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ABSTRACT 

In this paper we present combinatorial interpretations and polynomials generalizations for sequences including the Fi-
bonacci numbers, the Pell numbers and the Jacobsthal numbers in terms of partitions. It is important to mention that 
results of this nature were given by Santos and Ivkovic in two papers published on the Fibonacci Quarterly, Polynomial 
generalizations of the Pell sequence and the Fibonacci sequence [1] and Fibonacci Numbers and Partitions [2] , and one, 
by Santos, on Discrete Mathematics, On the Combinatorics of Polynomial generalizations of Rogers-Ramanujan Type 
Identities [3]. By these results one can see that from the q-series identities important combinatorial information can be 
obtained by a careful study of the two variable function introduced by Andrews in Combinatorics and Ramanujan’s lost 
notebook [4]. 
 
Keywords: Partitions; Fibonacci Numbers; Pell Numbers; Jacobsthal Numbers; q-Analog 

1. Introduction 

In this paper following some ideas introduced by An-
drews [4] and results given by Santos [5] we give poly-
nomial generalizations and combinatorial interpretations 
for sequences, including Fibonacci numbers, the Pell 
numbers and the Jacobsthal numbers in terms of parti-
tions. To do this we use identities 12, 16, 20, 28, 44, 66, 
67, 80 and 81, listed below, that are among the 130 
q-series identities given by Slater in [6]. 
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Here we are using the standard notation of q-series 
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when n is a positive integer, and 
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2. Background 

Before explaining how to get the combinatorial inter- 
pretation for the sequences mentioned above we need a 
few definitions. 

Definition 2.1 The Pell numbers 1, 2, 5, 12, 29, ···, 
defined by the recurrence relation 0 1;p   1 = 2;p  

1 22 , 2n n np p p n     are the denominators of the se- 
quence of rational numbers 

1 3 7 17 41 99
, , , , , ,

1 2 5 12 29 70
  

that are the continued fraction convergent to 2.  
Definition 2.2 The Fibonacci numbers 0, 1, 1, 2, 3, 5, 

8, 13, ···, are defined by 

0 0;F    .1 1;F  1 2 , 2n n nF F F n     

Definition 2.3 The Jacobsthal numbers 1, 1, 3, 5, 11, 

21, 43, ··· are defined by 

0 1;J   1 1;J   . 1 22 ,n n nJ J J n    2

Definition 2.4 The Gaussian polynomials are defined 
as follows: 

 
   

, 0

0, otherwise.

n

m n m
q

q
m nn

q q
m 


   

  
  



        (12) 

Definition 2.5 The coefficients of jx  in the expanded  

form of  21
n

x x   are given by: 
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We call these numbers trinomial coefficients. 
The following two expressions are q-analog for the 

trinomial coefficients. 
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Finally we define: 
Definition 2.6 

     0 0, , , , 1U m A T m A q T m A q   , .      (16) 

   1 2
1, , , .                 (17) CT m A T m A q

3. The Results from Equations (12) and (16) 

In [1-3] we have presented a number of results of the 
same nature as the ones given is this paper. For this 
reason we are not describing all the steps needed in the 
process but just a general description. In a series of two 
papers [6,7], Slater gave a list of 130 identities of the 
Rogers-Ramanujan type. In [4] Andrews introduced a 
two variable function in order to look for combinatorial 
interpretations for those identities. In [5] one of us, San- 
tos, gave conjectures for explicit formulas for families of 
polynomials that can be obtained using Andrews’ method 
for more than 70 identities of Slater’s list. The con- 
jectures listed there can be proved as we did in [3] for 
identity 20, by doing a lot of calculations, or with the 
help of packages given by Sills in [8]. 

Then, following Andrews [4] one can introduce a para- 
meter  in the left hand side of (1) to get t
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from which a functional equation can be obtained: 
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      12 121 , 1 1 ,t f q t t tqf q tq    .  

Knowing that the coefficient of  in the expansion 
of (18) is a polynomial in , i.e., that 

nt
q

   12
0

, ,n
n

n

f q t P q t




   

it is easy to see that 

   0 11; 1 ;P q P q q    

       1
1 21 .n n

n n nP q q P q q P q
          (19) 

Santos gave in [5] the following conjecture for an 
explicity formula for this family of polynomials: 
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where  ,CT n m , defined by Equation (17), is a q-ana- 
log of the trinomial coefficient in the same way that the 
Gaussian polynomial is a q-analog of the binomial co- 
efficient, that is, its limit, when q approaches 1, is equal 
to the trinomial coefficient given by (13). 

To explain how to get a combinatorial interpretation 
for (18) we write it in the following form: 
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Considering that 
2

1 2
2

n n
n


     and looking  

just to the term inside the sum we can see that the coe- 
fficient of  in that sum is the generating function for 
overpartitions where every (non-overlined) integer from 
one to the largest part appears at least once, the overlined 
parts are less than the largest non-overlined part and the 
number of parts is either  or . We call those 
overpartitions of type . 

nt

n 1n 
n

Now, by making  in (19), one can see that we 
get the sequence of the Pell numbers which allows us, 
taking into consideration the factor 

1q 

 1 1 t  outside the 
sum, to state the following theorem: 

Theorem 3.1 The total number of overpartitions of 
type  for all n  up to N  is equal to n Np . 

In Table 1 we present the overpartitons for a few 
values of . For example, in the third line, second 
column we have all overpartitions of type 3, i.e., the ones 
with either 3 or 2 parts. 12 is the total up to that line. 

N

Table 1. Partitions as in Theorem 3.1. 

N Partitions Np  

1 1;  2  

2 2 1;1 1;1   5  

3 3 2 1; 2 2 1; 1 2 1        

 2 1 1;1 1 1;      

 2 1;1 1   12  

4 4 3 2 1; 3 3 2 1; 3 2 2 1;           

 3 2 1 1; 2 3 2 1; 1 3 2 1;           

 2 2 2 1; 2 2 1 1; 2 1 1 1;           

 1 1 1 1; 1 2 1 1; 1 2 2 1;           

 3 2 1; 2 2 1; 1 2 1;        

 2 1 1;1 1 1     29  

 
For Equation (2) we have, with the parameter : t
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From this sum one can get 

      2 2 3
16 161 1 , 1 ,t tq f q t tq tq f q tq     2 .  

Knowing that the coefficient of  in the expansion 
of (22) is a polynomial in , i.e., that: 
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we get: 
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It is ease to see that at  the sequence above is 
the Fibonacci sequence. 

1q 

An explicity formula for this sequence is given bellow: 
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We explain now how to get a combinatorial inter- 
pretation for 
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We consider the exponent  2n n 
eans that th
p to 2 1n 

 of as the sum 
which m
 from 3 u rs exactly 

e

W

 q  

 appea

s. 

3 5 2 1n     
odd and every odd
on

4n  as 2

The fu ional equation: 
e largest part is 

ce. In the denominator we will see a numb r of the 
form  which implies that each even 
number appears an even number of time ith these 
observations and taking into consideration the factor 
 

2n n

1 1 t  we following theorem. 
Theorem 3.2 The total number of partitions into at 

most N  parts where the largest part is odd, every odd 
 to the largest part appears exactly once and 

 can state the 

from 
ea

3 up

2

ch even part appears an even number of times is equal 
to NF  . 

Table 2 has, as an illustration, a few partitions as des- 
cribed in this theorem. 

For identities 20, 28, 44, 66, 67, 80 and 81 we are 
going to list, for each one of them, the two variable func- 
tion, the functional equation, the recurrence relation for 
the family of polynomials associated to it, the formula 
for this family and the corresponding theorem that it is 
possible to get with the combinatorial interpretation at 

1.q   A table to illustrate the result for small values of 
n  is also given. 

4. e Results from Equation (20) 
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Table 2. Partitions as in Theorem 3.2. 

N Partitions 2NF   

0   1  

1 3  2  

nct

      2 2
20 201 1 , 1 ,tq f q t tqf q t      2 ,t tq q
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The recurrence relation: 
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is family: 
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4n
2 2n n  as we have done for Equation (2)

Theorem 4.1 The total number of partitions into at 
most parts where every odd from one up to the 
la
numb ost one plus 
th

. 

N  

er 
rgest appears exactly once, every even appears an even 

of times and the largest even is at m
e largest odd is equal to 1NF  . 
Tab 3 has, as an illustration, a few partitions as des- 

cribed in this theorem. 

5. The Results from E uation (28) 
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Table 3. Partitions as in Theorem 4.1. 

N Partitions 

 

2NF   

  1  0 

1  1  2

2 3 1  3  

3 5 3 1   

2 

 

 

3 5  3  

3 7 5 3    

 3 2 2   5  

4 9 7 5 3    

 5 4 4 3     

 5 3 2 2    8  

5 11 9 7 5 3      

 7 6 6 5 3      

 7 5 3 4 4    

 7 5 3 2 2      

 3 2 2 2 2     1  3

 

 2 2 1   5  

4 7 5 3 1     

 3 2 2 1     

 4 4 3 1    8  

5 9 7 5 3 1      

 2 2 2 2 1      

 5 3 2 2 1      

 5 4 4 3 1      

 6 6 5 3 1     13  
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The fu ional equation: nct

       2 2 2
28 281 1 , 1 1t tq f q t tq tq f q tq       ,,
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The recurrence relation: 

    2
0 11; ;P q P q q q     1

         2 2
1 21 .n nP q q q P q q q P q      (3n n n 0) 

An explicit formula for this family: 
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Before stating the corresponding theorem we need a 
definition. 

We call a green-yellow partition as the one where the 
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een parts are even and appear at least once and at most 
twice. For t

rgest part is at most one plus twice the largest green 
part. 

Theorem 5.1 The total number of green-yellow par- 
titions into at most N  parts with an even number of 
odd parts minus the number of those having an odd num- 
ber of ual t NJ . 

Table 4 has, as an illustration, a few partitions as des- 
cribed in this theorem

6. The Results from Eq at
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The functional equation: 

   32

    2 3 3
44 441 1 , 1t t q f q t t q f     , ,q tq  

 44 , .n
n

n 0

f q t P t




   

The recurrence relation: 

     
         

0 1 2

1 2 3

1; 1; 1 ;

.n
n n n n

P q P q P q q

P q P q qP q q q P q  

   

   
   (33) 

An explicit formula for this family: 
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We need a definition before stating the next theorem. 
We call a black-white partition as the one where the 

parts may be of two colors, black or white, each black 
part from one up to the largest part appears at least three 
times, each white part is odd and counted twice and the 
la t 
bl

rgest white part is at most one plus twice the larges
ack part. 
Theorem 6.1 The total number of black-white par- 

titions into at most N  parts is equal to 1NF  . 
Table 5 has, as an illustration, a few partitions as des- 

cribed in this theorem. 

7. The Results from Equation (66) 

The two variable function: 

 
 

     
 

 

 
2 3 3 ; 2 3 1 ;

4 4 2 ;
g y y g y y

g g g

   

 
 2 3 2 ; 2 2 1g y y g y y      

 4 2 4g g y    5

 
   

2

2

2 4

2 4 4

1
2 2 4 4

0

;

;
.

1 ; ;

n n

n

n n

n

n
n n

t q t q

t q q t q

t tq q t q q









 

    (35) 

The functional equation: 
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Table 5. Partitions as described in Theorem 6.1. 

N Partitions 1NF   

0   1  

1  

3 

 

 

 

1  

2 1w  2  

1 1 1 3  b b b   

4 1 1 ; 1w w b b b b  1 1 1   5  

5 1 1 1 1 1 ;b b b b b      

 1 1 1 1 ;b b b w    

 1 1 1 3b b b w    8  

6 1 1 1w w w   ;

 1 1 1 1 1 ;b b b b w     

 1 1 1 1 3b b b b w     ;  

 2 2 2 1 1 1 ;b b b b b b       

 1 1 1 1 1 1 .b b b b b b      13  

 
The recurrence relation: 
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0 1 21; 1 ; 1 ;P q P q q P q q q        q
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An explicit formula for this family: 
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 one where 
hite, where 

 2 1n   
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us the la  2n

ir of even up to the largest odd minus one there is a 
overlined part, i.e., for those parts (pairs of even from 2 
up to 2 2n  ) actually we do have an overpartition. 

Theorem 7.1 I nsider for each n  the yellow- 
white partitions with n  or 2n   part then the total 
number of all such partitions with  is equal to n  N

NY , where NY  denote the general term for sequence 

A052542 from The On-Line Encyclopedia of Integer 
Sequences. This sequence, apart form the inicial 1, is 
simply twice the Pell numbers. 

Table 6 has, as an illustration, a few pa itions as des- 
cribed in this theorem. 
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An explicit formula for this family: 



     (41) 

 
Table 6. Partitions as described in Theo

N Partitions 
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rem 7.1. 

NY  

  1  0 

1w  2  

3 1 ;1 1w w w w   

 

4  

1 

2 

3 ;  5 3 1 ;3 1 1w w w w w w   

 3 3 1 ;1 1 1 ;w w w w w w      

 1 2 2 ;1y w  w y 10  

Copyright © 2013 SciRes.                                                                                OJDM 



C. P. DE ANDRADE  ET  AL. 31

We d ne a blue ed partition as the one where the 
parts m of two colors, blue or red, where the red 
parts are odd, the largest red part  appears only 
once an every odd from 3 up t est d part 

rs at least once, the rts are even, 
pairs, with the largest  been 
largest odd and for  up to 

efi -r
ay be   

 2 1n 
o the larg

blue pa
 bl e part 

each pair of 

d od
 2 1n 
appearing in 
one plus
the

 appea
u  2

even
n

 the 
 largest odd minus one there is a overlined part, i.e., 

for those parts (pairs of even from 2 up to 2 2n  ) ac- 
tually we do have an overpartition. 

Theorem 8.1 If we consider for each n  the blue-red 
p s with n  or 2n   parts then the total number 
of all such partitions with n N  is equal to 

artition

NB , where 

NB  denote the general term for sequence A052542 from 
The On-Line Encyclopedia if Integer Sequences. 

Table 7 has, as an illustration, a few partitio  des- 
cribed in this theorem. 

ns as

9. The Results from Equation (80) 

The two variable function: 
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;
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The functional equation: 
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The recurrence relation: 

.
(43) 

An explicit formula for this family: 
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We need a definition before stating the next theorem. 
We call a green-black partition as the o

parts may be of two colors, green or black
part from one up to the largest part appears at least once 
and at most twice, each black part is counted twice and 
the largest black part is at most one plus twice the largest 
green part. 

- 
tit

(44) 

ne where the 
, each green 

Theorem 9.1 The total number of green-black par
ions into at most N  parts is equal to NG , where 

NG  denote the general term for sequence A006054 from 
The On-Line Encyclopedia if Integer Sequences. 

Table 8 has, as an illustration, a few partitions as des- 
cribed in this theorem. 

10. The Results from Equation (81) 

The two variable function: 
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The functional equation: 
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The recurrence relation: 
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0 1 2

1 2 3
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1 ( )n
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P q q P q qP q qP q  

   

   
 

.
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An explicit formula fo this family: 
 

escribed in Theorem 8.1. 

N Partitions 

  (

r 

Table 7. Partitions as d

NB  

  1  0 

1 1r  2  

2 3 1 ;1 1 ;r r r r   4  

3 5 3 1 ; 3 3 1 ;r r rr r r      

 3 1 1 ;1 1 1 ;r r r r r r      

 1 2 2 ;1r b b r   10  

 
Ta  Partitions as described in Theorem 9

Partitions 

ble 8. .1. 

N NG  

0   1  

1 1g  2  

2 1 ;1 1 ; 2 2b g g g g   5  

3 1 1 ;1 2 ;g b   g b  

  1 3 ;2 2 1 ;g b g g g    

 2 1 1 ; 3 2 1g g g g g g     11  
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11. Conclusion 

It is ou believe that more results of similar type ay be 
obtaine  following the ideas used in this pape e 
computer algebra packages available today are a power- 

 of q-series identities of the Rogers- 

ell Sequence and the Fibonacci Sequence,” 
The Fibonacci Quarterly, Vol. 43, No. 4, 2005, pp. 328- 
338. 

[2] J. P. O. Santo acci Numbers and 

alizations of Rogers-Ramanujan-Type Identities,” 
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r  m
d r. Th

ful tool in the study
Ramanujan type. 

     (47) 

We need a definition before stating the nex
We call a red-black partition as the one wh

may be of two colors, red or black, each red part 
one up to the largest part appears at least once a
most twice, each black part is counted twice and the
largest black part is at most twice the largest red part. 

Theorem 10.1 The total number of red-black
tit

t theorem. 
ere the parts 
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