
M a t h e m a t i c a
B a l k a n i c a

–––––––––
NewSeries Vol. 18, 2004, Fasc. 3-4

On Generalized Stirling Numbers and Polynomials
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1. Introduction

The Stirling numbers of the second kind and the corresponding polyno-
mials, the so called single variable Bell polynomials (see [7],[12]), are defined
by

S(n, k) =
1

k!

kX
i=0

(−1)k−i
µ
k

i

¶
in =

(−1)k
k!
∆k0n(1)

and

An(x) =
nX

k=0

S(n, k)xk,(2)

respectively.

Singh ([14]), Sinha and Dhawan ([17]), and Shrivastava ([13]), studied
the generalized Stirling numbers and polynomials defined, respectively, by

S(α)(n, k, r) =
(−1)k
k!

kX
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(−1)j
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j

¶
(α+ rj)n(3)
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and

T (α)n (x, r,−p) =
nX

k=0

S(α)(n, k, r)pkxrk.(4)

It is easily verified from (4) that

T (α)n (x, r, p) = x−αepx
r
(xD)nxαe−px

r
,

i.e. the generalized Truesdell polynomials ([19]).
Singh’s generalization was motivated by the generalization of Hermite

polynomials of Gould-Hopper ([8]) given by

H(r)
n (x, α, p) = (−1)nx−αepxrDn(xαe−px

r
).

Singh Chandel introduced the following generalizations of the Stirling
numbers and polynomials (see [15]):

S(α,λ)(n, k, r) =
(−1)k
k!

kX
j=0

(−1)j
µ
k

j

¶
(α+ rj)(λ−1,n),(5)

and

T (α,λ)n (x, r,−p) = xn(λ−1)
nX

k=o

S(α,λ)(n, k, r)pkxrk,(6)

where

a(λ−1,n) =

µ
a

λ− 1

¶
n

(λ− 1)n.

Evidently, when λ→ 1, equations (5) and (6) reduce to (3) and (4) respectively,
which in turns, yields (1) and (2), respectively for r − 1 = α = 0.

In this paper we prove that the generalizations (3) and (4) and related
properties are an old result, published in 1887 by d’Ocagne [11]. Also, we prove
that Singh Chandel’s result is the consequence of the fundamental results of
Toscano ([19]) and Chak ([6]).

New explicit expressions for numbers (3) and (5) are also given.

2. On a result of R. P. Singh

One of the first generalization of the Stirling numbers of the second kind
(1) is given by d’Ocagne (see [11]):

S(α)(n, k) =
(−1)k
k!

kX
j=0

(−1)j
µ
k

j

¶
(α+ j)n(7)
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with the recurrence relation

S(α)(n, k) = S(α)(n− 1, k − 1) + (k + α)S(α)(n− 1, k).(8)

Toscano introduced similar numbers and related polynomials in many papers
(see for example [18] and [19] for references).

For the numbers defined by (7), we have the generating function, recur-
rence relations (see [19]):

∞X
n=0

S(α)(n, k)
tn

n!
=
(−1)k
k!

eαt(1− et)k,(9)

S(α)(n+ 1, k)− αS(α)(n, k) =
nX
i=0

µ
n

i

¶
S(α)(i, k − 1),(10)

(α+ j)n =
nX
i=0

µ
j

i

¶
i!S(a)(n, k),(11)

and related polynomials

An(x, α) =
nX

k=0

S(α)(n, k)xk

with generating function (see [6]):

∞X
n=0

tn

n!
An(x, α) = eαt−x(1−e

t).(12)

Starting with the recurrence relation for numbers S(α)(n, k) (8), and
using substitution α→ α

r , we get

rnS(
α
r
)(n, k) = rrn−1S(

α
r
)(n− 1, k − 1) + (α+ rk)rn−1S(

α
r
)(n− 1, k).

We see that
S(α)(n, k, r) = rnS(

α
r
)(n, k),(13)

because the recurrence relation for numbers S(α)(n, k, r) is

S(α)(n, k, r) = rS(α)(n− 1, k − 1, r) + (α+ rk)S(α)(n− 1, k, r).

In the same way from (10) and (11), we have other recurrences which are proved
by Sinha and Dhawan [17] and Shrivastava [13].
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Now, we consider the generating function (9). Using substitution α→ α
r

and relation (13), we get

∞X
n=0

S(α)(n, k, r)
tn

n!
=

∞X
n=0

S(
α
r
)(n, k)

(rt)n

n!
=
(−1)k
k!

eαt(1− ert)k,

i.e the result from [17] and [13].

For the polynomials T
(α)
n (x, r,−p), using substitution x → pxr, α → α

r
and t→ rt, we have from (12)

∞X
n=0

(rt)n

n!
An(px

r,
α

r
) = eαt−px

r(1−ert)

which is the result for the generalized polynomials T
(α)
n (x, r,−p) from [17] and

[13].

Remark 1. From (3) we get directly relation (13), because (α+ rj)n =
rn(αr + j)n.

Remark 2. The fact T
(α)
n (x, r,−p) = rnAn(px

r, αr ) is also found by
Toscano in [19], in a different way, using differential operators.

3. On a result of R. C. Singh Chandel

The main results from the paper [15] are consequence of the results from
A.M. Chak [6].

Starting with the following notation by Singh Chandel

α(k−1.n) =

µ
α

k − 1

¶
n

(k − 1)n = α(α+ k − 1) · · · (α+ (k − 1)(n− 1)),

we see that

(α+ rj)(k−1,n) = rn
³α
r
+ j
´(k−1

r
,n)

,

and so, from (5) we have

S(α,λ)(n, k, r) =
(−1)k
k!

kX
j=0

(−1)j
µ
k

j

¶
rn(

α

r
+ j)(

λ−1
r

,n) = rnA
(α
r
,λ
r
)

n,k ,

where A
(α,λ)
n.k are numbers defined by A.M. Chak [6] in the following way

(xλD)n = x(n−1)λ
nX
i=0

A
(α,λ)
n,i xi+αDix−α.
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Thus, using the equations proved and the recurrence from [6]

A
(α,λ)
n+1,k = A

(α,λ)
n,k−1 + (nλ− n+ α+ k)A

(α,λ)
n,k ,

we get a recurrence from [15]

S(α,λ)(n+ 1, k, r) = rS(α,λ)(n, k − 1, r) + (nλ− n+ α+ rk)S(α,λ)(n, k, r).

For polynomials treated in [15] we get from (6) easily

T (α,λ)n (x, r,−p) = rnxn(λ−1)G
(α
r
)

n,λ
r

(−pxr),

where G
(α)
n,λ(x) are a class of polynomials from [6].

4. Explicit expressions for S(α)(n, k, r) and S(α,λ)(n, k, r)

In this section we use the results from Cakić [1] (see Theorem 4, and
comment by L. Carlitz) and Milovanović and Cakić [10] (see Theorem 3).

Applying Carlitz’s [2] extension of a result of Wang [20], Singh Chandel
and Dwivedi [16] proved the following explicit formula for S(0,λ)(n, k, r) :

S(0,λ)(n, k, r) =
n!

k!

X
i1+···+ik=n

kY
l=1

r(λ−1,il)

il!
,

where is > 0.
In this section we prove the theorem about new explicit expressions for

numbers S(α)(n, k, r) and S(α,λ)(n, k, r).

Theorem. We have

S(α)(n, k, r) = rn
Xµ

α/r

i0

¶ n−1Y
s=1

µ
α/r + s− Ss

is

¶
,(14)

and

S(α,λ)(n, k, r) = rn
Xµ

α/r

i0

¶ n−1Y
s=1

µ
α/r + s(λ−1r + 1)− Ss

is

¶
(15)

where Ss =
Ps−1

t=0 it. The summation on the right in the above sums is over all
i0, . . . , in−1 ∈ {0, 1} such that i0 + i1 + · · ·+ in−1 = n− k.

Pr o o f. Introduce the notations

A(i0, . . . , in−2) =

µ
α/r

i0

¶ n−2Y
s=1

µ
α/r + s− Ss

is

¶
,
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and

B(i0, . . . , in−2) =

µ
α/r

i0

¶ n−2Y
s=1

µ
α/r + s(λ−1r + 1)− Ss

is

¶
.

For in−1 ∈ {0, 1} we get from (14) and (15), respectively:

S(α)(n, k, r) = rn
X

Sn−1=(n−1)−(k−1)
A(i0, . . . , in−2)+

rn(α/r + n− 1− (n− k − 1))
X

Sn−1=(n−1)−k
A(i0, . . . , in−2),

and

S(α,λ)(n, k, r) = rn
X

Sn−1=(n−1)−(k−1)
B(i0, . . . , in−2)+

rn(α/r + (n− 1)((λ− 1)/r + k))
X

Sn−1=(n−1)−k
B(i0, . . . , in−2),

i.e.

S(α)(n, k, r) = rS(α)(n− 1, k − 1, r) + (α+ rk)S(α)(n− 1, k, r)

and

S(α,λ)(n, k, r) =

rS(α,λ)(n− 1, k − 1, r) + ((n− 1)(λ− 1) + α+ rk)S(α,λ)(n− 1, k, r).

For k = 0 and k = n, we have

S(α)(n, 0, r) = αn, S(α)(n, n, r) = rn

and

S(α,λ)(n, 0, r) = rn
n−1Y
s=0

(
α

r
+ s

λ− 1
r
) = α(λ−1,n),

S(α,λ)(n, n, r) = rn.

This completes the proof.

Remark 3. In above theorem we use the convention: if α = 0, then
i0 = 0.
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Notice that for bigger values of k (k > [n/2]) this formulas are simpler
than classical expressions (3) and (5). For example, if we take k = n− 1, then
from (3) and (5) we find, respectively

S(α)(n, n− 1, r) = (−1)n−1
(n− 1)!

n−1X
j=0

(−1)j
µ
n− 1
j

¶
(α+ rj)n,

S(α,λ)(n, n− 1, r) = (−1)n−1
(n− 1)!

n−1X
j=0

(−1)j
µ
n− 1
j

¶
(α+ rj)(λ−1,n),

while representations (14) and (15) give, respectively

S(α)(n, n− 1, r) = nαrn−1 +

µ
n

2

¶
rn,

S(α,λ)(n, n− 1, r) = nαrn−1 +

µ
n

2

¶
((λ− 1)/r + 1)rn.

5. Special cases

Some important special cases of numbers S(α)(n, k, r) and S(α,λ)(n, k, r)
are: ”Weighted Stirling numbers of the second kind” ([4], [5]): R(n, k, λ) =
S(λ)(n, k, 1) = S(λ,1)(n, k, 1), ” Degenerate Stirling numbers of the second kind
” ([3]): S(n, k|θ) = S(0,1−θ)(n, k, 1), ” Degenerate weighted Stirling numbers of
the second kind ” ([9]): S(n, k, λ|θ) = S(λ,1−θ)(n, k, 1).
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