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Abstract

With the differential calculus on the Faber polynomials, we calcu-
late the Faber polynomials for powers of inverse functions. We apply
the same methods to obtain majoration of the derivatives of the Faber
polynomials of a univalent function of the class X.
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1 Introduction

Let g(z) = 2+ by +byz™' + -+ - + b,z 7" + - - - the Faber polynomials 1, (t) of
g(z) are given by

Zg/(Z) _ = me
S = T X ) (1)

Let Fk(bl,bg, 7bk) = @Z)k(O), k Z 1, then @Z)n(t) = Fn(bl - t, bg, 7bn) Let

z I
=1 Gn(by —t,ba,---,b,) 27" 2
i1 B et s ®

If h(z) = zg(%), then % =50 Gn(b1, b, - -+, b,)2". We have

_ _ 1 OFn
Gn(b1—t,52,-.-,bn)—n+1¢n+1(t) TS (by —t, by, -+, by) (3)
h(Z)p = Z Kg(bh b27 ' bn) 2" Vp real (4)
n>0

(b1z +bo2® + -+ b 2" )" =Y D (by,bg, )2 ¥YmeN (5)

s>0
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Then DY =0ifn>0and D} =1, G, = K;' and K =0 if n > 0. We have
KP F,

lim — = — — (6)
=0 p n

We denote KTI; for Kﬁ(bl,bg, .oy bn) and (Gl, GQ, ) for (Gl(bl), Gg(bl,bg), )
With 2(2)P x h(z) = h(2)P™!, we see that KP satisfies the recurrence

KPP+ b KE | +boKP g+ -+ b, 1K} +b, = KPT! (7)
We have, see [3], F,,(G1,Ga, -+, Gp) = — Fy(b1,ba, -+, by),
K;p(G17G27"'7Gn) = Kﬁ(blab%"'ubn) (8)

and see [9], [8] and [1],

1 " )m

_Fnb7b7" 7 b7b7"'7bn—m 9

n ( 1,92 mzz:l m 1, Y2 +1) ( )
The derivatives of F), (b1, bs, - - -, b,) with respect to any of the variables b; are

given in [3]. With respect to by,

1ak

a1k Fy (bla b27 7b ) = (_1)k (k - 1)' Krsz(bh o '7bn—/€) (1())
n by

= (=D (k= 1KF (G, Gpg) = (=D)F (k= 1)! DE(L, Gy, -+, Gry)

Denote C?, = p(p_l)“;,,gj_m—i_l)athenfOYpZLP:C]EN7

(e =y op 1L (1)

(q— k)l(k— 1)
Then Dzl(bl - t, bg, ey bnfm+1) = Zzn:?)l C]:n(—l)szl:kk(bl, bg, ey bn,m+1>tkz for
1 <m<nand D] = b}.

2 The Faber polynomials of the inverse func-
tion

Let g(z) as in (1) and denote g~*(2) the inverse function, (go g~ = Identity),
then, see [2, (1.2.7)-(1.2.8)] and [3, proposition 6.2],

g ) =2—b — Z n+1 (12)

n>1
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1 1 P netp
FE @ T e e )

(13)

This expansion is valid for any real number p with the convention that when

n+p = 0, we replace the coefficient ﬁ D K by F,, this is in accordance

with (6). This shows that for any p € R,

1
KT:Z?( _bla_K217_§ ??7"'7_

1
Kty = L Ke(h, by, o) (14)

n—1 n-—+p
where in the left hand side, K? means KZ(by,by,---,b,). Making p — 0 as in
(6), we deduce from (14),
1 1 2 1 n—1 n
Fn( —b1, — Ky, _§K37 T _—1Kn ) = Kn(bl’ ba, -+, bn) (15)
n—

The Faber polynomials ¢, (t) in terms of the (b,), for the inverse function g~*

are well known, they are the Taylor part in the Laurent expansion of g(z)",
see for example the proof of Lemma 1.3 in [8]. We give a different proof of this
fact: In (15), we have the value ¢,,(0) at t = 0. We do a Taylor expansion of

1
¢n(t) = Fn(_bl - t7 _KQI(blv b2)7 _aKg(bh va b3)7 o ) (16>

Using (14) at the last step, we obtain

(k) (0 —1)* O*F, 1
¢n ( ) = ( ) (_bh _K21(b1762)7 _iKg(blab%b?ﬁ)a'“) (17)

k! k! ab’f
n 1
= EK;igk(_bh — K (b1, by), —§K§(blab%b$),'“) = K, ;(b1,b2,-- )
We obtain
Gn(t) = K (b1, by, -+ b) + 3 Kp (b, ba, -+, by )tF (18)

k=1

which is the Taylor part of g(¢)". With the same method,

1
Theorem 2.1 The Faber polynomials ¢, (t) of m are given in terms

of the (b,) by

n n—
on(t) = —p > K P01y, b)) 85 (19)

=n — k(1+p)

with the convention mf(s:g’ﬂ)k = — W Fip ifn=(p+1)k.
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Proof. We give the proof for p = 1. Then ¢,(t) = — X1, - Qng 2k gk
with the convention — Qk K% = —2F; if n = 2k. With (13),
K3 (by lKg(lh ba), - - LK”“(bl by ba)) = —— K (20)
n Y 3 ) Y + 1 n ) Y Y n+p n

With (6), dividing by p and making p — 0,

1
0u(0) = Fu(br, g K3 (b1, bo). ..~ - K (b, by b)) = K (b1 b )

Then with (10), we apply Taylor formula to,

1 1
¢n(t) :Fn(bl_ta gKS(bhb2)’7n+1

Kg+1(b17b27”'7bn)) L4

Similarly, let f(z) = z + Y51 b,2"" and the inverse f71(2), (fof™' = Id),
then for any real p, see [2, (1.2.6)-(1.2.9)],

FY2)P = 271 + K —(n+p) ,n 21
7)) S 1)
with the convention that we replace D D ZKP™in (21) by — F, ifp=mn. In
particular
S 1+ L giongn (22)
= 12 — — K, "z
f=(2) a2l

Theorem 2.2 Let f(z) = 2+ 3,51 b,2"!, the Faber polynomials ¢,(t) of
2P [ffl(%)]p are given in terms of the (b,) by

=D Z 1+ p) K”_nljk ) (b17 va T bn—k)tk (23>

Proof. With (21), K9(—pby, .. ,nﬁ Ky = pj_nK P (by by, .., by,)

if n 4+ pg # n, otherw1se we use (6) As in (6), we divide by ¢ and make
q— 0, F,(—pby,-- K;4P)) = —pK-"(by, by, .., b,). We have ¢,(t) =

7n+p

k
Fo(=pby —t,.., 5 +pK (n-+p) ) We calculate its coefficients ¢k('0) with (10) e

For p = —1, d)n( )=S0 o K% (by, by, -+ by )R and similarly to (18), this
case can be obtained dlrectly since the inverse of g(z) = f+(1) is g (u) =
z
ﬁ. A different proof of (19) and (23) would consist in making a change of
U
variables in Cauchy integral formula. A succession of manipulations on f(z)
and g(z) as raising to the power and taking the inverse as in Theorems 2.1 and
2.2 brings always series with coefficients in the class of polynomials K?.
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3 Majoration of the derivatives of the Faber

polynomials for g(z) = %

f(5)
Theorem 3.1 Let f(z) = z 4+ Y51 bp,2" ™. The n'™ Faber polynomial of

9(2) = 2P [FDP is Gu(t) = pFaby, by, . ba) + Xjey BE R (b, b, b )T
In particular for p = —1, see [9, (30)], let ¢, (t) be the n'™ Faber polynomial
of 9(2) = [F(L)]", then

1 1 —
—pn(t) = — =Fp(bi, b, -+ by) + Y —DE(1,b1, by, -+, byy) (24)
n n =k
K% K?
Proof. We have g(z) = z + pbi + —* + -+ —+ + . Because of (1),

(k)
By Taylor’s formula, ¢,(t) = ¢,(0) + X7, ¢ k‘(O) th. For k > 1, the k'
derivative is '

k
o) (1) = (—1)k(—aban)(pb1—t,K§, W KP) = (k—1)InK ¥ (pby—t, K5, ... K? )
1

Thus %000 2 gvh g by b, ). When p = —1, we obtain (24
us —7rr— = L 2k (b1, b2,y b ). en p = —1, we obtain (24) e

Our proof uses differential calculus whereas the proofs in [9, 10] are combina-
tory. Remark that (24) is also an immediate consequence of (21) since (24) is
the Taylor part of %[f‘l(l)]_”. See (18). When p = —1, the derivatives ¢(*)

Z
are given by

1 kgl
n¢n (t) (k ) nfk( 1 t’ 25 > n*k) ;:0: s+ k- t ( 6)

In [9], when g(z) = ﬁ and f(z) = 2+ 0122 + byz® + .. is univalent in |2| < 1,
the positivity of the coéfﬁcients of the polynomials D¥ and De Branges theorem
|b,|] < n 4+ 1 permit to obtain a majoration of the first derivative ¢/ (¢) for
|t| < 1, the Koebe function is extremal. Because of (26), we can apply the
same method, see Theorem 3.3, to all the derivatives ¢{*)(¢) and the Koebe
function is again extremal.

Let f(2) = ﬁ be the Koebe function and ¢(z) = 11 = z—2—|—%.

We denote x1(t) and x(t) the two roots of

2 — 24+t +1=0 (27)



454 H. Airault

As in section 4, the Faber polynomials of g(z) are the Tchebicheff polynomials,
see for example [11]. For n > 1,

() = 21 (t)" + 22 (t)" = Fo(—(2+1), 1, 0,---,0,) (28)
wn(t):?%z 20 ik (44 1) (2+t+2\/4t+t2) (2+t—2\/4t+t2)n
m(t) =2+t mt)=2+4+t* = m(v), m(t) = (2+¢t)(1+v), --- with

v =4t + 1

If z(t) is a root of (27), then z(t)* — (2 +v)z(t)? + 1 = 0; for y(v) = z(t)?, it
gives 7, (v) = y1 (V)" + Y2 (V)" = 21 (£)*" + 2 (t)*" = 72 (¢). Thus

Ton(t) = 21727 Y T CR(2+ )% (4t +£2)"7F = 21720 3 " O (4 + v)fo"F
k=0 k=0

This proves the validity of the expression of 7,(t) following (28). We also have

t+2
mat) = 2T, () (29)
where T, is the n'"* Tchebicheff polynomial, see section 4. From (27),
Vn >3, m,(t) =2+ t)mh_1(t) — mu_2(t) (30)

Since the polynomial 7,(t) has positive coefficients, its maximum value on
|t| <1isatt=1. Since m (1) = 3, my(1) = 7, we obtain m,(1) from (30). For
the derivatives 7(F)(¢), we have 7/ (t) = 1, w)(t) = 2(2 + 1),

1, 1 St VAT, 24+t JEHTE,
—m,(t) = =[( )= )" ] (31)
n VAt +t 2 2
1, n 24+t 7 (t)
Zal(t) = ) — = T 39
nW”() 4t+t27r() 4+ n (32)
1

and a similar expression for 2157?2;0(15). Remark that (32) is a particular case of

Theorem 9.1 in [3]. On the other hand, (28)-(33) give interesting relations if
we put 2 + ¢t = cos(f) as in section 4, or 2+t = cosh 6.

Theorem 3.2 maxy<; |7 (t)| = 7% (1) for k > 1. Morcover a,(k) =
%7?7(1’“)(1) = (k—1DIK;* (-3,1,0,---,0) are the coefficients of the series

2 Ly wh) (34)

k
(1 -3z + 22)* (k=1 .52y

Theorem 3.3 Let f(2) = z+b2* +- -+ be univalent in the disc |z| <1 and
g(z) = ﬁ as in Theorem 3.1. For|t| <1, k > 1, we have | (t)] < 7%)(1).

z
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4 Faber polynomials as symmetric functions
of the roots and the Tchebicheff polynomials

The Faber polynomials ¢, (t) introduced in [5] for expansions of analytic func-
tions and studied by P. Montel [7] can be obtained by Schiffer’s elimination
procedure [6]. A recent point of view, see [4], [8], is to consider the 1), () as

symmetric functions of the roots of an algebraic equation. Let g(z) as in (1)
and

Qulet) = €™+ (b — )€™ 4 by = [[(E— () (35)
k=1

where x1(t), 22(t), - - -, X, (t) are the roots of Q,, (&, t) and let m;(t) = z1(¢)! +
xo(t)? +- -+ (t) be the symmetric polynomial of the roots of Q,,, it satisfies

7rm+(61—t)ﬂm,1+~-~+bm,17rl+mbm:0 (36)
From (1), the relation (36) is also valid for t,,. Compare (36) with (6)-(7).
Theorem 4.1 We have 1, (t) = m,(t)

Using De Moivre formula, we interpret Theorem 4.1 with the Tchebicheff poly-
nomials T, (z) and U, (x) where
sin(n + 1)0

sin

It is well known that (z? — 1)U/ (z) = (n + 1)Tys1(z) — 22U, (),

T, (cos@) = cos(nf) and U,(cosf) =

To(2) = Uy(z) — 2U,_1(z) and (1 — 22U, 1(2) = 2Ty(z) — Tppr(2)
T, () = nUp(x) (37)

Theorem 4.2 Let g(z) = z+ b +% and (Y (t))m>1 the Faber polynomials
associated to g(z). Then

t—0
2

Proof. Let Q,,(&,t) = £™+(by — )™ 1 +£™2, Tt has m—2 zero roots and the
two others non zero roots are x1(t) = ¢ and zy(t) = e with 2cosf =t —b;.
From Theorem 4.1, 1, (t) = 21 ()™ + 25(t)™ = €™ + =% = 2T}, (cos6) e

U (t) = 2T, ( ) = 2cos(mf) with 2cos(f) =t — b (38)

Theorem 4.3 Let g(z) = z+ b + % and Gp(t) = Gp(by —t,1,0,---,0)

defined by g(zf—t =1+37% Gn(t)z~™, then

sin((m + 1)0)
sin 6

Gn(t) = with 2cos =t — b (39)
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Proof. From (38), G,,(t) = m#%—lw;nﬂ(t) = nLHTélH(%) X % Using
(37), we get Gn(t) = Up(E520), thus (39).
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