),
G4 TR AT A
so that

(55) X = Ejlo [:L] ]Un—r fn (x) .
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Now let g(#), h(f) be two other series of the same nature as f(¢)
and define g, (%), 4, (x), g',, #', by formulas like (5.4) and (5.5).

Then if we put

(5.6) fn (a) g, (b%) 2‘: m ) By (),

(57) 400 = % % [m l’:] [“;S]. Fos s Wy @ B

r=0 s=0 |_ 7’_

we find that

Thus

3 oAmn TN M[H‘S] v
m,n=0 ’ (q)m (q)n r,;:o (q), (q)s 7 i

%1}1 vﬂ
- fm gn
m§ 0 (q)m (Q)n

We have therefore

58 w Ajm wrv S (aw) (Bo) [H’S]h'r -
SR T AR R IV Lie
If we put
k k
(5.9) Hy(a,b) =¥ [ ] @ b
r=0 L4

the sum on the right of (5.8) becomes
1 = n,

X

(@); =0 (@

This does not seem to admit of further simplification. If we mul-
tiply both sides of (5.8) by # and sum over §, we find similarly that

(5.10)

H, . ; (au, bv) .

u'ﬂl .bn

oo o ]

511 A = () g ( — K, () H, (au, bv),
( ) m,&%;=0 (q)m (q)n f(u v) ngo (q)n i
where

e (xt) s t

5.12 = .
512 e 2%,
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If we take A(¢) = (e (¢))~!, then since

N H,(a, b) = e(a)e (b)),
o x (@, b) (a) e (b)
it follows that

(5.13) B, (x)=H, (x, 1) .

Incidentally, since

e (xt) °§°] —1DE=x—-q...6 — g 1) m
e(l) a0 (@)
it is clear that in the present case
By (%) = (x — D)(x —g) ... (x — ¢"7?).
In view of (5.13), the right member of (5.11) is equal t>
(au)*

faye@

nO(»

Hn(t; I)HM(EI'): 1)

an

The writer has proved the identity [2, (3.9)]

H, (a, 1) H, (b, 1) — e (t) e (at) e (bt) e (abt)
(9)a e (abi?)

Thus (5.11) becomes

(5.14) ¥
0

(5.15) E A u™ Y* ﬂ.:f(u)g(v)e(au)e(bv)e(aut)e(bvt) .

mn,j=0 (q)m(q)n c (ab’bt‘l)t)

While (5.8) and (5.11) can be generalized for the product of an
arbitrary number of polynomials, it does not seem possible to do the
same for (5.15) unless a suitable generalization of (5.14) can be ob-

tained.

Interesting variants of the above results can be obtained if we
make a slight change in the definition of g,(x) but leave all other

quantities unchanged. Put

5.16 gl _ S e
(>.16) e (xt) 20: 8 (q)n
Since
1 oQ oa t”
1 __ t — 1) in(n—1) s
- Q- ed=x =0t o
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it follows that
— n
g (=3 (—1y ["] et g,
s=0 S
If we now put

— m+n
fm (ax) gn (bx) == E B]_(m, » hi (x) B

i=0
we find
o m n]fr+s 5 ,
B’.(Iﬂ,”)z }: 2 (—l)s [ ] [ J [ : J q§s(s 1]' fm—r gn—sh 7-1‘—5—7"” bs .
r=0s=0 _ 7 N 7

It follows that

W B 2 _ M) & e k+’i(—1)“ ghs—1) l o ] (@)t 95 (by)s
n,n=0 (DD (9); ké‘o (@ séo s

fu)gv) & I,y by
5.17 = Ay LR B
( ) (@) #=o (@ (@) (au )kﬂ

an

_1mg () AN R
o (= >;- 3o e (7o)
where
(@p=(1—a)(l —aqa)...(1 —qg*ta).

We again take % (£) = (¢ (¢))7!, so that A", = 1. Then the sum in
(5.17) reduces to

= (fm)’f(gi@) _ e (au) _ e (at)
o (@ \au lp e(gbv) (bv)e(bv)

We have therefore

@Dnlg)s  eBr)  (g) (bv)

Finally, if we multiply by (bv); # and sum, we get

o mor fu)g()e(au) (au) [ bv
(5.18) 2 Bl_(m,n) u"v ( ) )
au /;

(5.19) Y (o) Bewn Y g f(u) g (v) e (au)

m.n=0 (q)m (q)n (6 (bv))Z

where in both (5.18) and (5.19) g, (x) is defined by (5.16) and
B(f) = ().

17 — Collectanen Mathematica
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