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Fibonacci, Chebyshev, and
Orthogonal Polynomials

Dov Aharonov, Alan Beardon, and Kathy Driver

1. INTRODUCTION. In 1202 Leonardo of Pisa, otherwise known as Fibonacci,
published the text Liber abaci in which he posed the the following problem: A man
puts one pair of rabbits in a certain place entirely surrounded by a wall. How many
pairs of rabbits can be produced from that pair in a year, if the nature of these rabbits
is such that every month each pair bears a new pair which from the second month
on becomes productive? Assuming that the initial pair starts breeding only in the sec-
ond month, the solution of this problem leads to what is now known as the Fibonacci
sequence (F,) defined by

F_ =1, F()ZO, F, =1, F,,+2=Fn+F,,+1 (n>0).

It is well known that the F, satisfy many remarkable identities; for example,

FupiFooy — F) = (1), (1.1)
Fm+n+l = Fm+1Fn+1+Fana (12)
Fip=1+F+FK+---+F, (1.3)

The first of these was proved by Cassini in 1680, and the second, which is the basis of
many other identities, is sometimes called the Fibonacci shift formula. The Fibonacci
numbers are also known to have many interesting divisibility properties, the simplest
of which is

ged(Foyo, Frg1) = ged(Fop, Fy) = - - - = ged(F, Fy) = 1.

Also, when r > 1 butr # 2, F, divides Fj if and only if r divides s.

In this paper we ask to what extent the identities and the divisibility properties
enjoyed by the Fibonacci numbers are also shared by solutions of other recurrence
relations. Our discussion encompasses recurrence relations whose coefficients depend
on n, recurrence relations whose coefficients are independent of n but depend on a
parameter x (and so have polynomial solutions), and a combination of both of these.
Among the best known examples of polynomial solutions are the Chebyshev polyno-
mials, namely, the polynomials 7, (x) and U, (x) for which

sin[(n + 1)0]

T,(cos @) = cos(nd), U,(cosB) = -
sin 6

and the Legendre polynomials, which are given by the recurrence relation
(n+ Dppy1(x) = @n + Dxp,(x) + npy_1(x). (1.4)

More generally, as any sequence of orthogonal polynomials satisfies some second-
order recurrence relation, we consider these as well. We shall see that, although the
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Fibonacci sequence is simpler than other recurrence relations, it is perhaps not quite
so special as is sometimes made to appear. Throughout, we shall pay special attention
to the primary solution of a recurrence relation: this is the solution x, (n > 0) of a
recurrence relation with initial values xo = 0 and x; = 1. If we consider a second-
order recurrence relation with constant coefficients in C and if the auxiliary equation
has roots « and B, then the primary solution is (" — B")/(a — B) if & # B and na"~!
when o = B.

In section 2 we examine the general solution of the Fibonacci relation x,., =
X,+1 + X, and, while this section could be omitted, we feel that it will help the reader to
appreciate some of the ideas in the paper. Section 3 is a short discussion of Chebyshev
polynomials; these play a fundamental role in this work. In section 4 we introduce
our main result, which gives the shift formula for solutions of recurrence relations
whose coefficients depend on 7, and we prove this in section 5. Sections 6, 7, and 8
are concerned with divisibility properties of solutions of recurrence relations. Finally,
section 9 contains a brief summary of the theory of orthogonal polynomials.

2. THE FIBONACCI RELATION. Instead of restricting ourselves to the Fibonacci
sequence, we shall consider all solutions of the Fibonacci relation

Xn42 = Xp T Xpi1- (21)

The Fibonacci sequence F, is the primary solution of this relation; that is (by defini-
tion), the solution with initial values xo = 0 and x; = 1. It is easy to see that, given
any xo and x|, we have

Xp = XoFy_1 + x1 Fy, (2.2)

for the right-hand side satisfies (2.1) and takes the values x, and x; when n is 0 and 1,
respectively. The converse result (namely, the expression that gives F,, in terms of two
consecutive x; from a given solution x,) is more subtle. If xox, # xlz, then a similar

argument gives
X0 X1
Fo=———= )5 - (——— ) 5. 23)
XoX2 — X XoX2 — Xj

The condition xox; — x? # 0 is precisely the condition that the two sequences (x,,)
and (y,), where y, = x,., be linearly independent solutions of (2.1). If xox, = xl2
then, since x, = x + x1, we see that x, = ¢”, where o is either the golden ratio or its
negative reciprocal, in which case F, cannot be expressed as a linear combination of
X, and X, ;.

In the nineteenth century Edouard Lucas studied the Fibonacci sequence and in-
troduced what are now known as the Lucas numbers L,, which are given by Ly = 2,
Ly=1,and L, = L, + L. (On a historical note, Lucas died a somewhat bizarre
death as the result of a freak accident at a banquet when a plate was dropped and a
piece flew up and cut his cheek. He died a few days later of erysipelas, an acute infec-
tion of the skin.) The relationship between the Lucas numbers L, and the Fibonacci
numbers F, is given by L, = F,_; + F,4; and 5F, = L, + L,_y, so it is easy to
transfer information between F, and L,. More generally, it is obvious (by induction)
that the analogue of (1.3) for any solution of (2.1) is

xn+2=x2+(xl+x2+"‘+xn)-
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In general, however, the identities satisfied by an arbitrary solution x, of (2.1) tend to
be more complicated than the corresponding identity for the Fibonacci numbers, and
we shall soon see why this is so. For a discussion of the very many identities satisfied
by any solution (x,) of (2.1), see [10].

It is instructive to see the identities (1.1), (1.2), and (1.3) proved for general solu-
tions of the general constant coefficient recurrence relation

Xnt2 = A Xpy1 + bxn (n > O) (24)
using ideas from dynamical systems rather than by the proofs based on induction or

combinatorics (see, for example, [2]) that are usually used for the Fibonacci numbers.
First, any solution (x,) of (2.4) satisfies

Xng2 Xnp1\ _ (@ b Xntl X

Xyt X, ) \1 0 Xp  Xpo1 )’

X X a b ! Xy X

n+l no ) _ 2 X

(5 r)=(08) (5 3) @

This provides the generalization of (1.1) to any solution of (2.4), namely,

so that

2 -1 2
Xnp1Xn—1 — X, = (=b)"" (xox2 — x{).

Identity (2.5) also shows why the Fibonacci sequence (along with certain other primary
solutions) plays a special role here. The primary solution (x,) of (2.4) satisfies

x x1\_f(a 1

x1 x/) \1 0)°
When b = 1, the primary solution is the only solution for which the matrix of initial
values coincides with the iterated matrix, that is, for which

X2 x1\_f(a b
X1 Xo - 1 0/’
and when this happens we have the simpler formula
Xn+1 Xn _[a b !
< ) xn—1> = (1 O) . (2.6)
Fuy1  F, 1 1)
(5 )-(0) e

Loei Lo \_ (1 1Y7'(3 1
L, L,.;) \1 0 1 2/
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The identity (2.7) contains the shift formula (1.2) for the Fibonacci sequence, for it
implies that

<F,,+q+1 Fug Y_ (1 1Y (1 1\ _(Fn F F, F,
Forg  Fuyga 0 1 0 1 F, F,, F, F,_.)’
By (2.6), the same reasoning holds for the primary solution of (2.4) when b = 1.

There is also a shift formula for an arbitrary solution (x,) of (2.4), provided that
XoXy — xl2 # 0. Indeed, from (2.5) we obtain the identity

m+n
Xmint2 Xmin+1 )\ _ [ 4 b X2 X1
Xmtn+1 Xm+n 10 X1 Xo

-1
_ | *n+2 Xnp1 X2 X Xm42  Xm41
- 9
Xn+1 Xn X1 Xo Xm+1 Xm
which yields

(x X __x2) Xm4ns2  * — Xnt+2  Xntil Xo —Xi Xm4+2 %

042 = A * * * * —X X Xmy1 %7
This gives the shift formula for the general solution (x,) of (2.4), namely (with ¢ =
m+1),

(xX0X2 — XD Xnsg+1 = —b[X_1Xup1 g1 + xlxnxq] + be[xnxq+1 + XgXns1]-
If xo = 0 and x; = 1, then xox; — x? = —1 and x_; = 1/b, which yields
Xgtntl = Xg+1Xn41 + bXgXy. (2.8)
This is the shift formula for the primary solution of the general constant coefficient
recurrence relation (2.4). Obviously, there are even more identities that can be derived

in a similar way from the identity A**™*" = A*A™ A", and so on, for any matrix A.
Finally, we obtain the analogue of (1.3) for the general solution of (2.4). We write

P=(5 ) o=

and use the identity
U+Q+-+0Q"U-Q)=1-0""

The Cayley-Hamilton theorem gives (I — Q)~' = —(a/b) P = —(a?/b)Q, so
I[+Q+---+0Q"=@/b)(Q" - Q). 2.9

We now rewrite (2.5) in the form

X X

n nn +2 +1

Xni2 = P'X, =a" Q0" X, Xop =" iy ,
Xn+1 Xn
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and infer from (2.9) that
m
D4 X = (1/a"b) X s = (@/b)Xs.
k=0
We let m = n — 2 and consider only the (1, 1)-entries; this gives
x+aln+oa " Vx, = (1/a"72b)xps — (1/ab)xs.
We next divide through by a? and use x3 = ax, + bx; to obtain

ax, +bx;  x; Xn  Xpy2

ab a? a  a'b’

which we express as a generalized version of (1.3), specifically,

Xn42 X2 X1 X2 Xn
ab b <a +a2+ +a")'

For completeness, we end this section with a proof that, for positive integers r and
s with r # 2, F, divides F; if and only if r divides s. First, we extend the definition
of F, in the obvious way to all integers n. Then any divisor of F,, and F,,; is also a
divisor of F,,_, and F;,,,, hence a divisor of all F,,. As F; = 1, we see that F,, and
F,.+1 are coprime. Next, choose a positive integer k. We claim that the set Z(k) of
integers n such that F), is a multiple of k is a subgroup of Z. Because Fy = 0, which is
a multiple of k, we see that O belongs to Z(k). Next, we write (1.2) in the form

Fm+n = Fan+l +Fm—1Fna

and this shows that m + n lies in Z(k) whenever m and n do. The same formula demon-
strates that, if m and m + n are members of Z(k), then k divides F,,_, F,. However,
k divides F,,, and F,, and F,,, are coprime. We conclude that £ divides F,, which
proves that Z(k) is closed under differences. Thus Z(k) is a subgroup of Z and so is
of the form dZ for some positive integer d. We have now shown that for each k there
exists a d such that & divides F, if and only if d divides n. Now let k = F;, and let g be
the corresponding value of d. Then F; divides F, if and only if g divides n. Clearly this
implies that g divides s and that F divides F,. These observations imply that s > ¢
and that, unless s = 2, ¢ > s. We have now verified that, when s # 2, F; divides F, if
and only if s divides n.

3. CHEBYSHEV POLYNOMIALS. There is a good reason why we should expect
solutions of different constant coefficient recurrence relations to have similar prop-
erties, and to see this we must look at Chebyshev polynomials. Recall from the in-
troduction that the nth Chebyshev polynomials of the first and second kinds are the
polynomials T, (x) and U, (x), respectively, such that

sin[(n + 1)6]

T, (cos9) = cos(nb), U,(cosB) = -
sind

The formulas for cos(rn6 £ 8) and sin(n6 + 6) show that both (7,,) and (U,) satisfy

the constant coefficient recurrence relation (see section 4 for clarification of our use of
“constant coefficient” in this context)

Ynp1(X) = 2xy,(x) — yp_1(x), (3.1
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with the respective initial conditions
T \(x)=x, Tyx)=1 Tix)=x; U_(x)=0, Upx)=1 U(x)=2x.

We now show that the Chebyshev polynomials of the second kind are the universal
primary solution of any constant coefficient second-order recurrence relation in an
arbitrary integral domain. Put more simply, this means that every constant coefficient
recurrence relation can be identified with the relation satisfied by the Chebyshev poly-
nomials of the second kind with parameter x at a particular value of the parameter x.

It is more convenient to consider the polynomials U,,, where l7,, x)=U,_1(x),

for (?,, is the primary solution of the recurrence relation (3.1). We also put f”,, x) =
T,_1(x). We then have

Trigr1(0) = Upysy ) Ty () — U, (x) T, (x)

and

Upigr1x) = Uy )01 (x) = Uy (x) U, ().

These two equations are just the shift formula (2.8) when we work (as we shall do
later) in the ring of complex polynomials rather than in C. In fact, these equations are
equivalent to the trigonometric identities

sinf cos[(n + g + 1)0] = sin[(g + 1)8] cos[(rn + 1)6] — sin(gh) cos(nh),
sinf sin[(n + g + 1)0] = sin[(g + 1)8] sin[(n + 1)8] — sin(gH) sin(nod).

Let us now consider the primary solution (z,) of the constant coefficient relation
Xnt2 = AXp41 + bx, (n > 0). We assume that b # 0 and also that we are working in
an algebraically closed field F. Then there exists a p in IF such that p> = —b, and since
p # 0, we see that p~! exists. We write y, = p' ™"z, and note that

Ytz = (@/P)Yns1 = Yn» Yo=0, y =1

On the basis of (3.1) we conclude that y, = U,(a/p). Thus z, = p"'U,(a/2p),
which establishes the next result.

Theorem 3.1. The primary solution (z,) of the constant coefficient recurrence re-
lation x,,, = ax,y, + bx, (n = 0) in an integral domain D is given by z,,1 =
0"U,(a/2p), where p is the solution of p* = —b in the algebraic closure of the field
of fractions of D.

In view of Theorem 3.1 it is of interest to note that
w2 _
U,(x) = Z(—l)f( . )x"—2f.
=0 Y

As an example, the Fibonacci sequence is the primary solution when a = b = 1 and
p =1,s0 F,yy =i"U,(—i/2), which simplifies to

[n/2] n—j
Fn+1=2( . )

AN
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More generally, we see that the primary solution (z,) of the relation x, 1, = ax,+; + bx,
is given by

(n/2) n—j o
zn+1=Z(—1>f( . )a"‘zfpf.
=0 J

4. SOME NOTATION AND TERMINOLOGY. We now consider second-order
recurrence relations of the type

Xn+2 = Qp (x)xn+1 + bn (x)x,,, (41)

where the coefficients a, and b, may depend on n but may also be polynomials in
the variable x. We say that this relation has constant coefficients when a, and b, are
independent of n, but not necessarily independent of x. For example, the relation

Xpa2(X) = (x* = 3x) X1 (¥) + (2% + 1) 1, (x)

has constant coefficients. Of course, from an analytic point of view these coefficients
are not constant, but from a dynamical point of view they are, for the process by which
we construct an x; from the previous x; is independent of j. Moreover, from an alge-
braic point of view, if we work within the ring of polynomials in x and if the coeffi-
cients are independent of n, then they are fixed elements in this ring. By contrast, the
recurrence relation (1.4) satisfied by the Legendre polynomials does not have constant
coefficients. Throughout the discussion that follows, we always extend a solution (x,)
of a constant coefficient recurrence relation to all integers n by using the fact that if we
have two consecutive values x, and x,,, the constant coefficient recurrence relation
generates all previous values x,_;, x,—2, . .. and all subsequent values x,42, X,43, . . ..
If a recurrence relation has variable coefficients, then such an extension will depend
on how we extend the sequences of coefficients to all values of n.

From now on we shall write the coefficients in (4.1) as a, and b, with the implicit
understanding that these may be polynomials in some variable x. Each choice of values
for xo and x; (which may also be polynomials in x) provides a solution xg, X1, X2, . ..
of (4.1) that is defined inductively by (4.1). The solution with initial values xy = 0 and
x1 = 1 has a special role to play in our discussion; this is the primary solution of (4.1).
Throughout, we reserve the symbol z, for the primary solution.

Sometimes it will be helpful to refer explicitly to the sequences A = (ay, a1, .. .)
and B = (bg, by, ...) of coefficients in (4.1). In this case, the primary solution, for
example, will be denoted by (z,(x; A, B)) and the general solution by (x,(x; A, B)).
Later we shall have reason to pass from the given recurrence relation (4.1) to the related
recurrence relation

Xn42 = Api1 (X)Xng1 + b1 (X)X, 4.2)

a process that is best described in terms of the shift map o on the space of sequences.
The map o is defined by

(uo’ Uy, U, .. ') = (ulv U, usz, .. -)a

and if we write A" = 0" (A), and similarly for B, we find that the primary solution of
(4.2) is (z,(x; A', B")). More generally, we can apply the shift map any number of
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times and in this way arrive at the primary solution (z,(x; A", B")) of the recurrence
relation

Xn42 = Quir ()C)X,,.H + bn+r (X)X

To avoid possible confusion, we note that A' # A (unless A is a constant sequence);
in fact, A° = A.

Our major objective in this paper is to obtain a far-reaching generalization of the
Fibonacci shift formula (1.2) that is applicable to any linear second-order recurrence
relation. Our generalization of (1.2) involves terms of the form (z,(x; A", B")) (which
is why we have just introduced them), and the result that we prove is as follows:

Theorem 4.1. If R is an integral domain, if the coefficients in (4.1) belong to the
polynomial ring R[x], and if (x,(x; A, B)) is a solution of (4.1) in R[x] with initial
values xq and x,, then

Xnsq+1(A, B) = 2411 (A", B") x,41(A, B) + b, 2,(A"*", B" ") x,(A, B),
where (z,(x; A, B)) is the primary solution of (4.1).

Of course, in the constant coefficient case, say a, = a and b, = b for all n, this shift
map has no effect and we obtain a general form of the shift formula that involves two
solutions, namely,

Xntg+1 = Zg+1 Xnp1 + b 24 X,
This shows, for example, that the Lucas numbers L, satisfy the relation
Ln+q+l = Lq+an+l + Lqu~

For example, 76 = Lo = LsFs5 + L4Fy = (11 x 5) + (7 x 3). Moreover, if we take
X, =z, and b = 1 in Theorem 4.1, we obtain

Zn+q+l = Zq+l Zn+1 + Zq Zns

and even this is more general than (1.2) because z, = F, only ifa = 1.

Since any orthogonal sequence of polynomials satisfies a linear second-order
recurrence relation with polynomial coefficients (see section 9), it follows that
Theorem 4.1 is applicable to any sequence of orthogonal polynomials. In partic-
ular, Theorem 4.1 provides us with a “shift formula” for sequences of orthogonal
polynomials, and these include the Chebyshev and Legendre polynomials. It is an
intriguing observation that obtaining a new recurrence relation by translating the se-
quences of coefficients is known to be a fruitful idea in other contexts within the theory
of orthogonal polynomials, where the solutions of the new relations are known as the
associated polynomials.

We now comment on the algebraic structures that underlie our discussion. If we are
studying the Fibonacci sequence we can work entirely within the ring Z of integers.
However, Z is embedded in the algebraically closed field C of complex numbers, and
if we work in C we can establish such results as Binet’s formula (published in 1843):

n __ Rn
F n = ¢ ‘B y
a—p
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where @ = (14 +/5)/2 and 8 = (1 — NG /2. This gives an explicit expression for
F, in terms of elements in C that are not in 7Z; nevertheless, we know that the F,
are in Z, despite the fact that & and 8 are not. In the general case we can take a
given ring R and work within the ring R[x] of polynomials in the variable x whose
coefficients lie in R. Throughout, we assume that “ring” signifies a commutative ring
with a multiplicative identity 1. An integral domain D is a ring with no zero divisors,
and if D is an integral domain, then so is D[x]. Now it is known (i) that every integral
domain can be embedded in a field and (ii) that every field can be embedded in an
algebraically closed field (see [S, pp. 213, 317]). Thus, from this perspective, we may
consider an integral domain D to be embedded in an algebraically closed field F, and
we may work within F. This means that the standard elementary methods for solving
difference equations are valid in these more general circumstances; in particular, they
hold when the coefficients of (4.1) are, say, complex polynomials in x.

5. RECURRENCE RELATIONS IN A RING. We now study the second-order
recurrence relation

Xn42 = a,(x) Xn+1 +b,(x)x, (n>0), (5.1)
(with variable coefficients) in the context of a ring R[x] of polynomials in a variable x
in the sense indicated earlier, and prove Theorem 4.1. Although in general we cannot
“solve” the recurrence relation (5.1) with variable coefficients, Theorem 4.1 does give

some valuable information about its solutions.

Proof of Theorem 4.1. The relation (5.1) is equivalent to

Xn+2  Xn+l _ Xn+1  Xn [ b,
(xn+1 Xn >—Mn<xn xn—1>’ Mn—<1 0 ),

Xn+2  Xn+1 - M . M1 X2 X
= n .
Xnt1  Xn X1 Xo

For a fixed n and for g = 1, 2, ... we write

M,H_q_l...M,,:(aq ﬂq )

Xntq+l  Xntq — [ % By Xnt1  Xn
9
Xn+q Xntq—1 Yq 8q Xn Xn—1

ensuring that any solution (x,) satisfies

SO

Then

Xntg+1 = Og Xpy1 + .Bq Xn- (5.2)

We now identify a, and B, in terms of the primary solution (z,) of (5.1). Recall that
the latter satisfies

ZO=O’ z1=1, Zn+2=an(x)zn+1 +bn(x)zn (n=071’---)’
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and

Zn+2 Zn-‘,—l —_ e Z2 1 — oo 1 O
() =em (5 g )=meme(s 2, )

where we set z_; = 0. This shows that

Zn+2 _ | 2 Znp 1 _ L 1
(5 )=(52 2 )(5)=mm (s ).

We have already introduced the notation z, (A", B") in section 4. In a similar way

we write M; (A, B) for M;, so that M;(A", B") = M;,,(A, B). As

o B\ 10
(5 &) =eamman (G 1),

we see that
(O‘q>:<aq :34)<1>
Yq Yq 84 0
1
= n+q—1(A’ B) o Mn(A’ B) ( 0 >
n n n n 1
=M, (A",B")---My(A", B )( 0)
— Zq+l(An9 Bﬂ)
74(A", B") ’
whence
aq fd Zq+1(An, Bn)
Similarly,

<aq gq )=Mn+q—l(A,B)...Mn+1(A,B)(iln gn >’
q

which leads to
()2 )00
8 Ya 04 1
by
= n+q—1(A’ B)"'Mn+l(A» B)( 0 )
1
= bn Mn+q-—1(Aa B) Tt Mn+](A’ B) ( 0 )

— bn Mq_z(An+l, BVH-I) . MO(An+1, Bn+1) < (1) >

— b Zq(An+1, Bn+1)
- Zq—](An+1aBn+l) '
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We conclude that 8, = b, z, (A", B"*1), This, along with (5.2) and (5.3), completes
the proof of Theorem 4.1. ]

As we have already mentioned in section 4, Theorem 4.1 has the following corol-
lary:

Corollary 5.1. Let (z,) be the primary solution and (x,) an arbitrary solution of the
recurrence relation y, o = ayny1 + by, inaring R. Then X, 4411 = Zg41 Xn41 +b 24 %,
forq > 1.

6. DIVISIBILITY PROPERTIES. The ideas in this second part of the paper origi-
nated in a study of the divisibility properties of sequences of orthogonal polynomials,
especially the Chebyshev polynomials of the second kind. We know that for the Fi-
bonacci sequence F, divides F; if r divides s. Surely it is not an accident that this
property is also shared by the modified sequence U, of Chebyshev polynomials of the
second kind? We now examine these divisibility properties in detail and, once again,
we derive a general result that applies to certain linear second-order recurrence rela-
tions with variable coefficients and, in particular, to orthogonal polynomials. We focus
on the property given in the following definition:

Definition 6.1. A solution (x,) of (5.1) in a ring R has the divisibility property if x,
divides x; whenever r divides s.

Our objective is to find conditions under which the primary solution of (5.1) has
the divisibility property and, to a lesser extent, when the converse property (namely, if
z, divides z, then r divides s) holds. For the Fibonacci sequence, if F, divides Fy, then
r divides s, except possibly when F, = =+1.

As the motivation for this investigation came from known results on the Chebyshev
polynomials of the second kind, we consider these first. Suppose that m + 1 divides
n+1,sayn+ 1 =k(m + 1). It is evident that

U,(cos6) = U, (cos 0)Ug_; ( cos[(m + 1)6])
and this identity translates to
Up(x) = Up () Uiy (Tn41 (1))
Thus U, divides U,. Conversely, suppose that U,, divides U,. Then
sin[(n + 1)8] = sin[(m + 1)0]Q(cos )

for some polynomial Q. Put 8 = 7/(m + 1); then (n + 1)6 = kx for some k, hence
m + 1 divides n + 1. Thus U, divides U, if and only if m + 1 divides n + 1. This was

the reason for introducing 0,, in section 3: in parallel with the Fibonacci sequence, 17,,,
divides U, if and only if m divides n. Thus we obtain the formula

Upn () = Uy () Uy (T (1)) (6.1)

Our first result shows that the primary solution of any recurrence relation with con-
stant coefficients (in a ring R) has the divisibility property.
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Theorem 6.2. Let (z,) be the primary solution of the recurrence relation x,,, =
axpy1 + bx, (n > 0) in a ring R. If r divides s, then z, divides z;.

Proof. Tt is sufficient to show that z, divides z;, for k = 1,2,.... We prove this
by induction, noting that it is trivially true when k = 1. Now put x; = z; and g =
(m — 1)n — 1 in Theorem 4.1. As we are in the constant coefficient case, this result
gives

Imn = Z(m—1)n Zn+1 +b Z(m-1)n-12n>»

where all terms involve the constant sequences A = (a,a,...)and B = (b, b,...). It
is now clear that, if z, divides z(,—_1n, then it also divides z,,,, so the proof is complete.
|

Finally (6.1), together with Theorem 3.1, leads immediately to the next result, which
establishes the universality of the Chebyshev polynomials with respect to divisibility
for second-order recurrence relations with constant coefficients.

Theorem 6.3. The primary solution (z,) of the recurrence relation x,,, = ax,,, +
bx, in an integral domain D satisfies

Zmn = Zmp'n(n_l)(jn (Tm(a/zp))

7. PERIODIC COEFFICIENTS. We now give an example to show that the conclu-
sion of Theorem 6.2 does not hold for second-order recurrence relations in which both
sequences (a,) and (b,) are periodic with period two.

Example 7.1. We consider the primary solution (z,) of (5.1) in Z + iZ, where

1 if n is even, b — 1 ifniseven,
“Z) 140 ifnisodd; "1 ifnisodd.

As zo = 0 and z; = 1, we find that z; = 1 4+ 2i and z¢ = 7i, so that z; does not di-
vide zg. Thus (z,) does not possess the divisibility property. n

Theorem 6.2 and Example 7.1 together raise the question of divisibility when one
of the sequences is periodic with period two, and the other sequence is constant. The
next result deals with one of these two possible cases.

Theorem 7.2. Consider the relation (5.1) in a ring R. If the sequence (a,) is periodic
with period two and b, = b, a nonzero constant from R, for all n, then the primary
solution of (5.1) has the divisibility property.

Example 7.1 shows that, in some sense, Theorem 7.2 is best possible. As an example

of the situation covered by Theorem 7.2, consider the primary solution (z,) of (5.1) in
the ring of Gaussian integers, where b, = i for all n and

)1 if n is even,
4=\ _2i ifnisodd.

Then zo, zi, 22, 23, 24, and z5 are 0, 1, 1, —i, 0, 1, respectively, so the sequence z,
has period four. It is easy to see that here z, has the divisibility property. Indeed, it
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is obvious that z, divides any z; whenever r is not a multiple of four. If r = 4k and
r divides s, then z, = z; = 0, so again z, divides z,. Finally, we prove the following
partial converse to Theorem 7.2:

Theorem 7.3. Ifthe primary solution (z,) of (5.1) in the ring R[x] of real polynomials
has the divisibility property, then {a,) is periodic with period two and (b, ) is a constant
sequence.

We take a slightly broader view and consider the recurrence relation (5.1) in the
situation where both of the sequences a, and b, have period two. First, we give an
explicit formula for the primary solution in this case.

Lemma 7.4. Let (z,,) be the primary solution of the recurrence relation (5.1) when

{ a,=a, b,=>b ifniseven;

a,=d, b,=b" ifnisodd (7.1)

Then 75, = aw,, and Zymyy = Wpyy — bw,, where w, is the primary solution of
the constant coefficient relation Y2 = U yoi1 + V yp, with U = aa’ + b + b’ and
V = —bb'. In particular,

()=(o ") ()
=<é;b>(§]g)m(é) (72)

Proof. We define the sequence (¢,) by (o = aw,, and L1 = Wiy — bwy,, and we
show that z, = £,. As o = 0 = zp and ¢; = 1 = 7, it is necessary to show only that
the ¢, satisfy the recurrence relation (5.1), and this is easy. First, we have

$omi2 = AW
= a(wuy — bwy) + abwy,
= abymy1 + blom;
second, we obtain
Somt1 = Wt1 — bwy,
=Uwy, + Vwy_| —bwy,
=Uw,, — bw, — bb'w,_,
=d'(aw,) + b (W, — bw,_)
=a'0om +b'Comr-
Since the last statement in Lemma 7.4 is obvious, the proof is complete. ]
For instance, in Example 7.1 considered earlier, each of the sequences (a,) and (b,)

has period two with, in the notation of Lemma 7.4,a =b =1,a' = 1+i,and b’ =i.
Thus in this example,

Zmer \ _ [ 1 -1 20040 —i \" (1
zm ) L0 1 1 0 0)
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We can now give the proof of Theorem 7.2.

Proof of Theorem 7.2. We use the notation z,(A, B) introduced earlier, and we take
xj =2z;j,n =vm,and g = m — 1 in Theorem 4.1. This gives

Z(v+1)m(A’ B) = Zm(Avma va)zum+l(A’ B)
+ bvm Zm—l(Avm+1’ va+l) va(A» B)’

from which it becomes clear (by induction) that, if
Zm(A, B) = z,,(A*™, B™) (7.3)

for all k and all m, then z,,(A, B) divides z,,(A*", B¥") for k = 1,2, .... Therefore
the sequence (z,) has the divisibility property.

We now prove that (7.3) holds. Under the assumptions in Theorem 7.2, we have,
say, A= (a,d’,a,d’,...)and B = (b, b, b, ...). Obviously, B" = B and A* = A for
every r, so (7.3) holds when km is even. We may assume, then, that m is odd and write
m = 2k + 1. Now (7.2) holds with U = aa’ + 2b and V = —b?, and from this it is
evident that z,,.1(A, B) is a polynomial in the variables a, a’, and b that is symmetric
in a and a’. Because the change from A" to A”*! is achieved by interchanging a and a’,
it is now clear that z5,,41(A, B) = zom41(A”, B") for every r. We conclude that (7.3)
holds for all k and m, completing the proof of Theorem 7.2. ]

We recall that Example 7.1 shows that, if the sequences A and B are periodic with
period two, then the primary solution of (5.1) does not have the divisibility property.
However, the next result demonstrates that it does have a partial divisibility property.

Theorem 7.5. Let (z,) be the primary solution of the relation (5.1) in an integral
domain D, where the sequences (a,) and (b,) are both periodic with period two and
no by, is zero. Then z, divides z,, for every even r and every s.

Proof. The discussion at the start of this section showed that if we take
A=(a,ad,a,d,..), B=(b,b,b,b,..),

then z,,, = aw,,, where w, is the primary solution of the constant coefficient relation
Xnio = Uxpyy + Vo, with U = aa’ + b+ b and V = —bb'. By Theorem 6.2, w,
divides w,, for every s, and as a is not a divisor of zero, this implies that z,, divides
2o, fOr every s. n

It is natural to ask whether a result similar to Theorem 7.5 holds for periodic se-
quences (a,) and (b,) with other periods. The proof of Theorem 7.5 is based on the
fact that if the two sequences have period two, then the subsequence (x,,) of the so-
lution (x,) satisfies the second-order recurrence relation with constant coefficients. A
result analogous to this holds for larger periods but, as the resulting recurrence rela-
tion has order greater than two, it is not relevant to this discussion. For a related result,
see [6].

8. THE PROOF OF THEOREM 7.3. In this section we restrict our attention to

recurrence relations in the ring R[x] of real polynomials in the variable x, and our sole
objective is to give a proof of Theorem 7.3. We begin with two lemmas, after which we
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prove the theorem. The first lemma is (when a, (x) is a linear polynomial and » < 0) a
standard result in the theory of orthogonal polynomials, although it has nothing per se
to do with orthogonality.

Lemma 8.1. Let (z,,) be the primary solution of the relation x,., = a,(x)x,11 + b x,,
in R[x], where b is a nonzero real number. Then z,, and 7,1\ have no common zeros.

Proof. Each z,, is a polynomial in x. The recurrence relation shows that a common
zero of z,., and 7z, is also a common zero of z,,; and z, (because b is a nonzero
real number), hence a common zero of z, and z,_;, and so on, until it is seen to be a
common zero of z, and z;. This is impossible, for z; = 1 and has no zeros. [ ]
Lemma 8.2. Let z,(A, B) be the primary solution of the relation

Xn42 = an(x)xn+l + bxn’

where b is a nonzero real number and the a, (x) are monic polynomials of degree d with
d > 1. If z;(A, B) divides each z;,(A, B), then z,(A, B) = z,(A¥, B*') for each k.

Proof. Take n = vt and g =t — 1 in Theorem 4.1. This yields the relation
Zwsi(A, B) = 2" 2y41(A, B) + b 2" 2,,(A, B).

Because z;(A, B) divides each z,(A, B), we see that z,(A, B) divides each
2V Zu+1(A, B). Now z,(A, B) divides z,,(A, B), while z,,(A, B) and z,,41(A, B)
are coprime (Lemma 8.1). Thus z,(A, B) divides each z}* (A, B). But these polynomi-
als have the same degree and they are both monic. Accordingly, they are equal. [ ]
Proof of Theorem 7.3. We must show that, if z, has Chebyshev divisibility, then the
sequence (a,) is periodic with period two and (b,) is a nonzero constant sequence.
Our main tool is Lemma 8.2, which shows that under this divisibility assumption

=2, 8.1

for all m and n. First, zo(x) = x + ay. Using this fact and (8.1) with n = 2, we see that
X + ap = x + ay, for every m. Thus

Qy=a,=a4=0ag="-". (8.2)
We proceed to show that
ag=a3=as=a;=---. 8.3)
It is easy to prove (by induction) that
() =x"""+ (@ + -+ a,)x" T+ 0" ). (8.4)
Appealing to (8.4) in tandem with (8.1), we find that, for every m and every n,

a+---+a,2=00u+ -+ Aupyn-2. (85)
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We now put n = 4 in (8.5), invoke (8.2), and conclude that
ay =0as =049 =4a;3 =---. (86)

Next, we consider (8.5), first withm = 1,n = 2t + 2 and then withm = 1,n = 2t + 1
to arrive at

ap+ -+ ay =aypr o+ dup

and
ap+ -+ ay-—1 =ay4 + - +ay,

respectively. Subtracting, and recalling (8.2) and (8.6), we find that (8.3) holds. Thus
the sequence (a,) is periodic with period two.

We now use a similar, but longer, proof to show that (b,) is a constant sequence.
Our proof is based on a stronger version of (8.4), namely, the following:

Xop2(x) = X"+ (ap + - + a)x"

+[ > aiaj+(bl+'~+b,,)]x”“+0(x"—2).

O<i<j<n

m(n+2)

This can also be proved by induction (we omit the details). Because x,42 = x, 5",

this yields

Y aaj+ bt +by)

O<i<j<n
= Z Ait+m(n+2)4j+m(n+2) + (b1+m(n+2) +- bn+m(n+2))~ (87)
O<i<j<n
We verify that
Z aa; = Z Qi mn+2)Aj+m(n+2)s (8.8)
O<i<j<n O<i<j<n

from which it follows that

bl +---+ bn = b1+m(n+2) +--+ bn+m(n+2)' (89)

We exploit (8.9) to show that by = by = b3 = ---.

We establish (8.8). As the sequence (a,) is periodic with period two, we can replace
a, in (8.8) with ay, provided that r — s is even. It follows from this that (8.8) certainly
holds if m is even. The same argument reveals that, when m is odd, it suffices to prove
(8.8) in the case m = 1 with n + 2 replacing n. Thus we have to show only that

Z aa; = Z Ai4nQjin- (810)
Lettings =n —i and t = n — j, we compute
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E niiQnyj = E Aon—sAon—t

O<i<j<n 0<t<s<n

= Z A2(n—s5)+sA2(n—1)+t

0<t<s<n

= § asal ’

0<t<s<n

as required. This justifies (8.7)—(8.10) and, in particular, establishes (8.9).
We shall need (8.9) with n = 2, namely, the relation

by + by = bypy1 + bamqo. (8.11)

Next, we put m = 1 in (8.9) and consider the cases n = 2k and n = 2k — 2. Together,
these give

by = b+ +by) —(by+ -+ by_y)
= —boy2 + bags1 + bagsa

or, equivalently,
by + bakyr = bagy1 + barsa. (8.12)
In tandem, (8.11) and (8.12) yield
by + by = by + by

This implies that the sum of two consecutive terms from the sequence by, by, bs, . . . is
constant, which means that

by=bs=big=byy="---, by=bs=by=bjg=---.

We now return to (8.9) and take n = 1. This gives b; = b3, for all m, hence
implies that b, = by = b; = byy. We now know that

by=by=by=bs=bs=byg=---=by,=---=b,

say. With this, (8.12) for k = 1 gives bs = b, while (8.9) with n = 3 gives b3 = b5, so
b3y = b. We conclude that

by=bs=bs=b;=by=by=bs=bg=---=by, =---=b.
Finally, if n > 3, (8.9) shows that
byyr = (ba+ -+ by) — (bygz + -+ - + byy),

which enables us to prove easily (by induction) that b,,.; = b for all n. The proof that
(b,) is a constant sequence is complete, and with it the proof of Theorem 7.3. n

9. ORTHOGONAL POLYNOMIALS. A Borel measure x on R with the property
that, for each positive integer k, |x|* is integrable over R induces a scalar product
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(p,q) = /Rp(x)q(x) du(x)

on the vector space of all real polynomials. A sequence p, of real polynomials, with
p» monic and of degree n, is u-orthogonal if (p;, p;) = 0 wheneveri # j. Notice that
here the p, are normalized by the condition that they are monic rather than the usual
condition (p,, p,) = 1.

Suppose now that (p,) is a u-orthogonal sequence. Then xp,,; is monic and of
degree n + 2, so can be expressed in the form

XPntt = AoPo+ -+ Aug1Pngt + Puso
Now fork =0,1,...,n—1,

(Pes XPns1) = (xPis puyr) =0,

which implies that the p, satisfy a second-order recurrence relation

XPnt1 = AnPn + Aug1 Pntt + Puso- .1

In fact, A, > 0 because p,,; — xp, is of degree at most n, making it orthogonal to
Pn+1- Thus

(pn+1, pn+1) = (Pn+1, xpn) = (xpn+l» pn) = An(Pns Pn),

which forces A, to be positive. The converse result (namely, that any sequence (p,) of
polynomials, with p, monic and of degree n, that satisfies a relation of the form (9.1)
with A, > 0 is orthogonal with respect to some ), is known as Favard’s Theorem. We
now see that the p, are orthogonal with respect to some measure y if and only if they
satisfy a real three-term recurrence relation of the form

Pny2 = (X +ap)puy1 — byp, (n>0), 9.2)

where each b, is positive. For more details, see [3], [5], and [9].

Our assumptions about the p, imply that py = 1 and p, = x + a for some a. In
order to consider primary solutions we extend (9.2) to the case n = —1 by putting
a_y=a,b_;=1,and p_; = 0. Then

pP-1= 0, Po = 1, Pny2 = (x +an)pn+l - bnpn (n>-1). 9.3)
It is clear that, if we let p, = p,_1, then
ﬁO = Oa ﬁl =1, I;n+2 = ()C + an—l)ﬁn-H - bn—lﬁn (n > 0)’ (94)

S0 {p,) is the primary solution of the recurrence relation (9.4).
Starting with (9.3), we also define a sequence (g, ) of polynomials by

90=0, q1=1 gu2=&+a)qgur1 —bugn (n=0). 9.5)

In the theory of orthogonal polynomials the g, are known as the associated polynomi-
als normal to the p, (see, for example, [7]), but for us they are the primary solution
of the recurrence relation (9.5). Moreover, if we use the natural notation p,(A°, B%)
for appropriate sequences A° and B, then, in our earlier notation, ¢, = p,(A', B').
Thus the polynomials g, associated to the p, are obtained by translating the sequences
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of coefficients in the relation precisely in the way that we have introduced in Theo-
rem 4.1. Moreover, from such a perspective, this construction is not dependent on or-
thogonality, and it is equally applicable to recurrence relations whose coefficients are
real numbers. In this context, Theorem 4.1 shows how to express x,,, 4.1, for varying g,
as a linear combination of two fixed terms x, and x,;, where the coefficients in this
linear combination are identified in terms of the higher order associated polynomials.

REFERENCES

1. A.F Beardon and K. A. Driver, Associated polynomials of orthogonal polynomials (2003, preprint).
2. A.T. Benjamin, J. J. Quinn, and F. Su, Phased tilings and generalized Fibonnaci identities, Fibonacci
Quarterly 38 (2000) 282-288.
T. S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York, 1978.
J. B. Fraleigh, A First Course in Abstract Algebra, Addison-Wesley, Reading, MA, 1968.
G. Freud, Orthogonal Polynomials, Pergamon Press, Budapest, 1966.
H. W. Lenstra and J. O. Shallit, Continued fractions and linear recurrences, Math. Comp. 61 (1992)
351-354.
7. M. Rahman, The associated classical orthogonal polynomials, in Proceedings of the NATO Advanced
Study Institute on Special Functions 2000: Current Perspective and Future Directions, J. Bustoz, M. E.
H. Ismail, and S. K. Suslov, eds., Kluwer, Dordrecht, 2001, pp. 255-279.
8. T.J.Rivlin, The Chebyshev Polynomials, Wiley-Interscience, New York, 1974.
9. G. Szegd, Orthogonal Polynomials, American Mathematical Society, Providence, 1939.
10.  S. Vajda, Fibonacci & Lucas Numbers, and the Golden Section, Ellis Horwood, New York, 1989.

A

DOV AHARONOV received his Ph.D. degree from the Technion in Haifa, Israel, in 1967. He taught at the
University of Maryland and the University of Michigan and has been a faculty member at the Technion in Haifa
since 1972. His main research interest is geometric function theory, and he developed, together with Harold
S. Shapiro, the theory of “quadrature domains.” He has also made contributions in various other areas includ-
ing several complex variables, quasiconformal mappings, dynamical systems, differential equations, complex
approximation, and circle packing.

Department of Mathematics, Technion Haifa 32000, Israel

dova@techunix.technion.ac.il

ALAN BEARDON received his Ph.D. degree from Imperial College, London, in 1964 and has taught at
the University of Maryland, the University of Canterbury, and since 1968, the University of Cambridge. His
research interests are geometry, geometric function theory, discrete groups, dynamical systems, and mathemat-
ical economics. He is the author of five books, and a winner of the Lester R. Ford prize for an expository paper
in this MONTHLY.

Centre for Mathematical Sciences, Wilberforce Road, Cambridge CB3 OWB, England
A.F.Beardon@dpmms.cam.ac.uk

KATHY DRIVER received her Ph.D. degree in 1991 from the University of the Witwatersrand in Johannes-
burg, South Africa, where she has been a faculty member since 1973. Her main research interests are special
functions, orthogonal polynomials, and approximation theory.

John Knopfmacher Centre for Applicable Analysis and Number Theory, School of Mathematics, University of
the Witwatersrand, Johannesburg 2050, South Africa

kathy @ maths.wits.ac.za

630 (© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 112

This content downloaded from 158.110.11.166 on Thu, 27 Feb 2014 16:31:37 PM
All use subject to JISTOR Terms and Conditions




