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Abstract

In this paper, we consider the Horadam sequence and some summation
formulas involving the terms of the Horadam sequence. We derive
combinatorial identities by using the trace, the determinant, and the
nth power of a special matrix.
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1. Preliminaries

Generalized Fibonacci sequence Wn = Wn(a, b; p, q) is defined as follows;

(1.1) Wn = pWn−1 − qWn−2 , W0 = a, W1 = b.

Where a, b, p, and q are arbitrary complex numbers, with q 6= 0. Since, these numbers
have been studied firstly by Horadam(see, e.g., [1]) they are called as Horadam numbers.
Some special cases of this sequence such as

(1.2) Un = Wn(0, 1; p, q) , Vn = Wn(2, p; p, q)

were investigated by Lucas[6]. Further and in detailed knowledge can be found in[1, 2,
3, 4, 5, 6]. If α, β assumed distinct, are the roots of

(1.3) λ2 − pλ+ q = 0

then the sequence Wn has the Binet representation

(1.4) Wn =
Aαn −Bβn

α− β ,
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where A = b− aβ and B = b− aα. For negative indices, this formula is given as

W−n =
pW−n+1 −W−n+2

q
.

So, for all integer numbers n, we can write

(1.5) Wn = pWn−1 − qWn−2 ; W0 = a, W1 = b.

In [16], the authors used the matrix in relation to the recurrence relation (1);

(1.6) M =

(
p −q
1 0

)
.

Indeed, if p = 1 and q = −1, then the matrix M reduces to Fibonacci Q− matrix. The
matrix M is a special case of the general k × k, Q− matrix[11]. Now, we use the matrix
M and its powers to prove and drive the some combinatorial identities involving the
terms from the sequence {Wn}. Such identities are quite extensive on literature, but for
this purpose we use only the trace and determinant of the matrix Mn. In [9], J. Mc.
Laughlin gave a new formula for the nth power of a 2 × 2 matrix. The author proved

that if B =

(
a b
c d

)
is an arbitrary 2× 2 matrix, then for n ≥ 1 , Bn is

(1.7) Bn =

(
yn − dyn−1 byn−1

cyn−1 yn − ayn−1

)
; yn =

bn2 c∑

i=0

(
n− i
i

)
Tn−2i(−D)i

where T and D are the trace and determinant of matrix B, respectively. In [10], K. S.
Williams gave a formula for the nth power of any 2× 2 matrix C with eigenvalues α and
β as follows;

(1.8) Cn =

{
αn(C−βI)−βn(C−αI)

α−β ; α 6= β

αn−1 (nC − (n− 1)αI) ; α = β

In [8], H. Belbachir extended this result to any matrix A of order m, m ≥ 2. Also, he
derived some identities concerning the Stirling numbers.

2. Some Combinatorial Identities involving the terms of Ho-
radam Sequence

In this section, firstly we give a general formula for the generalized Lucas numbers.
Then, we investigate the special cases of this sequence. And then, we give some formulae
for generalized Fibonacci numbers.

2.1. Theorem. For n ≥ 1, we have the following identity;

(2.1)

bn2 c∑

k=0

(
n− k
k

)
n

n− k p
n−2k (−q) k =

1

2n−1

bn2 c∑

k=0

(
n
2k

)
pn−2k (p2 − 4q

) k.

Where p and q are the trace and determinant of the matrix M , respectively.

Proof. Using the matrix Mn,

Mn =

(
yn −qyn−1

yn−1 yn − pyn−1

)
,

we can write

(2.2) tr(Mn) = λn1 + λn2 = 2yn − pyn−1
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2yn−pyn−1 = 2

bn2 c∑

k=0

(
n− k
k

)
Tn−2k (−D) k−p

bn−1
2 c∑

k=0

(
n− 1− k

k

)
Tn−1−2k (−D) k

2yn − pyn−1 =

bn2 c∑

k=0

(
n− k
k

)
pn−2k (−q) k

(
2− n− 2k

n− k

)
.

Thus, we have the right side of the equation (10).The left side of the equation (10) is
follows;

λn1 + λn2 =
1

2n

(
n∑

k=0

(
n

k

)
pn−k

(√
p2 − 4q

)k
+

n∑

k=0

(
n

k

)
pn−k

(
−
√
p2 − 4q

)k
)

λn1 + λn2 =
1

2n−1



bn2 c∑

k=0

(
n

2k

)
pn−2k(p2 − 4q

)k



Thus, the proof is completed. �

In the following theorem, we give the nth term of the generalized Lucas sequence by
using this method.

2.2. Theorem. For n ≥ 0 we have the following identities;

(2.3) i) Vn =

bn2 c∑

k=0

(
n− k
k

)
n

n− k p
n−2k(−q)k

and

(2.4) ii) Vn =
1

2n−1

bn2 c∑

k=0

(
n

2k

)
pn−2k(p2 − 4q

)k

where p and q are the trace and determinant of the matrix M , respectively.

Note that if we take p = 1 and q = −1 in the Theorem 2.1 and Theorem 2.2, then we
obtain that

Ln =

bn2 c∑

k=0

(
n− k
k

)
n

n− k =
1

2n−1

bn2 c∑

k=0

(
n

2k

)
5k.

The each sides of the last equation can be found in [13]. In addition to this, in the
Theorem 2.1 and Theorem 2.2 if we take p = 2, q = −1 and p = 1, q = −2 then we
obtain the identities for the Pell-Lucas and Jacobsthal-Lucas sequences, respectively, as
follows;

Qn =

bn2 c∑

k=0

(
n− k
k

)
n

n− k 2n−2k =

bn2 c∑

k=0

(
n

2k

)
2k+1,

and

jn =

bn2 c∑

k=0

(
n− k
k

)
n

n− k 2k =
1

2n−1

bn2 c∑

k=0

(
n

2k

)
9k.
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Similarly, for the certain values of p and q we can get the bivariate Lucas, Pell-Lucas and
Jacobsthal-Lucas polynomials . The equation is given in the following theorem can be
seen many studies, but we give this identity by using a different method.

2.3. Theorem. For n ≥ 0 we have the following identity;

(2.5) Un =

bn−1
2 c∑

i=0

(
n− 1− i
i

)
pn−1−2i(−q)i,

where Un = Wn (0, 1; p, q).

By using the Theorem 2.3 we can write the following identities;

Fn =

bn−1
2 c∑

i=0

(
n− 1− i
i

)
, p = 1, q = −1,

Pn =

bn−1
2 c∑

i=0

(
n− 1− i
i

)
2n−1−2i, p = 2, q = −1,

and

Jn =

bn−1
2 c∑

i=0

(
n− 1− i
i

)
2i, p = 1, q = −2.

Now, we give a formula for the generalized Fibonacci numbers by using the studies of
Shannon and Laughlin.

2.4. Theorem. For k ≥ 1, we have

(2.6) Unk = Un

b k−1
2 c∑

i=0

(
k − 1− i
i

)
Vn

k−1−2i(−qn)i,

where Un = Wn (0, 1; p, q) and Vn = Wn (2, p; p, q).

Finally, we give the most general formula for generalized Fibonacci numbers in the
following theorem.

2.5. Theorem. For n, k ≥ 1 and r 6= 0, we have

(2.7) Unk+r =

b k2 c∑

i=0

(
k − i
i

)
Vn

k−2i(−qn)iδ,

where δ = qr
Un−r

Vn

k−2i
k−i + Ur.

Proof. The proof can be seen by the powers of the matrix M as follows; Note that

Mn =

(
Un+1 −qUn
Un −qUn−1

)

and

Mnk+r =

(
Unk+r+1 −qUnk+r
Unk+r −qUnk+r−1

)
.

Then, we write

(2.8) Unk+r = yk−1 (UnUr+1 − UrUn+1) + Uryk

434



On Some Combinatorial Identities...

where yk =
b k2 c∑
i=0

(
k − i
i

)
T k−2i(−D)i, T = Un+1 − qUn−1 = Vn, D = qn and since

UnUr+1 − UrUn+1 = qrUn−r,

we obtain

Unk+r = qrUn−r

b k−1
2 c∑

i=0

(
k − 1− i
i

)
T k−1−2i(−D)i+Ur

b k2 c∑

i=0

(
k − i
i

)
T k−2i(−D)i,

Unk+r =

b k2 c∑

i=0

(
k − i
i

)
Vn

k−2i(−qn)i
(
qr
Un−r
Vn

k − 2i

k − i + Ur

)
.

Thus, the proof is completed. �
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