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Abstract

Matrix-valued analogues of the little g-Jacobi polynomials are introduced and studied. For the
2 x 2-matrix-valued little g-Jacobi polynomials explicit expressions for the orthogonality relations, Ro-
drigues formula, three-term recurrence relation and their relation to matrix-valued g-hypergeometric
series and the scalar-valued little g-Jacobi polynomials are presented. The study is based on a
matrix-valued g-difference operator, which is a g-analogue of Tirao’s matrix-valued hypergeometric
differential operator.

1 Introduction

Matrix-valued orthogonal polynomials were originally introduced by M.G.Krein in 1949, initially studying
the corresponding moment problem, see references in [3, 5], and to study differential operators and their
deficiency indices, see also [25]. Since then an increasing amount of authors are contributing to build up
a general theory of matrix-valued orthogonal polynomials (see for example [7, 14, 17, 23, 27], etc.).

In the study of matrix-valued orthogonal polynomials the general theory deals with obtaining appropriate
analogues of classical results known for (scalar-valued) orthogonal polynomials, and many results and
proofs have been generalized in this direction, see [6, 7] and the overview paper [5]. But also new features
that do not hold in the scalar theory have been discovered, like the existence of different second order
differential equations satisfied by a family of matrix orthogonal polynomials, see [10, 23]. The theory of
matrix-valued orthogonal polynomials has also turned out to be a fruitful tool in the solution of higher
order recurrence relations, see [12, 15].

For orthogonal polynomials the theory is complemented by many explicit families of orthogonal polyno-
mials, notably the ones in the Askey scheme and its g-analogue, see [21, 22], which have turned out to
be very useful in many different contexts, such as mathematical physics, representation theory, combi-
natorics, number theory, etc. The orthogonal polynomials in the (g-)Askey scheme are characterized by
being eigenfunctions of a suitable second order differential or difference operator, so that all these families
correspond to solutions of a bispectral problem. E.g., for the Jacobi polynomials this is the hypergeo-
metric differential operator and for the little g-Jacobi polynomials this is the ¢g-hypergeometric difference
operator, see also [13, 20]. This is closely related to Bochner’s 1929 classification theorem of second order
differential operators having polynomial eigenfunctions, see [20] for extensions and references.

For matrix-valued orthogonal polynomials there is no classification result of such type known, so that
we have to study the properties of specific examples of families of matrix-valued orthogonal polyno-
mials. Already many examples are known, either from scratch, [11], related to representation theory
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e.g. [16, 23, 24] or motivated from spectral theory [15]. In most of these papers, the matrix-valued
orthogonal polynomials are eigenfunctions of a second order matrix-valued differential operator, so that
these polynomials are usually considered as matrix-valued analogues of suitable polynomials from the
Askey-scheme. The matrix-valued differential operator is often of the type of the matrix-valued hyperge-
ometric differential operator of Tirao [28] and this makes it possible to express matrix-valued orthogonal
polynomials in terms of the matrix-valued hypergeometric functions, see e.g. [24] for an example.

More recently, in [2] the step has been made to use matrix-valued difference operators and consider
corresponding matrix-valued orthogonal polynomials as eigenfunctions. Again these matrix-valued or-
thogonal polynomials can be seen as analogues of orthogonal polynomials from the Askey-scheme. In
this paper, motivated by [2], we study a specific case of matrix-valued orthogonal polynomials which
are analogues of the little g-Jacobi polynomials, moving from analogues of classical discrete orthogonal
polynomials to orthogonal polynomials on a ¢-lattice. As far as we are aware, these matrix-valued or-
thogonal polynomials are a first example of the matrix-valued analogue of a family of polynomials in the
g-Askey scheme. An essential ingredient in the study of these matrix-valued little g-Jacobi polynomials
is the second order g-difference operator (3.2). In particular this gives the possibility to introduce and
employ matrix-valued basic hypergeometric series in the same spirit as Tirao [28], which differs from the
approach of Conflitti and Schlosser [4].

The content of the paper are as follows. In Section 2 we recall the basics of the (scalar-valued) little
g-Jacobi polynomials and the general theory of matrix-valued orthogonal polynomials. In Section 3
we study the matrix-valued second order ¢-difference equations as well as under which conditions such
an operator is symmetric for a suitable matrix-weight function. In Section 4 we study the relevant g¢-
analogue of Tirao’s [28] matrix-valued hypergeometric functions. In Section 5 the 2 x 2-matrix-valued
little g-Jacobi polynomials are studied in detail. In particular, we give explicit orthogonality relations, the
moments, the matrix-valued three-term recurrence relation, expressions in terms of the matrix-valued
basic hypergeometric function, the link to the scalar little g-Jacobi polynomials, and the Rodrigues
formula for these family of polynomials.

It would be interesting to find a group theory interpretation of these matrix-valued little g-Jacobi poly-
nomials along the lines of [16, 23, 24] in the quantum group setting.

2 Preliminaries

2.1 Basic hypergeometric functions

We recall some of the definitions and facts about basic hypergeometric functions, see Gasper and Rahman
[13]. We fix 0 < g < 1. For a € C the g-Pochhammer symbol is defined recursively by (a;¢)o = 1 and

(;@)n = (1 —aq" N a; @)1, (a;q)_n = ( neN=1{0,1,2,...}.

aqg=";q)n’
The infinite ¢-Pochhammer symbol is defined as

oo

(a:q)oc = [] (1 — ag").

k=0

For aq,...,as € C we use the abbreviation (a1, as, ..., ag; q)n = Hle(ai; q)n- The basic hypergeometric
series ,41¢, with parameters ay,...,ar41,b1,...,b, € C, base ¢ and variable z is defined by the series
ai,a a = (a1,a ar41;9q)
1, U2y« vy 41 1, %2y ...,Ur41, k k
1q, 2| = 2|z < 1.
blaan"'7b7‘ :| Zo(q7q)k(b1’b23b7‘7q)k

T+1¢T
The g-derivative D, of a function f at z # 0 is defined by

(Dqf)(2) =



and (Dqf)(0) = f'(0), provided that f’(0) exists. Two useful formulas are the g-Leibniz rule [13, Exercise
1.12.iv]

DI(fo)z Z[ ] DIk f(g*2)DEg(2), (2.1)
k=0 q
and the formula
(DI = — Yy m ¢ f(gz), (2.2)
! (1- Q)"Q(Z)Z" j=0 Jlq

where the ¢-binomial coefficient m . is given by

N

The g-integral of a function f is defined as

| fediz= -0y 16
0 k=0

whenever the series converges. The g-analogue of the fundamental theorem of calculus states

/0 (Dof) (2)dgz = f(g")]0—.. = F(1) — £(0), (2.3)

whenever all the limits converge.

2.2 The little ¢g-Jacobi polynomials
Let 0 < a < ¢ ' and b < ¢~'. The little g-Jacobi polynomials are the polynomials defined by

qfn, abanrl
pn(2;a,b;q) = 2¢1{ 14,97 |- (2.4)
aq
The little g-Jacobi polynomials have been introduced by Andrews and Askey [1], see also [13, §7.3] and
[21, §14.12]. These polynomials satisfy the following orthogonality relation

(0,5l 0nbi) = 3 (a0) D (s b (5.0 (2.5)
k=0 ’

bg%;q)oo (1 — ab " (q,bq;q)n
_ (abg% ) (1 —a q)2(aq1) (¢:0¢;9) S = Pon (0, 55 Q)
(ag; q)oe (1 —abg®**1) (aq, abq; q)n
where d,, , is the Kronecker delta function and h,(a, b; ¢) > 0. If we need to emphasize the dependence
on a and b we write (-,-)(q,5). The moments of the little g-Jacobi polynomials are given by

(abg™*2; q) oo
n(a,0) = (2" Digp) = ————. 2.6
m (a ) <Z >( ,b) (aqn+1,q)oo ( )
The sequence of the little g-Jacobi polynomials satisfies the three term recurrence relation
—2pn(2;0,0;9) = Anpnt1(2;a,b5.9) — (An + Co)pn(z;a,b;9) + Copp—1(2; a, b5 ) (2.7)
with
1 —ag" ™) (1 — abg" ™! 1—q¢")(1—bg™
A, =g Lm0 —abg™) e (a0~ b

(1 — abg?"+1)(1 — abg?n+2)’ (1 — abg?™)(1 — abg?n+1)’
They are also eigenfunctions of the second order g-difference operator
Anpn(2) = a(bg — 271 (E1pn)(2) — ((abg + 1) — (1 + a)z™")(Eopn)(2) + (1 — 27 )(E_1pn)(2),  (2.8)

where A\, = ¢7"(1 — ¢")(1 — abg™™'), pn(2) = pn(z;a,b;q) and E; are the g-shift operators defined by
(Eep)(2) = p(q*2).



2.3 Matrix-valued orthogonal polynomials

We review here some basic concepts of the theory of matrix-valued orthogonal polynomials, also see
[5, 18, 26]. A matrix-valued polynomial of size N € N is a polynomial whose coefficients are elements of
Maty (C). If no confusion is possible we will omit the size parameter N and write P[z] for the space of
matrix polynomials with coefficients in Maty (C) and P, [z] for polynomials in P[z] of degree at most n.
The orthogonality will be with respect to a N x N weight matrix W, that is a matrix of Borel measures
supported on a common set of the real line &, such that the following is satisfied:

1. for any Borel set A C & the matrix W (A) = [, dW(z) is positive semi-definite,
2. W has finite moments of every order, i.e. fe 2"dW (z) is finite for all n > 0,

3. if P is a matrix-valued polynomial with non-singular leading coefficient then [ P(2)dW (z)P*(z)
is also non-singular.

A weight matrix W defines a matrix-valued inner product on the space P[z] by
(P.Q) = / P(2)dW(2)Q" (2) € Matx(C).
S

Note that for every matrix-valued polynomial P with non-singular leading coefficient, (P, P) is positive
definite. A sequence of matrix-valued polynomials (P, ), >0 is called orthogonal with respect to the weight
matrix W if

1. for every n > 0 we have dgr(P,) = n and P, has non-singular leading coefficient,
2. for every m,n > 0 we have (P,,, P,,) = I';,0pm,n, where I', is a positive definite matrix.

Given a weight matrix W there always exists a unique sequence of polynomials (P, ),>0 orthogonal with
respect to W up to left multiplication of each P, by a non-singular matrix, see [5, Lemma 2.2 and Lemma
2.7] or [18]. We say that a matrix-valued orthogonal polynomials sequence (P,),>0 is orthonormal if
I, =1Iforallm > 0. We call (P,),>0 monic if every P, is monic, i.e. the leading coefficient of P, is the
identity matrix.

A weight matrix W with support & is said to be reducible to scalar weights if there exists a non-singular
matrix K, independent of z, and a diagonal matrix D(z) = diag(wi (2), wa(z2),...,wn(2)) such that for
all z € 6

W(z) =K D(z) K*.

In this case the orthogonal polynomials with respect to W (z) are of the form

pn,l(z) 0 0
O pn’2(z) 0
Pn(z) - . . . . K_l

where (py,;)n are the orthogonal polynomials with respect to D; ;(z) = w;(z) for i = 1,..., N. Therefore
weight matrices that reduce to scalar weights can be viewed as a set of independent scalar weights, so
they are not interesting for the theory of matrix orthogonal polynomials. In this paper & is countable
and assuming additionally that W(a) = I for some a € &, by [19, Theorem 4.1.6] the weight matrix W
can be reduced to scalar weights if and only if W (x)W (y) = W(y)W(x) for all z,y € &, also see [2, p.
43].
In the rest of this paper we only consider weight matrices such that dW (z) = 1%qW(z:)dqz and we assume
that W (g™) > 0 for all n € N. These weight matrices are called g-weight matrices or just g-weights. The
matrix-valued inner product defined by such a g-weight is of the form
1 ! * - n n n n *
(P.Qw == | PEWEQ (:)dz = > q"P(W(g")(Q(gM)", (2.9)
0 n=0

whenever the series converges termwise.



3 g¢-Difference operators

In order to study matrix-valued analogues of the little g-Jacobi polynomials appearing in the g-Askey
scheme we focus our attention on operators of the form

D =E_F_, + EyFy + E{ F, (3.1)

where Fy(z) are matrix-valued polynomials in z~! satisfying certain degree conditions assuring the preser-
vation of the polynomials, cf (2.8). In particular we are interested in operators having families of matrix-
valued polynomials as eigenfunctions,

(DP,)(2) = Pu(q ' 2)F_1(2) + Po(2)Fo(2) + P(q2)F1(2) = ApPr(2). (3.2)

It is important to notice that the coefficients F; appear on the right whereas the eigenvalue matrix A,
appears on the left, cf. [8].

3.1 g¢-Difference operators preserving polynomials

Suppose that there is a family of solutions of matrix-valued orthogonal polynomials to (3.2), then D
preserves polynomials and does not raise the degree of a polynomial. Theorem 3.1 characterizes the
g-difference operators with polynomial coefficients in z~! preserving polynomials of degree n for all n.
Theorem 3.1 is an analogue of [2, Lemma 2.2] and [9, Lemma 3.2], where the proof is a slight adaptation
of [2, Lemma 2.2] and [9, Lemma 3.2].

Theorem 3.1. Let

D=) EfF,, F P,z
l=s

with 7, s integers such that s < r. The following conditions are equivalent:

1. D: P,[z] — Py[z] for all n > 0.

2. Fy(z) €Pr_g[z Y for b=s,...;rand 3,_ ¢"*Fy(z) € Pylz7 1 for k=0,...,r — s.
To prove Theorem 3.1 we use Lemma 3.2.

Lemma 3.2. Let r,s and n be integers such that s < r and 0 < n. Let Gg(z) be matrix-valued
polynomials in z~! of degree at most n for k = 0,...,r — s. The system of linear equations

ZqékFg(z):Gk(z), 0<k<r-—s,
l=s

determines the functions Fy(z), £ = s,...,r, uniquely as polynomials in z~! of degree at most n.

The proof is straightforward, see [9, Lemma 2.1], using the Vandermonde matrix.

Proof of Theorem 3.1. First we prove 1 = 2. For k = 0,...,7 — s, let Gp(z) = > ,_, ¢FF(z). If
0<n<r—s, write P(z) = 2"I. Then
(DP)(2) = (q"2)"Fu(z) = 2™ Y ¢ Fu(z) = 2"Gn(2) € Pyz].
l=s l=s
Since DP is a polynomial with dgr(DP) < dgr(P), G, is a polynomial in z~! of degree at most n for
0 <n <r—s. ByLemma 3.2 F; are actually polynomials in z~! of degree at most r — s.
To prove 2 = 1, consider Gi(z) = >_,_, q"“Fy(2), for k > 0. Now Gy is a matrix-valued polynomial in
271 If 0 < k < r— s then, by 2, dgr(Gy) < k and if k > r — s + 1 then dgr(Gy) < r — s. Now put
P(z) =2"1 so
DP(z) =Y (¢"2)"Fe(2) = 2" Y q""Fy(2).
l=s

l=s

If 0 < n < r—s we have that >_,__q“"Fy(z) is a polynomial in z~* of degree at most n. Hence DP is a
polynomial of degree at most n. On the other hand if n > r — s then >_,__ ¢"Fy(z) is a matrix-valued
polynomial in 27! of degree at most r — s. Hence DP is also a polynomial in z of degree at most n. [



3.2 The symmetry equations

Symmetry is a key concept when looking for weight matrices having matrix-valued orthogonal polyno-
mials as eigenfunctions of a suitable g-difference operator. In Definition 3.3 we use the notation (2.9).

Definition 3.3. An operator D: P[z] — P[z] is symmetric with respect to a weight matrix W if
(DP,Q)w = (P, DQ)w for all P,Q € P[z].

Theorem 3.4 is a well-known result relating symmetric operators and matrix-valued orthogonal polyno-
mials, see [8, Lemma 2.1] and [18, Proposition 2.10 and Corollary 4.5].

Theorem 3.4. Let D be a g¢-difference operator preserving P[z], so that dgr(DP) < dgr(P) for any
P € P[z]. If D is symmetric with respect to a weight matrix W then there exists a sequence of matrix-
valued orthonormal polynomials (P,,)n>0 and a sequence of Hermitian matrices (A, )n>0 such that

DP, = A,P,, VYn>0. (3.3)

Conversely if W (z) is a weight matrix and (P, ),>0 a sequence of matrix-valued orthonormal polynomials
such that there exists a sequence of Hermitian matrices (A, )n>o satisfying (3.3), then D is symmetric
with respect to W.

It should be observed that Theorem 3.5 is an analogue of a similar statement for differential operators
in [8, 18]. Also note that the g-difference operator D has has polynomial coefficients in z~! (instead of
z), so that the essential condition is the preservation of the space of polynomials instead of the degree
condition, which is the essential condition in [8, 18].

Theorem 3.5 is an analogue of [11, Theorem 3.1] and [17, Section 4] for symmetric second order differential
operators.

Theorem 3.5. Let D be a g-difference operator preserving IP[z] of the form (3.1) with Fy matrix-valued
polynomials in z71. Let W be a g-weight matrix as in (2.9). Suppose that the coefficients Fy and the
weight matrix W satisfy the following equations

Fo(¢")W(q") = W(¢")Fo(¢")", = €N, (3.4)
1

Fi(¢" OW(¢"™") = gW(¢")F-1(¢")", = € N\{0},

and the boundary conditions

o0y - 3.6
*Fy(g" )W (g") — as T — 00,
¢ (F1(¢" )W (q") — W(¢")Fi(¢*)*) — as T — 00.

Then the g-difference operator D is symmetric with respect to W.

Proof. We assume that the operator D and the weight matrix W satisfy the symmetry equations (3.4),
(3.5) and the boundary conditions (3.6). For an integer M > 0, we consider the truncated inner product

M
(P.Q)w =Y _ a"P(q")W(q")Q"(¢").
It is clear that (P, Q) — (P,Q)w as M — oo for P,Q € P[z]. Then

(DP,Q)yy Zq (DP)(¢")W (¢")Q"(¢")

—Zq (@ Fi(g®) + P(¢") Fo(q®) + P(¢" ") F-1(¢")) W(4")Q"(¢")



By a straightforward and careful computation using (3.4), (3.5) and the first boundary condition of (3.6)
we have

<DP, Q)% _ <P, DQ)% _ qIV[P(qMJrl)Fv1 (qIV[)W(qIV[)Q*(qIV[) _ qIV[P(qIV[)W(qIV[)Fl* (qIV[)Q*(qIV[Jrl).
Write P(z) = Py + 2P1(z) and Q(z) = Qo + 2Q1(2) so that
(DP, Q)% — (P, DQ>% =¢Mp, (Fl(qM)W(qM) — W(qM)F1 (qM)*) Q4 + remainder

where the remainder consists of terms of the form ¢ R(¢M)Fy(¢™)W (¢*)S(¢™) or its adjoint for
suitable matrix-valued polynomials R and S. Taking M — oo and using the last two boundary conditions
of (3.6) we get the result. O

4 A matrix-valued g-hypergeometric equation

Motivated by Tirao [28] we define a matrix-valued analogue of the basic hypergeometric series. This
definition is different from that given by Conflitti and Schlosser [4], where some additional factorization
is assumed.

Consider the following ¢-difference equation on row-vector-valued functions F : C — CV.

F(q *2)(Ry + 2Rs) + F(2)(S1 + 2S2) + F(qz)(Ty + 2T3) = 0. (4.1)

where Ry, Ro,S1,52,T1,T> € Maty(C). The case N = 1 is the scalar hypergeometric g¢-difference
equation, see [13, Exercise 1.13].
Let F be a solution of (4.1) of the form F(z) = z#G(z) where

G(z) =Y G"F, G°#0, GhecN
k=0

The Frobenius method gives the recursions

0=a" (q—ﬂRl + S +qHT1),
0=G (¢ " "Ry + S1+¢"™T) + G (¢ F " Ry + So + "I T) k> 1.

The first equation implies det(¢™# Ry +S1 +¢*T1) = 0 and (G°)" € ker(q~# R} +S; +¢"Ty). The solution
of the indicial equation det(¢~# Ry + S1 4+ ¢*T1) = 0 is the set of exponents E. For each 1 € F we write
d, = dim(ker(¢ "R} 4+ ST + ¢"T7)) for the multiplicity of the exponent p. In order to have analytic
solutions of (4.1) we require that 0 € E. Moreover we assume that the multiplicity for 0 is maximal,
dop = N, which implies S; = —R; — Ty. Under this assumption E = {u : det(¢"#* Ry — T1) = 0} U {0}.
Since we are only interested in polynomial solutions, we only consider expansions around z = 0, but we
can also study solutions at oo in a similar fashion.

We specialize to the case Ry = —Ro = [

F(qg'2)(1 = 2) + F(2)(—1 — T + 282) + F(qz)(Ty + 2T») = 0. (4.2)
For any G° € CV, G(z) = Y_;2, G*2" is a solution of (4.2) if and only if
0=G"((¢ "= DI+ (¢"—D)) + G (—¢ " T+ S+ ¢ 'Tn), k=1

Assuming o(Ty) N g~ = 0, the coefficients are

k
k —
= e Tl o om) -y
! i=1

k

AN
where H A; = A1As ... A is an ordered product. We summarize this discussion with Definition 4.1 and

i=1
Theorem 4.2.



Definition 4.1. Let A, B,C € Maty (C) where o(C) N ¢ "M% = . Define
(A, B;Csq)g =1,
(4,B;C;q), = (A, B;Ciq)y_, (I — ¢ " A= ¢*2B) (I—¢*C) ", k>1.

Define the function 97 by

A B > z"
Y = A, B;Cq)n . 4.3

n=0
Now (4.3) converges for |z] < 1 in the norm of Mat y (C).
Theorem 4.2. Let A, B,C € Maty(C) such that o(C) N ¢~ ™\ = ¢

A B

F(Z)Fozm{ o

:q, qz], FY e CV as row-vector, (4.4)

is a solution of the matrix-valued g-difference equation
F(g'2)(1—2)+ F(2) (I — C+ zA) + F(qz) (C + 2B) = 0, (4.5)

with condition F(0) = F°. Conversely, any analytic solution F around z = 0 of (4.5) with initial
condition F(0) # 0 is of the form (4.4).

5 The 2 x 2 matrix-valued little ¢g-Jacobi polynomials

Based on [2, Theorem 4.2] we present a method to construct g-difference operators D and weight matrices
W satisfying the symmetry equations (3.4). By applying this method we construct a matrix analogue of
the scalar little g-Jacobi polynomials, and we give explicit expressions of the matrix-valued little g-Jacobi
polynomials in terms of the scalar ones. We also show how these matrix polynomials can be written as
a matrix-valued ¢g-hypergeometric function, motivated by the work of Tirao [28].

5.1 The construction

Lemma 5.1 is an adapted version of [2, Theorem 4.2]. We omit the proof here because it is completely
analogous to that in [2].

Lemma 5.1. Let s be a scalar function satisfying s(¢”) # 0 for © € N\{0}. Assume that F; and F_;
are matrix-valued polynomials satisfying

Fi(q" ) FP-1(¢") = als(q")]*1, Vo € N\{0}. (5.1)
Let T be a solution of the g-difference equation
T ") = s(") ' Faa(a)T(a"), =€ N\{0}, T(1)=1. (5:2)
Then the g-weight defined by W (¢*) = T'(¢*)T(¢*)* satisfies the symmetry equation
Fi(g" YW (g"™") = qW(q")F_1(¢")", € N\{0}.

We are now ready to introduce 2 x 2 matrix-valued orthogonal polynomials related to a specific ¢g-difference
operator.

1

Theorem 5.2. Assume a and b satisfy 0 < a < ¢~ ! and b < ¢~'. For v € C define matrices

= <0 v(l-q)(g "~ a)) , M= <1 v> 7 A = plos(@M _ (q —v(l - q)) _

0 0 0 0 0 1



The g¢-difference operator given by

D = E,1F,1(Z) + EoFo(Z) + ElFl(Z),
Fi(z)=("1=-1A""Y, F(z)=K -2 A 4aA), Fi(z) = (az™' —abq)A, (5.3)

is symmetric with respect to the matrix-valued inner product (2.9) where the weight matrix is given by

o (003 Q)
W(q*) = a®-———A"(A")", (5.4)
(@ 9)x
Moreover, the monic orthogonal polynomials (P,),>0 with respect to W satisfy DP, = A,P,, with
eigenvalues

_—n—l_ab n+2 v(l — ab n+1 _ —1—n+ —1_a
Aﬂ( ¢ b (1 =) —qq—"—qunﬂ q Y (5.5)

Remark 5.3. These polynomials are a matrix-valued analogues of the little g-Jacobi polynomials and
for v # 0 they cannot be reduced to scalars. This follows from W (q®) = I and for v # 0 and x,y € N\{0}
with ¢ # y we have W (¢*)W(q¥) # W (q¥)W (¢*), as can be checked by substituting (5.9) in (5.4).

Proof. To prove the theorem we first prove that D preserves polynomials and then apply Theorem 3.5
to see that the operator is symmetric with respect to W. We proceed in three steps.

Step 1. D preserves polynomials and degree.

As polynomials in 27!, dgr(F;) = 1 < 2, so that condition 2 for k = 1,2 in Theorem 3.1 is satisfied.
Because dgr(Fy + Fy + F_1) = 0 condition 2 is also satisfied for ¥ = 0 from which we conclude from
Theorem 3.1 that D: P,[z] — Py[z].

Step 2. Symmetry equations Fi(q" " )W(g*™") = qW(¢")F-1(¢") and Fo(q*)W (q%) = W (¢")Fo(q")*
Consider the function s( = ¢ ®/a(l —¢*)(1 — bg®). The function s satisfies s(¢*) # 0 because
0<a<glandb<qg! and by a direct computation we see that with this choice of s, (5.1) is satisfied.
The solution of (5.2) in this case is given by

a®(bq; q)a

') = (¢ 9)z

A”,

By Lemma 5.1 we can conclude that the symmetry equation, Fy (¢* =)W (¢®~1) = ¢W (¢*)F_1(g*) holds
for W(q®) =T (¢")T(¢")* and z =1,2,....

Note that T'(¢*) is invertible for all x € N. The symmetry equation (3.4) is equivalent to showing that
the matrix T'(¢%) ' Fy(q®)T(¢%) is Hermitian. Note that

T(q") ' Fo(¢")T(q") = A" (K —q " (A7 +aA)) A" = A" KA" — ¢ " (A7 4+ aA). (5.6)
ine i 1 M ~Nzp N o~ (DR .
Taking into account that A = e!°8(@M and e=N*ReN® = Z i ady R, we see that (3.4) holds if
k=0 '
and only if

AKA* — 7" (A7 + aA) i —k loglg) = (adfy K — 471~ an)
=0

is Hermitian for all z € N, i.e. if and only if all coefficients ads, K — (A_l + aA) are Hermitian.
For k=0

-1
a4 a-1_ [—ag—q 0
V=K-aA—-A < 0 —a—1>

is Hermitian. Direct computation shows that V satisfies

_ 1
adMV:MV—VM:( w 0 ):V

—a—1



i.e., V is a fixed point of ady,.

On the other hand since A = e~ 1°8(@WM e have adk, K = ad}, (K — aA — A) = adk, V', so we get that
T(q%) 1 Fo(¢®)T(q*) = Vg%, which is a diagonal real matrix, hence Hermitian.

Step 8. Boundary conditions.

Since F_1(2) = (27! —1)A™L, the first boundary condition F_;(1)W (1) = 0 holds.

To check the last boundary condition ¢*(F1(¢*)W(q®) — W (¢*)F1(¢")*) — 0 as x — oo, we calculate

AT — (qg _“(11_ qz)) , zeZ (5.7)

Then we have

FEGEWE) - W R @) = e CED2 (qgme _abg) (A7H (A7) — A%(A"H)  (58)

(¢:90)x
_ Qm—laz (bqa Q)z ad” % — a 0 _U(l - q) *
1 (¢:9)x (ag b4 (v(l —q) 0 > A

Because a < ¢~!, (5.8) tends to 0 if + — oo. It is easy to see that the second boundary condition
**F1(¢*)W(¢®) — 0 as z — oo also holds.

We have proved that D: P[z] — P[z] is symmetric with respect to W and that D is an operator that
preserves polynomials and does not raise the degree. We are under the hypothesis of Theorem 3.4, and
we can conclude that the orthogonal polynomials with respect to W are common eigenfunctions of D.
Finally by equating the coefficients in the equation DP,, = A,, P, for the monic sequence of orthogonal
polynomials with respect to W, we obtain the expression (5.5) for the eigenvalues A,, = —¢q "4~ + K —

abg" T A. 0
Proposition 5.4. The moments associated to (2.9) with W as in (5.4) are given by
_ n _ mn(ag?,b) —v(my(a,b) — my(aq,b))
Mn—<Z I,I>W— (F(mn(a,b)mn(aq,b)) mn(a,b) )

where my,(a, b) are given in (2.6).
Proof. Using (5.7) we can write
2
B AFyE ¢ —u(l —¢")
R ) o

Substituting (5.9) in ("I, 1)w = >~ qxax((b;;—q%):quz(A*)z, we get the result using (2.6). O

5.2 Explicit expression of P,

In this section we give an explicit expression of P, in terms of scalar little g-Jacobi polynomials by
decoupling the matrix-valued ¢-difference operator (5.3).

Theorem 5.5. The monic matrix-valued orthogonal polynomials with respect to the matrix-valued inner
product (2.9) and weight matrix (5.4) are of the form

Po(z) = N-1 KUpn(z5a0%,b5q)  Kiypnga(z;a,b;q) + k1 (1 — 2)vpn(z; ag?, bs q)
" m \Kypn—1(z;a¢2,b;q)  Kpa(2ia,b;q) + k5 (1 — 2)vpn_1(z;a¢%,b5q) )

where

N (1 e azl—q”Jraq”“—abq?nwv:v L aa—1
n 0o 1)’ 1— abg®n+2 q 1— abg>+2 )’

pn(z;a,b;q) are the little g-Jacobi polynomials (2.4) and with coefficients

3. .
n —1)" (n)M no_ (_qynt+l (HH)M 510
1" (abg i), 12 (F1)" gt (abq"*2;q)pi1’ (5.10)

no_ (g = (D) —nt2 (L —a") (A —bg")  (ag;q)n no_ (e () (@ Dn
i = (1) a7 (1—aq)(1 — ag?) (abg" L q)," 22~ (=16

10



where

_ o (1—=q¢")(1 —bg") -
= <1 agel (1—abg"+1)(1 — aq”“)) '

Proof. Let us define P, = N,, P, and notice that (A,)n>0 = (NyAu N )us0 are diagonal. Then DP, =
A, P, = diag(—q~""! — abg"*2, —¢~™ — abq"T") P,,. Now write using (5.7)

X

Pn(qz) :ann(qz) — (Izll( -

) p’fz(q >
le( ) P%(qm
ey B [ a\ gx P (q®) Pia — (1 —q")vpti(¢®)\ _ [(r11(d®) 772(q")
@nla") = Pula") A" = (q epB(q%) P — (1 — o ;?(m))‘(rﬂ ) r;a(qr))’ (5.11)
157111((196) 1512((1) _ (4 7"11((1) ?( ( 1)T? (qm)
— (za;a(qr) ﬁ;z(qr))‘(qrr&(qﬂ 3() v(g™® — 1) <qr>)’

Taking into account (5.6) and the proof of step 2 in the proof of Theorem 5.2 we obtain
(DPa) (") A" = Po(q" AT (q7" = 1)A™ 4 Po(¢") AT (AT KA — ¢~ (A™" + ad))
+ Pp(q" ) A" (ag ™" — abg) A

= 0@+ Qe (T ) - @)

— diag(—¢~""" — abg™*?, —¢~" — abg™*)Qu("). (5.12)

Since the eigenvalues as well as all the matrix coefficients involved are diagonal, (5.12) gives four uncou-
pled scalar-valued g¢-difference equations

(@@ = 1) =) (7 +ag) + 11 (6" (g™ — abg) = —(¢7 " + abg" )Ty (¢7),
5 (q" )@ = 1) =5 (¢")g " (g7 + ag) + 75, (¢" ) (ag ™" — abg) = —( "+ abg" )y (¢7),
(g™ (g = 1) = ria(@”)g " (1 + a) + ria(¢" ) (ag™" — abg) = (¢~ "' + abg"*?)ris (%),
r5a(q” ) (@™ = 1) = r(g")g " (1 4+ a) +155(¢" ) (ag™ — abg) = —(q™" + abg"* )iy (¢"),

that can be solved using (2.7). Using the first column of the last equation of (5.11) we obtain recurrences
for the polynomials p7y of degree n and py; of degree n — 1, which gives the first column in

Po(z) = H’ﬁpn(Z;an,Qb; q)  Klapnri(zia,biq) + k(1 — Z)vpn(Z;aqz,b; 9\
K51Pn—1(23a4°,b3q)  KBopn(25a,b;q) + k51 (1 — 2)vpp—1(2;ag®, b; q)

Since iy, respectively 755, are polynomial of degree n + 1, respectively n, we find the explicit expression
for v}, and 7%, in terms of little g-Jacobi polynomials from (2.7), so that (5.11) gives the result.

From the expression of the leading coefficient of P,, N,,, the coefficients £7, and 7, are determined and
we obtain (5.10). The expression of (Ny,)22 gives the relation

2
0oy (06D (L—ag)(d —ag?)
wh = (D Gt gy, T T g (1 agr ) (5:13)

Now we use orthogonality to determine completely x5, and x3,,

b5 F X G (5 e\ (B e g2\

(P, Pa)w :;(aq) o (Pula®)47) (Pulg) A7) (5.14)
N gy (B8 D)e .
,;0( D ) Q@) = Hudu,

where H,, is a strictly positive matrix and

1 (g%)riy (q%) +ri5(q")rie(q®) 1 (q%)rs (@) + ri5(q”)ra(q®)
Qm(d™)Qn (") = : (5.15)
o1 (g% )t (q%) + r55(q%)ria(¢®) 51 (q7)r (q%) + 1r55(q” )rsy(g®)

11



Combining (5.14) with entry (2,1) of (5.15) we have

(Hn)215m,n = E (aq) (@ 9) (7"217"11 + 7"227’12) = (131, 7’11>(a,b) + (ras, 7’12>(a,b) (5.16)
=0 )4/

= (k) 2pm-1(2; aq®, b; q), 57120 (23.0G%, b5 Q) (a,5) + (K55Pm (254, b5 @), Kiopn41(25 4, b5.0)) (a)
= k51 T (Pm—1(25 007 b3.0), pn (25 00%,03.0)) (aq2b) + KoRTe (Pm (25 0, b5.0), Pry1 (230,03 0)) (a,h)-

Taking (m,n) — (n,n — 1) and using the orthogonality relations (2.5) gives a linear relation, which
together with (5.13) determine %, and k%, as given by (5.10). This completes the proof of the theorem.
O

Corollary 5.6. For the matrix-valued polynomials (Pn)nzo as in the proof of Theorem 5.5 with diagonal
eigenvalues we have

<Pma pn)W = Hn(sm,n;
where H,, is the diagonal matrix
Hn = diag("‘#lll |2hn(aq2a b; Q) + |"€7112|2hn(aa b; Q); |"€7211 |2hn(a’q2a b; Q) + |H32|2hn(aa b; Q))a
and hy(a, b; q) is defined in (2.5).

Proof. For m = n (5.16) shows (H,)21 = 0. Similarly we compute (H,)12 = 0. The entries (1,1) and
(2,2) can be found by straightforward calculations similar to entries (1,2) and (2,1). O

5.3 The matrix-valued ¢-hypergeometric equation

Write Rn for the i-th row of the matrix-valued polynomial ]5n. The equation Dpn = ]\npn can be
written as two decoupled row equations

DP;,(2) = Pin(q ' 2)F_1(2) + Pin(2)Fo(2) + Pin(q2)Fi(2) = NinPin, (5.17)
where i = 1,2, M = —q " —abg"t?, Mgy = —q¢~" — abg™*t! and P;,, are the rows of the matrix
polynomials P,,. We rewrite (5.17) by multiplying on the right by zA

Pin(qg'2) (1= 2) + Pipn(2) (2 (K = Xind)A— (I + aAQ)) + Pi,(q2) ((a— aqu)AQ) = 0. (5.18)
Proposition 5.7. The solution of (5.18) is

. . KA —XinA, —abgA?

Pin(2) = Pin(0) 2m A2 14,9z |- (5.19)

Proof. Since 0 < a < ¢~' we have o(aA?) N ¢ "M% = {a,a¢?} N ¢~ MO = ), so that we can apply
Theorem 4.2 on (5.18) to get (5.19). O

Because Iszn are not only analytic row-vector-valued, but actually polynomials, we find conditions on
P; ,(0) in order for the series (5.19) to terminate. Writing P; ,,(2) = Yo, GF2" we have

Gf =+ _qqk GE I — " YK — i) A + abg® T A2)(I — agbA?) Y, (5.20)
and we must have G? # 0 and G'"' = 0. Therefore
(G € ker((I — ¢"(K — XinA) + abg® 1 A%)"). (5.21)

The matrix is upper triangular and the (1,1)-entry vanishes for A;, and the (2,2)-entry vanishes for
A2, Using the definition of G¥ we can determine G completely up to a scalar, since all the matrices in
(5.20) are invertible for 1 < k < n. Because :\1,n71 = :\Q,n it is not possible to determine GY, since the
kernel in (5.21) is also non-trivial for n replaced by n — 1. . However adding the orthogonality relation
(5.14), we can determine GY. Therefore the coefficients of Pim (0) are completely determined up to a
scalar by the fact that it is a orthogonal polynomial solution to (5.18).

Proposition 5.7 gives a way to write the orthogonal polynomials in a closed form. The matrix-valued
basic hypergeometric series expression of the polynomials might be useful to generalize the polynomials
to higher dimensions.
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5.4 The three term recurrence relation and the Rodrigues formula
The first goal in this section is to find the three term recurrence relation for Py;

2P, (2) = ApPoy1(2) + BuPo(2) + CoPo_i1(2). (5.22)
By comparing the leading coefficients of (5.22) we read off

| "0 —ag)(1 + abg**F)
Ap = N,N, |, = (abg®"2;¢2),

0 1

By a well-known argument

Cn = <pn7pn>WA* <Pnflypn71>{7v1-

n—1

Therefore by Corollary 5.6 we can write C,, = H, A%_,H,*,. To find B,, we first remark that

n n n
P (0) = K11 Kig T K11V
MTARE KD, R0
21 22 21

and det(P,(0)) = k¥ kY, — K KTy > 0, because both terms are positive by Theorem 5.5. If we plug in
z =0 1n (5.22) we find

B, = *Ananrl(O)(pn (0))71 - Cnpnfl(o)(pn (0))71-
Theorem 5.8 gives a Rodrigues formula for the matrix-valued little g-Jacobi polynomials.

Theorem 5.8. The expression

Po(z) = q "Dy <

defines a sequence of matrix-valued orthogonal polynomials with respect to (2.9) with weight matrix
(5.4), where

a®q" T (bg; q),
(@) z—n

T(q””)R(n)T(q””)*> Wi(g")™, (5.23)

(1 —ag™*?)(1 — abg"™®) + av?¢*(1 — ¢")(1 — bg"*?) 0
R(n) = 1 — abg?n+3
—(1=¢"avg® 1 —ag"*?

Proof. Since the proof contains a couple of lengthy but direct calculations, we only give a sketch and
leave the details to the reader.

To see that (5.23) defines a family of orthogonal polynomials two things need to be proved. (1) For
all n > 0, (5.23) defines a matrix-valued polynomial of degree n with non-singular coefficients. (2) The
polynomials defined by (5.23) are orthogonal with respect to the g-weight given by (5.4).

First step.

Let us write ¢"W(q¢*) = p(¢*)T(¢")T(q")*, where p(qg*) is the weight associated to the scalar little g-
Jacobi polynomials with parameters a and b. Using the ¢-Leibniz rule (2.1) and that T'(¢*)R(n)T (¢®)*
is a matrix-valued polynomial of degree 2 in ¢ we can write

B azq(n-‘rl)z(bq;q)z N . -
g < G L@HRMT() )W(q ) (5.24)
a® (n+1)z Q)
= D?( q(q. q)x(bZ’ d ) (p(2)) ' T(¢")R(n)T(¢")"(T(¢")T(¢")") ™"
n - a® g tDEHD) (bg: )0y . . - . e
T Hqu ( T — )( ()" Dy (T(¢")R(n)T(¢")") (T(¢")T(¢")")

n ax+2 (n+1)(z+2) 1) I B a
" [ } prz (O @z (-1 p2 (e R T (7)) (T T (0" )
q (Q7q)$—n+2



With the use of (2.2) and some lengthy calculations we can find polynomials ¢, 7, and s, of degree n

in ¢® such that
z (n+1)x .
. . [ a%a (bg;q) ..
tn(q)Dq< )p(q) .

(G @)z—n

a®M g tDE (bg; q), 4y
zrn Ty anl ) 1)z T 717
7“rn(q") = Dy ( Do p(q")
42 ,(n+1)(z+2) (bq q) 9
ZISn Ty Dn72 a q ) x+ T 71.
7 sn(q") = Dy T p(q")

Let us now focus on the matrix part of (5.24). By using the ¢-Leibniz rule, (2.2) and the fact that
T(q**t1) = T(¢®)A we can write

Dy(T(¢")R(n)T(¢") NT(¢")*) ' T(¢") " = el @)k (n)T(¢")~"
%@WWWN%WHﬂﬂWwﬁ=a—%ﬁﬂw&Wﬂwﬁ

where
Ri(n) = R(n) — AR(n)A*, Rz(n) = R(n) — (1+q¢ ")AR(n)A* + ¢ ' A*R(n)(A*)%
In (5.24) we can now write

(T(¢")R(n)T(¢")*) (T(¢")T(q")") ™" = ¢~ Ao(n) + Bo(n) + ¢"Co(n)

Dy (T(¢")R(n)T(¢")*) (T(¢")T(¢")") ™" = ¢ ** As(n) + ¢~ Bi(n) + Ci(n),

D3 (T(q")R(n)T(¢")") (T(¢")T(¢")*) ™" = q~** Aa(n) + ¢~ **Ba(n) + ¢~ *Ca(n).
Tedious, although straightforward calculations, show that t2 Ag(n) + 72 A1 (n) + 59 A2(n) = 0, t2Co(n) +
rnCi(n) + s"Ca(n) = 0 and t"By(n) + r"Bi(n) + s"Ba(n) + r"~1C1(n) + s71Ca(n) is non-singular.
This shows that (5.23) is a matrix-valued polynomial of degree n with non-singular leading coefficient.
Second step.
To prove that the sequence of polynomials given by (5.23) is orthogonal, we must prove that for n > 1
and 0 <m <n, (P,,z™I)w = 0 holds.
In order to prove this we use Lemma 5.9, which will be proved later.

Lemma 5.9. For 1 < k <n,

ek a®th=1g(ntDE+HE=1) (hg: ) 441
? (¢ Qath—n—1

T(q”“)R(n)T(q”“)*> DY (g"™)

is zero for x = 0 and z — oo.

By using the ¢-Leibniz rule (2.1), the formal identity given in (2.3) and Lemma 5.9, we get

(P, 2™)w =Y _ Dy (

a®q" % (bg; q),

T(qI)R(n)T(qI)*> g

= (¢ Q)z—n
a® (n+1)z b q)w
W1<q@%S”Twmmnwﬁmwmﬁo

2 (@ gt IERD (bgs g) g
+Y Dy 1( T(q")R(n)T(q")* | Dy(q"™)

(¢ Dat1-n
00 z+1 . (
o n—1 a q
- Z Dq <

"HDED (bg; q) g

(Q; Q)z+1—n

T(qz)R(n)T(qm)*> Dy(q™™),
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By repeating this process we obtain

0o az+m+1qn(x+m+2) (bq q) gl
Pn’zm — anmfl ’ TTm T T RTL T T\ * Derl Tm I:O
(P2 =3 D; ( D (@)ROT(¢")" | D7 (a™)a

because D;”‘H(q”””) = 0. This gives the desired result. O
Proof of Lemma 5.9. To see that the first boundary condition at = = 0 holds, we use the expression

1 @
(¢ Qa—n (4:9)2

)

which vanishes at x = 0. Any other quantity involved is bounded in z = 0, hence Lemma 5.9 holds in
this case.

For & — o0, use that a < ¢! and so a® T+~ 1¢(»+D(@+k=1) tends to 0 when z tends to co. Since all the
other quantities remain bounded when z tends to co, we obtain the desired result. [l
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